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Foreword

Certain mathematical ideas appear so persistently throughout physics that, sooner
or later, every physicist must come to terms with them. Differential geometry
and Group theory undoubtedly belong to this category. Although these subjects
originated within mathematics, they have become indispensable in the formulation
of modern physics. From relativity to quantum theory, and from condensed matter to
particle physics, the language of geometry and symmetry shapes the way we express
and understand physical laws. Yet for all their importance, these subjects are not
always presented to students in a manner that reflects their true role in physics. Too
often they appear as formidable edifices of formalism, rather than as practical tools
of physical reasoning.

My own appreciation of symmetry and geometry developed not through formal
mathematical training but through physical problems. There was a period in my
career when I became particularly interested in the role of symmetry in determining
the physical properties of phases of matter. In those studies, I explored how
the symmetry of an ordered phase dictates the form of its response functions.
The natural language for such analysis is group theory and the decomposition
of physical quantities into irreducible representations of the symmetry group.
Once the symmetry is identified, a remarkable amount of physics follows almost
automatically: the allowed tensor properties, the possible couplings between fields,
and the structure of observable responses.

What struck me at the time was not merely the elegance of the mathematics,
but the clarity it brought to physical reasoning. Symmetry arguments often reveal
relationships that would otherwise remain buried under complicated calculations.
They show that many physical properties are not accidental details of a particular
model but necessary consequences of underlying invariances. In this sense, group
theory and geometry are not simply mathematical tools; they are instruments of
physical insight.

Yet there is a curious paradox. Although these ideas are central to modern
physics, their presentation in many textbooks is often unnecessarily intimidating.
Students encountering Differential geometry or Group theory for the first time
frequently face a wall of formal definitions and abstract proofs, whose connection
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viii Foreword

to physical intuition is not immediately apparent. The result is that many learners
acquire a certain proficiency in symbolic manipulation but little sense of the
geometric ideas that motivated the subject in the first place. Others abandon the
subject altogether.

Physicists have long been aware of this difficulty. Progress in theoretical physics
has almost always been guided by geometric intuition: the ability to visualize
transformations, symmetries, and invariants. Einstein did not discover general
relativity merely by manipulating tensor equations; he was guided by a deep
geometric picture of spacetime. Likewise, in condensed matter physics, symmetry
considerations routinely determine the physical properties of phases, defects, and
collective modes. The mathematics involved can be sophisticated, but its real power
lies in the insight it provides into the structure of physical phenomena.

The book by Alessio Zaccone addresses precisely this pedagogical challenge. It
presents Differential geometry and Group theory with a clear emphasis on intuition
and concrete calculation rather than excessive abstraction. The material is developed
step by step, with intermediate stages of derivations carefully spelled out. Readers
are not expected to accept results on faith; instead, they are guided through the
reasoning that leads to them. This style of presentation is particularly valuable
for students encountering these subjects for the first time, since it allows them to
develop confidence in the mathematical tools while maintaining a clear connection
to their physical meaning.

Equally important is the consistent effort to relate mathematical ideas to physical
applications. Throughout the book, abstract concepts are illustrated by examples
drawn from modern physics. Differential geometry naturally appears in the for-
mulation of General Relativity and Field theory, while Group theory is connected
to familiar topics such as rotations, angular momentum, crystallography, and the
symmetry properties of solids. In this way, the reader is reminded that geometry and
symmetry are not isolated mathematical curiosities but central elements of physical
reasoning.

Another appealing aspect of the book is its effort to present differential geometry
and group theory as parts of a unified conceptual framework. At first glance, these
subjects may seem rather different: one deals with curved spaces and tensor cal-
culus, the other with algebraic structures describing symmetry transformations. Yet
both are fundamentally concerned with transformations and invariants. Geometry
tells us how physical quantities behave when we change the coordinate frame
used to describe them. Group theory classifies the transformations that leave
certain physical properties unchanged. Seen from this perspective, the two subjects
naturally belong together, and presenting them side by side highlights their deep
conceptual connection.

The pedagogical philosophy underlying this book reflects an important principle:
understanding in physics arises from the interplay between mathematical structure
and physical intuition. Excessive formalism can obscure this relationship, while
insufficient rigor can leave essential ideas vague. The challenge is to maintain
a balance between clarity and precision. Zaccone’s treatment manages to strike
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this balance by introducing the necessary mathematical tools while consistently
emphasizing their physical meaning.

I am particularly pleased that Alessio Zaccone has undertaken the task of
composing such a book. Alessio is well known for his work in theoretical condensed
matter physics, particularly in mechanics of complex materials. In his research, he
has repeatedly demonstrated a talent for combining rigorous theoretical analysis
with clear physical intuition. It is therefore not surprising that the same qualities
appear in this book. The exposition reflects the perspective of a practicing physicist
who uses these mathematical methods as working tools rather than as abstract
objects of study.

The book is aimed primarily at advanced undergraduate and early graduate
students of physics, who often encounter these topics at the stage when the
conceptual demands of modern theoretical physics begin to exceed the mathematical
preparation offered in earlier courses. At the same time, it will be useful to many
researchers who have acquired these methods in a somewhat fragmented way during
their careers. Even experienced physicists occasionally benefit from revisiting
familiar ideas in a clearer and more coherent exposition.

The importance of geometry and symmetry in physics can hardly be overstated.
They provide a unifying language in which apparently unrelated phenomena can be
understood within a common framework. From the curvature of spacetime to the
symmetry classification of crystalline solids, from topological phases of matter to
the representation theory underlying quantum mechanics, the same mathematical
ideas reappear again and again. Books that illuminate these ideas while making
them accessible to new generations of students perform an important service to the
scientific community.

For these reasons, I am very pleased to recommend this book to its readers. It
offers a thoughtful and carefully structured introduction to two subjects that lie at the
heart of modern theoretical physics. Students approaching these topics for the first
time will find here a guide that emphasizes understanding rather than intimidation,
while more experienced readers may appreciate the clarity with which familiar
concepts are revisited. In either case, the book provides a valuable pathway into
the geometry and symmetry that underpin our understanding of the physical world.

Cavendish Laboratory Eugene M. Terentjev
Cambridge, UK
2026



Preface

Differential geometry and group theory are the two pillars of geometry upon which
the whole edifice of modern physics rests. Any serious theoretical physicist must be
able to master these techniques, regardless of their field of specialization.

There are plenty of textbooks on mathematical methods for physics, and many
textbooks on group theory and differential geometry. The vast majority of them
are plagued by abstract formalism, which obscures the mental visualization of
geometric concepts. In other words, most books available on this subject do not
offer the kind of physical intuition without which the learner cannot achieve an in-
depth, working understanding of tools that are essential for physical scientists at all
levels. Historically, this state of affairs is largely a product of the supremacy of the
abstract style in teaching mathematics introduced by the Bourbaki school around the
middle of the last century. The contagion of the Bourbaki style has spread widely
outside pure mathematics and has partly infected several schools of mathematical
and theoretical physics.

This problem had already been stigmatized by Yakov B. Zeldovich, one of the
greatest physicists in the second half of the twentieth century, who emphasized the
damage that Bourbaki-style formalism can do to physics students. Captivated by
the elegance of formalism, many of them are often unable to correctly visualize the
underlying notions and objects, which are instead always connected, in some way,
to our empirical representation of space. As emphasized by Zeldovich, for example
in the prefaces to his own books of mathematical methods, Higher Mathematics
for Beginners (with .M. Yaglom) and Elements of Applied Mathematics (with A.D.
Myskis), this tendency toward abstract formalism has catastrophic consequences
for many (though of course not all) learners of theoretical physics and has produced
legions of theorists with little physical intuition about the real world.

In the same spirit of Zeldovich, whose papers and books have greatly influenced
my own work and approach to physics, the present textbook attempts to provide
an anti-Bourbakist, accessible path for future scientists and engineers (including
beginners) to penetrate the world of advanced geometry and its applications to
physical problems.

xi



xii Preface

Consistent with this program, the book provides a thorough, step-by-step intro-
duction to tensor calculus, differential geometry (including its application to general
relativity), the language of differential forms (with many examples from modern
classical field theory), and group theory. This is done while systematically avoiding
unnecessary abstract formalism and proofs, yet without sacrificing the necessary
rigor.

What I hope will distinguish this book from many others on the market is that
all intermediate steps in derivations and calculations are explicitly shown. The rich
apparatus of worked-out calculation examples accompanying the presentation of
concepts and derivations is an integral part of the learning process and is inseparable
from the descriptive parts. Informal wording and explanations are deliberately
favored over Bourbaki-style abstract language and formulae in order to guide the
learner toward a clear visualization and understanding of the geometric objects and
constructions. The attention to plain but precise language also helps connect the
objects of geometry to our physical intuition and to our perception of the world.

I was much comforted when I read The World as Will and Representation by
Schopenhauer and found, in the first book, the same views on geometry shared by
Zeldovich and myself. As the German philosopher already pointed out two hundred
years ago, the ultimate foundation of geometry is not logic but experience, that is,
our empirically rooted intuition of space.

This book is based on a semester-long course that I taught for several years
at the University of Milan. The course is addressed to final-year undergraduate
students of physics and to first-year graduate students of physics, and it aims to help
students bridge the gap between BSc-level courses and more specialized MSc-level
courses of theoretical physics, nuclear physics, elementary particle physics (both
theoretical and experimental), and condensed matter physics. The course was also
often attended by mathematics students interested in a more intuitive treatment of
these topics.

While primarily conceived for physics students and students of applied mathe-
matics, this book may also help anyone, including the gifted amateur, who wishes
to master the mathematics needed to understand the physics of the twentieth and
twenty-first centuries. It may also be useful to engineering students, for example
in aerospace engineering, structural engineering, and engineering physics. The
systematic treatment of tensor calculus, diffeomorphisms, and calculus in curved
spaces will also interest students of theoretical and computational solid mechanics,
where symmetry concepts are now widely used, for example in metamaterials and
tensegrity structures.

The book is suitable for a one-semester course in mathematical methods of
physics at the final-year undergraduate or first-year graduate level. It can also
serve as a resource for self-study and for researchers in the physical sciences who
wish to fill gaps in their knowledge of modern physics, for which these tools are
indispensable.

Students and researchers in solid-state and quantum physics will especially
appreciate the connection with contemporary topological quantum physics, some-
times referred to as quantum geometry, including topics such as Berry curvature,
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Chern numbers, the quantum Hall effect, and topological defects. Students and
researchers in nuclear and particle physics will find the step-by-step treatment of
the theory of angular momentum addition and Wigner matrices particularly useful.

Among the many application examples developed in the book, I should also
mention general relativity, presented as a direct application of differential geometry,
namely tensor calculus on curved manifolds. The corresponding chapter, together
with the preceding ones that establish the necessary mathematical background,
can also be used as a concise stand-alone introduction to general relativity, with
all mathematical steps carefully explained and accompanied by physical intuition.
Other applications discussed in the book include compatible and incompatible
deformations in the theory of elasticity (relevant for solid mechanics), the covariant
formulation of classical relativistic electrodynamics (also developed using dif-
ferential forms), and the physical properties of crystals, including basic notions
of crystallography and applications of group theory to infer ferroelectric and
ferromagnetic properties.

One may wonder: why a book focused on two topics, differential geometry and
group theory? The answer goes back to the programmatic declaration above. If the
foundation of geometry lies in our empirical intuition of space, the most basic way
we have to quantify it is by setting up a reference frame to measure distances
between points and objects in space. In this neo-Schopenhauerian perspective,
the reference frame—of which the Cartesian frame is the prototypical example—
becomes the bridge between our intuition of space and geometry as a science.

From this point of view, differential geometry and group theory are both rooted in
what might be called the art of transforming reference frames, and of moving objects
from one frame to another. Tensor calculus and differential geometry provide tools
that allow measurements to be represented in terms of functions of spatial points
that are independent of the particular choice of reference frame. The connection
with special relativity is evident and forms a leitmotif of the entire book.

If differential geometry is the art of representing measurements of physical
quantities in spaces (manifolds) of arbitrary shape, group theory is the closely
related art of representing transformations of objects in space that leave certain
features unchanged. Here again the emphasis lies on transformations from one
reference frame to another, as in the case of rotations.

Both differential geometry and group theory therefore place transformations of
frames at the center of their reasoning, cultivating the ability to reason through
transformations of perspective and to identify what is frame-independent. With
these considerations in mind, it becomes natural to present differential geometry
and group theory in a unified way that highlights the deep connections between
these two branches of modern geometry.
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Finally, this book is dedicated to the memory of my friend, collaborator, and
fellow theoretical physicist Kostya Trachenko, Professor of physics at Queen Mary
University of London, with whom I had the fortune to share several unforgettable
intellectual adventures and a true friendship.

Milano, Italy Alessio Zaccone
January 2026
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Chapter 1 ®
Tensor Calculus Check for

Abstract In this chapter we set the groundwork for the mathematical description
of objects which can be classified based on their transformation laws under a change
of coordinate system. We introduce the basic concepts of tensor calculus. We begin
with coordinate transformations and the definition of tensors through their transfor-
mation laws. We then discuss the distinction between covariant and contravariant
components, introduce the metric tensor, and study examples of coordinate systems
frequently used in physics. These tools will form the mathematical foundation for
the subsequent chapters. For more details and for additional examples the reader is
referred to Cahill [1] and Riley et al. [2].

1.1 Coordinate Systems and Transformations Thereof

Physical laws can be formulated as equations involving quantities that remain
invariant under changes of reference frame (RF). Such quantities are represented
by tensors—mathematical objects that obey specific transformation rules when
transitioning from one RF to another.

In general, tensors are spatial functions: they depend on ordered sets of spatial
coordinates, which are experimentally measurable and therefore physical in nature,
not merely mathematical abstractions. Spatial coordinates assign numerical labels to
points of space (or spacetime). Different reference frames generally assign different
coordinate values to the same physical point. Physical laws should therefore be
formulated in a way that is independent of the particular coordinate system used
to describe them. However, when described from different reference frames, that
same point will be assigned different sets of coordinates, even though its existence
is independent of any particular frame.

To make these ideas precise, we must specify what kinds of coordinate transfor-
mations are allowed. Only transformations that are smooth and invertible preserve
the differentiable structure required to formulate physical laws.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2026 1
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2 1 Tensor Calculus

Definition 1.1 Given a space, or a region thereof, consisting of points described by
ordered n-tuples of continuous variables

(x*}t=1.n CR, neN,
an admissible transformation is defined as a set of functions
ykzyk(xl’.“’xn)’ k=1,...,n,

satisfying the following conditions:
1. yK(x!, ..., x") is single-valued and continuously differentiable;

2. det["’y ] £ 0.

The condition on the Jacobian ensures that the transformation is locally invert-
ible, allowing one to move consistently between coordinate systems.

1.2 Transformations of Tensors

We now introduce tensors as objects whose defining property is not their numerical
values, but how those values change under admissible coordinate transformations.

Definition 1.2 A fensor of rank r 4 s is a collection of quantities T ;_’ whose
components depend on the coordinates and which transform under admissible
coordinate transformations according to a specific multilinear rule (given below).

In order to express transformation laws compactly, we adopt the following index
conventions:

1. Einstein summation convention: A*B; = Y7 _, A*By;
2. Range convention: every free index in an equation independently ranges over

{1, ..., n}; thus, if an equation contains N free indices, it represents n™ distinct
equationS'
3. In 2| the index J is considered a subscript.

a 9xi
Given a coordinate transformation, the components of a tensor in the new
coordinate system are functions of the original components. This correspondence
defines what is called an induced transformation.

Definition 1.3 Given an admissible coordinate transformation and a tensor, the
induced transformation of the tensor’s components is defined as

Tjrdrpl Ly = T Y[Tl (1,...,x"),...,Tnf’_-_-,;"(xl,...,x")].



1.2 Transformations of Tensors 3

Given a coordinate transformation x +> Yy, the components of a tensor in the new
coordinates are obtained from the old ones through a transformation law determined
by the Jacobian of the coordinate transformation. This correspondence is called the
induced transformation, which captures the idea that the same physical object is
being described in different coordinate systems.

Theorem 1.1 There exists an isomorphism between a coordinate transformation
and its induced transformation.

Proposition 1.1 Every induced transformation is an isomorphism.

These results formalize the intuitive expectation that changing coordinates does
not alter the physical content of a tensor, but only its component representation.

In general, tensors are defined by their induced transformation laws, which may
be linear or nonlinear (as in the case of curvilinear reference frames) but are always
homogeneous. A prototypical example of a transformation law is the one between
Cartesian and spherical coordinates in 3D,

= xRt X2, 50 (1.1)

which we assume to be invertible (det J % 0):

i

i =xix! x2, 5. (1.2)
In this example we thus have:

x =rsiné cosg,
y =rsinf sing, (1.3)
z =rcos6.

where (x, y, z) are the Cartesian coordinates and (r, 8, ¢) are the spherical polar

coordinates. Upon inversion, we obtain the formulae which express the curvilinear
coordinates in terms of the Cartesian coordinates:

r=./x2+y?+22

9 = arccos ——— (1.4)

VX2 +yr 422
X
¢ = sgn(y) arccos ——.
Vx2+y?

This induced transformation is clearly a nonlinear one because trigonometric
functions are involved.



4 1 Tensor Calculus

In what follows, we will restrict our attention to tensors that are functions

r+s
R" — R" .

1.2.1 Absolute Tensors

We now classify tensors according to their transformation behavior, starting from
the simplest cases.

Definition 1.4 A scalar is defined as a rank-0 tensor oe(xl, ..., x") with transfor-
mation law:
ay', oy =alxl X, (1.5)
The value of a scalar field at a point in space is (rightly) independent of the
reference frame (RF).

Definition 1.5 A contravariant vector is defined as a rank-1 tensor a (x!, ..., x")
with transformation law:

~k, 1 AR 1
ay, ...,y =—a/(x,...,x"). (1.6)
dxJ
Definition 1.6 A covariant vector is defined as a rank-1 tensor az (x!, ..., x) with
transformation law:
N x/
ak(yl,...,y”)zWaj(xl,...,x"). (1.7)

To derive these transformation laws, one recalls the canonical isomorphism
between a vector space V and its dual V*: through this, a generic vector v can
be expressed on the canonical basis {b;}i=1,.., of V asv = v'b;, or on the dual
basis {b'};—1..., of V¥ asv = v;b.

In a Euclidean space with RF (xl, ..., x™), the canonical basis at a point r is
given by e; = %. Given that a = aje.,' = &, one finds:

.....

ar  ayk ar  ayk vk
eCi=—=——-— = —¢ — :—.]. 1.8
P axd T axd ayk T axd k S I A (18

If instead a is expressed on the dual basis e = Vx!, then froma = ajej = szék

one obtains:

ax/  oaxJ ayk  oax/ dx/
al LY T = a=2a) (1.9)

ej = — = —— =
ar ayk ar ayk ayk
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The transformation law (1.7) coincides with that of the differentials dx’, while
(1.6) corresponds to the transformation law of the components of tangent vectors.
These laws can be generalized to arbitrary tensors.

Definition 1.7 For a rank-r + s tensor T’ /'1' :'/."f" (xl, ..., x™), the transformation law

is:

dyh ayir gxh dxls
- a_xkl e axkr ayfl e ay]s

T/f.l.l‘if’(xl,---,x"). (1.10)

The Kronecker tensor, defined from the Kronecker delta, satisfies: S; =
' oxl ok 0y!
axk ays "l T dyJ

The electric field, defined as the gradient of a scalar field (itself a rank-0 tensor),

= 8;, and is thus isotropic (independent of RF).

is E; = —%.
A rank-2 tensor can be formed as the outer product of two rank-1 tensors, e.g.
T = v ® u, with contravariant, covariant, and mixed forms: T/% = v/u*, Tjx =
k
vjug, Tj = vjuk.
The gradient of a vector is also a rank-2 tensor: T; = gT”;.

1.2.2 Pseudotensors

A particularly important class of coordinate transformations in R? is given by
rotations. These may preserve or reverse the orientation of space.

Definition 1.8 A rotation is an isometry of R3 represented by an orthogonal matrix
RecO@B)={ReR>*3 :RTR=1L).

Definition 1.9 A proper rotation is a rotation represented by a matrix R € SO(3),
ie. detR =+41.

Definition 1.10 An improper rotation is a rotation represented by a matrix R €
O(3) with detR = —1.

Improper rotations include reflections and therefore reverse the orientation of
space.

Under general coordinate transformations, two distinct effects may occur: a
change in orientation, associated with the sign of the determinant of the Jacobian,
and a change in volume scale, associated with its absolute value. This distinction
leads to different classes of tensorial objects.

In what follows, we focus on rotations in R?, where these effects can be cleanly
separated.



6 1 Tensor Calculus

Definition 1.11 A pseudotensor of rank r + s is a tensorial object whose compo-
nents transform, under a rotation, as

8yi1 Byi’ axh dxls ik,
oxk " axks gy ...—aij IAAR

/1" = (detR)

(1.11)
A pseudotensor is therefore invariant under proper rotations but changes sign
under improper rotations, reflecting its dependence on spatial orientation only.
The most important example of an orientation-sensitive object is the Levi-Civita
symbol.

Definition 1.12 The Levi-Civita symbol in three dimensions is defined as

+1 (i, j, k) even permutation of (1, 2, 3),
€ijk =y—1 (i, j, k) odd permutation of (1, 2, 3),

0 otherwise.

The following propositions can be proven.

Proposition 1.2 Given A € R**3, one has
(detA) €1un = Aj; Apj Ani €75
Proposition 1.3
€ijk €kim = 8i10jm — Oimdji.
From Proposition 1.2, the transformation law of the Levi-Civita symbol follows:

- ax! ax™ ax" _1
€ijk = 5 7T gk Slmn = (detR)™" €k = (detR) €k (1.12)
y oyl oy

Thus, under improper rotations, the Levi-Civita symbol changes sign. However,
under a general coordinate transformation, the Levi-Civita symbol acquires the full
determinant factor of the Jacobian, not merely its sign. It therefore transforms as a
tensor density of weight w = —1, rather than as a pseudotensor (which corresponds
to w = 0). More precisely, the Levi-Civita symbol is a pseudotensor density: it
changes sign under orientation reversal and also carries density weight —1. This
general form unifies absolute tensors, pseudotensors, and tensor densities through
the weight parameter w.

Pseudotensors acquire a sign change under orientation-reversing transformations,
whereas tensor densities acquire a power of the Jacobian determinant and there-
fore also encode changes of volume scale. The Levi-Civita symbol is thus best
understood as a tensor density: its sign change under improper rotations reflects
orientation dependence, while the determinant factor encodes volume scaling.
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mirror

Fig. 1.1 The magnetic field B is a pseudovector because of its definition in terms of the Levi-Civita
symbol. Under an improper rotation, such as a mirror reflection, not only it is reflected through the
mirror but it also changes sign. In simple words, the vector, in addition to being reflected by the
mirror, is also flipped

The magnetic field is defined as B' = (V x A)' = eifk%. We see that, due
to the presence of the Levi-Civita symbol in its definition, under improper rotations
such as reflections, the magnetic field changes sign. The situation is depicted in
Fig. 1.1.

1.3 Metric Tensor

While in the Euclidean case the canonical basis e; = aBTrj (e; tangent to the j-th

coordinate line) coincides with the dual basis ¢/ = Vx/ (e/ orthogonal to the j-th
coordinate line), this is not generally true.

In general Riemannian spaces, to go from a basis to its dual it is necessary to
introduce a tensorial object called the metric tensor.
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To measure lengths and angles in a coordinate system one must introduce an
additional geometric structure: the metric tensor.

Definition 1.13 Given a basis {e;};=1,... », the metric tensor in that basis is defined
asgij = €; ~ejVi,j= ],...,I’l.

Obviously, one can also specify the contravariant components g'/ instead of the
covariant ones.

If the basis vectors are mutually orthogonal, the metric tensor will be represented
by a diagonal matrix: just as in vector spaces one can always obtain an orthonormal
basis from a non-orthonormal one (Gram-Schmidt algorithm), the metric tensor can
also be diagonalized.

Proposition 1.4 ds”> = gijdxidxj.
Proof ds*> =dr-dr =dx'e; -dx/e; = g;;dx'dx/. O

Proposition 1.5 In the three-dimensional case, dV = /g dx'dx*dx3, with g =
det 8ij-

Proof Considering an already orthogonalized basis such that g;; = hl.28i j» Where h

is called the scale factor, we have ds* = hiz(dxi )? (consistent with dr = %dx-/ =
hjdx/&; by definition of &;); by definition dV = |dx'e; - (dx%e; x dx’e3)| =
hihaohadx'dx2dx3é; - (& x €3), but this basis is orthonormal and for the metric
tensor detg = hih3h3, thus dV = /g dx'dx?dx>. u!

This proposition can be generalized to the n-dimensional non-orthogonal case
(for the definition of the wedge product, see Sect. 3.1).

Proposition 1.6 In an n-dimensional manifold with metric tensor g;;:

dv = \/g/\ dx* (1.13)
k=1

The metric tensor is thus fundamental for the calculation of distances, areas,
volumes, etc., but it also has another important role: converting between covariant
and contravariant components.

The scalar product can be expressed in various ways: a - b = a;b' = a'b; =
gija'b! = g"a;b;, from which two important identities follow:

gid =a;
e (1.14)
g'a; =a’

It is thus possible to go from a basis to its dual via contraction with the metric
tensor.

Proposition 1.7 [gij ] = [gij]il-
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Proof a' = g'a; = g' gjra*, hence gV gji = 8}, i.e. [g"][gij] = In- O

From this proof we also note that g;. = 8;
Given the relation between covariant and contravariant components, one can state
in general the transformation law of a tensor.

Definition 1.14 Given a tensor lell.:'jl: (x] ,...,x™) of rank r + s, its transformation
law is:

I ax " ayh dyir axh axls
0.0y 1 ny __ ki...ky 1 n
Tj]...js (y',...,y") =det I:—ay:| o3k axke oy '”_ayfs Tll...lx (x ..., x"
(1.15)

where depending on the value of w one speaks of:

e w = 0: ordinary (absolute) tensor;
e w # 0: tensor density of weight w.

Pseudotensors are not characterized by a density weight. Instead, they acquire
an additional factor sgn(det J) under orientation-reversing transformations. Tensor
densities and pseudotensors are distinct concepts, although an object may possess
both properties.

Note that det [‘3—;] = ﬁ, where J is the Jacobian of the transformation.

Theorem 1.2 (Quotient Theorem) Given two tensors A and C, if for an object B
the tensorial equation AB = C holds, then B is a tensor.

1.4 Moving Reference Frames

It is possible to consider reference frames in which the basis vectors depend on the
point where they are applied: given a point r(x), the infinitesimal displacement from
it is written as dr(x) = e; (x)dx/, and the basis vectors are e i (X) = % (x).

When moving from one reference frame to another, they transform as covariant

vectors:

or _ ox* or _ ax* ® (L16)
dy/  dyJ axk  dyJ K ’

€i(y) =
These are also vectors in the embedding manifold (a higher-dimensional mani-
fold, usually Euclidean, that “covers” the considered manifold; for example, §?is
embedded in R3), which has a metric tensor 714p.
These vectors can be both non-normalized and non-symmetric; moreover, they
define a metric tensor on the embedding manifold of dimension n:

€ (x)-e;(x) = aéo e (X) Nap ejb(x), ef(x) = %

(1.17)
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The map X“(x) is the embedding. The dot denotes the ambient inner product
with metric 7,45,. Consequently, g;;(X) = n4p 0; X 9; X b is the induced metric on
the sub-manifold.

In general, the intrinsic coordinates x and ambient coordinates X are different
objects related by the embedding X“(x).

For real manifolds, the metric tensor is always real and symmetric.

Under a transformation from one moving frame to another, the metric tensor
transforms as a doubly covariant tensor:

- - - axk ax! axk gx!
8ij(y) =¢&(y)-&;(y) = 8—y,.ek(X) : Wel(x) = a_yiﬁg“(x)' (1.18)
In the case of orthogonal systems, one can compute the scale factors h; =
|le; (x)||, in order to orthonormalize the system: €; = Z—‘ In this case, g;; = hiZ(Si e

Proposition 1.8 ¢&; = h;e'.

Proof Note that no sum over i is implied; in this case:

. 1 1 LTI i |
e = h_l.ei = h—lgl]e = h—ihi&-je = h[e ( 19)

1.4.1 Example: The Sphere S*

Let the point P be a 3-dimensional Euclidean vector that represents a point on the
spherical surface of radius r (a 2-dimensional manifold). The spherical coordinates
(6, @) are defined so that P = P(6, ¢).

The basis vectors are

_ 0P leg| = (1.20)
ee - 89 ’ 99 - ry N
oP .
ey = %’ ley| = rsinf. (1.21)
Hence, the scale factors are:
he = legl =, (1.22)
hy = |ey| =rsinf. (1.23)

The scalar products give the components

8ij (x) = ei(x) - e;(x). (1.24)
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Thus, the metric tensor of the sphere is given by the matrix

(gij) = (899 ge:;;) _ (ee - €y € ~e¢> (1.25)

8900 8o €p - €p €y - €y

r2 0
- (O r2 sin? 9) ’ (1.26)

The determinant of the metric is

g = det(g;;) = r*sin® 6. (1.27)

1.4.2 Remarks

The points are physical quantities independent of the chosen coordinates. The
distance |P — Q| between two points P, Q is an invariant quantity. If Q = P + dP,
then the two points lie on a manifold (space-time) and are infinitesimally close. The
displacement vector is written as

dP = e;jdx'. (1.28)

1.4.2.1 Quadratic Form of the Displacement

The infinitesimal displacement dP is a sum of basis vectors multiplied by coordinate
differentials dx'. Its scalar product with itself gives the quadratic form of the
displacement, which is invariant under a change of coordinates.

dP* = dP - dP = (e;dx") - (e;dx’) (1.29)
= gijdx'dx’. (1.30)

Thus, in another coordinate system, the same expression holds:
dP? = (€jdx"") - (€/dx') (1.31)
= gj;dx"dx". (1.32)

This invariance is consistent with the rule of Gaussian coordinates: the quadratic
form dP? is a second-order invariant tangent to the manifold.
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1.4.2.2 Orthonormal Basis Vectors
The orthonormal basis vectors €; are obtained from the coordinate basis vectors

e; by normalizing them, i.e. dividing by the scale factors %; that characterize the
orthogonal coordinate system:

éi:—:h,‘ei, é[-éjZ(Sij. (1.33)

Here € is the dual basis vector, reciprocal to e;, and 4; is the multiplicative scale
factor.
A physical vector V can be written as:
V=eV =hé&Vi=¢& (h; V) (1.34)
=&V, (1.35)
where V; = h; V' are the physical components of V with respect to the orthonormal
basis.
1.4.2.3 Scalar Product and Polar Coordinates
The components of a vector in the orthonormal basis are

Vi =h; Vi, (1.36)

where there is no implicit summation over i.
The scalar product between two invariant vectors is then

V.-U=g;V'U/ =VU'. (1.37)

1.5 Example: Polar Coordinates in 2D

Consider the plane (x, y) in polar coordinates (7, #). The displacement dp corre-
sponding to a variation of coordinates is

dp=é.dr +¢éyrdob. (1.38)
Here the basis vectors are:

e =&, (1.39)
€9 =rég. (1.40)



1.6 Example: Cylindrical Coordinates in 3D

The metric tensor in polar coordinates is:
10
(&ij) = (0 r2> .

1.5.1 Contravariant Basis Vectors

The contravariant basis vectors are:

1.5.2 Physical Vector in Polar Coordinates in 2D

Thus a physical vector V is written as:

V= Viei = Vrér + V9697

where V. and Vj are the components with respect to the orthonormal basis.

1.6 Example: Cylindrical Coordinates in 3D

13

(1.41)

(1.42)

(1.43)

(1.44)
(1.45)

(1.46)

In cylindrical coordinates in three-dimensional space, the infinitesimal displacement

dp at a point P is given by the variation of its coordinates:

0 0 d
dp = —pdp + —ngo + —Iz)dz

ap 0 0
=eydpt+e,dy+e;dz.

The basis vectors are:

e, =¢,, e, = p ey, e, = ¢,

(1.47)

(1.48)

(1.49)
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where €,, €., €, are unit vectors. Thus, the scale factors are:
hy =1, hy =p, h,=1.
The metric tensor in cylindrical coordinates is:
100
(gij) = (ei-€j) = | 0 p2 0
001
Its determinant is
_ _ 2
g = det(gij) = p°.
The invariant volume element is given by:

dV = Jgdx'dx*dx?
=pdpdpdz.

1.6.1 Contravariant Basis Vectors
The contravariant basis vectors are:
e’ =¢,, e’ = —¢&,, e =&,
0

with the respective scale factors:

1

Tensor Calculus

(1.50)

(1.51)

(1.52)
(1.53)

(1.54)

(1.55)

Note that these scale factors refer to the coordinate (covariant) basis vectors, even
though they appear in the subsection about contravariant basis vectors. They are
reused there because the contravariant basis is constructed from their inverses.

1.6.2 Vector in Cylindrical Coordinates

A physical vector V is written as:

V=Vie=V,8+V,8+V.e.

(1.56)
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The unit vectors in cylindrical coordinates can be expressed in terms of Cartesian
unit vectors:

e, =cospe, +singpe,, (1.57)
e, = —sinp e, +cospey, (1.58)
6, = ¢, (1.59)

In this way, the position vector is

r=(pcosg, psing, z). (1.60)

1.7 Example: Spherical Coordinates in 3D

In spherical coordinates (r, 0, ¢), the infinitesimal displacement is:
dp=2¢&.dr+e&rdb+e,rsinfdp. (1.61)

Thus basis vectors are:

e =é, (1.62)
ey =716, (1.63)
e, =rsinfd . (1.64)
The metric tensor is:
10 0
(gjp)=10r> 0 . (1.65)
00 r2sin?9
The determinant is
g = det(g;j) = r*sin®6. (1.66)

The invariant volume element is then:

dV = Jgdx'dx*dx? (1.67)
=r2sin0drdode. (1.68)
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1.7.1 Orthonormal and Contravariant Bases

The orthonormal basis vectors in spherical coordinates are:
é =T, € =20, e, = 0. (1.69)
The contravariant basis vectors are:

e =¢, e’ = —¢y, e/ = ——@,. (1.70)
rsin @

A physical vector V is written as:

V="Vie=Veé + Voey+ Vyé,. (1.71)

1.8 Example: Gradient of a Scalar Field in Curvilinear
Coordinates

Let f(x) be a scalar field. The differential of f is given by:

df (x) = f(x +dx) — f(x) = %dxi. (1.72)
Since
dp = e;jdx', (1.73)
we can write in invariant form:
df = Vf -dp. (1.74)

The gradient is defined as:

o

Vf=g—-—"
f lhi ox?

: (1.75)

where h; are the scale factors.
Thus,

Vf.-dp= ;—fidxi = df. (1.76)
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1.8.1 Gradientin 2D Polar Coordinates
In polar coordinates, we have:

. of . 1of

vi=ed ye-L 1.77
f= T (77

1.8.2 Gradient in 3D Cylindrical Coordinates

In cylindrical coordinates (p, ¢, z) the gradient of a scalar field f is:

cof . 1 9f
Vf=e—"—=¢ ——— 1.78
f=e dx! ¢ h; oxt ( )
. of . lof . of
= - — 1.79
¢ 55 % 5 +e, 52 (1.79)
1.8.3 Gradient in 3D Spherical Coordinates
In spherical coordinates (r, 6, ¢) the gradient is:
cof . 1 af
Vfi=¢e—=¢ ——— 1.80
f=e ax! ¢ h; oxt ( )

of | 1af . 1 of

9 9 1.81
rar T 590 T hing o (1.81)

=e

1.9 Physical Examples

1.9.1 Transformation of a Vector Under Rotation

In physical applications, zero-th order tensors are scalar quantities, such as e.g. the
energy of the system, or angles arising in dynamical and kinematic problems. They
have the same numerical values in all coordinate frames. A zero-th order tensor can
be obtained from two tensors of order one (vectors) by means of a scalar product.
Conversely, first-order tensors can be obtained by zero-th order tensors by acting
on the latter with a differential (vector) operator. For example, the electric field
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(tensor of order one) E is obtained from the electrostatic field, a scalar ¢, by acting
on the latter with the gradient V (which is a vector):

E=-V¢, (1.82)
or E; = —g—)‘f’i.

Let us consider how the electric field transforms under a rotation of the
(Cartesian) coordinate axes in 3D. In particular, we shall consider a rotation about
the z-axis by an angle ¢. From our previous discussion of Euclidean tensors
transformation laws we have:

po 0 _ S o o 1.83
P ax T axd g axf J R (1.8

In the above, we applied the chain rule,

9¢ 08¢ ox"
axi  gx Axi’

(1.84)

which introduces the summation index /. Since / is a dummy summation index, it
may be relabeled. Defining

ax'/
Lij = PR (1.85)
the transformation law becomes
E; = Ll-jE;-, (1.86)

showing explicitly that the electric field transforms as a covariant vector.
Now we implement the transformation of coordinate frames (rotation by an angle
¥ about the z-axis):

X1 = xj cos ¥ — x5 sin®
x2 = x| sin® + x} cos (1.87)
X3 = X}

to determine the coefficients in the transformation law of the electric field:

cos® sin® 0
=Ljj=|—sin® cos® 0. (1.88)
0 0 1

dx!

ax'/
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Hence the new components in the rotated frame are given by E = L;; E; with the
coefficients L;; given by Eq. (1.88).

1.9.2 Transformation of a Rank-2 Tensor

Tensors of rank-2 are very common in physics. Well known examples are the strain
and stress tensors in elasticity theory, or the electric field gradient. In general, a
rank-2 tensor is obtained from the direct (dyadic) product of two rank-1 tensors:

T;j = ujv;. (1.89)

Hence, under a rotation like in the previous example, the new components of the
rotated 7;; can be easily found by separately rotating u; and v;:

T = u:v// = Ljjug Ljivy = LiLjjugvy = Lix L ji Ty (1.90)
Therefore, the transformation law in this case reads as:
Ti/]- =LixLjTy (1.91)

where the numerical values of the components of L;; and L j; are computed as in
the previous example. We should notice how, for a rank-2 tensor, the product of two
transformation matrices, L;x and L j; is required, instead of just one for the case of
arank-1 tensor (vector) in the previous example. Hence, for a rank-3 tensor we will
need the product of three transformation matrices, and so on.

Another way of writing the direct product Eq. (1.89) is in vector-matrix notation:

T=u®v (1.92)

with the direct product symbol ®. By now making the components explicit, we can
write:

T=u,-e,-®vjej=uivje,-®ej=7}jei®ej. (1.93)

Under a rotation of the coordinate frame, like we did above, we thus have, in this
notation:

/AN /
T:T[je[®ej:Tijei®ej. (1.94)
we should emphasize that T, written in coordinate-free notation, represents the same
physical object in all reference frames. What changes upon going from one frame to
the other, is the numerical value of the components, 7;; — T/J, which is different in
each frame. If the tensor is not a Cartesian tensor, but has components which follow
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distinct covariant or contravariant transformation laws, using the latter notation we
can write:

T=T;¢ Q¢ (1.95)
=Te ®e; (1.96)
=T/ e®¢. (1.97)

While this notation is redundant for Euclidean Cartesian tensors, it is, instead,
essential for tensors in curved spaces or in flat spaces where the metric has
components with different signs, as is the case in Minkowski space-time, which
is the topic of the next chapter.
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Chapter 2 ®
Minkowski Spacetime oo

Abstract In this chapter we illustrate the transformation laws introduced in the
previous chapter on the example of the Minkowski spacetime of special relativity.
Further, we discuss how the tensorial description can be used to formulate the
Maxwell’s equations in covariant form. A more extensive treatment of the classical
theory of fields can be found in Landau and Lifshitz [1].

2.1 Metric

Minkowski space, denoted by R!3, is a flat four-dimensional space equipped with
the metric:

(] = [n"l] — diag(—1,1, 1, 1). @2.1)

Minkowski spacetime is the vector space R* equipped with the metric tensor Ny of
signature (—, +, +, +). From the metric, the scalar product is defined as:

P.9 =p-q=pnug (2.2)

where p = pXe; and q = ¢'e;. To be consistent with the standard notation for
four-vectors, we should write (p, g) = p*n,.,q", but for notational simplicity we
shall continue to use the vector notation (p, q), with the understanding that these
quantities represent four-vectors in Minkowski spacetime rather than ordinary three-
dimensional vectors.

For the metric, we have:

nij = (€, €;) (2.3)

given the index-lowering property Eq. (1.14).
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From this it follows not only that the basis {e;} is orthonormal (more precisely,
it is pseudo-orthonormal with respect to the Minkowski metric), but also that it is
orthonormal to the dual basis:

(€, e)) =n"er, ) =" = 8. (24)

For a given vector x = x¥ey, if we change to a basis {& i}, the components in the
new basis are found as:

y=& . x=(@ e)x = L'x! (2.5)

where we have defined the Lorentz transformation L’ ; = (éi, €;).
The scalar product is invariant under a change of basis, thus:

(.9 =nijp'q’
{ Y = =Ll (2.6)

®, @ = mup*q' = mall L plq
Writing in a coordinate-free manner (Lkl. =" l.k):
n=LTnL. 2.7)

Recalling the transformation laws Egs. (1.6) and (1.7) we have:

a_yl —&.e:
ax/ J
] (2.8)
ox' .
er ej

It is possible to derive a general relationship between the contravariant and
covariant transformation laws:

ax!

Wy o
ayk’

S =& e =1y 2.9)

Since for the Minkowski metric n”‘n ji = 0, %1, the transformation coefficients
can differ at most by a sign. Since the metric tensor raises and lowers indices, the
covariant and contravariant transformation matrices are related through the metric.
It is possible to obtain Lorentz transformations not only as linear maps between
coordinates for a change of inertial frame, but also as linear maps between bases;

we define:
& = AKe (2.10)

1
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thus:
nij =& & = AFA e e = Al (AT, @.11)
or, in coordinate-free form:
_ T
n=AnA". (2.12)

From the invariance of the scalar product follows the invariance of the modulus,
that is:

p=1xke =y =L A/xe;, — (AL =¢ (2.13)
or, coordinate-free:
AT=L"". (2.14)
Multiplying Eq. (2.12) on the right and left by 7, and using > = I, we have:
nAnAT=AnAT . (2.15)
From Binet’s theorem, we also find:

det A = £1. (2.16)

2.2 Special Relativity

The spacetime of special relativity is described by the Minkowski metric.
Since the separation (distance) between two events in spacetime is invariant,
consider two points close to each other p' = x' and ¢' = x' 4+ dx":

P—q - (P—q) =dx'e -dxle; = njdx'dx) = —(dx)* 4 dr>. (2.17)
Since dx% = ¢ dr, we find the invariance of the line element for timelike worldlines:
ds? = nijdx'dx’) = —c*dt* + dr? = (v? — ) dt* < 0. (2.18)

With the metric convention n = diag(—1, 1, 1, 1), timelike intervals satisfy ds? <

0, null intervals satisfy ds> = 0, and spacelike intervals satisfy ds> > 0. Equality
holds only for massless particles moving at the speed of light.
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In the comoving inertial frame v = 0, we can define the proper time t as:

J—ds2 2
dr = o i-Sa (2.19)
C C

Thus, we deduce time dilation. If a particle has a mean lifetime 7'(0), in a generic
inertial frame moving at relative velocity v, its mean lifetime will be:

T(v) =yT(0) (2.20)

—-1/2
where the Lorentz factor is defined as y = (l — Z—;) € [1, 400).

2.2.1 Covariant Electrodynamics

Maxwell’s equations can be written in manifestly covariant form with only a couple
of small adjustments.
The scalar and vector potentials are combined into the four-potential:

A = <_9,A>. 2.21)

Cc

The minus sign in the temporal component reflects the chosen metric signature
(—, +, +, +). In fact, starting from the contravariant four—potential A* = (¢/c, A)
and lowering the index with the Minkowski metric, A, = n,,A", one obtains
A, = (—¢/c,A). Theelectric field E = —VqS—A and the magnetic field B = VxA
can be expressed in terms of the four-potential:

B; = EijkajAk
with i, j,k=1,2,3. (2.22)
E; = c(9;Ap — d0A))

It is evident that E and B can be combined into a single object, a rank-2 tensor called
the Faraday tensor:

Fij=0A;—0jA;. (2.23)

It is immediately seen that it is an antisymmetric tensor, and that E; = cFp; and
Bl = %ei-/ijk, with i, j, k = 1, 2, 3. There should be no confusion about the place
of index 7 in the latter expression, because upper/lower placement of indices on the
Levi-Civita symbol makes no numerical difference in Cartesian coordinates. Using
Proposition 1.3, we find that Fj; = el-jkB", withi, j,k=1,2,3.
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Explicitly, given the metric with signature (—, +, +, +), we have:

0 —FE| —Ey —E;
Ei, 0 By —B
F.l= 2.24
[ lj] E, —Bs 0 B ( )
E; B —B; 0

Thanks to the Faraday tensor, the two homogeneous Maxwell equations V-B = 0
and V x E = —B can be condensed into a single equation (using the four-
dimensional Levi-Civita symbol):

€My Fyy = 0. (2.25)

This is also called the Bianchi identity, and expresses, among other things, the
non-existence of magnetic monopoles: in fact, they are topological defects (Dirac
monopoles), so their existence would make the Bianchi identity nonzero. This would
happen, mathematically, if the Faraday tensor were to pick up a third term on top of
the two standard ones of classical electromagnetism. This happens, for example, in
certain theories of Dirac monopoles such as the Cabibbo-Ferrari theory where the
Faraday tensor reads as:

FP = 9°Al — 9P A% — 1uoce®7 9, Ay, (2.26)

where now Greek indices are used to denote the components, and the last term (new
with respect to standard classical electromagnetism) is responsible for breaking the
Bianchi identity. So far magnetic monopoles have never been observed experimen-
tally apart from analogous emergent quasiparticle excitations observed in certain
condensed-matter systems.

In particular, i = 0 in Eq. (2.25) gives Gauss’s law for B, and i = 1, 2, 3 give the
spatial components of Faraday’s law.

For the inhomogeneous Maxwell equations V - E = % and V xB = uoJ + CLZE,
it is necessary to define the four-current:

j=o.d. (2.27)
In this way, we can write:

8 FY = pgjk. (2.28)
The general form of the Lorentz force can be written as:

dp" :
;;T =g (F"+ Friv)). (2.29)
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It is also possible to write the Lorentz force only for spatial components:

dp' 0, _ijk

—:q(—F 4 el vak), (2.30)
dt

where i = 1,2, 3. Selecting, instead, i = 0, and recalling that p* = %, with &
being energy, we have E=¢qE. v, confirming the fact that the magnetic field B
does no work.

Writing Maxwell’s equations in tensorial form ensures that Einstein’s first
postulate is satisfied, namely that the laws of physics are the same in any inertial
reference frame, since they are invariant under Lorentz transformations.

For electrodynamics to be a fully relativistic theory, two corrections must be
made:

1. The momentum considered must be the relativistic momentum p = ymyv;

2. The total energy must include the rest energy &g = mc?.

Apart from these two corrections, however, the classical electrodynamics described
by the Maxwell equations is already in a “naturally invariant” form.

2.3 Physical Examples

2.3.1 Gauss’s Law for Magnetism and Faraday’s Law from
Eq. (2.25)

Show that Eq. (2.25) indeed recovers the two homogeneous Maxwell equations.
First of all, it is convenient to rewrite the equation using Greek indices and use
Latin indices for the spatial components only:

"M 9, Fppy =0, (2.31)

where each Greek index runs over O, 1, 2, 3.

Next we separate the Faraday tensor into its temporal (0) and spatial (1,2,3)
components, the latter denoted by Latin indices. This gives us the electric and
magnetic fields as:

Foo =0, Fro = —For = Eg, Fij = ;i B". (2.32)
If we set o = 0 we get
Ok 3 Fir = €% 3 (ejypyB?) =28;B' =2V-B =0, (2.33)

because €'/¥e jkp =2 8 p- Hence, we have obtained Gauss’s law for magnetism.
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For o = i we have
€%y For + €703, Fro + €% a0 F i = 0,
—2€7% 9 Ex — €% 3y(e 1y B?) =0,
and therefore
€Ik, Ex + 3B =0, (2.34)

which represents Faraday’s law of induction.

2.3.2 Gauss and Ampere Laws Under a Change of Coordinate
Frame

We can recall the Gauss-Ampere law Eq. (2.28) now written for the covariant form
of the 4-current vector j:

0i Fri = 1o jik (2.35)

with components measured in a Lorentzian frame K. We now move to a new
Lorentzian frame %’. Because physical laws are invariant, the form of the equation
will be exactly the same and only the numerical components of the tensorial
quantities involved will change:

O FL, = o)l (2.36)

The numerical values of the components change according to the transformation
law for covariant vectors in Minkowski space, which for a generic covariant vector
A; read as:

A= (L)' A; = Al A (2.37)

with A{ = dx;/0x]. Hence, in terms of numerical quantities defined in the original
frame K:

AK (3 Fri — poji) =0, (2.38)

which transforms like a covariant vector of components m = 0, 1, 2, 3. We thus see
that the form of the Gauss-Ampere law Eq. (2.7) remains the same in all Lorentz
frames, and this is ultimately ensured by the fact that both the left hand side and the
right hand side of the equation transform in the same way, i.e. they are both rank-1
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covariant tensors. Hence, it is ultimately the tensorial form of the equation, when
properly balanced, which makes it valid in all coordinate frames that share the same
properties (i.e. Lorentzian frames, in our examples). In the physics jargon, it is often
said physical laws, such as the Maxwell laws, are in covariant form, although this
terminology does not refer to the specific covariant transformation law but simply
indicates that laws are invariant with respect to the choice of reference frame.

Reference
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Differential Forms Creck fo

Abstract In this chapter we introduce the language of differential forms. This is
a set of tools which will allow us to produce useful generalizations of geometric
relations, such as, for example, high-dimensional hypervolume elements and dif-
ferential geometry relations for differential operators in curved spaces. We begin
by introducing the wedge product, which allows us to construct antisymmetric
tensors representing oriented geometric objects such as areas and volumes. We
then define the exterior derivative, which generalizes the familiar gradient, curl,
and divergence operators. Finally, we introduce the Hodge dual, which provides a
metric—dependent duality between forms and allows many physical equations, such
as Maxwell’s equations, to be written in a compact coordinate—independent form.
For more details, the interested reader is referred to Szekeres [1] and Cahill [2].

3.1 Wedge Product

Differential forms provide a coordinate-independent language for integration, ori-
entation, and differential operators. They allow geometric quantities such as line
elements, surface elements, and volume elements to be treated in a unified way,
independent of the dimension of the underlying space.

In this framework, vectors and tensors are replaced by objects that are naturally
integrated over curves, surfaces, and higher-dimensional manifolds. We begin by
introducing the simplest of these objects: 1-forms.

Definition 3.1 A /-form is a covector field, i.e. a rank-1 covariant tensor, which in

local coordinates can be written as

w1 = ay dx*. (3.1)
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1-forms are invariant under changes of reference frame:

axt  avk . . ) .
@) = ady* = ﬁai%dﬂ =8laidx) = aidx' = o). (3.2)

It is also possible to define O-forms, but they trivially coincide with scalar fields.

To describe oriented geometric objects such as areas and volumes, we need a
product that keeps track of orientation. This leads naturally to an antisymmetric
product between differentials, known as the wedge product.

One can define an antisymmetric product between forms, the wedge product:

dx Ndy = —dy Ndx
(3.3)
dx ANdx =dyAndy =0.

Geometrically, the wedge product represents oriented area elements. For instance,
the expression dx A dy can be interpreted as the infinitesimal oriented area spanned
by the coordinate directions x and y. The antisymmetry property ensures that
reversing the order of the coordinates reverses the orientation of the area element.

Antisymmetry is necessary in order for coordinates to transform correctly under
changes of reference frame.

Geometrically, the wedge product is associated with an oriented area; for
example, in two dimensions with a change of reference frame (x, y) — (u, v):

a d d d ou d dv d
dundv=(Lax + Zay) A ( Lax + Lay) = (ZLZ VM) gy ndy
ax dy ox ay dx dy  dx dy

detd

(3.4)
which is precisely the transformation law for surface areas that we know from ele-
mentary calculus, involving the Jacobian matrix J of the coordinate transformation.

Generalizing to n dimensions:

dyiy A+ Ady, = (detd)dx; A -+ Adxy,. (3.5)

This relation is valid in general and not only for orthogonal systems (in which
case wedge products would be replaced by standard product).

Definition 3.2 A 2-form is defined as the contraction of a rank-2 tensor with a
double wedge product:

1 . .
Wy = iaijdxl Adx’. (3.6)



3.2 Exterior Derivative 31

Definition 3.3 A p-form is defined as the contraction of a rank-p tensor:

1 . ,
wp = Eailm,’pdx” Ao Adx'r (3.7)

Proposition 3.1 The number of independent components of a p-form on an n-
dimensional space is (;)

This follows from the antisymmetry of the wedge product, which can be
expressed in terms of tensor products:

dx' Adx) = dx' @ dx! — dx! @ dx'. (3.8)

In compact form, one can write:
dx"" A Adx'r = dxl A A dxr] (3.9)
where square brackets denote antisymmetrization of the indices (sum over even per-
mutations and subtraction over odd ones). From this, the factor i, in Definition 3.3

is explained: starting from a tensor with no symmetries, the construction of a p-form
through the wedge product extracts only its antisymmetric part.

3.2 Exterior Derivative

A differential operator between forms can be defined, the exterior derivative d,
which is a coordinate-independent operator generalizing the gradient, curl, and
divergence:

1 . .
dw, = o aiy i, dx* Adx A Adxir. (3.10)

Thus, the exterior derivative transforms a p-form into a (p + 1)-form.

3.2.1 The Exterior Derivative Anticommutes with the Wedge
Product

It can also be shown that the exterior derivative anticommutes with the wedge
product.

Proposition 3.2 Given a p-form w, and a generic form ¢, one has:

dlwp AN¢) =dwp A ¢+ (—DPw, Adg (3.11)
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Proof In the case of two 1-forms w = a;dx’ and ¢ = bjdxj:

dwnc)=d <aidx" A bjdxj> = O (arbj)dx* Adx' A dx!
= (dai)bjdx* A dx" Adx! + a;j(9bj)dx* A dx' A dx
= (8ka,~)bjdxk Adx! Adx) — a,-(akbj)dxi Adx* A dx?
= (haidx* A dx) nbjdx) — aidx’ A (abjdx* ndx?)

=doN¢c—wANdg.

3.2.2 Example

Given a scalar field (0-form) f, its differential is df = %dxk .

Given a I-form on R3: A = A,dx + Aydy + A dz, one finds that its exterior
derivative is dA = (V X A),dy Adz + (V X A)ydz Andx + (V x A) dx A dy,
where A = (A x Ay, Az) has been defined.

3.2.3 Example

For a 2-form on R wy = A;jdx’ Adx/ = 1 (A1; — Az))dx A dy. Thus, if A;;
is antisymmetric this reduces to wy = A12dx A dy, whereas if it is symmetric one
has w, = 0.

3.3 Bianchi Identity, Exact and Closed Forms

One of the most important properties of the exterior derivative is that applying
it twice always yields zero. This identity encodes deep geometric and physical
constraints and is known as the Bianchi identity.

Proposition 3.3 Under suitable regularity assumptions, one has dd(...) = 0
(Bianchi identity).

Proof Given wpy1 =dw,:

ddwy, = dwps1 = (3;0ai,.i,) dx/ Adx¥ Adx Ao Adx'
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By Schwarz’s lemma 09k f is symmetric for regular f, hence by Eq. (3.8) one has
dd w, = 0. ]

The relation dd(...) = 0 is an elegant way of writing the Bianchi identity: in
order to break this identity, a perturbation of the underlying space is required, known
as a topological defect (cf. the discussion about Dirac monopoles and the Cabibbo-
Ferrari theory in Chap. 2).

The property dd(...) = 0 allows us to classify differential forms based on their
differential structure. Accordingly, one can further characterize differential forms:

Definition 3.4 A p-form w),, is said to be closed if dw, = 0.

Definition 3.5 A p-form w), is said to be exact if there exists a (p — 1)-form w,_;
such that w, = dwp_1.

Proposition 3.4 Every exact form is also closed.
Proof Directly from Proposition 3.3. O

Lemma 3.1 (Poincaré) On a simply connected manifold, every closed form is also
exact.

Theorem 3.1 (Stokes) Given a p-form o and a simply connected domain S, one

has:
/ w:/dw (3.12)
as s

This theorem unifies the fundamental integral theorems of vector calculus
(Green, Gauss, and Stokes) into a single geometric statement.

3.3.1 Physical Examples
3.3.1.1 Static Electric Fields

A classical electrostatic field is closed and also exact. Because B = 0, then by
Faraday’s law V x E = 0. We can write the electric field as a 1-form,

E=E;dx', i=1273 (3.13)
= dE =3;E;dx’) Adx’ (3.14)
= 5(3jEi — & Ej)dx’ A dx' (3.15)
-0 (3.16)
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hence the equality d E = 0 expresses the fact that the curl of the electric field is zero
and, also, that the electric field is closed. We can now define the line integral of the
1-form E along a pathway P:

Vp(X) = —/x E;dx' = —/ E. (3.17)
P

P.xg

However, because the electric field is irrotational (by assumption), V x E = 0,
then this integral cannot depend on the chosen path, because if we were to follow a
different path P’ instead of P, then by Stokes’ theorem we would have:

Vp(x) = Vp(x) = f

Eidxi:/f(VxE)~da:0 (3.18)
P'—P S

where da denotes the surface element. Using Stokes’ theorem written in the
language of differential forms introduced above (Theorem 3.1):

Vpr(x) — Vp(X) =f E=/dE. (3.19)
BN S

Hence, the electrostatic potential Vp(x) = V(x) is independent of the integration
pathway P such that E = —VV (x) and the 1-form:

E = Ejdx' = —9;Vdx' = —dV (3.20)

is an exact form.

In this example we used the version of Eq. (3.12) appropriate for a 1-form, hence
for p = 1 (vector fields). The usefulness of the language of differential form lies
in its ability to directly generalize to higher-order forms and space dimensions. In
this example, the generalized Stokes theorem (Theorem 3.1) is valid for any generic
p-form where p is any positive integer. This clearly becomes very handy when
one is working in a high-dimensional space (e.g. Kaluza-Klein theories and their
modern versions), where a derivation of Stokes’ theorem from intuitive geometry as
we know it from standard calculus, is impossible.

3.3.1.2 Covariant Electrodynamics
In the language of differential forms, the vector potential of classical electrodynam-
ics is associated to a 1-form: A = A;dx/. Acting with the exterior derivative onto

A, one obtains:

dA=dAj ndx) = 9;Ajdx' Adx) = JF;;dx' ndx) = F (3.21)
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where we used the short-hand notation d; = 9/0dx;. Hence, the exterior derivative
transforms the electromagnetic vector potential (or 4-vector gauge field), which is a
1-form, into the Faraday tensor, which is a 2-form.

In the previous chapter we derived Maxwell’s equations of electromagnetism in
manifestly covariant form:

R Fjx =0 (3.22)
0 Fri = 1o Jjk

which condense the four Maxwell equations into just two equations relating the
derivatives of the Faraday tensor F to the current density j. The first equation, which
condenses the two homogeneous Maxwell equations (Gauss’s law for magnetism
and Faraday’s law), can be compactly written using the language of differential
forms as just:

dF =ddA =0. (3.23)

This formally represents a Bianchi identity, dd(...) = 0, and stipulates that F' is an
exact form, and, therefore (Proposition 3.3), is also closed (d F = 0).

3.3.1.3 Example

Justify, with all the algebraic steps, the presence of a factor 1/2 after the third
equality in Eq. (3.21), and hence in the definition of p-form in (3.3).
Start with

F =Y 0A;dx" ndx/, (3.24)
iJ
where the double sum over the repeated indices i and j is spelled out explicitly.

Now we split the double sum as

F =Y 0Ajdx" ndx) +) 0;Aj.dx" ndx) +) 9 Ai,dx' ndx'. (325
i<j i>j i=j
But dx’ A dx! = 0, so the last sum vanishes.

Now let us rename indices in the i > j sum by swapping i < j (just dummy
indices):

D 0iA . dxt AdxT =) 9;A; dx) Adx (3.26)

i>j i<j
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Then we use antisymmetry of the wedge product, dx/ A dx’ = —dx' A dx/:
F=Y"(%Aj dx' ndx) — 9,4, dx' ndx!) (3.27)
i<j
=> (3 ), dx’ Adx (3.28)
i<j

This already shows that only the antisymmetric part contributes.
Each unordered pair {i, j} with i # j appears twice in Zi’ f (once as (i, j), once
as (j,1)). So

Z("')Z%Z("'):%Z("')’ (3.29)
iJ

i<j i#j

because the (- - -) is antisymmetric and vanishes when i = j.
Hence

Z A, dx' Adx! = Z ), dx’ A dx (3.30)

= 1 Foiodx! Adx/
=5 Fij» x" ANdx/, 3.31)
with F;j = 0;A; — 0 A;.

So the factor 1/2 is exactly the correction for double counting the pairs (i, j) and
(j, i) in the full double sum due to the basis dx’ A dx/ being antisymmetric. The
same demonstration can be extended to a generic p-form simply by iteration.

3.4 Hodge Operator

Up to this point, the algebra of differential forms has been defined independently
of any metric structure. The wedge product and exterior derivative depend only
on the smooth structure of the manifold. However, many physical applications
require the introduction of a metric, which allows one to define notions such as
orthogonality and volume. Once a metric is specified, it becomes possible to relate
p-forms to (n— p)-forms through a natural duality operator known as the Hodge star.
While the wedge product allows us to build higher-dimensional geometric objects,
it does not by itself relate forms of different degrees. To construct such a relation,
additional structure is required: namely, a metric and an orientation. This leads to
the definition of the Hodge operator, which implements a natural duality between
forms of complementary degree.
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3.4.1 Levi-Civita Tensor

The three-dimensional Levi-Civita symbol (Definition 1.12) is totally antisymmetric
and isotropic (Eq.(1.12)), and transforms as a tensor density of weight w = —1
as shown in Chap. 1. It can be turned into a true rank-3 pseudotensor of weight
w = 0, by means of multiplication with the square root of the determinant of the
metric tensor. This is because the square root of the determinant of the metric tensor
transforms as a tensor density of weight w = +1, i.e. with an extra factor |detR|~!.
Hence, by means of the multiplication with /g, we obtain a genuine tensor tied to
the metric, that can be used to express a coordinate-invariant volume element, as we
shall see later on.

Definition 3.6 The Levi-Civita tensor is defined as &;jx = /g €; k.

To find the transformation law of the Levi-Civita tensor, some results from linear
algebra are required.

Theorem 3.2 (Laplace) Given M € R"*", one has detM = e't“in M; | ... M,
Corollary 3.1 ¢, x, detM = Ei""i”M,‘]kl o.Mk,
Corollary 3.2 det (M; ... M) = (detMy) ... (detMy).

inn-

Considering a change of reference frame x’ - y':
Sz{jk = \/gei/jk = \/gfijk

isotropy of €;j

x5 ox!
:\/det(axm aing”>

y= oy

axs axt

= [ |det oy det W det(gss)

ox dax
det<5>‘ \/geijk =0 \/g da(@) €ijk
— —

Corollary 3.1

ax% ax! Ixt ox® ax' ax¥
ayl ayd gyk Ayl dyJ dyk

€ijk

€ijk (3.32)

=0 \/g stu-

Since ¢;ji is defined from ¢;j; (i.e. from an antisymmetric product), it is a
pseudotensor, and therefore its transformation law depends on o, the sign of the
determinant of the Jacobian. Recall that det J changes sign for each inversion in the
change of reference frame.
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The contravariant components of the Levi-Civita tensor are:

gijk — gisgjtgkugsm — gisgjtgku S €5ty = \/gdet (gmn) €ijk

(o
€ijk = —=€ijk (3.33)

NE

where g = | det(g,,)| denotes the absolute value of the determinant of the metric
tensor.

All these properties of ¢;jx also hold for the general n-dimensional Levi-Civita
tensor, analogously defined as:

~ det (gmn)

iy oin = /€y iy - (3.34)

3.4.2 Hodge Star

The Hodge operator, also called the Hodge dual or Hodge star, is an operator that
maps a p-form into an (n — p)-form, where n is the dimension of the manifold
considered.

Definition 3.7 Given an n-dimensional differential manifold M, the Hodge opera-
tor is defined as * : A\” M — A"7?7 M such that:

*(dx” VANEIREIVAN dx’l’> = (n_—p)'gllkl - glpkpé‘lﬂ...kpl’m...mnfhdxml/\' S Adx"r
(3.35)

Geometrically, the Hodge operator maps a p-form to the unique (n — p)-form that
represents its orthogonal complement with respect to the metric-induced volume
element.

For a p-form w, this also implies the master identity:

w A %0 = (@, w)dV (3.36)

where the inner product (, ) is induced by the metric g.

3.5 Examples

3.5.1 3D Euclidean Space

On R3 one has %1 = dx Ady Adz, x(dx Andy Adz) = 1, xdx = dy A dz,
* (dx A dy) = dz, and so on. Moreover, two important properties are found:
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a d d d a a
xdf =% —fdx+—fdy+—fdz :—fdy/\dz—}——fdz/\dx—}——fdx/\dy
dx ay 9z ax ay 0z

*F =% (dex + Fydy + dez) = Fydy Ndz+ Fydz Adx + Fodx Ady
Hence one sees that:
dxdf =V>fdx Ady Adz (3.37)

d*F=V.-Fdx ndy Adz. (3.38)

3.5.2 Minkowski Space

In R13 (Minkowski space-time) one must take into account the negative sign of the

time coordinate; for instance x1 = dt Adx Ady Adz,butx (dt ANdx Ady Ndz) =

—1. Furthermore, we work in 4D Minkowski space with signature (—, +, +, +),

orientation dt A dx Ady Adz > 0, and volume element dV = dt Adx Ady Adz.
Moreover, for 1-forms:

xdt = —dx Ndy Ndz *dx = —dy ANdz A dt
*dy = —dz Adx AN dt *dz = —dx ANdy Adt
For 2-forms:
¥ (dx ANdt) =dy Ndz #(dx Ndy) = —dz AN dt
*(dy Adt) =dz ANdx x(dy ANdz) = —dx AN dt
*(dz Adt) =dx Ndy *(dz ANdx) = —dy ANdt
For 3-forms:
* (dx Ndy Ndz) = —dt *(dy Ndz ANdt) = —dx
x(dz ANdx ANdt) = —dy *(dx Ndy Ndt) = —dz.

The following example illustrates how the metric signature and the chosen
orientation jointly determine the signs appearing in Hodge duals. Indeed, in the
above relations, one may wonder about the sign e.g. why x(dt A dx) = —dy ANdz
whereas x(dt Ady) = dx Adz. Letus provide a detailed justification for this result,
which illustrates the general procedure to correctly compute the sign in the above
relations.
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Recalling that the inner product is induced by the metric

(dt Ndx,dt Andx) =gV = —1, (dt Ndy,dt Ady) = g%g** = —1.

(1) Compute *(dt A dx). Assume x(dt A dx) = sdy A dz with s = £1. Then
(dt ANdx) Ax(dt ANdx) =sdt Ndx ANdy ANdz =sdV.
By the defining identity this must equal (—1) dV, hence s = —1 and
% (dt Ndx) =—dy Nndz.
(2) Compute x(dt A dy). Assume *x(dt Ady) = sdx Adz withs = £1. Then

(dt ANdy) Ax(dt Ady) =sdt Ady ANdx ANdz
= —sdt Adx Ady Andz (swap dy past dx)
=—sdV.

Again this must equal (—1)dV, so —s = —1 and s = 41, hence

*(dt Ndy) = dx Ndz.

Hence, we can summarize the set of relations which express the action of the
Hodge operator in Minkowski space as follows:

1
%1 = 2 nk;\,wdx Adx* Adx* Adx”,
. 1
xdx! = 3”g Uk)»;wdx Adx?* Adx?,
*(dx' Ndx!) = 2'g g/)‘ Ny dXH A dx”,

w(dx’ Adxd Adx®) = g g gk i dx®,

w(dx! Adx! ANdx* Adx) = g gl g g™ niw = ke

The formalism of differential forms provides an elegant framework for classical
field theories. In particular, Maxwell’s equations acquire a remarkably compact and
geometrically transparent form when expressed in terms of exterior derivatives and
Hodge duals.
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3.6 Physical Example: Covariant Electrodynamics
with Differential Forms

Recalling the gauge vector potential (2.21), it is possible to define the 1-form A =
A;dx"' such that acting with the exterior derivative onto it, we get:

. . 1 . .
dA=3Ajdx' ndx) = S Fyjdx' Ndo) = F (3.39)

where the 2-form determined by the Faraday tensor, Eq. (2.23), has been previously
defined. Equation (2.25) then becomes, in view of the Bianchi identity:

dF =0. (3.40)
In the static case, B = 0,sothat V x E = 0, i.e. dE = 0: the electrostatic field

is closed and, by Poincaré’s lemma, locally exact.
It is also possible to compute the Hodge dual of F:

1 . . 1 o |
*xF = EFij*(Xm A dxf) = Zﬂjglkgjlgklmn dx™ Adx" = ZFkZSk[mn dx™ adx
(3.41)

Applying the Hodge dual of the exterior derivative:

xd*x F =

Bl Blm A= B A=

o
817 \/§Fkl) «/geklmng P dxy, (3.42)

dp (\/g Fkl) \/gfklmngapgﬁmgyngéweaﬂyﬁ dxy

where at some point we used the Einstein identity: €y, €™ = ((S,ﬁ7 51“’ — 8}("6{’ )
In Minkowski spacetime, g;; = diag(—1, 1, 1, 1), Eq. (3.42) reduces to

xdx*x F = 8p(ka)dxk.
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Recalling from Eq. (2.28) that 9, (F kpy = o jk, and defining the current 1-form
j = j¥dxi, we obtain the generalization on a curved manifold of the second
covariant Maxwell equation:

xd*x F = uoj (3.43)

Together with the Bianchi identity, Eq. (3.40), this represents all the phenomena
of classical electrodynamics.
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Chapter 4 )
Differential Calculus on Curved Creck fo
Manifolds

Abstract In this chapter we present an introduction to differential operations on
curved manifolds. This is done by starting from affine connections, which provide
the central tool in order to define derivatives that take into account the fact that the
local Cartesian reference frame is effectively “moving” on the surface of the curved
manifold. From this fundamental fact, all rigorous definitions of absolute tensor
calculus will follow in a straightforward manner. Reference textbooks on this part
are Cahill [1] and Carroll [2].

4.1 Affine Connections

On a curved manifold, ordinary partial derivatives fail to produce geometrically
meaningful results, because the local reference frame itself varies from point to
point. Affine connections provide the mathematical structure needed to compare
vectors defined at nearby points and to define derivatives that respect the geometry
of the manifold.

In what follows, the terms “reference frame” or “local Cartesian reference frame”
and “local basis” will be used interchangeably.

Given an n-dimensional differentiable manifold M and a vector field F(x) on it,
fixing a reference frame (RF) {e;(X)};=1,.. », in computing the derivative of F(x)
one must also take into account how the basis itself varies in space:

oF  9F!
= —€;

ae,-
ax/  oxJ

axJ

i

A.1)

To treat this problem formally, it is necessary to introduce the tangent space,
which provides the natural setting in which vectors and their derivatives are defined
on a manifold.
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Definition 4.1 Given a differentiable manifold M and a point p € M, the tangent
space T, M is defined as the set of equivalence classes of smooth curves f : I C
R — M such that f(Ag) = p, where two curves are equivalent if their coordinate
velocities agree at Ag.

In essence, T, M is the space of all tangent vectors to M based at p.

Definition 4.2 Given a differentiable manifold M, fixing a RF {e;(x)};=1,...,
it, one defines the connection coefficients associated with the coordinate basis
(Christoffel symbol of the second kind) as:

k
rk=e. =
li 8)61

4.2)
This affine connection relates tangent spaces at two infinitesimally close points.
Recalling the derivative of a vector field:

aF  9F! .
k z_ek.ei_i_erk.
N —

oe; dFk X
e " — —_—
axl  ax!

=5 T rkF = v, F* (4.3)
5f

This is defined as the covariant derivative of the vector field F* (with a slight
abuse of terminology).

Definition 4.3 A connection is said to be forsion-free if
k k
I =Ty
If, in addition, it satisfies metric compatibility,
Vigij =0,

then it is called the Levi-Civita connection.

This holds under the hypotheses of Schwarz’s lemma, since e; = ;71’,.:

de; 92 92 de
F,kl-:ek-—lzek~ p.:ek~ 'p :ek—l.:Ffl 4.4)
ax! axloxi axi9x! 0x!

Under a change of reference frame x +— y, the affine connection transforms as:

li ay! axP 3yl axm \ 9y axP ayl 9yl axP 9ylay
4.5)
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The second term shows that, in general, the Levi-Civita affine connection is not
a tensor, since it transforms affinely, not homogeneously. This reflects the fact that
the affine connection depends explicitly on the choice of reference frame, rather
than representing a geometric object intrinsic to the manifold.

In general, the affine connection has n3 independent components. If the connec-
tion is torsion-free, the symmetry Flki = Ff‘l reduces the number of independent
components to

nn+1)
X ——.
2

In four dimensions this gives 4 x 10 = 40 independent components. In flat
Minkowski spacetime with Cartesian coordinates, however, all Christoffel symbols
vanish identically.

Moreover, the symmetry F;‘i = Ffl is linked to two important properties:

e preservation of the metric: V;g,,, = 0;
* absence of torsion:

T(X,Y)=VxY —VyX —[X,Y]=0, VX,Y vector fields on M.

Here the Lie brackets [ , ] have been defined.

When the above symmetry is not present (e.g. in Einstein—Cartan theory of
gravitation), one can cancel the non-homogeneous term in Eq. (4.5) by defining a
new tensor, called the torsion tensor:

Definition 4.4 The torsion tensor is defined as Ty, = I'y, — I'¢,.

4.2 Parallel Transport

Given an n-dimensional differentiable manifold M in an embedding space identified
with R"** with k > 1, the vectors in the tangent space 7, M can be viewed as
vectors in the embedding space.

Affine connections acquire direct geometric meaning through the notion of
parallel transport. Intuitively, one may picture the parallel transport of a vector
along a curve on the manifold as moving the application point of the vector on the
hypersurface determined by M, while keeping the vector tangent to the manifold
and without modifying its components in the embedding space. This leads, if one
considers a loop on the manifold, to obtaining a vector oriented differently from the
initial one (see Fig.4.1).

Proposition 4.1 The condition for the parallel transport of a vector field F(x) is
that along the considered curve one has € - dF = 0.
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Fig. 4.1 Parallel transport of a vector on closed loops on a sphere. In each case, the orientation of
the vector changes after a full loop on the spherical surface. The extent of the change in the vector
orientation after the loop is proportional to the area of curved surface enclosed by the loop

Since dF = 9;F dx', this condition is equivalent to requiring that
V,FFk=0

along the curve.

4.3 Covariant Derivative

The covariant derivative combines ordinary differentiation with the affine connec-
tion to produce a derivative operator that transforms tensorially under changes of
reference frame.

We introduce the following notation for derivatives: f; =
nature of f.

Considering a vector field F(x) on a differentiable manifold M, one can rewrite
the covariant derivative as:

af

3.7 > Tegardless of the
V[Fk = Ff; = ek X F,l — ek . (F’ilei + Fiei,l) = F’]; + F;(l Fi 4.6)

Proposition 4.2 e; - ¢/, = —T',.

Proof

0:8,’;,1 = (ex-e);=ex;-€ +e -efl =T, +e -efl.
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Thus, the covariant derivative can be expressed both for contravariant and
covariant vector fields:

V]; =ek. vV, = ek . (Vjei + Viei,l) 4.7
Vier = e -Vi=¢e- (Vi’[ei + V,e’l> 4.8)

Expressed in terms of affine connections:

avk .

v,vk = 7t rLv (4.9)
Vi .

ViV = i FllkVi 4.10)

On torsion-free manifolds (T“C = 0), for a covariant vector field one has
Vii—=Viu=Vii — Vi,

since the symmetric Christoffel symbols cancel in the antisymmetrization.

Although the affine connection itself is not a tensor, its non-tensorial transfor-
mation properties are precisely what ensure that the covariant derivative transforms
tensorially.

Proposition 4.3 The covariant derivative transforms as a tensor.

We now verify explicitly that the covariant derivative defined above transforms
tensorially.

Proof Recalling Eq. (4.5):

ax™ 3 [ ayk oy~
_ 9 va +Flk~V]
ayl axm \ 9xP J

k 2.k k
Bx’"BLBVP ax™ 9%y " Biax’” p
ayl axP ax™ 3yl dxmox" axp gyl ™"

n

ayk 82xP 9y’ n

axP aylayi axn

_ox™ oyt 9V . N ax™m  92yk ayk 9%xP 9yl -
- Ayl axmaxm  9xP dyldys 9xn '
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One needs to show that the second term vanishes:

a ayk oyt [ayf B axl’}_

3_)113)6" ax”? 8x"8_ylw
9 ayk aykr o <ayf' axp> axP 9 ayl
Tyl axn T axP | ayl \oxm ay/ dyJ ayl 9xn
9yt aykaa,, ;9 Ay
Tayloaxn U oaxp oyl " oyl axn
9 ayk 0yt
oyl axn 9yl axn
The case of the covariant derivative of a covariant vector is analogous. O

Proposition 4.4 The covariant derivative of a rank-2 tensor is:

dA;;

ViAij = aTtk/ — T/ Amj — T Aim 4.11)
.. QA . . o

ViAY = ek T r. A™ +T) A (4.12)

Proof LetA = A;; € ® e/, then:

A A de . oel

m: We ® e +Aijﬁ ®e +Aije ®W (4.13)
= i el ATl e e — AT e @ (4.14)
o axk ij 4 mk 1% mk '
= G g el — Ay T @ el — ATl @ e (.15)
T oaxk mjs ik iml jk :
= (# — T Am — F;"kAim> e ®e’ (4.16)
= (Vidij)e ®e. 4.17)

O

Proposition 4.5 Given A;;, an antisymmetric rank-2 tensor on a torsion-free
manifold, one has:

Ajjik + Akizj + Ajii = Aijk + Akij + Ajkii- (4.18)
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Proof From Proposition 4.4:
Aijik + Akisj + Ajisi = Aijk — TigAmj — T Aim + Akij — T Ami — T Akm
+ Ajii =T Ak = Tii A jm.
By the symmetry of I'/} and the antisymmetry of A;;:
F;’}{Amj = —l",’gAjm, FTkAim = —F,’;}Ami, F;’}Akm = —F?’I-Amk.

Hence the claim follows. |

Thus, the Bianchi identity holds in any reference frame on a torsion-free
manifold.

4.4 Torsion-Free Manifolds

4.4.1 Affine Connections

Definition 4.5 The Christoffel symbols of the first kind are defined as
Fijk Eglml—‘;r;c (419)

Proposition 4.6 On a torsion-free manifold, T';jx = T'j;.

Proof This is immediate, recalling that on a torsion-free manifold I Tk =T ,'5 O

Proposition 4.7 T} = i VS

Proof g""Tyij = g gin I} =8, =T O
It is possible to express affine connections in terms of the metric tensor.
Proposition 4.8
1
Cijk = > (8ijk + 8kij — &jk.i) - (4.20)

Proof First note that
Tijk = gimUj; = gime™ €, j =€ - e ;.
Consequently:

gijk =¢€ik-€j+e-ejr=1I;;+ i,
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and similarly

8ki,j = Tijk + Tkji, &jk,i = Ukij + Tjik.
Thus:
8ijk + 8ki,j — &jk,i = Ujki +Tikj + Tijk + Tkji — Trij — Ujik
= jit = Vijk + Vijk + Tkij — Trij — Tjik
=20 .
O
Proposition 4.9
o Lgtm 4.21
i =58 (Smi,j + &jm.i — &ijum) - (4.21)
Proof From Propositions 4.7 and 4.8. O
4.4.2 Covariant Derivative of the Metric Tensor
From Proposition 4.4 one has:
Vigi = S8 _pmg _pm 4.22)
k8ij = 9k ik8mj jk8im- .

Thus:
gijik = &ijk — Ujir — Tijk
= gijk — % (gji,k + 8kj,i — gik,j) - % (gij,k + 8ki,j — gjk,i)
= 8ij.k — %gij,k + %gjk,i + %gik,j - %gij,k - %gik,j + %gjk,i
=0.

We thus see one of the fundamental properties of torsion-free manifolds, namely
the preservation of the metric:

ngl'j =0. (4.23)

This condition expresses the compatibility of the Levi-Civita connection with the
metric and guarantees that lengths and angles are preserved under parallel transport.
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4.5 Differential Operators on Curved Manifolds

Using the covariant derivative, it is now possible to generalize the familiar differ-
ential operators of vector calculus—gradient, divergence, and Laplacian—to curved
manifolds.

Given a generic n-dimensional differentiable manifold M, fixing an orthogonal
RF {e;}i=1... n, it is possible to define on M the usual differential operators of
Euclidean space.

4.5.1 Gradient

Definition 4.6 Given a scalar field f : M — R, its differential is defined as:

df(x) = f(x+dx) — f(X) = —fd =V f(x)-dx. (4.24)
Proposition 4.10
1 9f .
Vf= Xl:h_lg i

f

Proof Since e’ =e (correctly, is covariant):

af af

. ) af ,
— _J al, . J_ —
Vf‘dx_axl.e’ dx'ej = d 18 8xldx’—df.
O
4.5.2 Divergence
Definition 4.7 Given a contravariant vector field V. = V'e;, its divergence is
defined as:
i i i vk
V.-V= V;’l- = V’l + T Ve (4.25)

The divergence is nothing but a contraction of the covariant derivative.

Proposition 4.11

o
Liv = 58" &imk-
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Proof
Tl = 38" (8imk + 8kim — Gmk.i)-

But g™ guk.i = g™ gik.m since m, i are dummy indices, hence the claim. O

It is possible to give an alternative formulation. Let ¢ denote the cofactor matrix
of the metric tensor g (viewed as a matrix):

ddetg
detg = Zgijcijv = Cij = . (4.26)
Y 98ij
Recalling that the inverse metric is
y 1 0ddet
ij -~ 78 4.27)
detg 9g;;
Proposition 4.12
i («/g),k
Iy = .
NS
Proof First,
ddetg iy
(detg) k = gijk———— = 8ij.k&" detg.
881]
Then, from Proposition 4.11:
g) k
Flkzzg 8im,k = 2dt (detg) x = 2|detg‘|detg|k— \/\/—g .
O

Proposition 4.13 Given a contravariant vector field V = V'e;, its divergence is:

(«/g V k),k

Proof From Proposition 4.12:

. vk
V-V= Vlz +1" Vk Vz («/g),k Vk _ (\/g ),k.
, \/g \/g
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4.5.2.1 Example: Divergence in Orthogonal Coordinates
In 2d with orthogonal coordinates, we recall that
gij =ei-ej =hi8j,
Vi = hi\7i = hi_IVi (no sum here)

and

where ¢; are orthonormal.
These conditions imply that:

JEg=hih (@ =hihy---h,inn dimensions)
with

Vi
vhk=—=
hy

and therefore, the divergence of a vector V is given by:

Compare this expression with:

k
VALY,
NG

where

Vi

vk =%,
hi

In polar coordinates in 2d: h, = 1, hy = r, hence

1 1 1
VoV =0V + (Vi)o] = S0V + ~ Vi

53

(4.29)
(4.30)

431

(4.32)

(4.33)
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In 3d we have

JE=hihohs, VF=_=
hi

and

3
1 hihahs -
V.V= §:<123vk> :
hihohs 7=\ i y:

In cylindrical coordinates: h, = 1,hy = p, h; =1

1
V.-V= ;[(pr),p + (Vg + P(Vz),z]

1 1
= [@V00] + Vo + Ve

In spherical coordinates: h, =1, hg =r, hy = rsinf
g =|detg;j| = r*sin? 6,
and therefore the metric tensor is:
- 10 0
(¢V)=10r2 0 ;
0 0 (r2sin?0)~!

from which:

V.V

= [(2sin6 V), + (rsind Vo) , + (V) , ]

1o _ o _
= [6in6 G2, + 7 im0 Va)o + 7 Vg

4.5.3 Generalized Kronecker Delta

Definition 4.8 The generalized Kronecker delta is defined as:

+1  (vi,..., %) =o0p(u1, ..., ur) (even permutation)

M1k —
8\)1..‘1)]( - —1

W1y ...y ve) = 0g(ia1, . .., ug) (odd permutation) (4.34)

0 otherwise
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Lemma 4.1
Bl
851' v’,jk =det| @ . |. (4.35)
Shk L sk
Lemma 4.2

L ik ki tedn — gy g Sk dn
€iy. gyt oin € = k! 81k+l dn *

The language of differential forms provides an alternative and highly compact
formulation of differential operators on curved manifolds.
4.5.4 Divergence via Differential Forms

Proposition 4.14 Given a vector field V = V'e;, let V = V;dx' be the differential
form associated to it. Then:

V.-V=ox*dx*V. (4.36)

Proof For simplicity consider the 4-dimensional case (using Lemma 4.2):
1 ik I m n
xd*xV =xd Viag Ektmndx’ Ndx™ A dx

1
=%|— <\/§Vk> €ximndx? A dx! A dx™ A dx"
3! P

1
=3 («/_V ) umng’ g g™ 8" /2 €apys
1 _

-5 (ka) E €kimn (det g)~LePimn
1 o

- — 157
e (vav* )!p(3.5k)

sle 2
—~

\/gv")’k.
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4.5.5 Example

In a n-dimensional space with g;; = h?Sij one has V; = h;l V; = h; Vi, hence:

1 "9 [(hy---h,
V.V=— > — [— 2y }.
hl---hn;axk< i ")

4.5.6 Laplacian

Definition 4.9 Given a scalar field f : M — R, its Laplacian is defined as:

DfEV.sz(g”‘fk), (4.37)
i
Proposition 4.15
k
Of = W&/ Dk (4.38)
NS
Proof Directly from Proposition 4.13, using g'* f; = f'. O

Proposition 4.16 Given a scalar field f : M — R, one has:
Of =0 *xd *df. (4.39)
Proof
*d*df:*d(ﬁi*dxi>
=xd (%\/gf,-gikeklmndxl Adx™ A dx”)
= x <%(¢§f~k),pek1mndxp Adx! Adx™ A dx">
= %(\/Ef"‘),pekzmng”"‘g"’g”wg’“S € €apys

l p—
= ;(\/gf’k),peklmn\/g(detg) leplmn
_ 1 o
T3 e

9 k
\/g(x/gf ) k-

(VES*).p(318))
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where we used the identity
g g"P g™ g"eupys = (detg)~'e?™,

which follows from standard properties of determinants and the Levi-Civita tensor,
and we also used the identity from linear algebra: |A| €., = Ay AmjAnk €ijk Where
A is a generic matrix.

4.5.6.1 Example

In a n-dimensional space with g;; = h78;; one has f*X = g/* f; = hk_zf,k, hence:

1 "8 (hy---h, Of
Vif=— Ny — [— 2.
! hi---h Zaxk < hi dxk

" k=1

4.6 Covariant Electrodynamics Revisited

We now revisit Maxwell’s equations, previously introduced in Chap. 3 using
differential forms, with the goal of showing explicitly how they can be formulated
for curved manifolds.

At first sight, it may appear surprising that curvature does not enter explicitly
into Maxwell’s equations. This is not an omission, but a fundamental property
of classical electrodynamics: in its minimal formulation, the electromagnetic field
couples to space-time geometry only through the metric, not through curvature
tensors. As a result, the effects of curvature enter implicitly via the Hodge operator
and the volume element, while the field strength itself remains defined by exterior
differentiation.

The formalism developed in this chapter is therefore essential not because
Maxwell’s equations require curvature, but because it provides the correct geometric
framework in which they remain valid also on arbitrary curved manifolds.

As shown in Chap. 3, Maxwell’s equations can be written compactly in terms of
differential forms as

dF =0, *d x F = puoj.

The purpose of the present section is to show that they remain valid on curved
manifolds, with all metric dependence entering through the Hodge operator and the
volume element.

In Minkowski spacetime g;; = diag(—1, 1, 1, 1), this reduces to *d x F =
0p(F kPYdxy. In a generic curved space-time, the same equation holds with the
full metric g;;(x) entering through the Hodge dual. Recalling from Eq. (2.28) that
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0p(F kPy = o j*, and defining the electric current 1-form j = j¥dx;, one obtains
the generalization on a curved manifold of the second covariant Maxwell equation:

xdx F = oj. (4.40)

Electromagnetism is, therefore, insensitive to curvature tensors at the level
of field equations; it only “feels” geometry through the metric. By contrast,
gravitational dynamics explicitly involves curvature, as will be discussed in the next
chapter.
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Chapter 5 ®
General Relativity oo

Abstract In the previous chapter we have seen how the concept of moving
reference frames leads directly to the concept of covariant derivative, by way of
defining the affine connections. Then it became straightforward to generalize all
differential operations to curved manifolds. In this chapter, these tools will be used
to study what happens when an action is varied on a curved manifold. After recalling
the basic tenets of the variational principles the tools developed in the previous
chapter will be applied to deriving the theory of general relativity, with several
physical examples. The central idea is that gravity can be described as a geometric
effect of spacetime curvature, emerging naturally from the variational principle once
the metric is treated as a dynamical field.

5.1 Stationary Action Principle

In the previous chapter, we developed the differential-geometric framework needed
to describe physics on curved manifolds, including covariant derivatives, affine
connections, and curvature. We now combine these tools with the principle of
stationary action, which provides the dynamical laws governing physical systems.

5.1.1 Classical Case

Definition 5.1 Given a system described by a Lagrangian L, the action is defined
as:

t
S[x(1)] = /ZL(X, X)dt. (5.1)
1
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The principle of least action states that the trajectory followed by the system is an
extremal of the action; that is, considering a variation of the trajectory éx : §x(#1) =
8x(tr) = 0:

8§ =0. (5.2)

5.1.1.1 Classical Free Particle

Classically, a free particle is described by L = %mi{Z, hence:

t 5] 5] d
0=55=/ SLdtzf m)'(-&'(dt:/ [m—()k-éx)—mi-éx]dt
5] 5] 5] dt

=m[i-5x]§§—m/

51

t [5)
X-6xdt = —mf X - dxdt.

n
Therefore, given the arbitrariness of §x, one obtains the equation of motion of the

classical free particle:

x=0. (5.3)

5.1.1.2 Motion in a Potential

In the presence of a potential, the Lagrangian becomes L = %m}kz — V(x), so, since
3V (x) = VV(x) - §x, the equation of motion is:

t
O=85=/2(—mi—VV(x))~8xdt = mX=-VV(x). (5.4)
1

5.1.2 Relativistic Free Particle

While the classical action principle already hints at a geometric interpretation of
motion, special relativity makes this structure explicit by introducing spacetime
intervals and invariant actions. This prepares the ground for a natural generalization

to curved spacetime.
Proposition 5.1 A relativistic free particle is described by L = —%.

Proof Since
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we compute
0 v2 —v;/c Y Ui
v c? EE c?
)
C

Hence

i 9 v; C2 i
which is the correct relativistic momentum. m]

The action describing a relativistic free particle is:
%) dt (%)
S = —mc2/ — = —mc/ dr. (5.5)
n )’ T]
Setting ¢ = 1, one can compute the equations of motion:

2 2% 8% 2 dx  déx dt
n n v1 _X2 f dt dt dt

/’2 dx déx dt dt d /’2 dx déx
T=m
T T

dr dr dvdt dv dt

1 1

ol d d*x 2 q2x
:m/ [—(X-Sx)——z-ax]dt:—mf —— - oxdr.
7 dt dt T dt

1
From the arbitrariness of §x one obtains the equation of motion:

d*x

5.1.2.1 Electromagnetic Field

To describe the motion of a particle in an electromagnetic field, one must add an
interaction term to the Lagrangian:

1) X2 . (%) dxi
S = —m/ dr + q/ A;(X)dx' = f (—m + in(x)—> dr. (5.7)
T X T dt

1 1 1
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To obtain the equations of motion, therefore:

= _—m/ 8/ —nijdxidx] +q/ Adx

© 18 (—nydaidx) x2 . .
_m/ 8 (=myjdx'dxT) q/ ((SAidx’+A,~8dx’>

‘/—nl]dx idx]

2 | ;i (8dxidx! + dx'sdx’ 2! dx! dsx!
:m/ _771]( X ax X x)+q/ <6Ali+Al_x>dT
T T

1 2 /_nijdxidxj 1 dt dt
© gdxt déxd A dx! déx!
:/ m nijax X +q—£8xki+qA,~—x dr

7 /—nijdxidxf dt 0x dt dt

2 dxt dsx’ cdx i dsxt
= mnijd— +qA;, ka — +gAi— |dt
T1 T

dr dr dr
©2 d ; dA
= / <—mﬂ8xk + qA; pu'sxk — q—k3xk> dt
. dt dt
) d .
— / <—m% +q (A — Avy) u> sxkde (5.8)
7 T

where the four-velocity u; has been used. Recalling the definition of the Faraday
tensor F;; = Aj; — A, j, one obtains the covariant form of the Lorentz force:

dpk

D~ g (5.9)

This confirms the choice of Lagrangian.

5.1.3 Gravitational Field

The transition from special to general relativity is achieved by allowing the

spacetime metric to become position-dependent. In this way, gravitational effects

are encoded in the geometry of spacetime rather than in an external force field.
Consider a particle on a curved manifold:

2 2 . .
0=465= —m/ ddt = —m/ 8y —gijdx'dx’ (5.10)
T1 T1
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/fz 18gijdx'dx/+2g;jdx'sdx’
=m - . .
71 2 /—g,»jdx"dxf

2 /1 . . .
= mf <§gij,ku’u](?xkdf—i—gijuldeJ)
T

1

(5.11)
28 o -dsx/
= —giju'u! 8xX + gjju' —— ) d 5.12
m‘/;l (2gl],kuu X"+ giju dt ) T ( )
n /] o d ) )
k
=m frl (Eg,-j,ku’ufax - (g,'jul> 5xf> dr (5.13)
n /] . d 4
_ Zouind — = (ou') ) sxkdz. 5.14
m[} (zgu,ku u dz (glku >) X at ( )
Since 8x* is arbitrary, one obtains:
Egij,kulu] — ik, ju'u — gik— = 0 (5.15)
Multiplying through by g"*:
dur k 1 PR
— g (gik,j - zgij,k> u'ul =0. (5.16)
Since only the part symmetric in i, j survives when multiplied by u’u/:
du” 1 o
ey Egrk (8ik.j + gjki — ijk) u'u’ =0. (5.17)
One recognizes the definition of the Levi-Civita connection (Eq. (4.9)):
d>x" dx' dx’
RIS o/ e S ) (5.18)

d2 ' Udr dt

This is known as the geodesic equation and describes the motion of a free particle on
a curved manifold: one sees that, in addition to the inertial term, there is a force term
due to the very geometry of space; moreover, one can observe that the trajectory is
independent of the mass of the body. Although the Levi-Civita connection is not a
tensor, one can show that the force term cancels the inhomogeneous terms, making
the geodesic equation a tensorial equation. Thus, the variational principle identifies
free-fall motion with geodesics of the spacetime metric, establishing the geometric
nature of gravity.
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In general, solutions of the geodesic equation are called geodesics.
Definition 5.2 Given a differentiable manifold M with Levi-Civita connection V,
a geodesic is a curve y whose tangent vector y is parallel transported along itself:

Vyy =0.

Equivalently, a geodesic is a stationary curve of the length functional.

Proposition 5.2 Given a geodesic y : I C R — M and its tangent vector t,,, one

dty .
has s —

: i _ dx'.
Proof Recalling that t' = 5~

dt, ; dx* art P dxk d%xi ; dx’ dx*
— =t —e =—+Tjt' )| —e = +T e =0
ds *ods X

5.1.4 Electromagnetic and Gravitational Fields

In the case of a particle subject to an electromagnetic field on a curved manifold:

(%) - - (%) dxi
S = —m/ \ —gijdx'dx/ +q/ A;—dr. (5.19)
7 T dt

Carrying out the computations, one finds the equation of motion:

d>x" - dx' dx/ ¢ Pr dx’ _0 (5.20)
dt? dv dv m 'dr '

which confirms the identification of the geometric term with the gravitational force.

5.1.5 Egquivalence Principle

The geometric interpretation of free-fall motion is closely tied to the equivalence
principle, which asserts the local indistinguishability between gravitational effects
and accelerated reference frames.

In the presence of a gravitational field, i.e., on a curved manifold, it is possible
to choose coordinates, called free-fall coordinates, such that, when restricted to a
sufficiently small region of spacetime (so that curvature can be neglected locally),
all physical laws have the same form: this is possible because, in that region, the
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metric tensor can be brought, by a change of reference frame, to the Minkowski
metric, thereby recovering physics in flat spacetime.
For this to happen:

axk ox!

= 8_yiﬁgkl = n=DTgD (5.21)

Nij
with D = J~!. This is a similarity relation.
In such a reference frame, the equation of motion is that of the relativistic free

particle:
d*y .
d_yz =0, dt*= —njdx'dx’. (5.22)
T

These coordinates are also called free-fall or Fermi coordinates.
One can recover the geodesic equation from Eq. (5.22):

_d (ay dx*\ oyl Pt N 92yl dxk dx! (5.23)
“dt \oxk dr ) axk de?  axloxk dt dt’ '
Multiplying by %:
d2x™ ax™ 3%yt dxk dx!
(5.24)

dr? + ayl axlaxk dr dr

which corresponds to the geodesic equation derived earlier from the variational
principle, if we identify:

ox™M 82yi
MN=—-————-: 5.25
KE9yi gxloxk (5.25)

This way of approximating the curved spacetime locally with the Minkowski
spacetime is also known as Einstein’s equivalence principle.
5.1.5.1 Newtonian Equivalence Principle

A principle of equivalence is also present in Newtonian physics. Consider a massive
particle, described by the equation of motion:

d*x
mi— = mag+ Z Fy. (5.26)
k
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In this case, the free-fall coordinates are defined by:
1 5
y=X— zgt . (5.27)

In this reference frame, the equation of motion becomes:

d2
m; [d—g + g:| — meg+ > Fy. (5.28)
k

The Newtonian equivalence principle is an experimental fact and states that:
mi = ng (5.29)

Thus, for a particle subject to no other forces, in free-fall coordinates the equation
of motion becomes that for a free particle:

dzy

5 =0 (5.30)

It follows that free-fall coordinates “follow” the motion of a body in a gravitational
field; similarly, Fermi coordinates identify a reference frame that follows the motion
of the particle within curved spacetime.

5.1.6 Static Weak Gravitational Fields

Affine connections constitute a generalization of the Newtonian gravitational force
field, whereas the metric tensor is a generalization of the Newtonian gravitational
potential.

For simplicity, adopt the weak-field (spatial components negligible with respect
to the temporal one) and static (time derivatives negligible) approximations: the
geodesic equation becomes:

du” r 0 2
-+ T (u ) —0. (5.31)
Since, under the adopted approximation, gi0.,0 = gok.,0 = 0, one has 1"60 =

— %g’ *g00.x. In the weak-field approximation one may write:

gij = nij +hij.  |hij] < 1. (5.32)
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Neglecting terms of order O(hz), one finds F60 = —%hoo,r, with r = 1, 2, 3. Using

0 . .
u® = ‘% ~ ¢ in the non-relativistic limit, one finds
2 r 0y 2 2
d x 1 /dx I c "
—— =z\-5= 00,r ~ = 100,r-
dt?2 2\ dr A R

Since dt ~ dt in this limit, this becomes

d’x 2
az = g e

Comparing with the Newtonian equation

a=-Vo,
we obtain
20
hoo = =z (5.33)

®/c? is dimensionless and is ~ 10737 at the surface of a proton, ~ 10~ at Earth’s
surface, ~ 107° at the Sun’s surface, and ~ 10~* at the surface of a white dwarf.

5.1.6.1 Gravitational Time Dilation

Within the static weak-field approximation it is possible to estimate the effect of
gravitational time dilation. For a clock, its proper time (time measured by the clock)

is:
1 A / 2GM
dt = —\/—gijdx'dx) = /—goodt = /1 — 3 dt (5.34)
c c’r

where dt is the time measured in empty space. One sees that dt < dt.
Considering two bodies on Earth at distances from the center r and r + h:

- — 2GM N

2 c2(r+h) 8

L | V) 42 5.35

T | _ 2GM T2 (5.33)
c2r

where g = (i—jzu From this follows the gravitational redshift (or blueshift), verified
experimentally.
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5.2 Riemann Tensor

While the equivalence principle allows gravity to be locally transformed away,
it cannot eliminate tidal effects. These genuinely gravitational phenomena are
captured by spacetime curvature, encoded in the Riemann tensor.

Definition 5.3 The Riemann tensor is defined by
R'jui = Tf; — 0Ty + Ty, T — T, T (5.36)

The Riemann tensor can also be viewed as the commutator of covariant
derivatives:
Proposition 5.3 R [0k + Tk, 3 + Tl -

mnk —
Proof Consider the affine connections as matrices [Tk ] m= F,im:
[0k + Tks O + Tl = [Tk — Tk + Tul = Tl
= 1—‘itm,k - 1—‘Iicm,n + F]ijl—%m - Fiiijrj

km*

Thus, equivalently, one can write:
Vi, ValVi=R! V™. (5.37)

The physical meaning of the Riemann tensor is therefore that of performing the
parallel transport of a vector around a loop: if there were no curvature, the operation
would leave the vector unchanged; indeed, the Riemann tensor is also called the
curvature tensor.

5.2.1 Geometric Meaning of the Riemann Tensor via Parallel
Transport

Let (M, g) be a (pseudo-)Riemannian manifold with Levi—Civita connection V. The
Riemann curvature tensor is defined by the commutator of covariant derivatives:

ViV = Vi VOV = R jp VY, (5.38)
for any vector V.

This has a direct geometric interpretation in terms of parallel transport around a
tiny loop spanned by two infinitesimal vectors.
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5.2.1.1 Infinitesimal Loop Spanned by Two Displacements

Let us pick a point p € M, a tangent vector V' at p, and two small displacement
vectors AK and B in the tangent space T, M. Let us consider the following closed
loop as depicted in Fig. 5.1:

. move an infinitesimal amount along A,
. then along B,

. then back along —A,

. then back along —B,

B W=

so that we return to p. Hence, we parallel—transport the vector V' all the way around
this loop. Our aim is to study the net change AV’ in V' after coming back to p.

Transporting first along A and then along B can be written, to second order in
the small parameters, as

Vi Vig ARV VE 4+ BV, Vi + B AV, Vi Vi + O(A%, B2, AB%, AB).
(5.39)

If we, instead, go first along B and then along A, we get

Vi Vig ARV V4 BV, VE 4+ AKB" ViV, VI + O(A%, B, AB?, A’B).
(5.40)

Subtracting (5.40) from (5.39) isolates the failure of the two orders of transport
to agree:

AV = (ViVy — Vo VOV AKB™ = R 1, VI ARB™. (5.41)

Thus the curvature tensor R’ Jjkm measures exactly how much a vector fails to
come back to itself after parallel transport around that infinitesimal parallelogram.

Fig. 5.1 Small loop made of A
two displacement vectors A

and B lying on the manifold A
M along which a vector V!

(not shown) is A

parallel-transported
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5.2.1.2 Geometric Meaning

If R'jim = 0 at p, then AV' = 0 for any A, B, V: parallel transport around
arbitrarily small loops is path-independent. The space is locally flat (no curvature)
at that point. If R jkm # 0, then the vector “twists” or “rotates” when carried around
the loop. The amount of twisting is proportional to the area enclosed by the closed
loop.

In other words, the Riemann tensor encodes the infinitesimal holonomy: it tells
how much vectors are rotated/changed by parallel transport around infinitesimal
closed loops.

Proposition 5.4 Rf,mk = —ankn. The Riemann tensor is antisymmetric with

respect to exchanging the last two indices. This fact is due to the antisymmetry
induced by the commutation bracket in the definition of the Riemann tensor.

Definition 5.4 The Ricci tensor is the contraction Ry,x = R}, ..

Definition 5.5 The Ricci scalar is the contraction R = g”’k Rok.

5.2.2 Example: Curvature of the 2-Sphere

It is a useful exercise to compute the curvature of a sphere.

Consider a 2-sphere of radius » with coordinates (6, ¢) € (0, w) x [0, 2): the
possible Levi-Civita connections are 8, but only 6 are independent due to symmetry
in the lower indices. Taking R3 as the embedding space:

p =7 (sinf cos ¢, sinf sin ¢, cos ) .

Computing the basis vectors:

ad N
ey = £ =r (cosf cos¢,cosfsing, —sinfh) = reg

d
ep = 2P _ rsinf (—sing, cos ¢, 0) = r sinH&y.

¢

Thus one finds the metric tensor of the sphere:

gii = }’2 0 gUZ }’72 0
Y 0 r2sin?0 0 r2sin26|"
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0 -1

The dual basis vectors are therefore e/ = r~'¢ and ¢* = r~!sin~! 6&;. The

derivatives of the basis vectors are:

€9 = —1é €95 = €9 = rCos b0y ey = —rsinf (cos¢,sing, 0).
Recalling that F;k =e' - e j and that [T]’,, = '}, one finds:
0 0 0 —sinfcosf
Iy = , Iy = 5.42
¢ |:O cot@] ¢ |:cot9 0 ] (>42)
0 cos26
- I'g, Typ|=— Ty, Tg| = 5.43
[T 7s) == [Fo o] = g 5 (5.43)

For computing the Ricci tensor only 4 components of the Riemann tensor are
needed:

Rggg = [0g +T'g, 0 + F@]% =0
Rbss = [0 +To. s + 9%, = [Tp.01% + [T9.T4]%, = (cot6)  +cot?6 = —1
RgﬂdJ = [3¢ + Ty, 0 + F9]9¢ = —[F¢,9]9¢ = cos® 6 — sin® 6 — cos’ O = — sin> 6
¢ ¢
Rysy = [s + Ty, 0 +Ty]", = 0.
The non-vanishing components of the Ricci tensor are:
— RY ¢ _
Roo = Rggo + Rpyg = —1
0 ¢ . 2
Ry = R¢9¢, + R¢¢¢ = —sin“ 6.

Since R = g’"kRmk = gee Roo + g¢¢R¢¢, one finds the scalar curvature of a 2-
sphere:

R=—.
72
This agrees with the known result that the Gaussian curvature is

K—l
=3

and in two dimensions one has
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This confirms the Gauss—Bonnet theorem, which relates the curvature K to the
scalar curvature: for a 2-sphere K = riz, hence K = —§ (as stated by the theorem).

5.3 Einstein’s Field Equations

Having characterized how curvature affects the motion of matter, we now address
the inverse problem: how matter and energy determine the curvature of spacetime
itself.

An isolated particle in curved spacetime moves according to the geodesic
equation. In the presence of a matter field, however, the situation becomes a bit more
complicated because the curvature of the spacetime is induced by the properties of
the matter field.

A matter field, in which there are flows of matter and energy, is described by the
energy—momentum tensor 7;;, defined so as to satisfy energy conservation V; Tij =
0.

For example, for an isotropic ideal fluid at rest with density p and pressure p, the
energy—momentum tensor is 7;; = pgi; + (p + p)u;u;, with u = % =y(c, V).

The link between the matter field and the curvature of spacetime is given by the
Einstein field equation:

1 8t G
Rij — Egin = 4

Ti;. (5.44)
Contracting with g'/, since g¥/g;; = 8! = 4, and defining the trace of the energy—
momentum tensor 7 = Tii ,one finds R = 8’;—4GT, hence an equivalent form of the
field equation is:

8t G 1
Rij = = Tij — ETg,‘j . (5.45)

In vacuum and on small scales (isotropic space), neglecting dark energy, the field
equation becomes R;; = 0.

5.3.1 Einstein—Hilbert Action

Just as particle dynamics follow from an action principle, the dynamics of spacetime
geometry itself can be obtained by varying an appropriate gravitational action.

It is possible to construct an action from which the field equation follows: being
a scalar, it is invariant under arbitrary coordinate transformations, hence the tensor
equations derived from it are invariant under such transformations.
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To determine a suitable action, one needs a scalar depending on the metric: the
Ricci scalar. Recalling that the 4-form volume element is \/§d4x, one obtains the
Einstein—Hilbert action in vacuum:

(5.46)

S a / R a
= — B3 = —

T e G 167G

Proposition 5.5 FEinstein’s field equation follows from the Einstein—Hilbert action.

Proof In the absence of matter fields, given a variation of the metric dg;; that
vanishes at infinity, the first-order variation of the action can be written as:

8SEH = —1667:G /5(R¢g)d4x = 164G / (f&g_U+ 5¢§> 8gd*x
For the first term, using 3szm = V[(Sl"’ i) — Vi ((Sl"lik):
SR = Rij08" + g8 Rij = Rij8g" + g"/ s Ry, (5.47)
= Rij8g" + gl [vk(arf;i) - vj(ar,’;.)] (5.48)
— Ri;g" (5.49)

where the vanishing of the last term was shown by York [1] Gibbons and Hawking

[2], in the 1970s. As for the second term, recall Jacobi’s formula ‘SédALt_A =
ij

(A7) detA:

1 ..
8/g= 7 8g = ﬁgg 8gij = 5«/§gij5g”

where in the last equality we used g/ 8g; = —&ij 8g', which is a general property:

Sk k! Sk~ 1k 51
13k k:( ) _ 81 _

ot sp op O = =5" Gaim)g™
Consequently:
4
5SEH = —— / Rij — ~giiR ) 8g7 Jadx
167G Yoo
hence:

1
S =0 «— Rij Zgl]R 0
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In the presence of a matter field, one adds a term of the form:

1 68,

1 .. 4
5Sm=——/T,-j8g”«/§d x = TIj=- i gl

2
This form can be justified as follows.

Consider a (classical) matter field or collection of fields i on a spacetime with
metric g;;. The matter action is assumed to be of the form

Sulg Y] = / d*x /& L (. VY. g7). (5.50)

where g = det(g;;) and £, is the matter Lagrangian density. We assume minimal
coupling: L,, depends on the metric only through contractions like g"/ 9,1 9,V etc.,
and not on derivatives of g;;.

The stress—energy tensor 7;; is defined as the functional derivative of the matter
action with respect to the inverse metric g*/:

2 85,
T, = —— om (5.51)

NRIZ

(with  held fixed when taking 6/5 g'/). We now show how this formula arises.
Vary g"/ +— g% + 8¢/ while keeping ¥ fixed. We have

58 = / d*x [5(@) Lo + 2 51,,,]. (5.52)
First, the standard identity for the variation of /g is

88 =—1/2gi88". (5.53)

This follows from §Ing = g;; 8g'/ and JE€= g2,
Second, because £, depends on the metric but not on its derivatives, its variation
at fixed v is

_ 0L i
8L = 8g_U 8g". (5.54)
Insert (5.53) and (5.54) into (5.52):
y L y
88, = /a’4x |:( - %@gij Sg”)Lm + \/gag—l’f Sg”:l (5.55)



5.3 Einstein’s Field Equations 75

By definition of the stress—energy tensor, we also want to be able to write any
metric variation as

1 N
88 = §/d4x JE T 88" (5.57)

Because 8¢/ is arbitrary, we can match the integrands of (5.56) and (5.57) term by
term, giving

Tij=—2——=—2—+8ijLn. (5.58)

This is exactly (5.51). The two expressions in (5.58) are equivalent because of how
88, was computed.

Comments

* T;; defined this way is symmetric (for minimally coupled matter). This is the
stress—energy tensor that appears in Einstein’s equations.

e If the matter fields satisfy their own Euler—Lagrange equations, and if S, is
diffeomorphism-invariant, then V#T;; = 0 (covariant conservation).

* Physically, 7;; encodes local energy density, momentum density, and stresses
(pressures and shear). In a local rest frame of a perfect fluid with 4-velocity u*,
one finds

Tij=(p+ pluguy +pgij (=1,
where p is energy density and p is pressure.

Putting things together, we have thus obtained the Einstein field equation in the
presence of matter and energy fields:

c* 1 1
" Torg \[0 T 2% K) 73T =0

which provides the fundamental link between matter fields and the curvature of
spacetime. The simplest analytical solution to the Einstein field equation is the one
found by Schwarzschild for a static, spherically symmetric vacuum surrounding a
spherical massive object. The solution provides an explicit form for the components
of the metric tensor g;; in spherical coordinates [3].

General relativity thus emerges as a unified geometric theory in which both the
motion of matter and the dynamics of spacetime arise from variational principles.
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Chapter 6 ®
Manifolds and Diffeomorphisms Qe

Abstract In this chapter we formalize the basic notions of differentiable manifolds
and of diffeomorphisms that we have used rather informally in the previous
chapters. This also prompts us to provide some connections between topology
and differential geometry which are useful in the physical sciences. This chapter
completes the geometric framework underlying the previous chapters by making
precise the notions of locality, smooth structure, and topology that are essential for
understanding curvature, gauge fields, and topological invariants in physics. Several
worked-out examples concerning topics of current research in physics, ranging from
quantum geometry to topological defects to elasticity theory, will be presented.

6.1 Differentiable Manifolds

The geometric structures introduced in the previous chapters—covariant derivatives,
curvature, and geodesic motion—implicitly rely on the notion of a smooth manifold.
We now formalize this concept and make precise the assumptions that were
previously used at an intuitive level.

Informally, a manifold is an object that on a large scale can have non-trivial
curvature properties, but that locally appears as a Euclidean (flat) space.

One immediately sees a similarity with Einstein’s equivalence principle: physical
laws reduce to those of special relativity in sufficiently small neighborhoods of
spacetime; since gravity emerges from the curvature properties of spacetime, this
is equivalent to saying that spacetime is described by a differentiable manifold.

Mathematically, this local flatness is encoded in the existence of coordinate charts
that identify small neighborhoods of the manifold with open subsets of R”.

Definition 6.1 A Euclidean space is defined as R” = {(x!,...,x") : x/ € R}
endowed with the positive definite flat metric g;; = §;;, where §;; is the Kronecker
delta.

The local identification of a manifold with R” is not an equality of metrics, but
allows one to equivalently define the notions of functions, coordinates, operators,
etc.
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78 6 Manifolds and Diffeomorphisms

6.1.1 Examples of Manifolds

Examples of manifolds are the n-sphere S”, namely the locus of points in R”*!
at unit distance from the origin, and the n-torus 7", generated by identifying the
opposite sides of an n-cube. This process is schematically depicted in Fig. 6.1 for
the case of the T2 torus.

A Riemann surface is defined as an orientable, compact, boundaryless, 2-
dimensional differentiable manifold; Riemann surfaces can be characterized by their
genus g, that is the number of holes of such manifold: a necessary condition for two
Riemann surfaces to be homotopic is that they have the same genus.

The group of continuous rotations in R” forms a manifold: in general, Lie groups
are manifolds endowed with a group structure; for example SO(2) = S!.

6.1.2 Charts and Atlases

To make the idea of local Euclidean behavior precise, we must describe how local
coordinate systems are defined, and how they are consistently related to one another
across the manifold.

The manifold as a whole is constructed by smoothly attaching the various locally
flat regions that compose it. Each of these locally flat regions are thus mapped onto
an open set in the corresponding R” space. We first need to clarify the concept of
maps and of open sets.

v

af va (TCO

b

Fig. 6.1 A 2-torus, T2, is generated from a square (i.e. a 2-cube) by identifying the opposite edges
of the square. The square has opposite sides labeled (a) and (b). First, gluing the sides (a) together
turns the square into a cylinder. Then, gluing the sides (b) of the cylinder together produces the
torus
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6.1.2.1 Maps

Definition 6.2 Given two sets M, N, a map (or function) ¢ : M — N 1is a rule that
assigns to each element of M exactly one element of N. M is called the domain and
@(M) C N the image.

Definition 6.3 A map ¢ : M — N is called injective if to each element of the
image corresponds only one element of the domain.

Definition 6.4 A map ¢ : M — N is called surjective if (M) = N.

Definition 6.6 Given a bijective map ¢ : M — N, one defines the inverse map
¢ 1N — Msuchthatp oo~ ! =idy and ¢! 0 ¢ = idy.

Recall that a map between Euclidean spaces ¢ : R” — R" is defined as:

1

ol e (e XM, e ™) (6.1)

which corresponds to a set of equations:

Y=ol X ™ (6.2)
yi=? el xxm) 6.3)
="l X2 x™) (6.4)

These are functions in C? if all partial derivatives up to order p exist and are
continuous, and the whole map ¢ : R" — R" is C? if each component function ¢’
is CP.

Definition 6.7 Given a map ¢ : R” — R”, it is said to be of class C?, p > 0, if all
partial derivatives of ¢' up to order p exist and are continuous.

Definition 6.8 A map ¢ € C®°(R", R") is called smooth.

6.1.2.2 Diffeomorphisms Between Sets

In differential geometry, not all maps are equally meaningful: the physically relevant
ones are those that preserve the smooth structure. This motivates the definition of
diffeomorphisms.

Definition 6.9 Two sets M, N are called diffeomorphic, written M = N, if there
exists a diffeomorphism between them, namely a bijective map ¢ € C*(M, N)
with inverse ¢! € C*®(N, M).
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The notion of diffeomorphism allows us to establish whether two spaces
represent the same manifold: a diffeomorphism is an isomorphism between smooth
manifolds. A simple intuitive example is provided by the isomorphism between the
group SO(2) of all rotations in the 2D plane and the manifold S':

SO2) = s'. (6.5)

6.1.2.3 Open Balls and Open Sets

Definition 6.10 Given x € R” and r € R™T, the open ball centered at x with radius
r is defined as the set B, (x) = {y € R" : |y — x| < r}, with the norm determined
by the metric.

The concept of open ball is illustrated in Fig. 6.2.
Definition 6.11 V C R" is said to be openif ¥x e VIr e R* : B,(x) C V.

An open set can thus be seen as a union of open balls, or as the interior of one or
more (n — 1)-dimensional surfaces.

Definition 6.12 A chart on a set M consistsof aset U C Mandamap ¢ : U —
R” such that ¢(U) C R” is open.

The concept of a map between a sub-manifold U of M and an open set of R” is
schematically illustrated in Fig. 6.3.

Definition 6.13 An atlas on a set M is a set of charts A = {U,, ¢, } such that their
union covers M and they are smoothly compatible: if U, N Ug # @, then the maps
Qg © (pgl and g o ¢, Iare diffeomorphisms.

Transition maps are nothing but coordinate changes on the intersections U, NUg.

Fig. 6.2 Schematic depiction o A
of an open ball in R? x—- T g,
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M R"
¢ '\’~\__/‘\\\
P — \‘(p(U)’,I

Fig. 6.3 A map ¢ sends points of a sub-manifold U of manifold M into points of an open set
contained in R”. The map ¢ and the subset U, taken together, form a chart

Definition 6.14 A differentiable manifold is a set M with a maximal atlas ‘A on it.

While differentiable structure is defined locally through charts, global properties
of manifolds—such as whether a single chart suffices—are inherently topological.

Diffeomorphism is about the existence of a smooth bijective map with smooth
inverse; that does not require maximality. Using maximal atlases ensures that
two atlases which define the same smooth structure are not regarded as different
structures on the manifold. The maximal atlas collects all charts compatible with
that structure, making it unique.

Theorem 6.1 (Whitney Embedding Theorem) Any smooth n-dimensional mani-
fold can be smoothly embedded in R¥"+1.

Whitney’s theorem is motivated by some topologically non-trivial surfaces,
which cannot be embedded within a 3D space. The most famous example is,
perhaps, the Klein bottle. This is a 2-dimensional surface which cannot be embedded
in R3, but it can in R*.

6.1.3 Covering of Manifolds with Charts

One must note that most manifolds cannot be covered by a single chart.

Consider S! with the usual choice of coordinate ¢ : p € S' = 6 € [0, 27] C R:
if 0 or 27 are included, then ¢ (S 1) is not open in R, thus two charts are necessary,
as shown in Fig. 6.4.

Now let us consider §? with stereographic (or Mercator) projection: since the
projection of the sphere (24 (224 (x3)? = 1 onto x> = —1 is defined except at
the north pole, two charts are necessary: the stereographic projection onto x> = —1,
which excludes the north pole, and that onto x3 = 1, which excludes the south
pole. The former is schematically depicted in Fig. 6.5. We adopt the convention of
projecting the sphere from the north pole onto the plane x3 = —1 (rather than onto
the equatorial plane x> = 0 as is often done in textbooks). This choice only changes
the overall scale of the coordinates and simplifies some expressions below.
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Fig. 6.4 The manifold §'
requires two charts, U ! and
U? to be covered

Ul

oy

(‘.l‘ .].2)

Fig. 6.5 The stereographic projection from the north pole covers the whole spherical surface of
52 but leaves the north pole out, hence it does fully cover S2

Defining yl, y2 and z!, 72 the coordinates on the considered planes, we find:

2x! 2x2
¢—1(xl,x2,x3) = (m, m) = ()’17)’2)

2x1 2x2
o1t 2% x) = <1+—x3’ 1—i——x3> = 2%

These relations can be easily found by considering similar triangles or using a
Moebius transformation, or analytically by considering the parametric form of a
straight line which intersects the plane and the spherical surface.
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The two charts intersect on —1 < x3 < 1 and the transition map is:

co-lv! 2y — 4y! 4y? >=12
orovt ’y)_<<y1)2+(y2>2’<y1)2+<y2)2 =@

6.2 Tangent Space Revisited

Having defined manifolds as spaces that are locally Euclidean but globally curved,
we now turn to the linear structures that capture local directions and variations on
the manifold.

Definition 6.15 Given a manifold M and a point p € M, the tangent space to M
at p is defined as the space T}, M of all tangent vectors to the manifold at that point.

It is possible to construct 7, M equivalently: consider a curve passing through p,
thatisamapgp : I C R - M : X+ ¢(A) such that 3Ag € I : p(rg) = p. If the
embedding space of M is R”, then at each point of the image the curve determines
a vector 7, (1) with components ‘%k()\), called tangent vector: the map p — 7,(Ao)
depends on the chosen chart.

Defining ¥ as the space of smooth functions on M, each curve ¢ passing through
p defines a vector % for each f € 7, called directional derivative: the map f +—
Vo f (Ao) does not depend on the chosen chart.

The tangent space T, M can be seen as the space of directional derivative
operators along curves passing through p.

Definition 6.16 Given a manifold M and a point p € M, the cotangent space to
M at p is defined as the dual space 7,; M of T) M.

6.2.1 Tangent Space and Cotangent Space (Geometric
Intuition)

We work on a smooth manifold M, and fix a point p € M.

According to our intuition, the tangent space T, M is the set of all possible
“velocity vectors” you could have if you pass through p. If you stand on a surface
and start walking in some direction, your initial velocity vector lies in T, M.

Formally, T, M is a vector space consisting of tangent vectors at p. In local
coordinates (xl, ..., x") around p, a natural basis is

)

8‘ 8‘ d
axlip’ ax2lp” 7777 axn
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Each basis vector % , means: “change only the coordinate x’ at unit rate; keep the
others fixed.”

Definition 6.17
T;M :={w: TyM — R linear}.

That is, T;‘M is the dual space to 7, M: each element of T;‘M (called a covector
or I/-form) is a linear “measurement rule” that takes a tangent vector and outputs a
real number.

According to our intuition: a tangent vector is something you do: a direction plus
a speed of motion through p. A cotangent vector is something you use fo measure:
it looks at a given direction of motion and tells you “how much in my direction are
you moving?”

Soif v € T, M is a direction of motion and w € T[’,"M is a covector, then w (v) is
a real number. The map

T;M x TyM — R, (w, V) = w(v)

is called the dual pairing.
In the same local coordinates (xl, ..., x™), we can define the differentials

n
, oo, dx

dxl‘ , dx?
P

p

»
Each dx! » is an element of T;‘M . It acts on a tangent vector by telling you how

fast the x’ coordinate changes in that direction.
Concretely,

dx'

i i =5t
p \0xJ lp a

This is the defining property of a dual basis:

. i . .

{axj p} is a basis of T, M.
. {d Xt |p} is the uniquely corresponding dual basis of 7,/ M.
The interpretation is as follows:
% |p: “move in the x/ direction with unit speed.”
o dx! |p: “tell me the rate of change of the coordinate x’ along your motion.”
* The pairing gives 1 if they match, 0 if they don’t.
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Let f : M — R be a smooth scalar function. Its differential at p, usually denoted
df| . is defined by

df|, () = vlfl,

i.e. “the directional derivative of f in the direction v,” evaluated at p.

One should always remember that: df Ip is linear in v. Therefore df |p is an
element of 7;M

So gradients/differentials live in the cotangent space. Tangent vectors tell you
which way you’re going; cotangent vectors (like df) tell you how fast something
changes if you go that way.

In coordinates, if

f=ret . xm,
then
n
af .
d = — dxl
f‘p ;336‘ p p

, then

axJ lp

n 9 ]
df | ) = > a_)]; , dx’
i=l1

(5al,) - S,

That is the usual directional derivative.
In general relativity or field theory:

¢ A tangent vector at an event can be the 4-velocity u* of a particle.
* A covector can be the gradient of a scalar field, 0,,¢.

Then the pairing

ut 9,¢

tells you how fast the field ¢ changes along the worldline of the particle. Here:

e u'isin T, M (a direction in spacetime),
e Jupisin T;‘M (a covector field),
* their contraction is a number (a physical rate of change).

This is exactly the abstract definition:

(cotangent vector)(tangent vector) = real number.
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To summarize: T, M (tangent space) is the vector space of all possible direc-
tions/velocities through p. ;M (cotangent space) is the vector space of all linear
functionals on 7, M. Elements of TI’,“M are also called covectors. In coordinates,

i| is a basis of T, M, and dxi| is its dual basis in T M, satisfying
P P P p

dx!

dxi (i > = 8i j-
p\0x/ Ip
Differentials of scalar fields (like df) are natural examples of cotangent vectors:
they eat a direction and tell you the rate of change of f in that direction.
This construction underlies the definition of differential forms introduced in
Chap. 3, which are fields of antisymmetric covariant tensors built from the cotangent
spaces.

6.3 Topological Defects

Beyond local differential structure, manifolds and fields defined on them may
possess global properties that cannot be detected by local measurements alone.
These properties are topological in nature, and often manifest physically as defects
or “quantized” responses.

In crystals, whenever an atomic sheet is displaced with respect to the ideal
ordered atomic configuration of the lattice, we are in presence of a dislocation.
Dislocations in crystals are examples of fopological line defects. In a continuum
description, by “topological defect” one means a localized breakdown of order
(confined to a point or to a line) whose presence induces a strain field that does
not vanish even far from the core. For dislocations, what is locally disrupted along
the defect line is the inversion symmetry about the atom at the head of the extra half-
plane. Other familiar instances of topological defects include vortices in superfluid
helium and disclinations in nematic liquid crystals.

Analogously to a point charge in electromagnetism,' a topological defect can
be revealed by evaluating a suitable field along a closed path or over a closed
surface that encloses the defect core. Such defects come equipped with fopological
invariants, namely quantities that characterize the underlying topological structure
and remain unchanged under homeomorphisms, i.e., under continuous deformations
of the space.” These invariants are commonly normalized to integer values—
winding numbers, the latter being a canonical example that labels the class of the
topological defect.

! Note that they also have in common the 1/ behaviour of the field.

2 A typical homeomorphism between two surfaces in R? is the one by which a doughnut can be
continuously transformed into a coffee mug.
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As an illustration, a vortex in a fluid can be formally specified as a mapping from
a closed curve L to the order—parameter space given by the real line segment from
0to2mm, withm = 0, &1, £2, ... the winding number,

do
/ do = | —ds =2mn (6.6)
L L ds

where s denotes the parameter along the closed path £.3 Equivalently, m counts
how many times the loop £ must be traversed for the mapping to return to a single-
valued configuration. The integer m is a topological invariant in the sense that any
two closed loops with the same m can be smoothly deformed into one another,
whereas no continuous deformation can take a map with winding m into one with
m' # m.

Another classic topological invariant is the genus g of a compact, closed surface,
which is tied to the surface integral of the Gaussian curvature through the Gauss—
Bonnet theorem:

/ KdA = / (k1k2)dA = 27(2 — 2g) 6.7)
S S

where g is the genus of the surface S and K = kjk» is the Gaussian curvature,
equal to the product of the two principal curvatures x| and k». By applying Eq. (6.7)
to a sphere one immediately finds that the integral evaluates to 47, hence g = O.
For a torus (doughnut), the result is g = 1. Consequently, a sphere with g = 0
cannot be continuously deformed into a torus or a coffee mug (which have g = 1),
while the latter two are mutually deformable. Different phases of the same physical
system, distinguished by different values of a topological invariant, are separated by
a topological phase transition.

In solids, topological defects known as dislocations are detected by non-zero
values of a loop integral over the microscopic displacement field (i.e. a vector
field which tells for each material point its deviation from the ideal crystal lattice
position):

d
f du=d a5 b, 6.8)
L L as

where u plays the same role as 6 in Eq. (6.6). A schematic depiction of the physical
meaning of the Burgers vector for an edge dislocation in a crystal is shown in
Fig.6.6.

In ordinary crystals, the winding number equals one in lattice-spacing units, so
that |b| = d, with d the lattice spacing. In smectic liquid crystals, by contrast,

3In the complex plane, the winding number of a closed path £ around the origin is given by
1 dz
w7 o F
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Fig. 6.6 The left panel shows the Burgers vector around an edge dislocation (extra atomic sheet)
in a crystal lattice. The Burgers loop around the dislocation is a deformed version of the original
rectangular circuit shown in the right panel, when the dislocation is absent. The distortion of the
rectangular circuit is measured by the Burgers vector b

dislocations may carry winding numbers other than one, and in that case

% du =b = mae,, (6.9)
L

withm = 0, £1, £2, ... and e, the unit vector along the z-axis.

6.4 Physical Examples

We now illustrate how the abstract notions of topology and differential geometry
appear concretely in physical systems, starting from classical elasticity [1].

6.4.1 Compatible and Incompatible Deformations in Solids

The mechanical deformation in a material can be characterized by the displacement
vector field, in Cartesian components (i = x, y, z) given by u; [1], which describes
the deviations of the material points from the original positions x; that they have in
the undeformed frame to their new positions x;:

Xl =xi+u;. (6.10)
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In the continuum mechanics of solids, if the symmetrized strain tensor of
linear elasticity theory [1]: e¢;; = duj) = %(a,-u j + 0ju;) obeys the so-called
compatibility condition [2, 3]:

VxVxe=0, (6.11)

this is equivalent to saying that du; is a closed differential form, as we shall
demonstrate in the following.

The compatibility condition expresses the single-valuedness of the displacement
field [4, 5]. For small strain steps, these conditions are equivalent to the fact that the
displacements can be obtained by integrating the strains and they can be expressed
as

7@ du; = 0, 6.12)
L

i.e. the integral of the displacement fields around a close loop £ must vanish. In
other words, according to Eq. (6.12), the displacement field u; is an exact differential
form. Recall the definitions of exact forms and closed forms that were given in
Chap. 3.

Without loss of generality, the displacement field can be written as:

duj = (eij + wij) dx; (6.13)
where the first term in bracket is the linearized strain tensor of linear elasticity

theory, and is the symmetric part of du; while the second term is the anti-symmetric
part. After some algebraic manipulations, one can prove that:

yga’ij dxj = — /Xl wij1dx; (6.14)

and, using standard tensor identities, that:
Wij,l = €mil €mpq €pj.q (6.15)
where e , denotes the derivative along Cartesian component g of the strain tensor

components ep;.
We can now write:

fdu,- = % (e,-j — X[ €mil €mpq e,,j,q) dx;. (6.16)
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By invoking Stokes’ theorem f F.-dx = fs V x F -ndS, the above becomes:

fdui = —//; Ny €mil (Grsj €mpq epj,qs) xldS. (6.17)

The term inside the bracket is then the curl of the curl of the strain tensor:
€rsj €mpg €pj.gs = V X V x €. (6.18)

Therefore, we have just demonstrated that the condition of compatible deformation
is equivalent to the requirement

VxVxe=0,

which was Eq. (6.11), and that:
VxVxe=0 & %dui:0©ddui=0. (6.19)
L

This is a direct consequence of the fundamental property of the exterior derivative
dd(...) = 0, which implies that the exterior derivative of an exact form always
vanishes.

This correspondence reveals a deep analogy between elasticity theory and gauge
field theories.

In the mechanics of solids, the microscopic displacement field u; is the 1-form,
which plays the same role as the vector gauge potential A in electromagnetism. The
fact that ddu; = 0 implies that there are no topological defects in the displacement
field of the solid body, just as the identity ddu; = 0 expresses the non-existence of
topological defects in the magnetic field, i.e. the non-existence of Dirac magnetic
monopoles. Unlike the case of classical electrodynamics, the Bianchi identity for
the deformation of a solid can be broken, i.e.

ddu; #0 (6.20)
which, thus, also implies:

VxVxe#0 (6.21)
due to structural disorder or due to the presence of topological defects such as
dislocations.

In the presence of disorder, such as in disordered lattices with impurities or in
glasses, the total displacement vector u; can be split into a part called “affine” (A)

and a contribution called “nonaffine” (NA) [6]:

U = u? + u?]A = Apixrp + u?IA (6.22)
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where Ag; is a matrix of constants naturally related to the macroscopically applied
strain. As discussed in Chapter 2 of Ref. [6], see also [7], nonaffine displacements

ulA arise, in disordered systems, from the need to preserve mechanical equilibrium
in the affine positions and throughout the deformation process. In other words, the
atoms of the solid first tend to move towards the affine positions since these are
the new positions prescribed by the macroscopic strain tensor that describes the
deformation. However, due to the disorder breaking the local inversion symmetry
around the atom, there is no mechanical equilibrium in the affine position, and
there is, instead, a net force acting on the atom which has to be relaxed through
an additional “nonaffine” displacement. These nonaffine displacements are chiefly
responsible for a negative overall correction to the shear elastic constant in
disordered materials, such as glasses [6].

Crucially, while ”;A is a totally “ordered” field, whereby all atoms move
in the same direction provided by the macroscopic deformation, the nonaffine
displacement field u?IA is a random field [8]. We can thus already anticipate that,
while ulA contributes nothing to a loop or circulation integral of the displacement
field, the nonaffine part M?IA yields a non-vanishing contribution.

We can write the circulation integral ¢ p dui = ... using the deformation

gradient tensor Fj; = dui a5 follows:

ax/
%F ds = f —dxf (6.23)
L

where the deformation gradient tensor F has two contributions:

auNA

Fj = Ajj + (6.24)

axJ

The first term on the right hand side represents the affine contribution, hence it is
represented by a matrix of constants, and defines a conservative field r A-ds = 0.
This also means that the associated tensor A;; is irrotational and the corresponding
deformation is a compatible deformation.

This fact, in turn, shows that the Burgers vector b receives no contribution from
the affine part of the displacement field, and is, instead, exclusively determined by
the nonaffine part of the displacement field u%\IA, and therefore:

f dul® = —b; . (6.25)
L

This mathematical fact has led to the discovery [9], in molecular simulations, of
well-defined topological defects, similar to dislocations, in glasses under deforma-
tion. The existence of such well-defined topological defects in glasses, in view of
the random atomic structure, had been previously thought to be difficult to identify.
These have been subsequently observed also experimentally [10].
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6.4.2 Berry Curvature, Chern Number, and Quantum Hall
Effect

Topological ideas also play a central role in quantum mechanics, where global
properties of parameter spaces give rise to quantized physical observables. A
paradigmatic example is provided by Berry curvature and the quantum Hall effect.

Consider a single Dirac cone in two dimensions with a mass gap m, in the
dispersion relation of electrons of a 2D material such as e.g. graphene. The Bloch
Hamiltonian describing the electrons wavefunctions is

Hk) =d(Kk) -0, d(K) = (vky, vky, m),

where v > 0 is a velocity, 0 = (oy, 0y, 0;) are Pauli matrices, and k = (k,, ky) €
R?. The band energies are

E+(k) = £V v2k2 + m?2,

and we focus on the lower band E_ (k), assumed to be completely filled so that the
system is an insulator.

6.4.2.1 Berry Connection and Berry Curvature

Let |u_(Kk)) be a normalized eigenvector of the lower band. The Berry connection
(a 1-form in parameter space) is defined by

Ak) =i (u—(K)|Vku—(K)),
and the Berry curvature (a 2-form), upon defining

Q(Kk) =0, Ay — Ok, Ay,

y
is
Qdk, Adky.

For any two-band Hamiltonian of the form H = d - &, one can use the geometric
formula

d

&- (3](,(_(,\1X 8](‘,&), &: —
' ' ]

| =

Qk) =
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which expresses the curvature as the pullback of the area form on the Bloch sphere.
For the specific d(k) in this model, a short computation yields

mv2

Q) =5 .
® = o+ e

6.4.2.2 Chern Number

The first Chern number of the filled band is the total Berry flux through k-space,

1 2
C=— | Q) d*.
2w Rr2

Introducing polar coordinates k = ,/k2 + kg so that d’k = k dk d¢, one finds

1 2w 0 mv2
C=— d ————5 55 kdk
21 Jo ¢/0 2 (m? + v2k?)3/2

- / ” v’ k dk
Jo 2@m? 40232

With the substitution u = m? + v2k? so that du = 2v%k dk, the integral becomes

o 2 1% 1 1
C:ﬂ/ u_3/2du=z[——i| =@—=—sgn(m).
4 u=m? 4 ﬁ m2 2 |m| 2

Thus a single massive Dirac cone contributes a half-integer Chern number:
1
C = 5 sgn(m).
On a lattice, where the Brillouin zone is compact, Dirac cones appear in pairs, and

the total Chern number is an integer obtained by summing the contributions of all
cones.

6.4.3 Quantized Hall Conductivity

For an isolated, completely filled 2D band, the Hall conductivity is proportional to
the Chern number,
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(in units with # = 1, equivalently oy, = (€2/2m) f Q d%k). For two Dirac cones
with the same sign of mass, the total C = %1 and the system is a Chern insulator
with oy, = +e?/h.

6.4.3.1 Differential-Geometric Interpretation

The occupied band defines a complex line bundle over the momentum space
(compactified to S? in the continuum model or the 2-torus 7’2 for a lattice Brillouin
zone). The Berry connection A is a U (1) connection 1-form on this bundle, and the
Berry curvature €2 is its curvature 2-form, 2 = dA. The Chern number

1

C=—
2

is the first Chern class of the bundle, a topological invariant. In the Dirac model
above, the map d:k— d/|d| wraps momentum space around the Bloch sphere,
and C counts the degree (wrapping number) of this map.

Across classical mechanics, elasticity, electromagnetism, and quantum theory,
topology thus provides a unifying language that links global geometric structure to
robust physical phenomena.
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Chapter 7 ®
Introduction to Group Theory Qe

Abstract This chapter provides an informal introduction to group theory, starting
from the canonical four axioms. A strong emphasis is placed on the geometric
roots that group theory shares with tensor analysis and differential geometry. These
roots lie in the underlying concept of coordinate frame transformations and in
the invariance of physical properties under such transformations. The important
example of point symmetry groups for Bravais crystal lattices will be introduced
and the theorem which fixes the allowed orders of rotation in such lattices will be
demonstrated Landau and Lifshitz [1]. Excellent previous textbooks covering these
topics are Jones [2] and Cornwell [3]. Group theory provides the natural algebraic
language for describing the symmetries of manifolds, fields, and physical systems
introduced in the previous chapters.

7.1 Definition of Group

Many of the geometric structures encountered earlier—coordinate changes, rota-
tions, translations, and gauge transformations—form sets closed under composition.
Group theory formalizes these sets of transformations and the rules governing their
combination.

Definition 7.1 A group is a set G equipped with a binary operation (with respect
to which G is closed) satisfying the four axioms:

. closure: if f € G and g € G, then product fg € G;

. associativity: f(gh) = (fg)hVf, g, h € G;

. existence of identity: 3e € G such that ge = eg = gVg € G;

. existence of inverse: Vg € GIg™! € Gsuchthat gg™' =g lg =e.

W =

In physics, the elements of a group typically represent transformations acting
on space, spacetime, or internal degrees of freedom, while the group operation
corresponds to their successive application.
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7.1.1 Examples

The relevance of groups to geometry and physics becomes clear through a few
fundamental examples.

* Translations in R” form a group where the binary operation is vector addition of
n-dimensional vectors.
e The set of linear transformations in R3:! that leave invariant the Minkowski
quadratic form
x12 + x% + x% — xi
forms the Lorentz group O(3, 1).
 The set of all transformations in R>! that leave invariant the distance between

two points in Minkowski spacetime is the Poincaré group (which contains the
Lorentz group as a subgroup).

Definition 7.2 A group G is called abelian if the group operation is commutative.

A key distinction between groups arises from whether the order of transforma-
tions matters or not.

In general, the order in which one applies the transformations is important.
Indeed, one cannot assume and write that 77’ = T’'T without a complete
knowledge of the group transformations. If TT’ # T'T, then the group is called
non-abelian.

If, on the other hand, all the elements of a group satisfy the commutative property

[T, T1=TT —T'T =0

then the group is abelian. For example, SO(2) is abelian, because rotations in 2D
always commute, while SO(n) with n > 3 is non-abelian because rotations do not
commute in 3D or higher dimensions.

Definition 7.3 Given a group G, the cardinality of the set, denoted sometimes |G|
or [g], is called the order of the group.

This distinction naturally separates discrete symmetries from continuous ones, a
difference that plays a crucial role in both crystallography and field theory.

7.1.2 Examples: Z, and S,

Finite groups often arise from discrete symmetries such as reflections, permutations,
and rotations by fixed angles.
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* We define Z,, as the set of integers modulo 7, which forms a finite Abelian group
of order n. The parity group Z, contains two elements, 1 and —1, which are
applied under ordinary multiplication.

For example, the parity transformation of a function f(x) is defined as:

f&x) = f(=x)

or, in the case of the reflection of the function:

f&x) = —f)

7y is finite, has order 2, and is abelian.
For any positive integer m, one defines the phase

<,2nk>
exp|i—
m

which gives the k-th element of the cyclic group Z,,, abelian of order m.
e We define S, as the group of permutations of {1, ..., n} objects.

Definition 7.4 A Lie group is a group in which each element depends continuously
on one or more parameters:

g =g}
Each element g depends continuously on a parameter « or on a set of parameters
ak. These groups are of infinite order.

Lie groups thus combine algebraic structure with the smooth manifold structure
introduced in the previous chapter.
For example, O(n), SO(n), U(n) and SU(n) are all Lie groups of infinite order.

Definition 7.5 A matrix group G € GL(n, C) is called compact if it is a compact
subset of C"*" with respect to the standard topology (equivalently, if it is closed and
bounded).

A convenient norm on matrix space is the Hilbert—Schmidt norm
1A = Tr(A"A).

Bounding Tr(A' A) therefore guarantees boundedness of the set.
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7.1.3 Groups of Matrices

In practice, many symmetry transformations are represented by matrices acting
linearly on vectors or fields.

Matrices form groups (under matrix multiplication) in a natural way, since every
set { D} of non-singular 1 x n matrices that contains the inverse D~! for each element
and the identity / automatically satisfies the properties of axioms 2—4.

Only axiom 1 (closure under the group multiplication law) remains uncertain. A
set of non-singular matrices forms a group if the product of any pair remains in the
set. This usually happens if all the matrices leave some property invariant (linear
transformations). This is, typically, the case of physical transformations that are
represented via matrices.

Definition 7.6 The general linear group over a field K is the group GL(n, K)
consisting of all non-singular matrices in K" *".

Subgroups (see the next chapter for the formal definition of subgroup) of
GL(n, K) are obtained by imposing additional geometric constraints, such as the
preservation of lengths or angles.

Proposition 7.1 GL(n, K) is an infinite, non-Abelian, non-compact group.

Definition 7.7 The special linear group is defined as

SL(n,K) = {A € GL(n,K) : detA = 1}.

7.2 Orthogonality and Rotations

Rotational symmetry plays a central role in geometry and physics, from rigid body
motion to spacetime symmetries.
We have said that orthogonal groups leave quadratic forms invariant. This is
verified when
ATA=1
which is the definition of an orthogonal matrix.
AT = A"
From this it follows that

JATA| = |AT||A| = |AP = 1] =1

where we used that |AT| = |A|. Therefore, det(A) = +1.
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Rotations in n-dimensional space are described by the group SO(n), which
contains orthogonal matrices with determinant = +1 in n dimensions.

Matrices that instead belong to O(n) but have det = —1 represent improper
rotations (while the “proper” rotations described by SO(n) are the only rotations
that can be applied in a rigid body). Only proper rotations correspond to physically
realizable rigid motions without reflection.

7.2.1 Example: Proper and Improper Rotations

The prototype of improper rotations is given by reflections such as:
/ /
r =-r, r = R()r
where the rotation matrix is

-1 0 0
RH=|0-10
0 0 —1

where I, here, denotes the inversion. Clearly, we have that:
detR(I) = —1, R(I) € O(3)

Instead, a proper rotation of an angle 6 about a cartesian axis is given by:
x' X

r = R(O)r, r=1y]|, r=|y

Z

Z/

Rotation by an angle 6 around, e.g., the x-axis corresponds to the following
transformation:

x'=x
v = ycosf + zsinf
Z/

= —ysinf + zcosb
which identifies the rotation matrix R(6):

1 0 0
R@®)=1]0 cosf sinb
0 —sinf cosf
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which clearly satisfies:
detR(0) =1, R(0) € SO(3).

This, of course, holds for rotations around any axis by any value of the rotation angle
0. Furthermore, any matrix obtained as a product R(/)R(0) is an improper rotation
with determinant —1 and R(/)R(0) € O(3).

Definition 7.8 The orthogonal group is the group O(n) of orthogonal matrices in
R™ with det(R) = £1.

Definition 7.9 The special orthogonal group is

SO(n) ={A € O(n) : detA = 1}.

O(n) is the group of both proper and improper rotations in R”, whereas SO(n) is the
subgroup of proper rotations.
O(n) is the group of matrices that leave invariant the real quadratic form )cl2 +

e tx2:
¥.y) =y"y =xTATAx = xTI,x = x"x = (x, X).

Proposition 7.2 If A € O(n), then detA = £1.
Proof From ATA = I, it follows that 1 = det(ATA) = det(A)?. O
Definition 7.10 The unitary group is the group U(n) of unitary matrices in C"*".

Definition 7.11 The special unitary group is
SU(n) ={A € U(n) : detA = 1}.
All complex n x n matrices that leave invariant the quadratic form
Xx1r+x5x 4 -+ X x

constitute the group U(n). Those with determinant equal to +1 form the special
unitary group SU(n).

7.2.2 Examples: Unitary Groups

In quantum mechanics, symmetry transformations act on complex-valued vector
spaces and are naturally described by unitary groups.

e U(1) describes rotations in the Argand plane.
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e SU(@3) is the symmetry group of the strong interaction (in Quantum Chromo
Dynamics).

e SU(5) and SU(10) are used in high-dimensional grand unification theories in an
attempt to unify the electroweak and the strong force.

7.3 Crystallography

Discrete symmetry groups play a fundamental role in solid-state physics, where the
atomic structure of matter imposes strong geometric constraints.

Definition 7.12 A crystal or Bravais lattice is defined as a lattice of atoms invariant
under translations, cf. Fig. 7.1.
Definition 7.13 The space group of a crystal is the group of transformations

(translations, rotations, reflections and inversions) that leave it invariant.

Definition 7.14 The point group or symmetry group of a crystal is the subgroup of
its space group obtained by excluding translations.

5

Fig. 7.1 Schematic of a 3D simple cubic Bravais lattice obtained by an ordered repetition of a
primitive cell which is just a cube with atoms occupying its vertices. For simplicity only a few
cells are shown
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l B’

( B

Fig. 7.2 Schematic of a section of a Bravais lattice, with A and B being lattice points (atoms on
the lattice), needed to demonstrate the crystallographic restriction theorem 7.1

7.3.1 Physical Example: The Bravais Lattices

The simple cubic Bravais lattice has the largest symmetry group: it is invariant under
all permutations of the coordinates with all possible sign choices, hence its point
group has order 233! = 48.

Group-theoretical arguments place strong restrictions on the rotational symme-
tries compatible with the translational order of the crystal lattice.

Theorem 7.1 (Crystallographic Restriction Theorem) The only possible rota-
tion angles for Bravais lattices are ¢, = 27” withn =1,2,3,4,6.

Proof With reference to Fig. 7.2, let A be a lattice point (an atom) lying on an axis
of symmetry perpendicular to the plane considered, and let B be a point at distance
[ from A obtained via a translation of the lattice; since the lattice is periodic along
the direction from A to B, atom B also lies on an axis of symmetry perpendicular
to the plane.

Let A" and B’ be the images of A and B obtained by a rotation through an
angle ¢, = 27” about B and A, respectively. Assuming that the rotation by ¢, is
a symmetry of the lattice, the points A" and B’ must belong to the lattice and can be
made to coincide by a translation.

If [ is the smallest translation period of the lattice, we must have A’B’ = pl with
p € N, that is

I
A’B’=l+2zsin(¢n—%):z(1—2cos¢”):pl ~  cosgy=3(1=p).

From the condition |cos ¢,| < 1 it follows that the possible values of p are p =
0, 1,2, 3, corresponding ton = 1, 2, 3, 4, 6. O

As a consequence, one can have, for instance, a hexagonal lattice, but not a
pentagonal one. In fact, “quasi-crystals” with n = 5 were discovered in 1982 by
Israeli physicist Dan Schechtman: these structures exhibit long-range orientational
order but not long-range translational symmetry.
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7.4 The Cyclic Group C,

The rotational symmetries of crystals and molecules are naturally described by
cyclic and dihedral groups.

. . 27 . .
C,, is the group of rotations by an angle — around an axis of symmetry. Cj, is a
n

4
cyclic group. C,% denotes a rotation by —]T which can be obtained by repeating the
n

rotation C)! twice.
In general, C}" is obtained by repeating the rotation C,{ m times, with

cm=(chm  whereC! =C.

| . 2
Here, C, is a rotation by —.
n
It is clear that

Cr=E.

n

C, is a finite cyclic group generated by the element C:
C,={E,C,C% ....,Cc" ).
It is abelian:
C'CY=C" =,
The correspondence
C" «<— r (mod n)

defines an isomorphism between C,, and the additive group Z,,.
Proposition 7.3 C, = Z,,.

That is, the multiplication of elements of C,, is equivalent to adding the exponents
of C, but modulo 7, since an exponent r is identical to an exponent 0.

c'Cs = Cr+s (mod n)_

Here Z,, is understood under the composition law given by addition.
Proposition 7.4 The point group D,, has order 2n and C" is a subgroup of it.

Including reflections in addition to rotations leads to a richer class of symmetry
groups.
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7.4.1 Examples: Dihedral Groups

The point group D* of a regular polygon with 4 sides (a square) is composed of:
the rotations about the axis in O orthogonal to the plane, and the dihedral rotations
about in-plane symmetry axes, cf. Fig.7.3. Let ¢ be the rotation by an angle 7 /2
(counterclockwise). Then

At =E
that is, a rotation of 7/2 about the axis orthogonal to the plane repeated 4 times
returns the identity E. Thus, this is a rotation of order 4.
Furthermore, there are rotations of order 2, that is rotations of 77, around the axes
of symmetry in the plane (cf. Fig. 7.3):

by around the axis OX, b, around the axis AC,

b3 around the axis OY, b4 around the axis BD.

Fig. 7.3 Schematic needed to define the symmetry operations of the group D4
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Verify that:
by = be, by = bc?, by = bc,

where b = b;.
Therefore, the group is generated by the elements b and c.

D4 = gplc, b}, At =b>=(be)> = E.
Here, gp stands for “generated by”. Generated means that every element of the group
can be obtained as a product of the elements » and c (raised to certain powers).
All this can be easily generalized to order n: D, is the symmetry group of a
regular polygon with n sides. It contains rotations of order n around the axis passing
through the center and orthogonal to the plane and it also contains n rotations of

order 2 around the symmetry axes in the plane.
Thus,

D, = gp{c, b}, " =b> = (be)> = E.
The group has order:
|D,| = 2n.
For example, D4 has 8 elements:
Di=1{E, ¢, 2, &, b, bc, bc?, b ).
In general:
D,=1{E, c, ¢ ..., "', b, be, ..., be" ).

Note The rotations ¢” (withr = 1,...,n — 1) with ¢" € C,, form a subgroup of
D,,. The subset of elements

is closed under the group operations.

Every product of rotations around the axis orthogonal to the plane gives another
rotation around that same axis.
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7.4.2 Example: Multiplication Table of C3

The multiplication table of group C3 can be constructed as follows:

2

Lol
ala
[\

[N N
(SN

e
c c

C22

(9}

e

Group theory thus provides the unifying framework for describing symmetry
across geometry, topology, and physical systems, from spacetime transformations
to crystal lattices and quantum phases.
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Chapter 8 ®
The Algebra of Groups Qe

Abstract This chapter introduces the basic concepts, definitions and tools of the
algebra of groups. The central result is the Lagrange theorem which opens up the
way for concepts such as the quotient group, of fundamental importance in modern
physics. Standard references for this part are the books by Jones [1] and by Cornwell
[2]. While the previous chapter focused on concrete symmetry groups and their
geometric realizations, the present chapter develops the abstract algebraic structure
that underlies all group-based symmetry arguments in physics.

8.1 Subgroups

Once a symmetry group has been identified, it is often necessary to analyze its
internal structure by identifying smaller groups contained within it.

Definition 8.1 Given a group G, a subset H of G is called a subgroup if it is a
group under the same operation as G. One writes H < G.

Physically, subgroups correspond to restricted sets of symmetry operations that
remain valid when additional constraints are imposed.

Definition 8.2 A subgroup H of G is called a proper subgroup it H # G. One
writes H < G.

Example
Dj has proper subgroups B, = {e, b} and C3 = {e, c, ¢*}.

To understand how a subgroup sits inside a larger group, it is useful to partition
the group into equivalent subsets.
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Definition 8.3 Given a subgroup H of a group G, the left coset of an element g € G
is defined as

gH={gheG:heH}

Definition 8.4 Given a subgroup H of a group G, the right coset of an element
g € G is defined as

Hg={hgeG:heH}.

In general, left and right cosets need not coincide. However, if H is a normal
subgroup of G, then

gH =Hg Vg € G.

This property ensures that the multiplication of cosets is well defined.

Definition 8.5 An equivalence class of a group G is defined as a set of mutually
conjugate elements of G, namely

gi~g & IAfeGigpn=faf .

Conjugacy captures the idea that some group elements represent the same
symmetry operation viewed from different reference frames.

Example

In Dy, the elements b and bc? are mutually conjugate since they correspond to
dihedral rotations by the same angle 7, whose axes can be made to coincide by a
rotation. Physically, this corresponds to the fact that these rotations can be made
equivalent by a rigid-frame rotation.

8.2 Lagrange’s Theorem and the Quotient Group

A central question in group theory is how the size of a group is related to the size of
its subgroups.

Theorem 8.1 (Lagrange) Given a finite group G and a subgroup H < G, the
order |H| divides the order |G|.

Proof The proof is a classic example of reductio ad absurdum. Given g € G such
that g ¢ H, one has gH N H = . Indeed, by contradiction, suppose there exist
g € G\ Hand hy, hp € H such that ghy = h>. Then

ghi=hy = (ghph' =hohi' = g=hh;' € H,
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Fig. 8.1 Illustration of the proof of Lagrange’s theorem. The group G is partitioned into disjoint
left cosets of a subgroup H. Each coset gH has the same cardinality as H, and distinct cosets
do not intersect. The construction is iterated by selecting elements of G not yet contained in the
previously formed cosets and generating new left cosets, until no elements of G remain uncovered.
The union of all left cosets reconstructs the entire group G, implying that | H| divides |G|

which is a contradiction. To visualize this situation, see Fig. 8.1.

Lagrange’s theorem shows that the structure of a finite group is strongly
constrained by its subgroups, and it provides the foundation for constructing new
groups from old ones.

Moreover, one can show that if g1, g» € G with g1 # g2, then

gitHNgH=20.
The construction is iterated by selecting elements of G not yet contained in the
previously formed cosets and generating new left cosets, until no elements of G
remain uncovered. Hence,
G/H={gH<G:g€G}, (8.1)
or equivalently:

G/H = {gH | g € G}, (8.2)
from which the statement |G|/|H| = s with s € N follows. Using a slightly different
notation to denote the cardinality of G and H, we can also write |G| = s |H|.
Furthermore, every left coset g H has the same cardinality as H. Indeed, the map

H — gH, h— gh

is bijective. Therefore [gH| = |H]|.
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Since the cosets are pairwise disjoint and their union is G, the group G is
partitioned into cosets of equal size. If s denotes the number of distinct cosets, then

|Gl = s |H]|,

which proves that | H| divides |G|. m|

Not all subgroups behave equally well under conjugation by elements of the full
group.

Definition 8.6 Given a group G, a subgroup H < G is called invariant or normal
if

gHg '=H Vged.

This is denoted by H < G (or H < G if H is proper).

A normal subgroup is stable under conjugation: if # € H and g € G, then
ghg™! € H. This special property allows the set of cosets to inherit a natural group
structure.

Example
In D3, the subgroup {e, b} is not normal since the conjugacy class, or equivalence
class, of b is {b, bc, bc?}, whereas {e, ¢, ¢*} is normal.

Definition 8.7 Given a group G and a normal subgroup H < G, the quotient group
is the set of left cosets

G/H={gH |geG}.

With a slightly different notation we can call Q the quotient group defined as
Q = G/H and its cardinality is given by [¢] = [g]/[h] = s with s € N by
Lagrange’s theorem.

8.3 Cosets and Quotient Groups

When a subgroup is normal, cosets are not merely sets but can themselves be
regarded as elements of a new group.

Let G be a group and H < G an invariant (normal) subgroup. The sets formed
by the left cosets of H in G possess a special property, namely they naturally define
a group structure.

Consider two generic elements of G written as g,h; and gph, with g4, g» € G
and h;, h; € H. Their product is

(8ahi)(gphj) = galhigp)h;.
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By inserting the identity in the form gpg,, ! this can be rewritten as

(8ahi)(gvhj) = ga8p (g;]higb) hj.
Since H is a normal subgroup, one has
g, 'higy € H,
and since H is closed under the group operation, the product
hy = (g;,_lhigb)hj
is again an element of H. Therefore,

(8ahi)(gphj) = gchk, with g. = gagp.

The requirement that H be a normal subgroup is essential. Indeed, if H were not
normal, the product of two cosets could depend on the choice of representatives g,
and gp. Normality ensures that

g, 'higy € H,

so that the resulting element always belongs to the coset (g, g,) H independently of
the representatives chosen.

This shows that the product of two elements belonging to the cosets g, H and
goH is an element of the coset (g,gp)H. In particular, the multiplication law
between cosets is well defined and given by

(gaH)(grH) = (gagp)H.

This multiplication law mirrors the original group operation while effectively
“factoring out” the internal structure of the subgroup.

The set of left cosets of an invariant (normal) subgroup H is closed under this
multiplication and therefore forms a group. If G is a group and H < G, one can thus
construct a new group whose elements are the left cosets g H; this group is called
the quotient group and is denoted by G/ H.

Proposition 8.1 The set G/H is a group under the operation

(g1H)(g2H) = (g182)H.

Proposition 8.2 G/H is a group with multiplication law

(g1h1)(g2h2) = (g182)h3.
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Proof

(g1h1)(g2h2) = g1(8285 h1g2h2 = g182(85 ' h182)ha = g182h'ha = (8182)h3.

O

Proposition 8.3

|G|
|G/H| = —.
/ |H |

Proof By Lagrange’s theorem. O

This proposition shows that the number of elements of the quotient group G/H
is equal to the number of distinct left cosets of H in G, also called the index of H
in G. The quotient group therefore measures how many distinct symmetry classes
remain once the subgroup symmetries are identified as equivalent.

By Lagrange’s theorem, all left cosets of H have the same cardinality as H and
form a partition of the group G. Since G is the disjoint union of these cosets, the
total number of elements of G is the product of the number of cosets and the number
of elements in each coset. Therefore, the order of the quotient group is given by

|G|
|G/H| = —.
|H|

This result holds for any finite group G and any subgroup H < G. The normality

of H is not required for the counting argument, but it is necessary in order for G/ H
to carry a well-defined group structure.

8.4 Direct Product Group

In some cases, the structure of a group can be completely decomposed into
independent symmetry sectors.

Definition 8.8 Let A, B < G. The group G is the direct product of A and B,
written

G = A x B,
if
AN B = {e}, AB =G,

and every element of A commutes with every element of B.
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This definition formalizes the idea that a group G can be decomposed into two
independent subgroups A and B. Direct products thus formalize the notion that
different symmetries may act independently on a physical system.

The condition ab = ba for alla € A and b € B ensures that elements of the
two subgroups commute, so that the order in which they are multiplied is irrelevant.
This allows elements of A and B to be combined without ambiguity.

The second condition, requiring that every element g € G can be written as g =
abwitha € Aand b € B, guarantees that the subgroups together generate the whole
group. In this case, the group G is completely characterized by the independent
actions of A and B.

‘When both conditions are satisfied and the decomposition is unique, the group G
behaves as the product of two separate symmetry groups, and is therefore called the
direct product of A and B.

Example

A fundamental example of a direct product decomposition is provided by the
orthogonal group O(n), and the decomposition thereof into a direct product of
proper rotations times space inversions.

Every orthogonal matrix A € O(n) satisfies det A = £1. The subgroup
SO(n) ={A € O(n) : detA = +1}
consists of all proper rotations, while the discrete subgroup
{In, I} =7

accounts for the sign of the determinant and represents the presence or absence of a
reflection.

The matrix —I,, commutes with every element of SO(n), and every orthogonal
matrix can be written uniquely either as R or as (—I,)R, with R € SO(n).
Therefore, every element of O(n) can be expressed as the product of an element
of SO(n) and an element of {I,,, —I,}.

Since the two subgroups commute and together generate the entire group, O(n)
satisfies the conditions of Definition 8.7 and can be written as the direct product

O(n) = SO(n) @ {I,, —1,}.

This decomposition shows that the continuous rotational degrees of freedom
described by SO(n) are independent of the discrete reflection symmetry encoded
in {L;, =I,}.
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Fig. 8.2 Schematic A B
representation of a
homomorphism f : A — B.
Each element of A is mapped % %
to a unique element of B, but

different elements of A may x \ x

have the same image in B,

and some elements of B may % x
have no preimage. The set of
elements of B that are images X X

of elements of A constitutes /
the image Im f € B X X
8.5 Mappings, Homomorphisms and Isomorphisms

To compare different groups and relate abstract symmetry structures to concrete
realizations, one needs structure-preserving mappings.
A homomorphism is a mapping f from a set A to a set B

f:A— B

that preserves a certain structure. Every element of A is mapped to a unique
image belonging to B

(f(a) € B)

but the inverse process is not necessarily true. The homomorphism is not one-to-
one.

In physics, homomorphisms often relate an abstract symmetry group to its action
on physical states or observables.

Only the elements of B that are images of elements of A constitute the image.

Imf or f(A)
Imf={beB|b= f(a), ac A}
Thus, every element of A is mapped to a unique image b = f (a), but an element

b € B can:

(i) be the image of several elements of A,
(i) not be the image of any element of A.

A schematic conceptual diagram of a homomorphism is shown in Fig. 8.2.
A mapping is injective if it is one-to-one (1:1), but there exist elements of the
codomain that do not have a corresponding element in the domain. It is surjective
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if all elements of the codomain have a corresponding element in the domain, but it
is not one-to-one. It is bijective if it is both injective and surjective.

A homomorphism is a mapping between groups that preserves the group
operation. An isomorphism is bijective.

8.5.1 Homomorphism

A homomorphism is a mapping between groups
f:A—> B
such that for all ay, ap € A,

flaiar) = f(ay) f(a2).

In words: the image of the product must be equal to the product of the images.

NB aja; follows the multiplication law of A, whereas f(ap) f(az) follows the
multiplication law of B.

In the case of a homomorphism, Im f(A) is a subgroup of B.

8.5.2 Kernel

The kernel of a homomorphism identifies elements of the original group that act
trivially in the target space.

kerf={acA| f(a) =Ep e B}
It can be shown that the kernel is also a subgroup of Aj; in particular, it is
a normal subgroup.This observation foreshadows the deep connection between

homomorphisms and quotient groups.
Indeed,

flgke™) = fOflfg™) = fF(@ER(f(g)™' = Ep,

where to arrive at the final result we used that fact that:

fla) = f@aEx) = f(a)f(Ea)

which implies
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f~Ya)f(a) = f(Ex) = Ep.

Example
Verify the following mapping and determine whether it is a homomorphism.

f:Dg— Zn
The mapping is defined by rotation elements
f@ = [ =fb) = fbc?) =+1
f(©) = f(c®) = fbe) = f(bc®) = —1.
Recall that Dy is generated by b and ¢, and therefore it is sufficient to check the

homomorphism property on these generators.
We verify the defining condition of a homomorphism,

fgh) = f(g)fh),

for representative elements, by induction.
For example,

fbc) = fB)f().
Using the definition of f,
fB)=+1,  f)=-1,
and hence
F®Bf() = +FD(=1) =1,
which agrees with
fbed) = —1.

Therefore, the mapping preserves the group operation and defines a homomor-
phism from Dy to Z;.
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8.6 Representation of a Group G

The most important applications of group homomorphisms in physics arise when
groups are represented as transformations acting on vector spaces.

A particularly important homomorphism in physics is one that maps a group
G into a group of non-singular n x n matrices, with matrix multiplication as
the law of composition. In this case, the matrix group provides an n-dimensional
representation of G.

Importantly If the homomorphism is an isomorphism (bijective, i.e. one-to-one
and onto), then the representation is said to be faithful.

Example
The group O(3) is isomorphic to the direct product

0(3) =S0@3) x Z,.
where Z; is the group (of order 2) consisting of the matrices
I and —1Is.
Thus, in general O(n) is a semidirect product of SO(n) with Z,. Indeed, O(3)
is isomorphic to the group of all rotations in three dimensions, while SO(3) is

isomorphic to the subgroup of proper rotations. This implies that the group of all
rotations is isomorphic to the direct product of the group of proper rotations and the

group
{E. I},
consisting of the identity and the spatial inversion operator.
The algebraic structures developed in this chapter provide the foundation for

understanding symmetry breaking, gauge equivalence, and representations in both
classical and quantum physics.
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Chapter 9 ®
The Lie Theory of Rotations Qe

Abstract After having laid down the algebraic foundations of group theory, we
now turn to an informal description of rotations introducing Lie’s idea on how to
algebraically describe rotations. This idea is of great importance in physics, where it
provides a connection between infinitesimal rotations (the Lie generators) and finite
rotations. The power of this approach becomes evident when it is applied to higher
dimensional geometric spaces where traditional tools such as our direct intuition
and trigonometry cannot be used or trusted. An excellent reference for this part is
the book by Zee [1]. This chapter provides the infinitesimal counterpart to the finite
symmetry groups discussed previously, revealing how continuous symmetries are
encoded in their generators and algebraic structure.

9.1 Lie Groups

Having developed the algebraic structure of groups and their representations, we
now specialize to groups that depend continuously on one or more parameters.

9.1.1 2D Rotations

Rotations provide the simplest and most intuitive example of a continuous symmetry
group.

It is well known that in R? a rotation of the Cartesian reference frame by an angle
0 € [0, 27) is given by r' = R(#)r, with

cosf sinf
R(9) = . O.1)
—sinf cosé
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Fig. 9.1 Geometric construction used to derive the two-dimensional rotation matrix Eq. (9.1) from
elementary trigonometry. A vector in the plane is rotated by an angle 6 with respect to the original
Cartesian axes; its projections onto the rotated axes give the trigonometric relations that lead to the
matrix representation of a planar rotation

It is immediately seen that |r'|> = |r|?; rotations can in fact be characterized by this
property, which corresponds to imposing

RTORO) =1, 9.2)

that is, R(0) € O(2). It is easy to see that the group operation is the composition of
rotations R(61)R(6;) = R(0; + 6,), with identity R(0) and inverse R(—0).

It is important to recall that O(n) is the group of both proper and improper
rotations: the proper rotations described in Eq. (9.1) satisfy the additional condition
detR = 1 and form the subgroup SO(n).

Equation (9.1) can be derived either from trigonometric relations (cf. the
derivation in [2] following the scheme in Fig.9.1) or by reasoning directly from
the condition in Eq. (9.2).

Rather than relying on geometric intuition or trigonometric constructions, Lie’s
approach focuses on the behavior of transformations arbitrarily close to the identity.

Following the latter approach, which coincides with Lie’s point of view, the basic
idea is to consider infinitesimal rotations, i.e. rotations with § < 1:

R(®) ~ L + 6A + 0(h?) (9.3)
The orthogonality condition then becomes
RTORO) ~ (L +0AT) I, +0A) 2L + 0(AT +A) =1,
that is,

AT =-A (9.4)
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Matrices satisfying this condition generate infinitesimal rotations and encode the
local structure of the rotation group.

In GL(2, R) the space of antisymmetric matrices is one-dimensional. Therefore
every matrix satisfying Eq. (9.4) can be written as a scalar multiple of

01
J= |:_1 O] . 9.5)

This means that infinitesimal rotations have the form (x’, y') >~ (x +60y, y—0x),
in agreement with Eq. (9.1).

Finite rotations are obtained by composing infinitely many infinitesimal ones, a
process naturally described by the exponential map.

Proposition 9.1 For 6 € [0, 27) one has
R(6) = M. (9.6)

Proof Given the multiplicative law of the rotation group, and the well known
identity

¢ = lim (1+1)N
- N

N—o00

one has:

o0\\" 0J\"
R() = lim (R(;)) ~ lim (12+7J) _o

O
It then follows that
dR(0
j= RO ©.7)
Proposition 9.2 Equation (9.6) implies Eq. (9.1).
Proof Noting that J> = —I, which means that J plays in two dimensions the same
role that the imaginary unit i plays in one dimension, we have
05 _ Sl Gka St ' ' 92k+1 .
e Z— ) ®IZ+Z( Dk ——— (2k+1)' =cosO I, +sin6 J.
k=0 k=0
O

One can observe that, using the Lie method, the expression for proper rotations is
obtained without ever imposing det R = 1 explicitly. This follows from the fact that
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the Lie method is based on the dependence of the group on a continuous parameter,
while O(n) consists of two disconnected components (detR = 1 and detR = —1),
one of which is not continuously connected to the identity. Here R(6) is defined as
continuously connected to I,.

Hence, we have recovered what we knew from trigonometry for a rotation of the
coordinate axes (x, y) by an angle 6 in two dimensions, because

R(@) = ¢ = (i(—l)kﬁ) I+ (fj(—l)kﬂ) J
(2k)! 2k + 1)!

k=0 k=0
=cos6I+sinfJ
10 . 01
= cos 6 (O 1) + sin @ (_1 0)
cosf sinf
= 9.8
<— sinf cos 0) ©8)

which is the standard form of the rotation matrix in two dimensions.

9.1.2 Lie Algebra of Rotations

The generators introduced above form an algebraic structure that captures the
essential features of the Lie group near the identity.

The Lie method is a general method that applies to all groups depending on
a continuous parameter. In particular, it allows one to derive the expression for
rotations in R” withn > 2, for which a trigonometric approach is unfeasible. Indeed,
the condition in Eq. (9.4) holds in any dimension.

In the case n = 3, the basic antisymmetric matrices are

000 00-1 010
Je=10 0 1 Jy=1000 J;=[-100 9.9)
0-10 10 0 000

Three-dimensional rotations depend on three angles (again in [0, 277)) and, near the
identity, can be written as:

R(0y. 0y, 0;) = e Htorlvttele, (9.10)

The matrices in Eq. (9.9) are real antisymmetric matrices. To obtain Hermitian
generators (as commonly used in quantum mechanics), one defines
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Ty = —iJk. 9.11)

In this way, rotations are expressed as

3
R0y, 0y, 6;) = exp|:i Z@ka] ) 9.12)

k=1

In higher dimensions, the non-commutativity of rotations carries essential
geometric information. Unlike 2D rotations, rotations in R" with n > 2 do not
commute:

RRR! ~ L+A)IL+B) I, —A) =L +B+AB—BA ~ R +[A,B].  (9.13)
The commutation condition is therefore [A, B] = 0, where

[A.B] = - 6:6;[Ji. J;]. (9.14)
i,j
where the commutator is defined as

[A,B] = AB — BA.

In the case n = 3, direct computation yields

3
Ui Il =i el 9.15)
k=1

Formally, the J; are called the generators of the Lie group, while their com-
mutation relations define the Lie algebra of the group. Their mutual commutation
relations define the associated Lie algebra.

This construction extends far beyond rotations and applies to any continuous
symmetry group. In general, a Lie group may depend on an arbitrary set of k

continuous parameters (such that g(0, ..., 0) = e). The generators {7} =1, x are
defined through
k
g1, ...,60 :exp[Z@aTa]. (9.16)
a=1

The Lie algebra is determined by relations of the form

k
[Te, Ts1 =) fupy Ty (9.17)
y=1
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where the fug, are called the structure constants of the algebra. For rotations in 3D,
the structure constants coincide with the Levi-Civita symbol, cf. Eq. (9.15).

9.1.3 Rotations in n Dimensions

The Lie algebra approach allows rotations to be defined and analyzed in arbitrary
dimensions, even when geometric intuition fails.
Rotations in R” are described by SO(n), which depends on

! 1
zn(n -1

independent parameters corresponding to the planes of rotation. These parameters
can be labeled by pairs of indices

l1<a<b<n.

This number of generalized angles corresponds to the independent planes of rotation
in n dimensions. The generators of SO(n) are therefore

i i=a, j=b,
(ab)ij = —i(3aidpj — 84j0pi) = i i=b, j=a, I<a<b=n.

0 otherwise,

(9.18)
and a generic rotation is
RO =exp|i > Oaplap |- (9.19)
1<a<b=<n
Example
Verify that the group SO(n) satisfies all the group axioms.
First of all, we notice that the product of two rotations is a rotation,
(RiR2)" (RiR2) = (R} R{)(RiRy) (9.20)
= RI(RTR)R, (9.21)
=RIR, (9.22)

=1, (9.23)
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which implies that the first axiom is satisfied.
Moreover,

det(R1Ry) =detR| detR, = 1.

Matrix multiplication is associative. The remaining two axioms are trivially satis-
fied.

Example
In R3, rotations about the z axis are generated by J(12), since they occur in the xy
plane.

Proposition 9.3 The Lie algebra of SO(n) is defined by

Tabys Ip)) = 1 (8apJvg) + 8bgT(ap) — 8bpJiag) — SagIop)) - 9.24)

9.1.4 Generators in Differential Form

In physical applications, symmetry generators often act as differential operators on
fields rather than as finite-dimensional matrices.

It is possible to express the generators of rotations as differential operators. For
example, in R2,

3 3
YY) =Yx =0y, y+6x) > Y(x,y) +9(—ya +x5)1/f(x, y)
(9.25)

~ (1 n i@fz) V(x, y). (9.26)
Where we used a Taylor expansion truncated to first order to represent

v, y) =vx—y0, y+x6)
as

v(x+e y+8)=vkx,y)+ <%> &+ <%> 5 +ho.t
ax ay

with the identifications:
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3 3
W(x/’y/)Zlﬁ(x’y)—[y@—x—xe—y]lﬁ(xyy)-
¥\ 1+6J, <x>
<y’) ( ) y

R() = (I+9fz),

which recovers:

with

(I Y (WAL
=—iJ;=—i|{x——y— ).
z z ay yax

And similar expressions can be obtained, similarly, for J » and j ¥
It is easy to verify the commutators that define the Lie algebra of SO(3) using
the differential form of the rotation operators.

For example,
a a1 dz\ & 9
Yor “ox | T oz ) ox T Yax

0.7 (0 9 (20 9 (9.27)
Sl =-ily——2z2— ), —i|lz2— —x— .
Y yaz Zay Zax 0z

=il.. (9.28)

Thus,

The cyclic permutations then give
;, jj] =1ié&jk Je.

In the above calculations, the relation,

9 1
[Bz ’ Z} o
has been used throughout.
Note the signs arising from the fact that J; rotates the object and not the reference
frame (transpose operation).
Generalizing to R,

J=—ixxV. (9.29)



9.2 Lie Algebra Structure for a Generic Continuous Symmetry Group 127

where X = (x, y, z). A direct calculation shows that these three generators satisfy
Eq.(9.15). These are nothing but the angular momentum operators of quantum
mechanics: L. = #J. This illustrates how Lie algebra generators acquire direct
physical meaning as observables.

9.2 Lie Algebra Structure for a Generic Continuous
Symmetry Group

The construction developed for rotations exemplifies a general pattern shared by all
continuous symmetry groups. The general structure of a Lie algebra can be extracted
systematically by analyzing group elements near the identity. The previous results
are valid for any group whose elements g(61, 65, . . .) are continuously parametrized
by a set of continuous parameters, and such that

g(0707"') = I’
the identity element. For example, in SO(3) the continuous parameters are the angles
0;, withi = 1,2, 3.

These are therefore Lie groups. For them, the structure is always formed always
in the following way:

1. Expand the elements of the group in the neighborhood of the identity:
g1+ A.

2. Write
A=iY 0,T,,
o

where the T;, are the generators.
3. Choose two elements A and B of the group, close to the identity:

gx=I+A, g ~1+ B.
Then
gi1g287 =~ 1+ B+[A, Bl

4. As in point (2), write

B=iY 0,Ts.
B
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In the same way, we write the commutator [A, B] as a linear combination of the
generators 7),. By performing the substitutions, one obtains

[Ty, Tﬂ] =1 ZfozﬁyTy-
14

Again, the coefficients f,g, are called the structure constants.

In other words, the commutator of two generators can always be written as a
linear combination of the generators themselves.

The above structure holds for any continuous group. The structure constants
completely determine the Lie algebra of the specific Lie group.

Lie theory thus provides the essential link between continuous symmetries, their
infinitesimal generators, and the algebraic structures that govern physical dynamics.
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Chapter 10 ®
Introduction to Representation Theory Qe

Abstract We shall now provide an informal introduction to the most important
group homomorphism in physics, i.e. matrix representation. Each element of a
group can be represented with a matrix, which is always true for rotations and also
for other geometric transformations. We will start by introducing the basic concept
of matrix representation and of equivalent representation. We shall then review the
formal algebraic properties of representations and then introduce the concept of
reducible and irreducible representations and how this can be formulated with the
help of vector space theory. Again an excellent reference for this part is provided
by Jones [1]. This chapter completes the transition from abstract group structure to
concrete linear actions on physical state spaces, providing the language needed to
analyze symmetry in classical and quantum systems.

10.1 Introduction to Matrix Representation

Having understood how continuous symmetries are generated infinitesimally
through Lie algebras, we now ask how these symmetries act concretely on vectors
and fields.

If F is a homomorphism from a group G to a group of non-singular n x n
matrices, with matrix multiplication as the group operation, then the matrix group
F (G) forms a n-dimensional representation of the group G.

In physical terms, a representation specifies how symmetry transformations act
on a space of states.

Definition 10.1 A representation D : G — GL(V) is called faithful if it is
injective, i.e. if

ker(D) = {e},

where e is the identity element of the group G. In this case distinct elements of the
group are represented by distinct linear transformations.
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Faithful representations retain complete information about the group structure,
while non-faithful ones identify distinct group elements as physically equivalent.
NB: If e is the identity element of G, then

D(e) = 1.

where 1, is the identity matrix of size d x d. Importantly, for Lie groups the matrices
must be continuous functions of the parameters 61, 0», . .., 6,.

10.2 Equivalent Representations

Different matrix realizations may describe the same group action when expressed in
different bases. A pivotal concept is that of equivalent representations.
Two representations D) and D® are said to be equivalent,

p ~ p@,
if
DM () =sDP(e)s™! VgeG,
where S is a non-singular matrix, independent of g.
Equivalent representations are, in essence, the same representation. This equiva-
lence reflects the arbitrariness of the choice of basis in the representation space.

Furthermore, the equivalence transformation preserves the group structure.
Indeed,

SD®(g1g2) S™' = S D (g1)D? (g2) 57 (10.1)
= (sD®(gS™") (D (g2)57") (10.2)
= DW(g1) DV (g2) (10.3)
=DV (g122). (10.4)

The matrix S represents a change of basis in the representation space. Equivalent
representations differ only by such a basis transformation and therefore describe
the same group action, even though the matrices may look different. This notion is
fundamental when classifying representations, since only non-equivalent represen-
tations carry genuinely new information.
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10.3 Representation Algebra

To formalize these ideas, we now recast representations within the general frame-
work of group homomorphisms. In this section we thus provide a more formal
presentation of the algebraic properties of representations.

Definition 10.2 Given two groups (A, *4) and (B, *p), each equipped with its own
group multiplication law (x4 and *p respectively), a mapping f : A — B is called
a homomorphism between A and B if

flai x4 az) = f(a1) *p f(a2) Yai,ap € A.

Definition 10.3 Given a homomorphism f : A — B, one defines its image or
range

ranf ={be B:b= f(a), a € A}
and its kernel
kerf ={ae A: f(a) = ep}.

Elements in the kernel act trivially in the representation and therefore encode
redundancies in the group action.

Proposition 10.1 ker f < A.
Proof Given a € ker f, one has

flgag™ ) = f@) f@fg™) = f@f(g™") = flea) = es.

O

This observation anticipates the deep connection between representations and
quotient groups.

Example
The map f : D* — Z, defined by

fle)=f(A=fb)=fb*)=+1, fl)=f()=fbc)= f(bc’)=—1

is a homomorphism because it is a surjective map but it is not injective. To be a
isomorphism (see below) it must be both surjective and injective, hence bijective.

In practice, representations act on vector spaces through linear transformations.
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Definition 10.4 Given a group G, a linear representation of G on a finite vector
space V (K) is a homomorphism

T :G — GL(V).

Proposition 10.2 T (e¢) = idy, where idy is the identity in the vector space V.

In most applications, rather than working directly with linear maps f € GL(V),
one considers their associated matrices M y € GL(n, K), where n = dimg V (called
the degree of the representation). Once a basis is chosen, group actions are encoded
entirely in matrix form.

Definition 10.5 An isomorphism is a bijective homomorphism.

Example
Consider the determinant map

det: O(n) — {£1} = Z,.
This map is a group homomorphism, since
det(AB) = det(A) det(B).

Its kernel is precisely the subgroup of orthogonal matrices with determinant +1,
namely

ker(det) = SO(n).

By the first isomorphism theorem,

O(n)/SO(n) = Z,.

This reflects the fact that orthogonal matrices have determinant &1, correspond-
ing respectively to proper and improper rotations. Consequently O(n) can be viewed
as an extension of SO(n) by Z,, and in general one writes

O(n) ~ SO(n) x Z,.
Definition 10.6 Given a group G, two representations DV, D® on vector spaces
V, W are called equivalent (or isomorphic or similar) if there exists an isomorphism
¢ : 'V — W such that
oDV () =DP(g)ogp Vged. (10.5)

In matrix form,

DD~ D?® & 3§ e GLM,K): DP(g) =DV (g9)s™' Vvged.
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It is immediate to see that similarity preserves the group structure:

DP(g1g2)=5D"(g182)S'=5DW (1) ' SDV(g2)5™" = DP (1) D (g2).

Definition 10.7 Given a group G, a unitary representation is a representation
D:G — Un).

where U(n) denotes the group of n x n unitary matrices.

In other words, a representation is unitary if every group element is represented
by a unitary matrix, so that the action of the group preserves the inner product
structure of the vector space. In physics this property is essential, since it ensures
the conservation of probability amplitudes and norms of state vectors.

When continuity enters the picture, representations must respect the underlying
topological structure of the group. A topological structure can be assigned to a

group.

Definition 10.8 A topological group G is a group endowed with a Hausdorff
topological space structure such that the maps (a,b) +— ab and a +— a~' are
continuous.

Definition 10.9 A topological group G is called a Lie group if the maps (a, b) —
ab and a > a~! are smooth.

Informally, Lie groups can be viewed both as groups and as differentiable mani-
folds (more precisely, there exists a diffeomorphism between the two structures).

The interplay between topology and representation theory becomes especially
transparent for rotation groups, as we shall see in the following examples.

Examples

e SO(2) corresponds to st

« SO(3) corresponds to D3/ ~, where ~ is the equivalence relation that associates
to each point its antipodal point.
In the above examples, the space S! denotes the unit circle in the plane,

St ={(x,y) eR* | x* +y* =1}
The group SO(2) consists of all rotations in two dimensions. Each element of
SO(2) is completely determined by a rotation angle 6, with angles that differ by 2z
describing the same rotation. This establishes a one-to-one correspondence between

rotations and points on the unit circle via

6 <— (cos0,sinf),
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so that, both topologically and geometrically,
SO(2) = s
The space D? denotes the closed unit ball in R,
D’ = {x e R | |Ix]| < 1}.

The quotient D3/ ~ is obtained by identifying antipodal points on the boundary of
the ball, that is, by imposing the equivalence relation

X ~ —X for all ||x|| = 1.

Points in the interior of the ball are left unchanged, while each pair of opposite
points on the surface 9D = S? is identified as a single point.

This construction provides a geometric description of the group SO(3). Any
rotation in three dimensions can be represented by an axis i and an angle 6 €
[0, 7]. The pair (9,n) and (9, —n) describe the same rotation when 0 = m,
which corresponds precisely to the antipodal identification on the boundary of the
ball. Consequently, the space of all rotations in three dimensions is topologically
equivalent to the quotient space

SO(3) = D3/ ~.

Once a topological structure is given, one can discuss the compactness of a group;
see, for example, Definition 7.5. In the case of Lie groups, compactness can be
determined by studying the associated differentiable manifold.

Proposition 10.3 For compact Lie groups, every representation is equivalent to a
unitary representation.

10.4 Reducibility

A central question in representation theory is whether a representation can be
decomposed into simpler, independent components. To address this question, we
shall now informally introduce the pivotal concept of reducible (and irreducible)
representations. Let

A(g) C(g)>

D@”:<0 B(g)

with
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A(g) e C™M  B(g) e T, (C(g) e ™M,

Then
N (A(®) C(g)) (Ag) C(g)
D(g)D(g)—( 0 B(g)>< 0 B(g/)) (10.6)
_ (A(g)A(g’) A(g)C(g) + C(g)B(g’)> (10.7)
0 B()B(g) ' ’

It follows that

A(gg) = A(9)A(g), B(gg') = B(g)B(g)).

Therefore A(g) and B(g) are homomorphisms and preserve the group composi-
tion law. Hence,

A(g) is an m-dimensional representation,

B(g) is an n-dimensional representation.

The matrix C(g) does not define a representation, since it does not satisfy a
closed composition law by itself. Its presence signals a coupling between subspaces
that prevents a complete decomposition.

If C(g) = 0, the representation takes the block-diagonal form

D(g) = A(g) ® B(®).

In this case, the representation space splits into two invariant subspaces of
dimensions m and n. The group action does not mix these subspaces, and the
representation decomposes into a direct sum of two smaller representations. For
this reason, the representation D(g) is said to be reducible. Physically, reducibility
means that the symmetry acts independently on distinct sectors of the state space.

Let

v=xi+yj+zk
be a vector in three dimensions, where 7, j and k are unit vectors in the three
cartesian directions.
We decompose the vector space as
v=u-+w, u=uxi+yj, w = zk.
Thus, the representation naturally decomposes into two separate representations:

one of dimension 2 acting on u, and one of dimension 1 acting on w. These two
representations are completely independent.
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Indeed, from simple linear algebra we know that:

T T
RRT — AO0) (AT 0) _ (AA 0 .
01 01 0 1
This block decomposition is therefore stable and can be written as
R(g) =DV (g) ® DV (g).

In general, a reducible representation can be written as

A(g) C(g)

D(g)=< 0 Bg)

), Vg € G.

For finite groups (and, in fact, also for compact Lie groups as we shall see), the
matrix C(g) can always be reduced to zero by an equivalence transformation,

SC(g)S~' =0.
In this case, the representation is said to be completely reducible, and

D(g) = A(g) ® B(g).

The representations A and B are then called the irreducible representations.

A proper subspace W of a vector space V is a subspace of smaller dimension (but
not zero). A subspace W is said to be invariant under the action of a representation
D(g) if D(g) maps every vector v € W into a vector D(g)v € W.

A representation that has a proper invariant subspace is called reducible.

10.5 Character of a Representation

To classify representations without reference to a specific basis, one introduces
basis-independent quantities.
The character of a representation D is the function

x:G—C, x(g) =Tr[D(g)].

NB: The character does not distinguish between equivalent representations, but it
does distinguish non-equivalent ones: The character is a function of the (equiva-
lence) class. In other words, the character depends only on the conjugacy class of
the group element.

Indeed, the trace of a product of matrices is cyclic:
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Tr(ABC) = Y AijBjxCui
ijk

= Z Bk Cii Aij
ijk
= Tr(BCA).
And therefore:

nﬁD@m*]=%;mewxf
Lk,

=Y (s7's), Dus)
k.l

= Du(g)
k

=Tr[D(g)].
Hence, if
DV (g) ~ DP(g),
then, also

XY@ = x? @)
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(10.8)

(10.9)

The structure of representations mirrors familiar concepts from linear algebra. In
this section we shall clarify that equivalent representations arise from changes of
basis, just as in ordinary linear algebra. Reducibility appears when the vector space
contains a subspace invariant under all group transformations. In such a basis, the
representation matrices acquire a block-triangular (or block-diagonal) form, making

the invariant structure explicit.

10.6.1 Similarity Transformation and Change of Basis

Let

u=u;e;
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be a vector written in the basis {e;j}. Under a linear transformation 7', represented by
matrix D;; in the chosen basis {e;j},

v; =D,'juj, Teszl-jei, Tu=v,
hence
Vv = Dijuj.

If we change basis to {e}}, related by

then
!/
u= Ml el .
Furthermore, in the new basis we have:
/ / !/ / / /
v; = Djjuj, Te; = D;;e;.
In this basis the linear transformation is described by a different matrix, in general
/
Dij # D;jj.
The two bases are related by a change of basis:
e,-:Sjie’j, u=uiei=uiSjie’j.
and therefore, also:
u' = Su, v = Sv.
v'=8Du=SDS""W' = D =SDS7.
Equivalently, D = S~!D’S. Thus, matrices representing the same linear
transformation (7', in this example) but written in different bases are related by

similarity transformations. This is precisely the notion of equivalence introduced
earlier for group representations.
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10.6.2 Representations of a Group and Linear
Transformations

Matrices that represent the same linear transformation but using different bases are
related by a similarity transformation; the conjugating matrix S is the one that relates
the two bases.

We can view a representation of a group G as a homomorphism into the group
of linear transformations 7T acting on a vector space V:

T(gg) =T T().

A set of linear operators {7 (g)} corresponds to an entire equivalence class of
representations, hence

D'(g) = SD(g)S™".

10.6.3 Reducibility Revisited

Reducibility corresponds to the existence of a subspace U C V which is closed
under the action of the group:

ueUCV = T(guel.
Let {e;},i = 1,...,m, be a basis of U. We can extend it with vectors {e;},

i=m+1,...,m+ n,toform a basis of V (of dimension m + n). In this basis the
matrix D(g) corresponding to the transformation 7'(g) is defined by

T(g)ej = Dij(g)e;.

If W is the space spanned by {e;} withi = m + 1, ..., m + n, then the closure
of U (i.e. the fact that U has no components in W) is reflected in the statement that

Dij(g) =0 forj=1,...,mandi=m+1,...,m+n.
Therefore

De) = (A(g) C<g>).

0 B(g)
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Example: Group C3
Let us consider the generic form of an element of C3:

ABO
Dij=|CDO
001
Then we can write:
X
T(g)e; = Dij(g) e, ee=|y]|el.
0
ABO Ax +Cy
(xyO) CDO|=|Bx+Dy]|el.
001 0

We thus obtain a vector that is still in U because it is a linear combination of x
and y. If the last component were not 0, we would obtain a vector that is a linear
combination of x, y, z and therefore it would not belong to U. This fact illustrates
the link between the matrix block structure and the decomposition of the vector
space associated with the representation (V) into mutually orthogonal invariant
subspaces. In other words, the block (upper-triangular or block-diagonal) structure
of the matrices of a reducible representation is the algebraic manifestation of the
existence of a non-trivial invariant subspace, since in an adapted basis the group
action does not mix vectors inside the invariant subspace with vectors outside it.
The invariant subspace is sometimes called submodule or G-module.

10.7 Unitary Representations and Unitarity Theorem

In physics, representations are required to preserve probability amplitudes and inner
products. This is, indeed, one of the most basic notions of “symmetry” in physics.
10.7.1 Unitary Transformations

A transformation 7 is unitary if it preserves the scalar product:

(Tu, Tv) = (u,v) Yu,veV.
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By definition, the operators 7'(g) are invertible. Indeed, we can apply the operator
T~!, which also leaves the scalar product unchanged:

(Tu,v) = (u, T v).
This implies, in matrix form,
D;fl- uj Vv = Mj Dj_il V;.
Therefore,
D =D,
that is, the matrices D;; which represent the operator 7" in a chosen basis, are unitary
matrices. Unitarity therefore imposes strong constraints on the possible structure of
a representation.
We have seen that for reducible matrices the vector space associated with the
linear transformation 7 (g) decomposes in such a way that
uelU = T(guel.
The complement of U with respect to the full vector space V is a subspace W.
Having defined a scalar product, we can choose the basis of W in such a way that
it is orthonormal to the basis of U.
Then,
(T(g)w,u) = (w, T_l(g)u), with T unitary.
Since
T ' (gu=T(g HueU,
and w € W, we obtain
(T(g)w,u) = (w,u) =0.
Thus,
= TEw=weWw

and it has no component in U. Hence,

W={weV]|(wu=0VYueU},
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that is, W is the orthogonal complement of U. That is to say, in a unitary
representation, the existence of an invariant subspace U automatically implies
that its orthogonal complement W is also invariant, which guarantees complete
reducibility as we shall now see.

This implies that

C(g)=0.

Therefore,

(AR 0
D(g)_( 0 B(g))’

where the upper block acts on the subspace U and the lower block acts on the
subspace W, independently of each other.

Proposition 10.4 Unitary representations are completely reducible.

Indeed, reducibility implies the existence of an invariant subspace U, and unitarity
guarantees that the orthogonal complement W is also invariant. Consequently,
the representation decomposes into a direct sum of irreducible representations.
According to a theorem due to Maschke, for finite groups it is always possible to
define and choose a suitable scalar product, which renders 7 a unitary operator.
This result guarantees that symmetry analysis can always be reduced to irreducible
building blocks.

10.7.2 Unitarity Theorem

All finite groups (in particular, all compact groups) admit unitary representations.
That is,

D'(g)D(g)=1 VgeG.
where [ is the identity matrix.

Consequently, all reducible representations of finite (compact) groups are com-
pletely reducible.

10.7.3 Example: Group U(1)

In lieu of a formal demonstration, we illustrate the unitarity theorem with an
example [1]. Suppose the representation D(g) is 1 x 1, i.e. it is represented by a
complex number:
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D(g)=z€C.

For a finite group, for every element g of a finite group there exists an integer
k > 0 such that

that is, each element has finite order.
The element g is represented by

D(g") = DT,

so that

If n =1, then
D(g) D(g) =e e =1,
and therefore
D(g) is unitary.

That is to say, for finite (or compact) groups, unitarity can always be imposed
without loss of generality, and this guarantees that any reducible representation
decomposes into a direct sum of irreducible unitary representations.

The theorem extends from finite groups to compact Lie groups. For compact
groups the averaging procedure used in the proof can be performed using the
invariant (Haar) measure on the group. Compact Lie groups possess a finite invariant
(Haar) measure. This allows averages over the group to be defined, which is the key
ingredient in proving the unitarity theorem.

For continuous groups, the discrete sum over group elements is replaced by an
integral:

> — /du(g),
8

where du(g) is the invariant (Haar) measure. The existence of such a measure is a
direct consequence of compactness.
Rotation groups are parametrized by angles

0 € [0, 2],
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and for this reason the integral always converges. In other words, compactness
guarantees the existence of a finite, invariant (Haar) measure, allowing the averaging
procedure used in the unitarity theorem to remain valid even for infinite continuous
groups such as rotation groups.

10.8 Exercises

1. Construct the 3 x 3 representation of the group D3 in the basis (x, y, z). Compute
the characters of all the elements of the group. Verify that the characters are the
same for all the elements of the same conjugacy class, and explain why.

2. Verify that
0 1
D =
(©) (_1 _1>

generates a 2 x 2 representation of C3. Show that the representation is irreducible
over R.

Solutions can be found in the end matter of [2].

Representation theory thus provides the final link between abstract symmetry
groups and their concrete action on physical states, forming the backbone of modern
quantum theory and field theory.
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Chapter 11 ®
Schur’s Lemmas, the Great e
Orthogonality Theorem and the Regular
Representation

Abstract In this chapter we delve deeper into the conceptual structure of repre-
sentation theory, by presenting the key formal results upon which the whole theory
rests upon. These key results are the Schur’s lemmas, which, in turn, are essential to
prove the great orthogonality theorem. The latter eventually provides the practical
tools that are needed to construct the character tables of groups. These tools are
the orthogonality relations for characters. Together, these results reveal the deep
connection between group structure, irreducible representations, and conjugacy
classes, culminating in the regular representation as a unifying object.

11.1 Schur’s Lemmas

In the previous chapter we saw that unitary representations of finite or compact
groups decompose into irreducible components. We now investigate the algebraic
rigidity of irreducible representations themselves.

We have seen that, for finite or compact groups, the representations are either
irreducible or completely reducible. The matrices of a reducible representation
can be brought into block-diagonal form, where the matrices along the diagonal
correspond to irreducible representations (irreps). The irreducible representations
therefore play a fundamental role, as formalized by Schur’s lemmas. The latter
characterize all linear operators that commute with the action of the group on an
irreducible representation.

11.1.1 The First Schur Lemma

Schur’s first lemma states that irreducibility leaves no room for nontrivial operators
commuting with the group action: the only such operators are scalar multiples of
the identity.

In plain words the first lemma says: Every matrix that commutes with all matrices
of an irreducible representation must be proportional to the identity matrix.
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This statement can be expressed compactly in algebraic form. That is,
BD(g)=D(@gB VgeG

implies

In terms of linear operators,
BT(g)=T(gB VgeG = B=A\E.

Here B : V — V is a linear operator corresponding to the matrix B, and Eis
the identity operator on the vector space V, defined by

Eu=nu.

Proof
Let b be an eigenvector of B with eigenvalue A:

Bb = Ab.
Then
B(T(g)b) = T(g)Bb = T(g)(xb) = A T (g)b.

Therefore T'(g)b is also an eigenvector of B with the same eigenvalue A.
The eigenvectors of B with eigenvalue A form a vector subspace U, which is
closed under the action of the group through the operators {7 (g)}:

T(g1)(T(g2)b) = T(g182)b € U.

The key observation is that commutation with the group action forces this subspace
U to be invariant.

It is closed because T (g)b is eigenvector of B with the same eigenvalue as b and
hence still belongs to U. Now we invoke irreducibility. The subspace U cannot be
decomposed further: the only invariant subspaces are U = V or U = {0}.

Since we work over C, the second case is impossible, because the characteristic
polynomial of B has at least one root by the fundamental theorem of algebra. Hence
B admits at least one eigenvector. Indeed, the characteristic equation

det(B — A1) =0

always admits a non-zero solution A.
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Hence the space of eigenvectors of B with eigenvalue A is the entire space:

Therefore,

which implies

N

B =\E.

This proves the first lemma. Thus, irreducibility enforces maximal simplicity: only
scalar operators commute with the group action.

11.1.2 The Second Schur Lemma

While the first Schur lemma concerns operators acting within a single irreducible
representation, the second lemma addresses maps between different irreducible
representations. Schur’s second lemma states that no non-trivial inter-twiner exists
between inequivalent irreducible representations: the only operator commuting with
the group action is the zero map. Of this lemma we only provide the statement. The
proof can be found in [1] or [2].

Let D(g) and D’(g) be irreducible representations.

If

BD(g)=D'(g)B  VgegG,

then either B = 0 or the two representations are equivalent. In the latter case one
has

B =\l
The corresponding linear operator Bisa mapping
B:V—V,

between two vector spaces V and V' that support the two representations, and
satisfies

A ~

BT(g)=T'(9)B VgeG = B=0.
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Here 0 is the linear operator that maps every vector in V to the zero vector in V':

Ou=0 YuelV.

11.2 The Great Orthogonality Theorem

Schur’s lemmas provide the algebraic backbone for one of the most powerful results
in representation theory: the orthogonality relations for irreducible representations.

Let Uy and U, be vector subspaces (i.e. G-modules) associated with irreducible,
non-equivalent representations. Suppose there exists a linear map

AU — Uy
such that
TW(g)A=ATP(g).

To exploit Schur’s lemmas, we build an operator by averaging over the group
action. We then construct the operator

o 1 A -
B==3 TV@ AT

Gl +=2

At this point, we should set up the key step: B commutes with the entire irreducible
representation 71, so by Schur’s second lemma it must vanish—which leads
directly to orthogonality relations between matrix elements of inequivalent irreps.
Here the sum runs over the elements of the group. For compact groups, instead
of the discrete sum we use an integral [ ...du(g).
Let h € G. Then

TOm B =Y TVm TV AT ()"
8

Using the group property of the representation, we relabel g — hg in
the argument of T1; correspondingly, the argument of T® becomes (hg)~!.
Moreover, since Zg = Zhg, we obtain

TWmB=3 TV AT ()" = B.
8

Using the group property, the argument of 7" becomes (g~'%). Thus,



11.2  The Great Orthogonality Theorem 149
TOmB=) TV@AT® @ H T 0.
g
Recognizing the sum, we obtain
T B =BTPM0).

We have therefore shown that B satisfies the hypotheses of Schur’s lemma, and
hence

~

B=0,

unless Uy = Uj. This vanishing condition translates directly into orthogonality
relations between matrix elements.

In this latter case the two representations coincide, and by the first Schur lemma
we have

B=\E.
Therefore,

B=Y"TW () ATW ()~ =2 E.
8

The constant A depends both on the index u of the irreducible representation and
on the choice of the operator A.
Choosing A such that its only nonzero matrix element is

(A)mn = ‘smsanta
we obtain
YOS
and, thus,

> DU (g) DY (87" = U0 81 5,
8

For ;© = v, we contract the indices r and ¢, i.e. we take the trace:

DD (g7 =3 (D D) = R murfy.
8 4

8

Here n,, is the dimension of the irreducible representation D*).
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Since
DW(g DWW (g) =1,

and the trace of the identity matrix of dimension n,, is n;,, we find
> 8 =Gl rs.
g

Therefore,

i1,

=16

rs-

Substituting, we obtain the fundamental orthogonality relation for the matrices
of irreducible representations:

L, _ 6]
Y D@D ==
w

8

51V 81 8.

If the representations are unitary, as is the case for finite or compact groups, then

1]
ny

Y D) DY (9) =
8

81 8y 8. (11.1)

Let us now set 4 = v and fix the indices i and r. Then the set

(D). ... D (gia1)]

can be regarded as column vectors of dimension |G|. This interpretation makes
orthogonality geometrically transparent. Then the sum on the left-hand side of Eq.
(11.1) can be interpreted as a scalar product between two vectors in a vector space
of dimension |G|. The indices i and s label the vector components, while the group
element g labels the entries of the vector.

Each pair of indices (i, s) defines a vector. Since i, s = 1, ..., ny, there are n
such vectors, and they are all mutually orthogonal.

Considering all irreducible representations (indexed by w), we obtain in total

2
2"
m

2
n

mutually orthogonal vectors.
The number of mutually orthogonal vectors cannot exceed the dimension of the
corresponding vector space. Since these vectors belong to a space of dimension |G/,
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it follows that
> ni <G|
"

This inequality already hints at a deep constraint relating group order and irreducible
representations.

11.3 Orthogonality of Characters

By taking traces of the matrix-element orthogonality relations, we now obtain
corresponding scalar relations for characters. These are obtained by summing the
matrix-element orthogonality relations over the diagonal indices, i.e. by taking
traces. Since characters are class functions (they depend only on the conjugacy class
of a group element), this collapses the detailed matrix structure into scalar relations
that classify irreducible representations.

We recall from the previous chapter that the character of a representation D is
the function

x:G—C, x(g)=TrD(g).

11.3.1 Properties of the Trace

1. As demonstrated in Chap. 10, the character is the same for equivalent represen-
tations:

D'(g) = SD(g)s .
2. The character is the same for conjugate elements of the group:
D(hgh™") = D(h) D(g) D()~".
3. If the representation D is unitary, i.e.
D™(g) = D'(g).
then

1@ =Te(D(@)) = TrD(@)" = x*(@).
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Using these properties and the orthogonality of matrix elements, we obtain

_ |G|
D xP@xM e = — 8.
g i
Here §;;6;; = 6;; = ny,. The summation convention is always understood, with
indices running from 1 to n,.
Thus,
() W= SHY.
Gl Zx @ x (g )=

Using property (iii), we obtain

@] Z x4 (g) x M (g) = 81"

This is the scalar product of two column vectors of dimension |G|:

{x® 0, xP e, ... x " (@)}

and

XD, x (2. ... xV (geD}-

It is therefore convenient to define the scalar product of two characters ¢ and x
as

(9. x) |G|Z<p(g)x(g )= (X, 9).

Hence, the characters of irreducible representations are orthonormal:
(X(M)’ X(V)> — Shv.

This is the final form of character orthogonality: irreducible characters form an
orthonormal basis in the space of class functions on the group. This result underlies
decomposition formulas, projection operators, and the character table machinery
that we shall study in the next chapter.
By virtue of property (ii), all elements belonging to the same conjugacy class
have the same character. Therefore, distinct characters can be labeled as follows.
Let
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be the characters in correspondence with the k conjugacy classes.
Let p; be the number of elements in the i-th conjugacy class. Then the sum

@ Z x4 @) x M (g) = 8"

can be rewritten as

G - Zpl 1 =8

Here the summation over group elements ¢ € G has been replaced by a
summation over conjugacy classes. This is therefore an orthogonality relation for the
vectors (/pi xl.(“ )), (with no summation convention implied), in a vector space of
dimension k. Since one cannot have more than k linearly independent basis vectors
in a k-dimensional space, it follows that the number of inequivalent irreducible
representations must be less than or equal to the number of conjugacy classes.

Let

r = number of irreducible representations.
hence the previous statement is equivalent to the following inequality
r <k,

where k is the number of conjugacy classes.
One can furthermore prove that [3]

GI Zpl 11 = b

Here the index i labels the conjugacy classes, and p; is the number of elements
in the i-th conjugacy class.
This shows that the characters form vectors in a k-dimensional space:

{Xl(u)’ Xz(m’ L X/EM)}v

and that these vectors are mutually orthogonal.

Therefore, the dimension of the space spanned by the conjugacy classes must
be less than or equal to the dimension of the space spanned by the irreducible
representations:

k<r,
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where r is the number of irreducible representations, which now sets the dimension
of the vector space.
Combining this with the previously obtained inequality k > r, we conclude that

k=r.

Hence, the number of inequivalent irreducible representations of a finite group is
equal to the number of conjugacy classes of the group. In other words, conjugacy
classes and irreducible representations are in one-to-one correspondence.

11.4 Character Decomposition

The orthogonality of characters provides a systematic method to decompose any
representation into irreducible components.

For a finite or compact group, every reducible representation is completely
reducible into a direct sum of irreducible representations. That is, the representation
matrices can be brought into a block-diagonal form, where the non-zero blocks coin-
cide with the irreducible representations. This decomposition into block-diagonal
form is tightly connected with the decomposition of a the character associated with
the reducible representations as a linear combination of the characters of the irreps.
The latter, being mutually orthogonal as we have shown above, form the bases of a
vector space.

A given irreducible representation may appear more than once in this decompo-
sition. For example, a representation of dimension 5 may decompose into the trivial
representation (1) and into an irreducible representation of dimension 2 repeated
twice.

In general,

D= Zav DY,
v

where a, is an integer that indicates how many times the irreducible representation
D) appears. In physical applications, these multiplicities are often important.

To determine the coefficients a,,, one takes the trace of the previous equation.
This gives

x@ =Y ax“ (2.

Given the block-diagonal structure, the direct sum becomes a normal sum.
Taking the trace, we multiply by x ) (g~!) and sum over g:

2P hx@=3a Y e HaV@.
g v &
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Using the orthogonality relations of characters, this gives

> ay|G18" = a, |G|,
v
Therefore,

W) (o1
a, = |G|Zx(g)x )

which is important for calculating the decomposition of a reducible representation
into irreducible ones:

D =@ a, D®.
%

In analogy with standard vectors in vector spaces, e.g.
uip = (¢, u), u=ue.

one can write the expansion of the character as
X = Z a, X(u)
I

which is the expansion of the vector x in the basis x .
The coefficients of the projection onto the basis vectors are thus given by

ap = (x"™, x),

which is directly analogous to projecting a vector onto an orthonormal basis, in the
theory of vector spaces.

11.5 The Regular Representation

A particularly important example, which encodes the full structure of the group, is
the regular representation.

Starting from cyclic groups C, and dihedral groups D,,, one can construct them
as subgroups of the group of permutations of the n vertices of a polygon.

Indeed, Cayley’s theorem states that every finite group of order n is isomorphic
to a subgroup of the symmetric group S,,, the latter denoting the permutation group
of order n. From the representation-theoretic viewpoint, this leads naturally to a
permutation representation.
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This can be seen from the fact that, for every finite group G, the multiplication
of all its elements {a;} by a fixed element g € G simply permutes them:

{gai, gaz, ..., gan} = {az,, an,, ..., az,}.

Thus, to each element g of the group there corresponds a permutation m(g) in
Su:

g —> 71(g)=<1 2 n)

jT] 7'[2 ... nn
Moreover, the group product is preserved:

8182 <—> m(g1) m(g2),

so the mapping preserves the group structure.
Translating into the language of representations, one has

ggi=Y Dji(g)g;.
j

(where g; is understood as a basis vector).

The permutation matrices Dj;(g), of dimension |G| x |G|, form a |G|-
dimensional representation of the group, called the regular representation.

For example, g g; gives a single group element g; € G, so that

8 8i = 8k

except for the zero element. Therefore, the matrix Dj;(g) has only one non-zero
element in each row and in each column.

In the case g # e, the non-zero elements lie off the diagonal, whereas for g = e
they lie on the diagonal; indeed,

Dji(e)Z(Sji.

11.5.1 Example: Regular Representation for C3
The cyclic group C3 = {e, ¢, ¢?}, which is the symmetry group of equilateral
triangles in 2D, was introduced in Chap. 7. It satisfies

C3=€.
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It has three elements: the identity e, the generator ¢ (an anti-clockwise rotation by
21 /3), and its square 2.

In the regular representation, each group element acts by left multiplication on
the basis of group elements themselves.

We choose the basis vectors:

2
le), lc), 1c7).

Each is a distinct element of the group written as a vector label.
By definition, the regular representation is given by

D(g) |h) = |gh).
So for g = ¢ we have:
D(c)le) = c),
D(0)le) = |c?),
D(0)le?) = le).

Intuitively, the element ¢ acts as to permute the vertices of an equilateral triangle
in such as way that this corresponds to an anti-clockwise rotation by 2 /3, see
Fig. 11.1.

We now express these results in the chosen basis (|e), |c), |¢2)).

Each column of the matrix D(c) tells us where one basis vector is sent under the
action of D(c):

Column Action on Resulting vector Coordinates in (|e), |c), |¢?))

1 D()le) lc) 0, 1,07

2 D()le) |c?) 0,0, DT

3 | D(o)|c?) le) (1,0,0)7
y X

)

z X y z

Fig. 11.1 Action of the group element (¢ € C3) viewed as an element of the permutation group,
acting by cyclic permutation of the vertices of an equilateral triangle
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We therefore build the matrix by placing these columns side by side:

001
Dc)=|(100
010

The matrix D(c) cyclically permutes the basis vectors:
le) —> le) —> [?) — le).

Thus, D(c) is a cyclic permutation matrix.

This is exactly what the regular representation of the generator of C3 looks like.
Above we used a basic principle of linear operators in linear algebra: Because of
how matrix-vector multiplication works, for a linear operator 7 and a generic vector
written in the (generic) basis (eq, e;),

(1) (Z) =aT(e)+bT(e).

Therefore, the matrix representing 7 must contain the images of the basis vectors
as its columns. This is what ensures that linearity works correctly: each column of
the matrix corresponds to the action of 7" on one basis vector.

11.5.2 Decomposition of the Regular Representation into
Irreps

Now let us decompose the regular representation into its irreducible components:
D=Ya,D%.
v

The coefficients are given by

(1) (=1
ay = |G|Zx(g)x &)

which can be computed using the orthogonality relations of characters.
From the explicit form of the matrices D;;(g), we deduce that the character of
the regular representation is
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01 9
x(g)={ g7e
|G|, g=e.

This is the character of the regular representation. Its simplicity makes the regular
representation a powerful bookkeeping tool.

The character of the identity element yx (e) is always equal (as for any representa-
tion) to the dimension of the representation. In the case of the regular representation,
the dimension is |G]|.

Therefore,

1
W= o x(e) x"(e) = xM(e) = ny,

where 7, is the dimension of the irreducible representation D).

Thus, each irreducible representation appears in the regular representation a
number of times equal to its dimension. This is a fundamental fact that we are going
to use to deduce another basic tool in the making of character tables. Here n, is the
dimension of the irreducible representation D).

Therefore, setting g = e in

x(@ = nux" (),
m

we obtain
Gl = mux (&) =) nj,
© n
Hence,

Gl =) "n, (11.2)
w

This identity is one of the most important consistency checks in character theory.
On the other hand, for all g # ¢ we obtain

0= Znux(“)(g). (11.3)

m

Combining Eqs. (11.2) and (11.3), we finally obtain

0, g#e,

I, g=e,

1

@ > x ey x M (g) =
"
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Fig. 11.2 Schematic -
block-diagonal structure of 0|0 |0 jo0}oO
the regular representation

after decomposition into 0 i I I
irreducible components. Each 6 | 5 & sl &
irreducible representation

D™ of dimension n,, oo | o o] o
appears n,, times along the E
diagonal, while all other oo oo o

matrix elements vanish

where we have used
n, =x (1) (e).

Therefore, for the regular representation:

The number of times that an irreducible representation of a group appears inside
the regular representation is equal to the dimension of the irrep.

Anirrep V™ of dimension n . appears n,, times inside the regular representation
matrix, and it is described by a matrix D™ (g) of dimension n w X Ny

The sketch in Fig. 11.2 illustrates the block-diagonal structure: in the block-
diagonal decomposition of the regular representation into irreps, the same n,, x n;,
block is repeated n, times along the diagonal. Each block corresponds to an
independent irreducible sector.

Example: Regular Representation Decomposition for C3
Going back to the previous example of the group C3, our matrix

001
Dic)=|100
010

is a 3 x 3 permutation matrix: the regular representation of the generator c. Hence,
the regular representation of C3 is of dimension three, which is larger than the
dimension of the irreps (they are all of dimension one because the group is abelian).

If we diagonalize this matrix (e.g. via Fourier transform on C3), we obtain:

100 '
D(¢)diag=|0w 0 |, w =",
00 o?

This shows explicitly that the regular representation decomposes as
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R~1el a1

Here the symbols 1, 1’,1” denote the three inequivalent one-dimensional irre-
ducible representations of the group C3. The bold symbol 1 indicates a rep-
resentation of dimension one, while the primes distinguish different irreducible
representations of the same dimension. Explicitly, they correspond to the characters

1: D@) =1, 1: D) = o, 1": D(c) =o?,
with @ = ¢>™/3,

Three one-dimensional blocks correspond to exactly one copy of each irreducible
representation. This decomposition is directly visible as diagonal blocks, where the
blocks are just numbers in C because the group is abelian.

The regular representation thus serves as a unifying framework that contains
every irreducible representation with multiplicity equal to its dimension, providing
a complete and elegant summary of the group’s representation theory.
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Chapter 12 ®
Character Tables Chock or

Abstract In this chapter we will learn how to use the tools developed in the
previous chapter in order to build character tables for finite groups. In particular, we
will provide a set of rules to compute characters in order to fill in the character table
of a given group. We shall build the character tables of group C3 (abelian) and D3
(non-abelian) from scratch and step by step. We will also begin to learn how to use
the character table to implement the decomposition of a reducible representation
into irreps. An excellent reference for this part is, again, Jones [1]. This chapter
translates the abstract orthogonality results of representation theory into a concrete
algorithmic procedure, allowing character tables to be constructed explicitly and
used in practical symmetry analysis.

12.1 Rules for the Construction of the Character Table

In the previous chapter we established the orthogonality relations for irreducible
characters and showed how they encode the structure of a group. We now show how
these results can be turned into a systematic procedure for constructing character
tables.

The character table of a finite group corresponds to a table in which the rows
represent its irreducible representations and the columns represent its conjugacy
classes; its entries therefore correspond to the class characters y,(c). Each row
captures how a specific irreducible representation “sees” the group, while each
column groups together symmetry operations that are equivalent under conjugation.

In order to construct the character table of a group, it is useful to keep in mind
some fundamental properties derived from the Great Orthogonality Theorem, which
have already been proved:

In the character table:

 the rows correspond to the irreducible representations (irreps),
* the columns correspond to the conjugacy classes of the group.
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Taken together, these properties form a closed set of constraints that uniquely
determine the character table.
The tools used to construct the character table are the following:

1. The number of irreducible representations equals the number of conjugacy
classes:

r=k.

2. The sum of the squares of the dimensions of the irreducible representations
equals the order of the group:

2 _
2_my =IGl.
nw
3. Orthogonality of characters:

Z Pi X,'(M) X,'(U)* = |G|y,
i

where p; is the number of elements in the i-th conjugacy class.

4. Any additional available information. For example, characters obey the group
multiplication properties. For one-dimensional irreducible representations the
representation matrix is simply a complex number. Therefore the character, being
the trace of the representation matrix, coincides with the representation itself:

x(g) = D(g).

Example: Abelian Groups
Abelian groups provide the simplest testing ground for the character table machin-
ery, since all group elements commute.

All irreducible representations of an abelian group are one-dimensional. Indeed,
if G is abelian then

D(g)D(h) = D(h)D(g) Vg, heG.

Thus every matrix of the representation commutes with all the others. By Schur’s
lemma, in an irreducible representation any operator commuting with the repre-
sentation must be proportional to the identity. Therefore the representation space
cannot have dimension larger than one, and all irreducible representations are one-
dimensional.

As a consequence, all matrices D) (g) are diagonal. Therefore, if the dimension
of the representation is greater than one, the representation is reducible, and one
eventually finds only one-dimensional irreducible representations. Equivalently, all
irreducible representations of an Abelian group are characters.
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More generally, the representation matrices can be written in block-diagonal
form, with diagonal blocks. This reflects the decomposition of the vector space into
invariant one-dimensional subspaces.

12.2 The Character Table of Group C3

We now apply the general construction rules to the simplest nontrivial finite group.
Consider the group C3 = {e, c, c2}, where

c=120°, ¢ =240°
In this example, we have three conjugacy classes,

fet, {c}, (),

and therefore we expect three irreducible representations. This immediately fixes
the size of the character table.

We should recall from Chap. 7 that, for abelian groups, each element forms its
own conjugacy class. Indeed, for any g, a € G,

gag '=a, VgeG

since all elements commute. Indeed, the character table must always be a square
table (as long as only irreps are involved). As we know already that there are three
conjugacy classes, hence also the irreps must be three. We denote the irreducible
representations of C3 by: DU D@ DO Thus, the character table has three rows
and three columns.

The group is abelian; therefore all irreducible representations are one-
dimensional and must satisfy the group multiplication law. In particular,

x(@=x@P  x@)=x(=xE=1

Therefore, we deduce from the last line that the characters must be the cubic
roots of unity. This reflects the fact that one-dimensional representations of cyclic
groups are homomorphisms into the complex unit circle. Using Euler’s formula,

w =2/, Wt = A3

The representation D) is the trivial representation, in which every group

element is mapped to the identity. Hence, now that we know all the characters, we

can now populate the character table, for example in this way:



166 12 Character Tables

C3ecc2

DD 1 1
D1 o w?
D®1 o? o

This table fully encodes how all irreducible representations of C3 respond to the
group’s symmetry operations.

In crystallographic notation one writes A = D(; the representations D® and
D@ are complex conjugates of each other.

A trivial irreducible representation is the one in which a scalar is not affected
in any way by the action of the group. For example, the z-component of a three-
dimensional vector.

In many physical applications, one is interested in how reducible representations
decompose into irreducible ones.

Of course, one may choose to include also reducible representations, in which
case the character table is no longer square. For example, we may want to include
the reducible vector representation of C3 which is irreducible in R but of course
reducible in C. In this case we have the following table:

Csle c 2
Al 1 1

E |2 2cos %” 2 cos %”)
r+h ei27r/3 ei471/3
-1 e-i2n/3  ,—i4n/3
V3 0 0

The representation A is the trivial representation and corresponds to a scalar, for
example the z-component of a three-dimensional vector, or the combination x2 + y?
in R2.

The representation E is two-dimensional and acts in the xy-plane, with character

xE@e) = 2cos .

It describes planar rotations, for instance through the combinations x =+ iy.

The representations '™ and '™ are one-dimensional irreducible representations
of the abstract group C3 over the complex field C, defined by the cubic roots of
unity.

The three-dimensional, hence reducible, vector representation V decomposes as

V=AGQE.

While I'* require complex scalars, the representation E can be regarded as an
irreducible representation over the real vector space R
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This decomposition can be computed as follows. We have already seen that the
vector representation of a three-dimensional vector (x, y, z) is given by the matrices

D(e),

_1_ By

) 2 2

PO =R(%E)=|£ -1 o0
0 0 1

_1 43

2 4. 2 TO
D(c):R(T”)z 51
0 01

This representation can be decomposed into irreducible representations using the
characters relations. The character for the reducible vector representation is

XV ={x" @, xV©, x"(cH)

which is the “composite” character. As such it can be written as a linear combination
of the “basis vectors” (the characters play the role of basis vectors in a finite-
dimensional inner-product space), i.e. the characters of the irreps:

xV(@ =) ax“(g,

or

X" =arxV+ay x4+ a3 x?,

with coefficients given by the orthogonality theorem. The latter gives a system
of simultaneous equations for the coefficients a,. In fact, the set of independent
equations is equal to the number of conjugacy classes, since elements belonging to
the same conjugacy class have the same value of the character .

The coefficients are given by

ay |G| sz (V)]* Xis

where the sum runs over conjugacy classes.
Thus,

ay |G|ZP1 [X(U)
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In the case of C3,
x" =1{x"@.x"(©.x"(cH}=3,0,0).

Hence, for each irrep v = 1, 2, 3, reading from left to right along the row, we
compute

1 1
a® =5[1.1.3+1.1.()+1.1.()]=5(3)((1)(6)),
1 1
a?® =§[1.1.3+1.w.0+1.w2.0]= §(3X(2)(6)),
1 1
a® =§[1~1-3+1~w2-0+1~a}~0] = §(3X<3>(e)).
Because X(3) (e) = 1, all the coefficients are equal to one, and therefore

ay =" x" == 3Bx")=1

W | =

= ¥ =D 4 @40
and we obtain the decomposition of the vector representation into a direct sum:
where we switched to the solid-state physics notation after the last equality. Here
rer =k
forms the two-dimensional irreducible representation E (in crystallographic nota-
tion), while I'g is the trivial representation (A) (in crystallographic notation). Hence,
we have, in crystallographic notation, simply:

DV =A @ E.

Having mastered the abelian case, we now turn to a genuinely non-abelian group,
where higher-dimensional irreducible representations necessarily appear.
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12.3 The Character Table of Group D3

The group D3 provides the simplest example in which non-commuting symmetry
operations fundamentally alter the structure of the character table.

We shall now consider a finite group which is non-abelian. The most logic choice,
after we have mastered the case of group C3 is to turn our attention to group D3
where the out-of-plane (dihedral) rotations of 7 do not commute (as is the case for
rotations in 3D).

The group is formed by in-plane rotations analogous to those of C3 plus out-of-
plane dihedral rotations by 180° about the axes AX, BY, CZ, cf. Fig. 12.1. The
latter are equivalent to reflections in C3, through planes vertical to the page and
passing through AX, BY, CZ.

We denote the rotations by 180° about AX, BY, CZ by by, by, b3: they are
reflections with respect to the three medians.

They are two-fold rotations, i.e. they satisfy

bl-2 =e,
and the corresponding axes are called two-fold symmetry axes. Note that: c(A0) =
BO. Also, a rotation by 277/3 maps AO into BO. This implies that b and b; are
related by conjugation with c:

by =cb L

C

YA
Fig. 12.1 Geometric representation of the symmetry operations of the dihedral group D3. The
equilateral triangle illustrates the rotational symmetries about the center o: the identity and the
rotations by (120°) and (240°) around the vertical axis, are just the same as e, ¢ and ¢2 in group
Cs. The bisector lines indicate the three reflection axes passing through o, which correspond to the

three out-of-plane rotations by 180° (not included in C3). Together, these rotations and reflections
generate the full symmetry group D3 of the triangle
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The effect of b, can be reproduced by first applying the inverse of ¢, then performing
a rotation by m, and finally applying again a rotation by 27 /3.

Note: we consider the axis OY fixed in space.

The conjugacy (equivalence) classes are

€,  (e,cD),  (br,ba,by),
which we denote by K, K>, K3. The geometric interpretation of the symmetry
operations, cf. Sect.7.4.1 in Chap.7, makes the conjugacy structure particularly
transparent.

There are therefore three conjugacy classes, hence three irreducible representa-
tions. Moreover,

Zni: |G| = n%+n%+n§=6.
"

But the trivial representation is
FOED(l)zl, np = 1.
Therefore
n3 + n% =5.
This severely restricts the possible dimensions of the remaining irreducible repre-
sentations.
The only solution is
ny =1, n3 =2 (or vice versa).
This allows us to fill in the first column of the character table, since
X(M) (e) = ny.

For a one-dimensional representation the representation matrices reduce to
complex numbers, so that the homomorphism property gives

D(bc) = D(b)D(c).

Taking the trace (which in one dimension coincides with the matrix itself) one
obtains

x(bc) = x(b)x (o).

But since b and bc belong to the same conjugacy class, we also have
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x () = x(bc),

because elements belonging to the same conjugacy class have the same character.
Therefore

x(©=x2=1
Note: this value of x (c) refers to the one-dimensional representation of the in-plane

rotation c.
We then find

x(b) = x () = x(e) = 1,

which gives x3 = +1.
The +1 solution corresponds to the trivial representation, D" Hence, for D®
we must have the other solution,

x3=—1L

Thus we have used properties (i), (ii), and (iv) to determine some of the characters
for Ds3. In particular, we have been able to fill in the first two rows of the character
table: Thus we have used properties (i), (ii), and (iv) to determine the character table:

D3 K| K> K3
pDLI1 1 1
D@1 1 —1
D® 2 o B

In crystallographic notation, the irreducible representations are denoted by

A, Az, E,
where E is two-dimensional.
Typical basis functions are:
A x2+ 3% 24y + 2 Ay oz, E: (x,y).

The remaining unknown entries are fixed uniquely by orthogonality.

Indeed, to determine the remaining characters of D® | for which we used place-
holder variables @ and 8 in the above table, we shall now use the orthogonality
relations:

1

G K A =0
i
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First, we consider the scalar product between the first and the third rows:

1
(o, xa) =g (112421 a+3-1-8) =0.

Similarly, for the scalar product between the second and third rows, we have:

1
(X2,X3>:5(1-1~2+2~1-a+3-(—1).,3)=0.
Thus we obtain

2+ 20438 =0, . B =0,
2420 -38=0, o=—1.

Thus, the character table is completely determined.
Note: Conjugate rotations are rotations by the same angle, but the converse is not
always true. The class K, contains two elements, both of which are rotations by
120°, which generate the group C3. For this reason, K> coincides with C3. The
class K3, on the other hand, contains three two-fold out-of-plane rotations. Hence it
consists of the three elements of type C.

Alternatively, we could have determined more of the table characters using the
orthogonality relations. For example, we could have written the table with place-
holder variables as follows:

D [(e) (¢, ¢?) (b, be, bc?)

DO 1 1 1
D@ 1 « B
DX 2y h)

Using the orthogonality relations for rows:

1
(X1, x2) = 5(1 + 2a +3,B) =0,

1
(o0 = (1 +2a% +38%) = L.

Using the orthogonality relations for columns:

1

Gi Do xMCn x V=i,
v

which yields
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1 1
cIteat2)=0.  =(+p+20)=0.

In total, we have four equations in four unknowns. However, we can also use the
group multiplication rules to select the physically consistent solution. One finds

o’ =1, B=1.

Since x> is a 1-dimensional character, || = || = 1 and in fact &> = > = 1 here.
Hence «, B € {£1}. Plugging into 1 + 2« 4 38 = 0 gives the unique solution:

a=1, pB=-1

Column orthogonality (sum over irreps) gives:
1
8(1+a+2y) =0 = 1l4+a+2y=0 = y=-1,

1
6(1+ﬂ+23):0 = 1+8+20=0 = §=0.

And the final character table follows as:

D3 (e) (¢, c?) (b, be, bc?)

DLAD 1T 1 1
D@ A1 1 -1
D®(E) 2 -1 0

This table summarizes all irreducible symmetry behaviors of the equilateral
triangle.

Once the character table is known, decomposition of any representation becomes
a straightforward calculation.

Also in this case, we can use the character table to determine how the vector
representation acting on the basis (x, y, z) decomposes into the various irreducible
representations.

To this end, we need the matrices of one of the group elements. Without loss of
generality, we may choose a twofold rotation about the x axis.

The corresponding matrix representation is

DY) (b) = diag(1, -1, 1),

which implements the transformation
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Consequently, the character of this element in the vector representation is
x ) = ~1.
Therefore, we obtain the character vector
x"=@,0, -1,

corresponding to the characters yx (e), x (c), and x (b).

To find the coefficients of the decomposition, we proceed as usual using the
character table.

To this end, we need the matrices of one of the group elements. Without loss of
generality, we may choose a twofold rotation about the x axis.

The corresponding matrix representation is

DY) (b) = diag(1, —1, —1),

which implements the transformation

Consequently, the character of this element in the vector representation is
x V(b)) = —1.
Therefore, we obtain the character vector
x"'=@3,0, =D,
corresponding to the characters x (e), x (c), and x (b).

To find the coefficients of the decomposition, we proceed as usual using the
character table. To find the coefficients of the decomposition, as usual we use

1
a, = —
® TG

> pix ) x W (g*
i
For the irreducible representation A; we obtain
1
aa, =8(1~1-3+2-1-0+3-1-(—1)):0.

For the irreducible representation A, we obtain

any = ¢(11-342:1:043 (=) - (-1) = 1.
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For the irreducible representation £ we obtain
1
ap=2(1-2:342:(=1)-0+3-0-(=D)) = 1.

Therefore,
X(V) — X(Az) +X(E),
and the vector representation decomposes as
DY) = A, @ E.

The z component of the three-dimensional vector (x, y, z) changes sign, picks up
a (—1) factor, under the operation b, but remains invariant under ¢ (+1); it therefore
forms the natural basis of the irreducible representation A,.

The two-dimensional representation E describes the transformations of x and y;
however, unlike the case of C3, once the additional rotations b; are included, it can
no longer be reduced further.

This illustrates how character tables directly reveal the symmetry-adapted struc-
ture of physical degrees of freedom.

Character tables thus provide a complete and practical summary of the represen-
tation theory of a finite group, serving as the main computational tool for symmetry
analysis in physics and chemistry.

Exercise
Determine the irreducible representations contained in the representation of the
group D3 acting on the space of the functions
2 y2 xy
(note that these can be used as a basis for the representation).

Determine the coefficients a,, of the decomposition of the representation D into
its irreducible components (A1, Az, E).

Reference

1. H.F. Jones, Groups, representations and physics, 2nd edn. (Taylor & Francis Ltd, Bristol/New
York, 1998)
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Tensor Product Representation Qe

Abstract In this chapter we take a closer look at the direct products or tensor
products of representations of groups. This situation is of special relevance for
physics, in particular it is unavoidable whenever we a system formed by two or
more particles. Indeed, in that case we are presented with two possibilities: the
two, or more, particles, are subjected to the same spatial transformation or they
can transform independently of each other. In the first case, the tensor product of
irreducible representations of the same group is highly redundant, which means,
formally, that it is massively reducible. In the second case, instead, the tensor
product representation is irreducible because it matches the effective dimensionality
of the system. Again, an excellent reference for this part is the book by Jones [1].
This chapter therefore marks the transition from single-particle symmetry analysis
to the representation theory of composite systems, highlighting how group structure
controls reducibility, coupling, and emergent symmetry.

13.1 Direct Products of Representations and Their
Decomposition

Having developed the machinery of irreducible representations and character tables,
we now turn to the problem of combining representations.

Let us consider a system of two particles, for example two electrons, described
by wave functions

1/’(1 (X) I 1/fb (X) ’
which transform according to the irreducible representations
D , DWW ,

respectively, of some group G. This situation arises ubiquitously in quantum
mechanics whenever composite systems are formed.
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For atoms in a solid, this group could be a point symmetry group, whereas for
isolated atoms it could be the rotation group SO(3).
An element g € G determines a transformation of the wave functions:

Yl (x) = DY (g) Yy (x),

Y. (x) = D (g) da(x).

Therefore, the product of the wave functions

Vac(X) = Ya(X) ¢c(X)

transforms as

yl.(x) = DY () DL (2) Yia (X).

We can regard the product of the two matrices as a single matrix whose first index
is the ordered pair (bd) = B and whose second index is the ordered pair (ac) = A.
This is simply a convenient relabeling of indices that allows the tensor product to be
treated as an ordinary matrix representation. We define

D" () = Dyt () DY (2).-

Thus the transformation law becomes

¥, (x) = DU (g) Yp(x).

This shows that the product wave function transforms according to the direct
product representation

pw ® DW.

In representation theory this construction is also called the tensor product represen-
tation.

At this point, it is crucial to distinguish whether the two particles transform
independently or are constrained to transform together. If, as a first approximation,
we can neglect the interaction between the two electrons, the system has a symmetry
group G x G, i.e. it is invariant under independent transformations g; and g;
acting on the two electrons, and the resulting wave functions are given by the above
products, suitably anti-symmetrized by the Fermi statistics.

This enlargement of the symmetry group has immediate consequences for
irreducibility.
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The resulting wave functions are therefore products of the type discussed above,
and the representation matrices factorize as

(A ® B)ijst = Ajj Bs:.
The representation matrix is thus given by:
D;(,’;;Xavc) (g1.82) = Dy (g1) DY (g2)
Here one should note that:
DX (g1, g2) = D™ (g1) D™ (g2)
If D®W and D™ are irreducible representations of G, then D" ® D™ is an

irreducible representation of the tensor product group G x G (which follows from
the fact that each factor acts on an independent degree of freedom):

D™ (g1) D™ (g2) = (D™ (g1) ® DV (g1)) (D™ (g2) ® D™ (g2))
= (D™ (g1) D™ (g2)) ® (D™ (1) D" (g2)) = DW**(g182)
where the following rule of tensor products was used:
(AQ B)(A'® B') = AA'® BB’

see [2], Appendix F, p. 274.

The situation changes qualitatively once the two particles are dynamically
coupled. When there is interaction between the two electrons, such that they perform
the same rotations the relevant symmetry is reduced to that of the original group G,
inasmuch as the same rotation is applied to both electrons:

81 =82=§

In this situation, in general the product representation will be reducible. The
reduction of D @ D) will be:

DWW g DV = Zao D@
o

This decomposition is known as the Clebsch—Gordan series and is of great
importance in physics, as we shall see also in the next chapters. It plays a central
role in angular momentum coupling and many-body quantum systems.
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13.2 Decomposition of Tensor Products into Irreps

We now show how tensor-product representations can be reduced systematically
using character theory.

We have seen that D) ® D is the product of two irreps. It has dimension
M, M,, which can often be larger than the maximum order of any irreducible
representation of G. This rapid growth in dimension makes reducibility unavoidable
when only a single group acts.

Therefore, in the case of two interacting or coupled electrons, they are subjected
to the same rotation

81 =82 =6,

that is, the group is G and the product group will have a representation whose
dimensionality exceeds the maximum dimension of an irreducible representation
of G. The latter maximum dimension of any irrep is set by the requirement that

u ni = |G| . In this case, the product must be reducible:

DW g DV = Z ay D@ (Clebsch—Gordan series)

o

The strategy mirrors exactly the decomposition of reducible representations dis-
cussed in the previous chapter.

How are the coefficients a, determined? As usual, by means of the same
character algebra that we have developed up to now.

The character of D“*V)(g) is:

XM (g) = DY () = DI (9) DY (9) = x ™ (9) xV(g)
where we have set A = ac in
(uxv)
Dbd; ac (g)

and summed over repeated indices:

Z D(MXV)(g)ac, ac = Z D‘%) (8) Déf)(g) = (Z Dt(l;t;) (g)) (Z Dip(g))

=x"() x"(g).

Thus, characters of tensor-product representations factorize into products of charac-
ters.
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In the previous chapter we saw how the composite representation (V') associated
with the transformation of a cartesian vector (x, y, z) decomposes into irreps, using

ay = (x, x ).

Here we do the same thing for the tensor-product representation as the composite
representation which is being decomposed:

Gy = <X(U)’ X(M)X(V)>

Here x W x ) is the character of the composite (product) representation.

This formula provides the Clebsch—Gordan coefficients purely at the level of
characters.

13.3 Example: Decomposition of £ ® E in D3

We illustrate the general procedure with a concrete example taken from the non-
abelian group Dj3.

From the character table we see that the character of the irrep E = D of the
group Ds is

2,-1,0).
The character of the tensor product E ® E is therefore
x P =@, 1, 0),

since the character of a tensor product is the product of the characters,

x E®E) (g) = x B () x'B) ().

Hence, from the orthogonality relation we obtain

1

For D a1=8(1~1-4+2~1~1+3~1~0)=1,
1

For D@ - a2=6(1.1-4+2.1.1+3.(—1).0)=1,
1

For D® a3:6(1~2-4+2~(—1)-1+3-0-O):l.
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where we used the character orthogonality relation

1

o= D pi xFO @) X (e

i
Therefore
xFEE =31+ x2 + x5,
and in crystallographic notation we obtain
EQE=A19ADE.

This decomposition reflects the emergence of symmetric and antisymmetric
combinations of the two-dimensional representation E.

13.4 Direct Product Representation: When It Is Irreducible

We now summarize the precise conditions under which tensor-product representa-
tions remain irreducible.

We mentioned above that two particles behave very differently with respect to
spatial transformations and the symmetry thereof, depending on whether they are
non-interacting (uncoupled) or interacting (coupled).

For two independent particles (non-interacting), the symmetry group of the
whole systems comprising of the two particles, is the direct product G x G. The key
point is that irreducibility depends on the symmetry group, not on the representation
alone.

Each particle transforms under its own copy of the group:

(g1,82) € G xG.

Particle 1 transforms in the irreducible representation D particle 2 in the
irreducible representation D(:

v (D) ® DY(g) .

This is a representation of the direct-product group G x G.
Every irreducible representation of G x G is of the form

12 ® D(U),

and such tensor products are irreducible.
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Thus, D™ (g1) ® D™ (g,) is an irreducible representation of G x G.

If the two particles are bound by a strong interaction, instead, clearly they must
undergo the same transformation g € G, and the symmetry group is a single copy
of G:

v i— (DW(9 e DM () w.
This defines a representation of G:
D(g) = D" (g) ® D(g).

Such tensor-product representations are generally reducible and decompose as

DWW o DV = @aﬂ D(U),
o

where a, are multiplicities and the D(®) are irreducible representations of G. This
reducibility encodes the internal coupling structure of the composite system.

Thus, in this case D(“)(g) ® D(")(g) is reducible as a representation of G,
because its dimensionality vastly exceeds the dimension of any irrep of G.

The multiplicity a, of the irreducible representation D) inside the tensor
product D™ ® D) is given by

1
to = o > x @M@ X7 @
geG

Here,
x " (g) is the character of irrep ,
x ) (g) is the character of irrep v,
x©@ (g)* is the complex conjugate of the character of irrep o,
and |G| is the order of the group.

Hence, this formula computes how many times the irrep o appears in the
decomposition

DW g DOV = @aa D).
o

Hence, the Clebsch—Gordan decomposition provides a complete and systematic
method for reducing tensor product representations into irreducible components,
thereby revealing the symmetry structure of composite systems.
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13.5 Semidirect Product, Groups and Packings

We now move beyond direct products to a more subtle composition of symmetries,
where one group acts non-trivially on another.

As a concrete illustration of how symmetry groups and their representations
constrain geometric optimization problems, we consider the classical problem of
packing congruent disks in the Euclidean plane. This example shows how group
structure can dictate optimal geometric arrangements. This example also serves the
purpose of introducing the concept of semidirect product, which is a generalization
of the direct product or tensor product of groups discussed in the present chapter.

This example is discussed extensively in the monograph by Conway and Sloane,
Sphere Packings, Lattices and Groups [3], and provides a natural bridge between
abstract group theory and geometric applications.

13.5.1 Lattice Packings and Symmetry

A lattice packing in R? is obtained by placing identical disks of radius r with centers
at the points of a lattice A C R2. The lattice is generated by two linearly independent
vectors aj, a3, and its fundamental cell has area

A = |det(ar, ap)|.

The packing condition requires that the distance between any two distinct lattice
points be at least 2r. Denoting by dmin (A) the length of the shortest nonzero lattice
vector, this constraint reads

dmin(A) > 2r.

The packing density is defined as the fraction of area covered by disks:

7r?

8(A) = —.

(A) "

Maximizing the density is therefore equivalent to minimizing the fundamental area
A under the constraint dyin(A) > 2r. Symmetry considerations thus strongly
restrict the possible minimizers.
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13.5.2 Optimality Among Lattices

Proposition 13.1 Among all lattice packings of congruent disks in R?, the maximal
density is

T

Smax = m,

and is achieved uniquely (up to rigid motions) by the hexagonal lattice.

Proof Let a; and a, be lattice basis vectors, and let 6 be the angle between them.
The area of the fundamental cell is

A = [l | [laz| sin6.

At the optimal point, both a; and a; may be chosen to be shortest lattice vectors,
hence

laill = llaz]l = 2r.
The vector a; — aj is also a nonzero lattice vector and must satisfy
llai —az|| = 2r.
Using the cosine law,
la; — az | = 2r)% + (2r)> — 2(2r)(2r) cos 6 = 8r%(1 — cosb),

which implies

cos b

IA

| =
S
%
w|

Therefore

T

A =4r2sin0 > 472 sin( 3) =2v372,

and the density satisfies

Equality holds if and only if & = /3, in which case the lattice vectors form
equilateral triangles and the lattice is hexagonal. O
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13.5.3 Symmetry Group of the Hexagonal Packing

The hexagonal lattice exhibits the largest possible point symmetry among planar
lattices, which is a direct consequence of Theorem 7.1, that we proved in Sect. 7.3.1
of Chap. 7 (the only possible rotation angles for Bravais lattices are of order n =
1,2,3,4,6). Its full symmetry group is the wallpaper group

I'=A xCeg,

where A = Z? is the discrete translation group of the lattice and Cg is the
cyclic group generated by a rotation through 60° in the plane (and thus has the
same properties of cyclic groups C, introduced in Chap. 7, Sect. 7.4). Here, Z> =
{(m, n) | m, n € Z} denotes the discrete translation group in 2D.

This structure generalizes the direct product by allowing one subgroup to act on
the other.

The semidirect product G = N x H describes a group in which a normal
subgroup N (typically translations) is combined with a subgroup H (typically
rotations or boosts) that acts nontrivially on N, so that the group law reflects the
fact that transformations in H change the way elements of N are composed.

13.6 Semidirect Product

The semidirect product structure reflects the nontrivial action of rotations on
translations:

RT, R™! = Tra, R e Cg, a € A.

This large symmetry group strongly restricts the geometry of the packing and
explains why the hexagonal configuration naturally emerges as the extremal solu-
tion. The best way to understand the concept of semidirect group is via yet another
example.

Example: The Two-Dimensional euclidean Group as a Semidirect Product
This example illustrates semidirect products in a familiar physical setting.

A simple and physically transparent example of a semidirect product is provided
by the group of rigid motions of the Euclidean plane, the two-dimensional Euclidean
group E(2). This group consists of all distance-preserving transformations of R,
namely translations and rotations.

Let

N=R*={(x,y) | x,y €R}
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denote the abelian continuous group of translations in the plane, and
H =S0(2)

the group of rotations about the origin. An element of E(2) can be written as a pair
(a, R), where a € R? is a translation vector and R € SO(2) is a rotation.
A translation by a acts on a point x € R? as

Ta: X+—>Xx+a,
while a rotation acts as
R: x— Rx.

The crucial observation is that rotations act nontrivially on translations by
conjugation. Indeed, for any R € SO(2) and a € R?, one finds

RTy R = Tga.

Thus, under a rotation, a translation vector a is mapped into the rotated vector Ra. In
other words, rotations relabel translations by changing their direction in the plane.

This shows that the translation subgroup N = R? is normal in E(2), but that
it is not central: translations commute among themselves, and rotations commute
among themselves, but translations and rotations do not commute with each other.
This failure of commutativity is precisely what prevents the group from being a
direct product. Also, the failure of commutativity is precisely encoded by the action
of SO(2) on R2.

As a result, the Euclidean group in two dimensions is not a direct product but a
semidirect product,

EQ2) = R? x SO(2).
The group law follows from the above action and is given by
(a, R) (b, S) = (a+ Rb, RS).

This example illustrates concretely what it means for one group to act nontrivially
on another: the structure of translations depends on the rotational frame in which
they are described. Semidirect products therefore naturally arise whenever one set
of symmetries transforms another, as is the case for spacetime symmetries, crystal
symmetries, and the Poincaré group discussed later in Chap. 18.
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13.6.1 Beyond Lattices

The above argument establishes optimality among lattice packings. A nontrivial
geometric theorem, due originally to Thue, shows that no non-lattice packing in the
plane can exceed this density. Consequently, the hexagonal packing is the densest
possible packing of congruent disks in R

This result illustrates a recurring theme in mathematical physics and geometry:
highly symmetric configurations are natural candidates for extremal solutions, and
group-theoretic methods provide a powerful organizing principle for identifying and
classifying them.

While here we presented a relatively simple example, the applications of group
theory to determine the densest packings of spheres in a certain spatial dimension d
is an important research direction in both pure mathematics and physics [4]. It is also
the third part of Hilbert’s 18th problem, which asks for the densest sphere packing
or packing of other specified shapes. This problem, for 3D ordered packings, was
fully solved only in recent years when Hales rigorously proved the Kepler conjecture
(i.e. that the face centered cubic lattice, with about 0.74 volume fraction occupied
by the spheres, is the densest possible arrangements of spheres in 3D) [5]. The
corresponding problem for random sphere packings can be solved only within
the framework of statistical physics, and a closed-form analytical solution was
presented in [6] by using the theory of correlation functions in disordered media.

A spectacular modern example of the power of symmetry methods in packing
problems is the exact solution of the sphere packing problem in eight dimensions,
achieved by Viazovska using modular forms and harmonic analysis [7].

In general, tensor products and semidirect products together provide the math-
ematical framework needed to describe composite systems, coupled degrees of
freedom, and spatial symmetries in both quantum mechanics and geometry.
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Chapter 14 )
Physical Properties of Solids and Qe
Energy-Level Splitting in Quantum

Mechanics

Abstract In this chapter we apply the principles derived in the previous chapters to
obtain qualitative information about physical systems. We will start with condensed
matter physics, and in particular with ferroelectricity, ferromagnetism and the
electric conductivity of solids. We then move to nonrelativistic quantum mechanics
and atomic physics where historically the first application of group theory has been
to rationalize the energy level splitting of atoms under external electrical or magnetic
fields.

14.1 Physical Properties of Crystalline Solids

14.1.1 Permanent Electric Dipole and Magnetic Dipole
Moments

Given a crystal with a certain symmetry, can it have a permanent magnetic
dipole moment M or a permanent electric dipole moment P? The answer to these
questions can be obtained from group theory by knowing nothing else than the
point group symmetry of the crystal. The fundamental condition for a crystal to
possess these properties is that such quantities (M, P) be invariant with respect to
the transformations of the crystal point group G, which consists of rotations and
reflections (the translations of the lattice, which transform the crystal into itself,
are not relevant here). This is because the physical property of interest here, is a
pseudo-vector with cartesian components:

M = (M., My, M,).

for the case of the magnetic dipole moment, and a standard vector with cartesian
components:

P = (P, Py, P,).
for the case of the electric dipole moment of the crystal.
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The fundamental requirement is invariance under the crystal point group P.
According to Neumann’s principle, a physical property may be nonzero only if it
is invariant under all symmetry operations of the crystal.

In representation-theoretic language, this means that the vector representation
DV must contain the trivial representation A; with nonzero multiplicity. Only then
can a nonzero invariant vector exist. Importantly, M is a vector which transforms
under rotations according to the three-dimensional vector representation:

M] = Dj;(g) M.

for proper rotations, but it transforms, instead, as a pseudo-vector under improper
rotations, i.e. picking up an extra —1 factor under reflection.

Let us first consider the case in which P does not contain reflections, but is a
subgroup of the full rotation group.

In order for a dipole moment to exist that is invariant under the action of P, it is
necessary that

M =M VgeP.

The fundamental principle here is that physical properties cannot change when
one applies a symmetry operation that leaves the crystal invariant. Therefore, the
representation DY, when restricted to P, must contain the identity representation.

In order for this to be possible, the crystal must possess an invariant axis. For
example, in a crystal with trigonal symmetry there exists a well-defined direction
along which the moments M or P can point.

Let us now see how all this is translated into the language of characters. For C3
we have calculated the decomposition of DV

DY = D(l) ® D(2) ® D(3).

In particular, the identity representation D) occurs only once, which means that
there exists a unique direction along which M can point.

If the symmetry is higher, in the sense that there is a larger number of symmetry
transformations, this may no longer be the case. For example, in D3 there is no
longer an invariant spatial direction. From a physical point of view, C3 is a cyclic
group describing the symmetry of a triangle with oriented sides, and therefore
there is a distinction between the +z direction (counterclockwise sense of rotation
about the z axis) and the —z direction. In other words, each side of the triangle
also carries a label related to the sense of rotation. This distinction is lost in
D3 because of the presence of dihedral rotations, which exchange the directions
(clockwise and counterclockwise) of the sides. The existence of dihedral rotations
is in fact responsible for the decomposition of the vector representation DV for the
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transformations that are applied to a three-dimensional vector, which in the case of
D3 is:

DV = A ®E,

and therefore it does not contain the trivial identity representation A; = D,

It is important to bear in mind the difference between P and M: indeed, they
have a different behavior under the parity operation (or spatial inversion), and hence
under improper rotations. In particular, P follows the behavior of the electric field
E:

P—> —P when X —> —X.

On the other hand, M, like B, is an axial pseudo-vector, that is, it is associated
with an axis rather than a direction, and when passing from X to —x it remains
invariant. This is different from the behavior of P, which is a polar vector, and
it changes sign depending on the orientation (up or down) along the axis. If the
spatial transformations of a certain symmetry group include reflections or inversions
or improper rotations, then this already restricts its ability to support a permanent
electric moment.

A crystal supports a permanent dipole moment if and only if the corresponding
vector quantity is not forced to vanish by the symmetry operations of its point group.

An electric dipole moment P transforms as a polar vector, whereas a magnetic
dipole moment M transforms as an axial (pseudovector). The distinction between
polar and axial vectors becomes relevant in the presence of improper symmetry
operations.

Under inversion /, a polar vector changes sign,

P—> —P,
while an axial vector remains invariant,
I
M — M.

As a consequence, any point group containing inversion symmetry forbids a
permanent electric dipole moment, since invariance would require P = —P,
implying P = 0. In contrast, inversion does not forbid a permanent magnetic dipole
moment.

Improper rotations S, combine a proper rotation with a reflection and therefore
reverse the handedness of space. Because of this, polar and axial vectors transform
differently under such operations, and strong constraints are imposed on the allowed
components of physical vectors.

In particular, inversion symmetry forbids a permanent electric dipole moment,
while mirror planes generally restrict the allowed directions of both polar and
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axial vectors. The precise constraints depend on how the vector representation
decomposes into irreducible representations of the point group.

If a point group contains only proper rotations and no inversion, mirror planes,
or improper rotations, then both polar and axial vectors may remain invariant along
certain directions. Such groups can therefore support both permanent electric and
permanent magnetic dipole moments.

These results are summarized in the following table.

Symmetry present Electric dipole P Magnetic dipole M
Inversion (/) Forbidden Allowed

Mirror plane (o) Generally forbidden | Generally forbidden
Improper rotation (S,) | Forbidden Forbidden

Only proper rotations | Allowed Allowed

Consequently, the symmetry elements of a crystal place strict constraints on
which components of physical vectors and tensors (such as polarization, mag-
netization, or elasticity tensors) can be nonzero. In practice, this means that a
physical property can exist only if it transforms according to the totally symmetric
representation of the crystal’s point group; any component that is not invariant under
the symmetry operations must vanish.

We thus see that symmetry alone—without microscopic modeling—determines
whether a crystal can exhibit ferroelectricity or ferromagnetism. This is one of the
most powerful practical applications of group theory in condensed matter physics.

Exercise

The octahedral group Oj, is the full symmetry group of a regular octahedron (or
equivalently of a cube). It contains all symmetry operations that leave the octahedron
invariant, including both proper and improper operations, and has a total order of 48.

The subgroup of proper rotations is denoted by O and contains 24 elements.
These include the identity operation, three fourfold rotation axes C4 passing through
the centers of opposite faces of the cube, four threefold rotation axes C3 passing
through opposite vertices, and six twofold rotation axes C, passing through the
midpoints of opposite edges. Together, these rotations generate all orientation-
preserving symmetries of the octahedron.

The full group Oy, also denoted as T, is obtained by adding inversion symmetry
to the rotation group O. The inversion operation i maps each point (x, y, z) to
(—x, —y, —z) and makes the group centrosymmetric. For every proper rotation
R € O, there exists a corresponding improper operation i R, so that the set of
improper operations has the same cardinality as the set of proper ones.

As a consequence, Oy, contains mirror planes and improper rotations such as S4
and S, in addition to inversion. The presence of these improper symmetry elements
implies that the group is nonpolar and achiral. Using a similar reasoning, determine
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whether the octahedral group O, can support a permanent electric dipole moment
or a permanent magnetic dipole moment or both.

Answer: Because Oy contains inversion, mirror planes, and improper rotations,
it forbids both a permanent electric dipole moment and a permanent magnetic
dipole moment. Only physical properties that are invariant under all 48 symmetry
operations of the group can be nonzero, in accordance with Neumann’s principle.

14.2 Conductivity Tensor of Crystals

Vector quantities are the simplest example of symmetry-constrained physical
observables. More generally, many measurable properties of solids are described
by tensors.

The electrical conductivity provides a fundamental example of a rank-2 tensor
whose allowed form is determined entirely by symmetry. In an anisotropic solid
such as a crystal, the electric field E and the current density j are not simply
proportional, but can be directed along different orientations. In this case, the
general relation between the two vectors is given by a tensor o;; with two indices
(rank 2):

Ji=0iEj.
The tensor o transforms like the (direct) product of the components of two

vectors.
In rotated coordinates:

./ / /

Ji =0 L.
Using vector-matrix notation,
j'=DVj, E' = D"E.
Substituting j = o E and multiplying on the left by DV,
i’=D"o(D")'E".
Comparing with j' = o'E’ gives
o' = DVU(DV)_l.
Since DV is orthogonal, (DV)~! = (DV)T, and therefore

o' =DVo(D")T.
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In components this reads
I nV 14
0 = Dy ok Djl‘

Thus the conductivity tensor transforms according to the tensor product repre-
sentation

Vev.

We are therefore facing the same problem encountered earlier: which components
of this reducible representation transform as the totally symmetric representation?
Only those components can remain invariant under the crystal symmetry. We there-
fore ask: how many times does the trivial representation A appear in (V ® V)?
This multiplicity equals the number of independent invariant tensor components.

Every rank-2 tensor can be decomposed into a symmetric and an antisymmetric
part:

_ () (a)

with
w1 @ _ 1
Ly =5@+ T, T = 5Ty = Th,

which belong to two distinct invariant subspaces. Under rotations, they transform
independently of each other:

vV v
T;; = Dy Dj Tu

@ _ v pv o pv o py
Tijé/ZE[Diijl'i_DjkDil]Tkl

L v v VoV
=3 D Dy Tu+ Dy Dy T

7 T
and analogously for the antisymmetric part. Thus, upon collecting, we get:

(VeV) 1 V nV \4 \%4
-~ D¢ =§[Diijl:|:DjkD”].
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The characters are obtained by contraction with 6;48;:
1 2
1@ = 3 [ (V@) £ 1)

[V @)’ £V )]

N =

In the last step we have used:
D} () Di(g) = x" (g

In plain words, this is the matrix product of the same representation (same matrix
representation of the same group element), and therefore gives the trace of the matrix
of the representation of the squared element, x " (g2). Clearly, this is tantamount to
using the homomorphism, i.e. the group composition law.

Let us illustrate this principle with the examples studied in the previous chapter.
We already computed the decomposition of the vector representation for the groups
C3 and D3. We can now reinterpret those results physically.

Example: Direct Product Characters of D3
Using the results that we deduced in the previous section, in the case of group D3
we obtain:

e (¢, c?) (b, be, bc?)

vV 3 0 ~1
VeV)L6 0 2
VeV)_3 0 ~1

For the identity, e, we have:

1 1
VeV =3[ © +x"E]=350+31=6  (symmetic

VeV).= % [9-3]=3 (antisymmetric)
In the case of » we have:
_ 1 v 2 Vep2y| 1 _
VeV =3[ ®©) +x' )] = 31D +31=2

remembering that

P=e = x'0%=yx"e.



196 14 Physical Properties of Solids and Energy-Level Splitting in Quantum Mechanics

From an intuitive point of view: in the tensor

1
(s)
Tijs = E(Tij +T;)

there are 6 independent elements, whereas in the tensor
T\ = (n, ~Tji)

there are only 3, since the diagonal elements are all zero.

Therefore, the restrictive condition on the possible forms of the conductivity
tensor oj; is that these must be invariant under the symmetry transformations of
the symmetric direct vector product representation:

Vev)y (+ since o;; is symmetric)

for all elements of the crystallographic point group P,V g € P.

Let us consider in detail the case where the crystallographic point group of the
solid is Ds.

The simplest form that we always have for the conductivity tensor is

oij = 8ij,

which is trivial, since it is invariant under all rotations (the invariance of §;; is a
manifestation of the fact that the matrices D" are orthogonal).

The problem now is whether there exist other forms that are invariant with respect
to the rotation subgroup of Dj3.

To solve the problem we must use the character table and ask: how many
times does the representation (V ® V), contain the identity representation A;?
This multiplicity equals the number of independent invariant tensor components. In
practice, as usual, this implies computing the coefficient a; of the Clebsch-Gordan
decomposition of the reducible representation (V ® V) into the trivial identity irrep
Ay,

1
using, as always,

a, |G|Zp, [x"(e)] " x (e0)-

Hence, because a; = 2, from our calculation above, this means that there is another
basic form of the 3 x 3 matrix o;;, besides the Kronecker delta §;;, that is invariant
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under the symmetry operations for the direct vector product representation of the
group (D3, in our example).
This other form of the matrix is the diagonal matrix

diag(0, 0, 1),

or §;38;3, since it is immediately seen that by applying a rotation to this tensor it
remains invariant under all transformations of Ds.

Therefore, the most general form of the matrix o;; is a linear combination of the
two forms that we have found, and the fact that there are no other forms other than
these two is guaranteed by group theory through the study of the irreps of (V ® V)
carried out above.

Hence, any linear combination of the two basic invariant forms

a00
o=10a0],
00b
that is, a linear combination of
100 000
010 and 000
001 001

will provide a suitable form of the electrical conductivity tensor o;; for crystals of
the group D3.

Example: Cubic Crystals
Let us now consider a crystal with cubic symmetry (simple cubic lattice, described
by the octahedral group Oy). The character table is as follows:

E 3C,4C5 4C2
V. 3-10 0
VeV)y6 2 0 0

From this we obtain:
1
a) = E(l c64+3-24+4-0+4-0) =1,
which means that (V ® V) contains the identity representation only once, and only

one invariant form of o;; exists. Again, this form must coincide with the Kronecker
delta ;; because this is the only form invariant under all spatial rotations.
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This implies that the only possible form of the conductivity tensor is:
(o] j=0 3,’ j-

This is a manifestation of the fact that the simple cubic lattice is macroscopically
isotropic (it exhibits the same properties in all cartesian directions). Strictly
speaking, the simple cubic lattice is not isotropic microscopically, because it is
invariant only under the finite cubic point group (O, or T) and not under the
full rotation group SO(3). However, the cubic symmetry is high enough that any
second-rank tensor invariant under the crystal symmetries, such as the conductivity
or dielectric tensor, is forced to be proportional to §;;. As a result, these physical
properties appear the same in all directions and are therefore macroscopically
isotropic. This emergent isotropy is not fundamental but symmetry-enforced, and
it does not generally extend to higher-rank tensors, where anisotropy can still occur.

14.2.1 Higher-Rank Tensors of Physical Properties: The
Elastic Tensor

The same reasoning extends to higher-rank tensors. In elasticity theory, stress and
strain are rank-2 tensors, and the elastic constants form a rank-4 tensor. Symmetry
severely restricts the number of independent elastic constants in a crystal. Rank-n
tensors transform as

VeV ---QV (n times),
and, for example, in the theory of elasticity of crystals [1]:
Okl = Mdmn Emn s

where oy; is, now, the stress tensor, while &,,,, is the strain tensor, both of which
are rank-2 tensors. The elastic constants tensor A, iS a 4th-rank tensor and
therefore it transforms according to the following triple direct product of the vector
representation:

Mimn = VOVRVRV.

14.3 Level Splitting and Symmetry-Breaking in Quantum
Mechanics

So far we have applied group theory to constrain static material properties. We now
turn to a conceptually different but mathematically analogous application: the role
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of symmetry in quantum mechanics, and in particular in the degeneracy and splitting
of energy levels.

In the remaining of this chapter we shall study in detail what consequences the
Clebsch-Gordan decomposition of a reducible representation into irreps bears for
quantum mechanics, and in particular for the energy levels of atoms.

14.3.1 Degeneracy of Energy Levels in Quantum Mechanics

In general, the stationary Schrodinger equation can be written as
Hy® = E“y* (no summation convention on «),
where « labels the eigenvectors ¢ of the quantum Hamiltonian H, corresponding

to its eigenvalues E“, which represent the energy levels of the system. It may happen
that there exists a subset of eigenfunctions

such that

In practice, all the eigenfunctions ¥ share the same eigenvalue E, which implies
a degeneracy of the energy levels.

In general we have an unperturbed quantum Hamiltonian, which in bra-ket
notation reads as:

Ho |E<0)) — ©® |E(0)).
with |E©) the eigenstates of Hy and E© the corresponding eigenvalues. Suppose
that a set of transformations U(g) (realized by unitary operators) leaves the
Hamiltonian invariant:
U'(g) HyU(g) = Ho.
Since U is unitary,
ut=u-",

and therefore the invariance condition can be expressed by the vanishing of a
commutation bracket as

[Ho, U(g)1=0.
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Here U(g) is the unitary operator that acts in Hilbert space and represents the
symmetry transformation applied to the system. Thanks to the invariance of Hy
we obtain:

(HoU) |E®) = UHy |E®)
where the commutation relation has been used, leading to:
Hy(UIED)) = UEQEQ) = EO(UIED)).

Therefore, the group transformation U (g), when applied to an eigenstate |E(©®)
of the Hamiltonian Hj, produces another eigenstate of the same Hamiltonian, with
the same eigenvalue E©. In other words, U(g) transforms eigenstates into one
another. These eigenstates therefore form a subspace within the full vector space of
eigenstates of Hy and provide a basis in Hilbert space.

If there is only one eigenstate E? in the subspace, the representation reduces to
the trivial one (of dimension one) and the energy level is non-degenerate because
there is only one eigenvector |E©) associated with the eigenvalue E©. If there
is more than one eigenstate, however, we have degenerate energy levels, because
the eigenstates share the same eigenvalue E @, In this case, the action of the
group induces a r-dimensional representation, where r is the number of degenerate
eigenstates.

In general, this representation will be irreducible, because there is no reason to
expect the existence of smaller invariant subspaces.

Therefore, an energy level E© that has a degeneracy equal to 3, for example,
corresponds to an irreducible representation D) of G with

r = dim D™ = 3.

If there are other degeneracies (besides the one just described), one speaks of
accidental degeneracy, which may be due to an additional, “hidden” symmetry.

Therefore, a given energy level E© corresponds to a given irreducible rep-
resentation D) of the group G, and the degeneracy r (that is, the number of
eigenfunctions that share the same eigenvalue E©) is equal to the dimensionality
n,, of the irrep.

All this can also be viewed from the point of view of the first Schur lemma, as
follows. Consider an energy eigenspace Hg of a Hamiltonian Hp with eigenvalue
EO . Since

[Ho. U(®)]=0  VgeG,

the space HE is invariant under the action of the symmetry group G. Therefore, Hg
carries a representation D of G. Now, assume that this representation is irreducible.
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Then, by Schur’s first lemma (cf. Chap. 11), any operator A acting on Hg that
commutes with all representation matrices,

[A,D(g)]=0 VgegG,
must be proportional to the identity:
A=)l

Applying this result to the Hamiltonian itself, since Hy commutes with all U (g)
and the representation of G on H, is irreducible, Schur’s lemma implies

H

. =EO1,
E

Thus degeneracy is not an accident: it is enforced by symmetry whenever the
eigenstates form an irreducible representation of dimension greater than one. This
means that all states belonging to the same irreducible representation have the same
energy, and therefore the degeneracy of the level is exactly equal to the dimension
of the irrep.

Conversely, if an energy level is degenerate but the degeneracy cannot be
accounted for by the dimensionality of an irreducible representation of the symme-
try group, then the representation is reducible or incomplete. In this case one speaks
of accidental degeneracy, which must be due to an additional (hidden) symmetry.

In conclusion, symmetry-enforced degeneracy arises because the Hamiltonian
acts as a scalar operator on irreducible representation spaces, and this result follows
directly from Schur’s lemma.

Example: Hidden Degeneracy in the Hydrogen Atom

Let us consider the energy spectrum of a particle moving in a central potential.
The symmetry group of the system is SO(3). Its irreducible representations have
dimension 2¢ + 1 and are labeled by the angular momentum quantum number
£, which is associated with the angular part of the wavefunction. The magnetic
quantum number

m=—L,...,+¢

labels the states within a given irrep and accounts for the 2¢ + 1 degeneracy, which
is directly enforced by rotational symmetry.

The principal quantum number # is instead associated with the radial part of the
wavefunction.

For a generic central potential V (), the energy depends on both n and ¢:

E = Ené,
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and the only degeneracy is the (2€ 4- 1)-fold degeneracy in m, which is explained by
the SO(3) symmetry. This is a standard degeneracy, and is not a hidden degeneracy.
For the Coulomb potential

k
Vi) =-=,
r

the situation is different: the energy depends only on the principal quantum number
n,

E=F,, 0<t<n-1.

As a consequence, states with different values of £ have the same energy.
This additional degeneracy in £ is not explained by the SO(3) symmetry and is
therefore called accidental (or hidden) degeneracy from the SO(3) point of view.
For a fixed n, the total degeneracy is

n—1

@i+ =n’

£=0

This means that an energy level with fixed n corresponds to a reducible
representation of SO(3), since it contains several irreducible representations with
different values of £.

The origin of this degeneracy lies in the fact that the Coulomb Hamiltonian
possesses a larger hidden symmetry group, SO(4), generated by the angular momen-
tum and the Runge-Lenz vector. Under SO(4), all states with the same principal
quantum number n belong to a single irreducible representation of dimension n?
[2].

This example illustrates that degeneracy patterns reveal hidden symmetry groups.
Conversely, observing degeneracies experimentally can guide the identification of
the underlying symmetry.

14.3.2 Lifting of Degeneracy (Level-Splitting)

Let us now assume that we introduce an external perturbation V that does not respect
the symmetry of the Hamiltonian Hy:

Hy = Hy+V,
but is invariant under a subgroup

H C G,
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that is, the system now has a lower (or reduced) symmetry, compared to the
unperturbed system described by Hj.

When a perturbation reduces the symmetry, the relevant mathematical operation
is restriction of representations from G to a subgroup H C G.

The energy levels of the perturbed Hamiltonian can be classified by the irre-
ducible representations of H instead of those of G. Therefore, when we consider
a given energy level, what was previously an irrep of G must now be decomposed
into irreps of H. One should note that an irreducible representation of G, in general,
does not remain irreducible when it is restricted to a subgroup H C G, because
irreducibility means that there are no invariant subspaces under the action of all
elements g € G. When restricting to a subgroup, one considers only the elements

g€ H,

and therefore invariant subspaces may appear that were not invariant under the full
group. Indeed, an irreducible representation of a group G is defined by the absence
of non-trivial invariant subspaces under the action of all elements of G. When the
representation is restricted to a subgroup H C G, invariance is required only with
respect to a smaller set of elements. Since fewer constraints are imposed, subspaces
that were not invariant under the full group G may become invariant under H. As a
consequence, a representation that is irreducible for G can become reducible when
restricted to a subgroup.

In particular, an irrep u of G may decompose into a direct sum of irreducible
representations of H labelled by «:

Dw @D(K).
K

Physically, this means that the degeneracy associated with the original symmetry
G is partially or completely lifted when the symmetry is reduced to the subgroup
H.

Let us consider the case of the energy levels of an atom, which is first considered
in its unperturbed state and then is placed in a perturbing external field. For example,
this could be a magnetic field (Zeeman effect) or an electric field (Stark effect), a
situation schematically depicted in Fig. 14.1.

The quantities Eéo) and El(qo) are eigenvalues (energy levels) of the unperturbed
Hamiltonian Hy, corresponding, respectively, to irreducible representations labeled
by « and B (indices of the irreps). On the other hand, Eé,lo) and Eé? are eigenvalues
of Hy, whose irreducible representations are labeled by p and o, respectively.

In practice, by using the character tables, we can determine the irreducible
representations of H into which the irreducible representations of G decompose
upon introducing the perturbation, and therefore reconstruct the pattern of the level
splitting. This process can be best understood with a concrete calculation example,
which is provided in the next subsection.
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Fig. 14.1 Schematic splitting of degenerate energy levels under symmetry reduction. On the

left, the unperturbed Hamiltonian Hp has degenerate energy levels El(g}) and EL(Y(L), associated
with irreducible representations of the full symmetry group G, v and u, respectively. After the
introduction of an external perturbation V, the perturbed Hamiltonian H; = Hp + V is invariant
only under a subgroup H C G, and the degeneracies are partially lifted. Each irreducible
representation of G decomposes into irreducible representations of H, producing the split energy

levels E;i,) and Eélg) The number and pattern of split levels are determined by the breaking of
symmetry from G to H

Example: Crystal Field Splitting (Hans Bethe, 1929)

If we insert an atom (for example Na, Cu or Al) into a crystalline solid, the electrons
of the atom will feel the Coulomb potential generated by the ions of the crystal
lattice. In practice, the original, unperturbed Hamiltonian of the atom is what we
called Hy, while the perturbed Hamiltonian of the atom placed inside the crystal
lattice is Hy = Hp + V, where here V is a very complicated field which receives
contributions from the other atoms that form the crystal lattice. In most solids, such
as in metals, the atoms of the lattice are ionized or they bear a net electric charge,
thus they are ions. The sum of all the electrostatic interactions with the periodically
arranged ions of the lattice leads to the perturbation potential V. Since the ions are
arranged in the lattice according to the point symmetry group P of the crystal, the
symmetry that was the SO(3) symmetry of the free atom in empty space, is now
broken or reduced to the point-group symmetry P of the crystal.
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As a consequence, energy levels that were degenerate in the free atom split when
the atom is inserted into the crystal, with a splitting pattern (like those shown in
Fig. 14.1) determined by the decomposition of the reducible SO(3) representation
within the environment of the discrete, and lower-symmetry, point group P.

Let us study the example of a Cu atom inserted into a cubic lattice with a
crystallographic structure given by the octahedral group.

The character table for the group Oy, also denoted as T, is given by:

T E 3C, 4C3 4C3
Al 1 1 1
Ey/1 1 o o
E)1 1 o
T3-10 0

where

w = o2Ti/3

Here:

* 3(; are rotations by 7 about the axes passing through the midpoints of opposite
edges of the cube;

* 4(Cj3 are rotations by 277/3 about the four body diagonals of the cube;

. 4C32 are rotations by 477 /3 about the same diagonals.

We anticipate an important result concerning the characters of SO(3) for orbital
angular momentum £:

sin (¢ + 3)0]

O () —
x(g) sin(16)

=1+2(cosf + cos26 + - - - + cos £6).

Let us consider, for example, a d orbital, corresponding to £ = 2. This is
meaningful because the external electronic structure of copper (Cu) is indeed of
d-type. We thus compute the character of the SO(3) representation for the rotations
of the group 7', namely for

Thus,
x®®) =5, —1, -1, —1),

where the value 5 corresponds to the identity.
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Therefore, using the orthogonality relations, we have

1

(O i)
av = e ) P XD = O ™).
i

1
aa= 5 (15 143 1144 (=D 1+4- (=D - 1) =0

1 .
ag, = E(l '5-1+3-1-1+4.Re(6*12ﬂ/3) (-1

+4-Re(e3) (-1)) =1

ag, = %(1 514311 +4~Re<e_i4”/3> (—1)
t4. Re(e—ﬂm) (-1)) -1
1
aTZE(l 5343 (=D-(-D)+0+0)=1
= DD —E ®@E,®T.
Initially, we had a single d-wave energy state, which is five-fold degenerate
m=-2,—1,0,+1, +2,

but the anisotropic field of the Oy crystal lattice, in which the atom is inserted,
breaks the SO(3) symmetry of empty space. In particular, the representation of
dimension 5, becomes now reducible and decomposes into irreducible represen-
tations of the tetrahedral Oy group:

5 — 14+1+3.

which we can write as

2) _ E E T
Dso<3>‘T — DED g pE) g pD),

or in full crystallographic notation:
D = E @ Ea®T.
Thus the fivefold degeneracy of the d orbitals splits into two singlets and one

triplet under cubic symmetry. The precise energy ordering depends on the details of
the crystal field, but the splitting pattern itself is dictated purely by symmetry.



14.3 Level Splitting and Symmetry-Breaking in Quantum Mechanics 207

Exercise

We have seen that, in order for a crystal to possess a permanent electric dipole
moment P or a permanent magnetic moment M, it is necessary that the vector
representation (acting on a vector (x, y, z)) of the crystal point group G, when
decomposed into irreducible representations, contains the identity representation.

If the decomposition contains the identity representation A; once, for example,
then there exists a single invariant axis, and therefore a unique direction along which
P or M can point.

When the point group G contains only proper rotations, the vector representation
is the same for polar and axial vectors, and the above criterion applies equally to P
and M.

If the point group contains improper operations (reflections or inversion), polar
and axial vectors transform differently, and the decomposition must be analyzed
separately for P and M.

We have seen that the group C3, which contains only proper rotations, has the
identity representation appearing once in the vector representation, so that a4, = 1
and the crystal can support a permanent electric or magnetic dipole moment.

On the other hand, the group D3, which also contains only proper rotations, has
aa, = 0 in the vector representation and therefore cannot support a permanent
dipole moment.

Let us now consider the group C3, of the ammonia molecule. This group contains
improper operations (reflections), and is isomorphic as an abstract group to D3,

C3y >~ D3,

but it is not equivalent as a point group because the presence of reflections changes
the transformation properties of polar and axial vectors.

The symmetry operations of C3, correspond to those of a right pyramid with an
equilateral triangular base, as depicted in Fig. 14.2. The group is generated by 3-fold
rotations about the axis O D and by reflections o, through the plane OAD.

(i) Show that
Cizy =~ Dj3.
(i) Construct the dim = 3 vector representation acting on a polar vector
v=(x,y,2).
NB: the matrix for b is not the same as the one we saw for D3.

(iii) Show that a crystal with this symmetry can possess a permanent electric dipole
moment P.



208 14 Physical Properties of Solids and Energy-Level Splitting in Quantum Mechanics

Fig. 14.2 Right pyramid on D
an equilateral triangle basis

(iv) M, like the magnetic field B, is an axial vector; therefore, under a reflection,
it transforms with the opposite sign compared to a polar vector. Show that
a crystal with C3, symmetry cannot support a permanent magnetic dipole
moment.

Solution

(i) Show that C3, >~ Dj.

Let ¢ be the 3-fold rotation about the principal axis and let b = o, be a vertical
reflection. Then

c3:e, b =e.

Moreover, the product bc is again a reflection (about a different vertical plane),
hence it has order 2:

(bc)2 =e.
Therefore C3, has the elements
{e,b| P =e, b*=e, (bo)* =e),
which is the standard presentation of the dihedral group of order 6, i.e. D3. Hence
Cszy >~ Ds3.
Intuition: both groups describe “symmetries of an equilateral triangle”: the rotations

{e, c, c¢*} and three order-2 elements (“flips™).
(ii) Construct the dim = 3 (vector) representation on a polar vector v = (x, y, 2).



14.3 Level Splitting and Symmetry-Breaking in Quantum Mechanics 209

Choose coordinates so that the 3-fold axis is the z-axis, and choose the reflection
plane oy, to be the xz-plane (so y — —y). Then

cos%”—sin%” 100
D(c) = sinzT” cos%” o}, Db)=10-10
0 0 1 001

Intuition: a polar vector transforms exactly like the coordinates under rotations and
reflections.

(iii) Show that a crystal with C3, symmetry can have a permanent electric dipole
moment P.

A permanent electric dipole P is a polar vector. It can exist only if there is a nonzero
vector invariant under all symmetry operations:

D(gP=P Vg e (Cszy.

Equivalently, the polar-vector representation V' must contain the trivial irrep Aj.
Using characters on the conjugacy classes (E, 2C3, 30y),

2
(B =3, V(= 2cos?” +1=0, x"(@)=tuD®b) =1,
hence

x''=@G,0 D, xM=a,1,1, |Cyl =6

The multiplicity of Aj in V is

aAl=%(1'3~1+2-0'1+3-1'1)=1.

Therefore V contains A; once, so there is a one-dimensional invariant direction.
Intuition: the only direction left unchanged by both the C3 rotation and all ¢, mirrors
is the principal axis; thus P is allowed only along that axis.

(iv) Show that a crystal with C3z, symmetry cannot have a permanent magnetic
dipole moment M.

A magnetic dipole M is an axial vector (pseudovector), like B. Under proper
rotations axial and polar vectors transform the same way, but under reflections they
differ by an extra sign (because an axial vector behaves like a cross product of two
polar vectors). Thus the axial-vector characters on (E, 2C3, 30,) are

xX*(E) =3, x*(C3) =0, x* (o) = —1,
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ie.
Xax = (37 O’ _1)

The multiplicity of A; is then

1 1
aAl=8(1.3.1+z.o.1+3'(—1)-1)=6(3—3)=o.

Hence the axial-vector representation contains no trivial component, so there is no
nonzero invariant M: a C3, crystal cannot support a permanent magnetic dipole
moment. Intuition: the mirror planes force any would-be axial vector to flip sign
under reflection, so symmetry requires M = 0.
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Chapter 15
Representation Theory of SO(2) and oo
SO@3)

Abstract In this chapter we delve into the full representation theory of the most
important Lie rotation groups in physics, SO(2) and SO(3). In the previous chapters
we developed the representation theory of finite groups. We now extend these ideas
to continuous Lie groups, where the role of discrete sums over group elements is
replaced by integrals with respect to an invariant (Haar) measure, and where the
structure of the group is encoded in its Lie algebra of infinitesimal generators.

15.1 Continuous Rotation Groups

Continuous rotations by arbitrary angles in 2, 3, ..., N dimensions form compact
groups, in which the angular parameters vary over finite intervals, such as [0, 7] or
[0, 27].

We can adapt the character method that we developed for discrete groups, with
the caveat of replacing the sum over group elements

1
Gl g

by an appropriate integral equipped with a suitable integration measure.

It is also useful to recall the Lie algebra of the infinitesimal generators of the
group (presented in Chap. 9). The Lie algebra so(3) is generated by three operators
X; satisfying the commutation relations

[Xi, X;] =igijrX.

In quantum mechanics these generators are realized by the angular momentum
operators J; = i X;, which therefore satisfy

[Ji, Jj] =ihejjrJi.
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It is precisely by exploiting the formal equivalence between the Lie algebra of
SO(3) and the algebra of the angular momentum in quantum mechanics that it will
be possible to derive the irreducible representations of SO(3), later in this chapter.

15.2 The Group SO(2)

The group SO(2) is the simplest nontrivial example of a compact Lie group. Being
abelian, its representation theory is particularly simple and provides a prototype for
Fourier analysis.

15.2.1 Irreps and Characters

Rotations about the z-axis in the xy-plane.
A rotation by an angle ¢ is represented by

cos @ — sin
R(p) = ( N ‘”>, (15.1)
sing cosg

which gives the defining (vector) representation of the group.

The kernel contains only the identity element (¢ = 0). The vector representation
[2] (dim = 2) is irreducible over R, but it becomes reducible over C.

Indeed, introducing the complex combinations

x +iy
x—iy)’
the rotation acts diagonally:

x +iy e 0 x +iy
—_ . s
x —1iy 0 e ) \x —iy
which is tantamount to diagonalizing the rotation matrix in (15.1).

Equivalently, if we write

z=x+iy=rei9,

then under a rotation by ¢ we have

7 — 7 = re’(e'“p),
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with

r=r, 0 =0+ .

We therefore obtain faithful one-dimensional representations, given by 1 X
1 matrices (i.e. just numbers in the complex field C), which define the one-
dimensional irreducible representations of SO(2) (equivalently of the isomorphic
group U (1)).

Finally, the abelian group law is reflected in the representation through

R(@)R(@) = R(p +¢).

Hence, the irreps of SO(2) in C are all one-dimensional.
We also have

D™(p) =", mel

The sign convention in the exponential is a matter of definition and depends on
whether one writes the representation as acting on functions or on basis states; both
conventions are equivalent.

The group SO(2) is compact and is parametrized by a continuous angle ¢ with
0 < ¢ < 2m. Therefore, the discrete average over the group elements,

1
Gl g cee
can be replaced by a continuous integral
1 2
de...,

2r Jo

which yields the correct orthonormality relations for the characters. The latter
statement can be easily verified.
Indeed,

, M de . .y
(X(m)’ X(m )> = f 2_('0 elm(p e_lm Y= 6mm’~
0 T

The Clebsch—Gordan series for the decomposition of the product of two irre-
ducible representations is given by

DM & pm) — pmtm’)
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15.2.2 Decomposition of the Representation

Let us consider again the rotation matrix in Eq. (15.1) and let us decompose it into
irreducible representations in the m-basis.

The multiplicity a,, of the irreducible representation D™ is given by the scalar
product of characters:

1

2
B _ _/ " g i B ().
’ 2 0

am = <X
For the vector representation R, the character is

x® (@) = Tr R(p) = 2cos ¢.

Thus
1 2

. 1 [27 , . ,
= — dp e " 2cosp = —f do e7'"? (e”p + e_"p> .
2w 0 27 0

am
Evaluating the integral, one finds
am = 0m.1 + 8m,—1.
Therefore the decomposition of the representation is
R=D" gDV,
The basis of the irreducible representations is given by

x tiy.

15.2.3 Infinitesimal Generators

To study the Lie algebra of the generators of SO(2), one can determine them by
expanding a generic rotation about the origin:
0—i
= 15.2
|:i 0 ] (15.2)

This matrix X happens to coincide with the Pauli matrix o, although here it arises
as the generator of planar rotations rather than as part of the SU(2) algebra.

dR
Ri@) =1—ipX+o0(@>) = X=i d;(p)

=0
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The fact that the infinitesimal generator of SO(2) is Hermitian (in particular, a
Pauli matrix) follows from the orthogonality condition:

1=R@)'R@) = (1+ieX") A =igX) =1 ip (X = X) + o(0?)
= X=X

Moreover, since rotation matrices have unit determinant, it follows that the
infinitesimal generator must be traceless.

For proper rotations (continuously connected to the identity, and therefore
excluding reflections), one has:

R(p) = exp (—ipX). (15.3)

This proposition can be easily verified by recalling that 022 =1, we have:

00 .k
exp(—ipX) = Z ( I:p)

k=0

Xk =1cosg — iXsing = R(p).

For a complex irreducible representation p,,, instead, the generator is trivial:
X = —m.

So far we have discussed rotations as abstract matrices acting on vectors. We now
reinterpret these rotations as unitary operators acting on quantum states.

15.3 Connection with Quantum Mechanics

In the context of quantum mechanics, the infinitesimal generator is an operator X
acting on the wave function ¥ (x). Note that, after a rotation in physical space, the
rotated wave function must retain the same value at the rotated point:

V' (x) = ¥ (x),

as illustrated in Fig. 15.1 for the rotation of a p-orbital wavefunction.
As a consequence, a rotation R defines the unitary operator that transforms the
wave function, UR, as

Urv(x) = v (R™'x). (15.4)
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Fig. 15.1 Geometric illustration of a rotation acting on a quantum state. The wave function is
represented schematically by a shape whose value at a given point (marked by the red dot) is
preserved under rotation: after the rotation, the value of the wave function at the rotated point
equals the original value at the original point, ¥’ (x’) = (x). This illustrates why the rotation
operator acts as 0 RV (X) = Ip(R*IX) and motivates the appearance of the angular derivative as the
infinitesimal generator

Assuming for simplicity azimuthal symmetry and expanding about the origin,
one finds

(1 —ipX +o(@NY(r0) =y (.0 —p) = ii:%'

By rescaling X by a factor %, one recovers the usual generator of the angular
momentum along the z-axis:

A 0
J,=—ih—. 15.5
z l EY: ( )

' The irreducible representations p,, of SO(2) admit basis eigenfunctions u,, (0) =
¢™? which satisfy

)A(um =mMuy.
Indeed,

PO d

XM = —j— M — &MY

de
From this one obtains the eigenvalue equation

Jott = B tiy,. (15.6)
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which defines the angular momentum operator for a 2D, in-plane, rotation about the
cartesian axis z.

15.3.1 What Are the Eigenfunctions of fz?

Let us take a closer look at the eigenfunctions of the rotation operator in 2D for an
in-plane rotation by an angle ¢ about the z-axis which is orthogonal to the 2D plane:

Xt = m ity
with eigenfunctions:
() = €™

which coincide with the azimuthal-angle dependent part of the spherical harmonics
Y (¢, 0):

2041 (€ —m)!
A (L4 m)!

Y6, 9) = (—1)" P/"(cos @) &™),

where ¢ =0,1,2,...andm = —¢,—€ + 1, ..., ¢ while Pgm(x) are the associated
Legendre functions [1].
The generator can be written as

X=—i— =
do

Finite rotations are obtained by exponentiation:
R((p) — e—i(pf( — e—i(pm’

which represents finite rotations in two dimensions.
The generator X acts diagonally:

Xupy = XMu,,, fz Uy = hm uy,.
In three dimensions, the generators must satisfy commutation relations:

Ra(p) = e~ ™X¢
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with
[X1, X2] =iX3,

and cyclic permutations.
Finally, the action of a rotation on a function is given by

UR) Yx) =Y Db (R) Y (),

mm’

which represents the rotation in function space.

15.4 Mechanics of Rotations About an Arbitrary Axis

The group of all proper rotations in three dimensions is implemented by 3 x 3
matrices Rj(¢), which describe rotations by an angle ¢ in the plane orthogonal to
the vector (axis) n.

We have already studied the particular case

A =(0,0,1), (15.7)

in which the matrices form a faithful representation of the abstract group. The

matrices R are orthogonal, so as to preserve the scalar product, and they have

determinant +1, like the identity matrix, to which they are continuously connected.
Let us again consider rotations about the z-axis:

cosp —sing 0
R (¢) =|sing cose 0]. (15.8)
0 0 1

We compute the corresponding generator:

_ dR(p) !

—iX
3 do

0
=11 (15.9)
0

(==l

0
=0 0

Equivalently, in index notation,

(X3)ij = —ieij3. (15.10)
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Fig. 15.2 Infinitesimal
rotation of the vector r by an
angle ¢ about the axis n. The
change dr lies in the plane
orthogonal to n and is given
by ér = ¢ (n x r). The angle
0 denotes the inclination of r
with respect to the rotation
axis

We have therefore
(X1)ij = —igiji = (Xp)ij = —ieijk,
which represents a rotation about the k-th axis.

We can also visualize what happens in the following way, with reference to
Fig. 15.2. With reference to the figure, consider a vector n and a rotation by an
infinitesimal angle ¢ about an axis fi. The displacement due to a small angle ¢ is
given by the plane orthogonal to n and r and is given by (R sin6) ¢.

dr=Mmxr)e (15.11)
or equivalently
r=r+¢@mxr).
In components:
L= d Qi Tk = Ti — @ Eijk NAT

(using the properties of the Levi—Civita symbol).
This can be rewritten as

ri/ = (3,']‘ — (peijknk)rj.
In components:
ri= [R“(w)]ij Ty
Therefore

[Rn(sﬁ)]ij =0ij — @ é&ijkhk = 8ij — ip(Xn)ij,
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where
(Xn)ij = —igijkhk = np(Xp)ij-
Hence, the generator depends on the choice of the rotation axis n.
(Xi)ij = — i &ijks
hence, given a direction n in space and the set of basis generators
X1, X2, X3,

we can construct the generator of rotations about the axis n.
Define

X = (X1, X3, X3),

which can be regarded as a three-component vector in the space of generators. The
generator associated with the direction n is then

Xnp=n-X.
A generic rotation by an angle ¢ about the axis n is represented by
Ru(p) = e~ 1¥M%,

Note The generator X, = n - X is purely imaginary and antisymmetric. As a
consequence, the exponential

Rn(p)
is an orthogonal matrix with determinant equal to 1, i.e.

Ru(p) € SO(3).

15.4.1 Commutation Relations Revisited

A group is specified by its law of composition, that is, by how two rotations combine
to form a single rotation. The structure of the group is encoded in the infinitesimal
generators and in an associated algebra, namely a vector space equipped with a basis
given by the generators X;.
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The algebra is specified by the commutation relations. In the algebraic approach,
we have already found that

[Xi, Xjl=1isijk Xk.

These relations can also be derived by considering how infinitesimal rotations
combine, i.e. through the analysis of conjugated rotations.
Consider, for example, the transformation

Ra(9) —> S(0) Ru(p) S™'(6).

The group structure identifies the conjugated rotation as a rotation by the same
angle ¢, but about a rotated axis:

n = Sn.

Thus, conjugation corresponds to rotating the axis of the rotation while leaving
the rotation angle unchanged.

Example: Rotation of the Axis
Let us choose the axis n along the x-direction, and let S(@) be a rotation about the
z-axis. The situation is depicted in Fig. 15.3.

Its representation is
S(0) = exp(—iX30).
Under this rotation, the axis n is mapped to

n = Sn,

Fig. 15.3 Physical meaning z
of conjugation in SO(3): the
transformation § Ry (¢) S~
represents a rotation by the
same angle ¢, but about an
axis n’ which is given by n
(originally aligned with the
x-axis) that has been rotated
by §

=
()
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whose Cartesian components are
n’ = (cosf, siné, 0).
Consider the conjugation
S(®) Ru(p) ST'(6).
Using the exponential form of a finite rotation by ¢ around n,
Ru(p) = ™' ™X9,
this becomes
SO) Ru(@) S™1(0) = e~1X30 o=1X19 4iXa0
Since the rotated axis is
n’ = (cosf, sinf, 0),
we expect

esz39 eflewery’-) — e*l(chos(-H»XzsmG)(p.

where we used

e—in-X(p — e—i(chose—i-XzsinQ)ga

and the fact that the z-component of n is zero.
Expanding to first order in ¢, we find

X0 (1= iX10) e X0 =1 —ig (e—iX39X18iX39).

We notice that the terms 1, as well as the factors —i and ¢, drop out on both
sides, thus leaving:

e*ix39XleiX39 = X1cos8 + Xpsinf.

Differentiating the last identity with respect to 6 and then taking the limit 6 — 0,
we finally obtain

— i[X3, X1] = Xo,
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which is a defining commutation relation of SO(3). This derivation of the Lie com-
mutation relation of SO(3) demonstrates an important principle: The commutation
relations of the Lie algebra encode how infinitesimal rotations combine with one
another by means of conjugation.

As we already point out several times, conjugacy classes correspond to all
rotations with the same rotation angle, but with different axes that can be made
to coincide with a rotation. The conjugated rotations are physically equivalent and
can therefore be labeled solely by the angle ¢.

The commutation relations thus have a clear geometrical meaning: they encode
how infinitesimal rotations combine with one another.

We now turn to the central result of this chapter: the classification of the
irreducible representations of SO(3). This can be achieved by exploiting the iso-
morphism between its Lie algebra and the algebra of angular momentum operators
in quantum mechanics.

15.5 Irreps and Characters of SO(3)

We shall now embark on the derivation of the irreducible representations and
characters of SO(3). We shall start by finding the irreps making use of the formal
equivalence between the elements of SO(3) and the angular momentum operators
of quantum mechanics.

15.5.1 Finding the Irreps of SO(3)

Conjugacy classes contain all rotations with the same rotation angle but about
different axes. Therefore, they can be labeled solely by the rotation angle ¢. In the
same way, characters depend only on ¢.

In the three-dimensional representation of SO (3), one finds

xP(p) =2cosg + 1,

as can be verified explicitly for rotations about the x-, y-, or z-axis.
The problem of finding the irreducible representations of the group is equivalent
to finding irreducible matrices that satisfy the commutation relations

[X1, X2] =iX3, etc.

What does it mean to represent the algebra? It means finding three matrices such
that the commutation relations of the corresponding Lie algebra are satisfied. Since
finite rotations are obtained by exponentiating the generators of the Lie algebra,
this leads directly to matrix representations of the rotation group. Given Eq. (9.15),
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for connected Lie groups such as SO(3), the problem of finding irreducible
representations of the group reduces to finding irreducible representations of its Lie
algebra.

As already noted, the generators of SO(3) can be identified with the angular
momentum operators in quantum mechanics (up to a factor ), which satisfy the
same commutation relations; indeed, from Eq. (15.11) in Sect. 15.4:

Y (x) =y Ry =¥ (x—8x) =Y(x—¢nxx) (15.12)

=(l-¢mxx) -V)¥Ex) = (1 - %¢n : j) ¥ (x). (15.13)

In order to find the irreducible representations of SO(3) it is therefore possible
to diagonalize these operators: the degree of the representation will be given by the
number of eigenvalues thus obtained.

One notices that the operators Jy. are not compatible (they do not commute);
therefore, the following operators are defined:

Jy=J+ily (15.14)
which satisfy the commutation relations:
[Je, J21=0
[Jo, Jul = +hJy
It is therefore possible to define a basis |8, m) such that:
J?1B.m) = B*h*|B. m)
J;|B.m) = mh|B, m)
The operators J+ can be interpreted as ladder operators:
FodiiBomy = (Jedo 4 U, Je1) B.m) = (Jamh £ s ) 1B,m)
= (m + DHhJL|B, m)
and their action is schematically depicted in Fig. 15.4.
Thus one must have J4 |8, m) o |8, m £ 1). It can also be shown that the ladder

thus constructed is bounded:

BPh? = (B, m|J%|B,m) = (B.m|(J} + I + m*n*)|B. m) > m*n
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Fig. 15.4 Action of the
ladder operators on angular
momentum eigenstates.
Starting from a state with
magnetic quantum number m,
repeated application of f+ or
J_ generates a finite ladder of
equally spaced states with m
differing by integer steps

Fig. 15.5 Ladder structure of
angular-momentum
eigenstates | j, m). The
raising and lowering
operators J and J_ connect
states withm — m £ 1,
terminating at the extremal
states m = £ “ceiling” and
“pavement” in the figure)

m+2
R m+1
i
m
)i
m-—1
m-—2
m=j
j—-1
A s
m=-—j

where the last step is justified by the fact that (8, m|(fx2 + f§)|/3, m) > 0, since the

operators are Hermitian; therefore m? < /32.
There must exist a j such that J4 |8, j) = 0, hence:

B8, ) = J1B. j) = (e = 10+ 10y = ilde, B+ 72) 18, )

= (L de+ L +m) 1B ) = jnGin+mIB, )

Thus one finds 82 = j(j + 1). To find the bottom state, one alternatively writes:

B*1*| B, m) = J?|B, m)

= (J -+ Jo(F = 1) 1B.m) = mhGnh — m)| B, m)

The equation j(j + 1) = m(m — 1) has solutions m = —j, j + 1, but the
second solution is not acceptable since the top state is m = j; thus one finds the full
constraint —j < m < j. The final situation is depicted in Fig. 15.5.
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The problem of determining the irreducible representations of SO(3) is therefore
solved: the irreducible representations are labeled by j and have dimension 2 + 1.
Necessarily 2j + 1 € N, hence, at the level of the Lie algebra, j may be integer
or half-integer. However, only integer j correspond to single-valued representations
of SO(3) itself. Half-integer j correspond to representations of the double cover
SUQ).

To find the ladder coefficients:

1l jom) P = Goml el jom) = Gom] (J2 = Jo(F £ ) 1, m)
=[j(j+1) —m(m £ 1)]h%

Choosing conventionally the positive solution after taking the square root (known
as the Condon-Shortley phase convention), one finds:

Jeljom) =0/ Fm)GEm+D]jm£1). (15.15)

The constraint —j < m < j is thus manifest. Thus each irreducible representa-
tion is characterized by a highest weight j, and consists of a finite ladder of 2j + 1
states.

The matrix elements of the operators Ji, fz (square matrices of dimension 2j +
1) are:

(jom'|I|j, m) = hm8y (15.16)

Gom'|xljsm) = G Fm) G Em+ Dy - (15.17)

These diagonal and near-diagonal matrices provide the irreducible representa-
tions (labelled by j) of the Lie algebra so(3). For integer j, they exponentiate to
single-valued representations of SO(3). For half-integer j, they define representa-
tions of its double cover SU(2).

For the representation j = 1 one has:

-100 000 010
J.=h| 000| Jr=+v2r|100| J_ =+v2r|001
001 010 000

These matrices are analogous to those found for the vector representation V of
SO(3), with the difference that they are not expressed in the Cartesian basis (x, y, z)

but in the spherical one (—Jiﬁ(x +iy), z, %@(x — iy)).

The matrix representation of fz depends on the chosen ordering of the basis
states. If one works in the basis

{lj=1,m)} = {1, =1), [1,0), |1, )},
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the action of the operator is
Jo1,m) = hm |1, m),
and therefore its matrix representation is

~100
L=hr|o0o00
001

This choice is consistent with the corresponding matrix for f+, which raises the
magnetic quantum number m by one unit,

Jell,m) o |1, m+ 1),

and is represented by a matrix with nonvanishing entries only on the subdiagonal.
If instead the basis is ordered as {|1, 1), |1, 0), |1, —1)}, the matrix representation
of J, would be 7 diag(1, 0, —1).
At first sight, this statement may seem to suggest a different choice of basis

compared to the basis (—%ﬁ(x +1iy), z, %(x — iy)) quoted above. However,

there is no inconsistency.
The matrices J;, J4 are written in the basis of angular momentum eigenstates

{lj=1,m)} = {1, =1), [1,0), |1, 1)},

that is, in the basis that diagonalizes fz. This is a basis in the abstract representation
space of the group, labeled by the magnetic quantum number m.

On the other hand, the sentence refers to the basis of the underlying vector space
on which the group acts. The defining (vector) representation of SO(3) is usually
expressed in the Cartesian basis (x, y, z). If one instead introduces the spherical
basis

<_%<x +iy), 2, %(x - iy)) ,

the generators of rotations take exactly the same matrix form as those of the j = 1
representation written in the |1, m) basis.

Thus, the matrices displayed for j = 1 coincide with those of the vector
representation of SO(3) after a change from the Cartesian basis to the spherical
basis. The difference lies not in the ordering of the states, but in the choice of basis
for the vector space itself.

Having determined the irreducible representations, we now compute their char-
acters, which depend only on the rotation angle.
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15.6 Characters

The characters of the representation SO(3) can be computed by recalling that
conjugacy classes depend only on the value of the rotation angle and not on the
choice of the rotation axis. Therefore, it is sufficient to restrict the calculation
to rotations about the z-axis. By exponentiation of Eq.(15.16), and recalling the
previously derived relation between m and j, we get:

R3(¢p) = e iXab — e_%J‘"-‘p = diag (eiijqb, e tU=Dd =D, eij¢> .

We notice that the trace can be computed exactly because it is given by a geometric
series of constant ratio e ~*%. It follows that:

J (241 —i(j+1/2 i(j+1/2
. . 1= ei@ithe  o—i(+1/2)¢ _ i(j+1/2)¢
J - —im¢ _ ,—ijd —
x' (@) = Z'e =e —oo —i9/2 _ 4i9]2
m=—j
That is,
~sin(G+ he)
x!(p) = — (15.18)
sin (§¢>
If j € N, the exponential series yields (the imaginary parts cancel):
‘ J
X/ (@) =1+2) coskg. (15.19)
k=1
If instead j = n + % with n € N, one finds:
n
1 @) =2 cos ((k+1)9). (15.20)

k=0

Since SO(3) is a compact group, it is possible to define an appropriate invariant
measure du(g) in order to perform the transformation from a discrete sum to a
continuous integral. In particular, the normalization condition [ du(g) = 1 must
hold, as well as group invariance [du(g) = [du(g’) Vg, g’ € G. To obtain the
correct orthogonality relations for the characters, the following measure is used:

1 2 d¢
— —> / ...— (1 —coso).
Gl =2 0 27
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This weight arises from the Haar measure of SO(3) when expressed in terms of
the rotation angle alone, after integrating over the possible directions of the rotation
axis. Since characters depend only on the rotation angle, the full Haar measure on
SO(3) reduces to an integral over the rotation angle with weight proportional to
1 —cos ¢ = 2sin?(¢/2). Indeed, this can be easily verified to be the correct integral
measure that guarantees orthonormality in the vector space of characters:

sin ((j + %)¢) sin ((E + %)¢)

1 1
sin 5¢ sin 5¢

. 1 2
Woa'h=5- [ as2sin (1)

1 27
_ 2—/ de [cos ((j — O)§) — cos ((j + £+ )] = 85¢.
7 Jo

Example: SO(3) Rotation About z Acting on Spherical Harmonics
Consider the unitary rotation operator about the z-axis by an angle «:

U(R(e)) = e~ F%,
The spherical harmonics Yy, (0, ¢) are eigenfunctions of fZ:
JYom = hm Yop.
Therefore,
O(R(0)) Yom = € T ¥y = 77 ¥y,

Equivalently, using the explicit ¢-dependence Y, (9, ¢) o< ¢/”? . a rotation about
z acts as ¢ — ¢ — «, hence

Yen (6, ¢ — ) = e Y (6, ¢),
in agreement with the operator result.

Let us now consider a concrete case: £ = 1. For £ = 1, the basis
{Y1,-1, Y1,0, Y1.1} transforms diagonally under R;(x):

0(Rz(a))’e = diag(ei“, 1, e—"“) ,
(where the ordering is m = —1, 0, 1). The corresponding character is the trace:

X[=1(a) — eia +1 +eiia =1+ 2cosa.
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More generally, for the (2¢ + 1)-dimensional irrep,

14 . 1 14
¢ _ —ima __ Slll((g + 5)0() —
x (o) = Z e = @) 1+ 2];COS(]CO[).

m=—{

Reference

1. K.F. Riley, M.P. Hobson, S.J. Bence, Mathematical Methods for Physics and Engineering, 3rd
edn. (Cambridge University Press, Cambridge, 2006)



Chapter 16 ®
Addition of Angular Momenta in Qe
Quantum Mechanics

Abstract Having developed the representation theory of SO(3), we now turn to
one of its most important physical applications: the addition of angular momenta
in quantum mechanics. This formalism allows the exact treatment of compos-
ite quantum systems and plays a central role in atomic, nuclear, particle, and
condensed-matter physics. This is a topic of great importance in nuclear and particle
physics, but also in solid state physics where spin-orbit coupling plays a prominent
role for phenomena like topological insulators, Majorana fermions, spintronics,
heavy-element materials, and magnetic effects. We shall again follow the notation
of Jones [1]. Excellent reference textbooks for the physics of angular momentum in
quantum mechanics, besides Landau and Lifshitz [2], are Sakurai and Napolitano
[3] and Cohen-Tannoudji et al. [4].

16.1 Interacting vs Non-interacting Quantum Particles

The tensor-product structure of quantum mechanics implies that the Hilbert space
of a composite system is the tensor product of the Hilbert spaces of its constituents.
The problem of angular-momentum addition is therefore fundamentally a problem
in the decomposition of tensor-product representations.

Let us consider a quantum system of two particles. If the two particles do not
interact, the eigenstates of the Hamiltonian can be written as the direct product of
the two distinct eigenstates of particle 1 and of particle 2:

lj1,m1) ® | j2, m2)

If the two particles do not interact, the Hilbert space is the tensor product H; ®
‘H, and the rotation group acts through the tensor-product representation D’/! ®
DJ2. This representation is in general reducible and decomposes into irreducible
components, as we shall show below.
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A. Zaccone, Differential Geometry and Group Theory,
https://doi.org/10.1007/978-3-032-27518-9_16


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-032-27518-9protect T1	extunderscore 16&domain=pdf
https://doi.org/10.1007/978-3-032-27518-9_16
https://doi.org/10.1007/978-3-032-27518-9_16
https://doi.org/10.1007/978-3-032-27518-9_16
https://doi.org/10.1007/978-3-032-27518-9_16
https://doi.org/10.1007/978-3-032-27518-9_16
https://doi.org/10.1007/978-3-032-27518-9_16
https://doi.org/10.1007/978-3-032-27518-9_16
https://doi.org/10.1007/978-3-032-27518-9_16
https://doi.org/10.1007/978-3-032-27518-9_16
https://doi.org/10.1007/978-3-032-27518-9_16
https://doi.org/10.1007/978-3-032-27518-9_16

232 16 Addition of Angular Momenta in Quantum Mechanics

If an interaction term is introduced in the Hamiltonian (for instance a spin-
orbit coupling H; o L-S), the uncoupled basis |ji, m1) ® |j2, m2) no longer
diagonalizes the Hamiltonian. In this situation it becomes natural to work in the
basis of eigenstates of the total angular momentum operators J> and fz.

Indeed, the Hamiltonian with the interaction term will no longer be invariant
under independent rotations, but only under simultaneous rotations of the two
particles which join to form a sort of “quantum rigid-body”. It is therefore necessary
to rewrite the direct product | ji, m1)®|ja, m2) asa hnear combmatlon of eigenstates
of components of the total angular momentum, J? and JZ, with J = J; + J» so
as to respect the reduced invariance. More precisely, in the independent picture,
J = J 1 ® ]Iz + Hl (29 J2, where ]I1 and 112 are the identity operators for particle 1
and for particle 2, respectively. One therefore has two distinct bases: the uncoupled
basis

lj1, m1; jo, m2) = |j1,m1) ® | jo, m2)

and the coupled one
lj1s j2: j.m).

Although the presence of an interaction term couples the two angular momenta,
the quantum numbers j; and j, remain good quantum numbers. This follows from
the fact that typical rotatlonally 1nvar1ant interactions, such as spin- orblt or spln-
spin couplings proportional to Ji - J», commute with the operators J? i and J2
Consequently, the magnitudes of the individual angular momenta are conserved
and their eigenvalues jj(ji + 1) and jr(jr + 1)A? label invariant subspaces
of the Hilbert space. By contrast, the projection operators Ji . and Jzz generally
do not commute with rotationally invariant interaction terms, and therefore their
eigenvalues are not conserved. Rotational invariance implies instead that the total
angular momentum operators J? and JZ, with J = J; + J2, commute with the
full Hamiltonian. As a result, in the interacting theory the natural set of good
quantum numbers is (ji, j2, j, m), and the coupled basis | ji, j»; j, m) diagonalizes
the Hamiltonian.

Consider the uncoupled basis states

[j1, m1; j2, m2),

which are simultaneous eigenstates of the operators J 12, flz, jzz’ sz. The state with
maximal magnetic quantum numbers,

[j1s j1s J2, J2),
satisfies

Joljt, Jus j2s J2) = (i + jAlju, jis j2, j2),



16.1 Interacting vs Non-interacting Quantum Particles 233
and is annihilated by both individual raising operators,
Jueljto i a2y =0, Dbt jis 2, o) = 0.
Since the total raising operator is given by
Ji=0: 0L +1; ® Joy,
it follows immediately that
Jeljrs jis j2s o) = 0.

Therefore this state is a highest-weight state of the total angular momentum, and
one uniquely identifies

[j1s j1s J2, j2) = Ljts J2s 1 + j2, j1 + jo2).

Starting from this highest-weight (top) state, the remaining states in the multiplet
with j = j; + j» are obtained by repeated application of the lowering operator J_.
Acting once gives

J_ljt, jos i+ oo i+ j2) = (fl— + fz—) ljt, Jis J2, J2)-
Using the action of the individual lowering operators,

11, 1) o< 1jts i — 1), Jaljas o) & 1jas jo — 1),

one finds that the state with magnetic quantum number m = j; + j, — 1 is a linear
combination of uncoupled states,

lj1, j2s i+ Jjo, i+ 2 — 1) =alji, j1 —1; j2, j2) + blj1, jis j2, jo — 1),

where the coefficients a and b are fixed by normalization and phase conventions.
Repeated application of J_ generates all states in the multiplet with fixed j = j; +
J2, producing states withm = j1 + ja, j1+j2— 1, ..., —(j1 + Jo).

Once the entire j = j; 4+ j» multiplet has been constructed, one can identify a
new highest-weight state orthogonal to it, corresponding to total angular momentum
Jj = Jj1 + j» — 1, and repeat the same procedure. Iterating this construction yields
all allowed values of the total angular momentum in the range

lj1—Rl<j=<ji+j

We have thus recovered, from purely algebraic considerations, the familiar triangle
inequality for the addition of angular momenta. For each value of j there are 2j + 1
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states labeled by m = —j, ..., j, and therefore the total number of states is:
Jitj2 Ji1tj2
Yo oCi+bh= Y (G+D=)=Gi+ia+D=3Gi— i)’
J=lii—i2l J=lii—J2l
(16.1)
=Qji1+DQ2j2+1) (16.2)

where the final result is due to the fact that only the first and the last term survive in
the sum, while the other terms cancel each other out.

This number (21 +1)(2j2+ 1) is the total number of states both in the uncoupled
and in the coupled representations. This can be checked as follows: The total
number of states of a system obtained by coupling two angular momenta with
quantum numbers j; and jp is the same in both the uncoupled and the coupled
representations. In the uncoupled basis, the states | ji, m1; jo, ma) are labeled by the
magnetic quantum numbers m; = —ji,..., j|1 and my = —ja, ..., ja, yielding
a total of (2j; + 1)(2j» 4+ 1) independent states. In the coupled basis, the states
|71, j2; j, m) are labeled by the total angular momentum quantum number j, which
takes values in the range |j; — j2| < j < Jj1 + j2, and by its projection
m = —j, ..., j. The total number of states is then given by Eq. (16.2) above and
coincides with the dimension of the tensor-product Hilbert space H;; ® Hj,. The
coupled and uncoupled representations therefore provide two different orthonormal
bases of the same Hilbert space, related by a unitary transformation, the coefficients
of which are known as the Clebsch—Gordan coefficients (see below).

The two representations are, in effect, equivalent, with the difference that in
the coupled representation m; and m, are not known, since JAl,Z and fz,z do not
commute with J2, while in the uncoupled one j is not known for the same reason.

The result obtained above can now be reformulated in the language of represen-
tation theory.

16.2 Clebsch—-Gordan Series

The tensor-product representation is reducible and decomposes into a direct sum
of irreducible representations. Since the addition of two angular momenta with
eigenvalues ji, jp results in an angular momentum with eigenvalue |j; — ja| <
J < j1 + jo, for the associated irreducible representations one has:

Ji+j2
D' ® D2 = @ D
J=lii—i2l
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In particular, each irreducible representation D/ acts on a vector space of dimension
2j + 1, on which two bases are defined: the uncoupled one and the coupled one.
Consequently, D/' ® D/2(g) will be a block-diagonal matrix, where each block
D/ (g) on the diagonal has increasing dimension as j increases. Note that in orbital
angular momentum problems these states can be realized by spherical harmonics

Yim(0, ¢).
Proposition 16.1 One has o;j =1 for all j € [|j1 — ja2|, j1 + j2], that is:
) ) Jit+i2 ‘
pheD”= @ D/ (16.3)
J=lji—j2l

Proof From Eq. (15.18), assuming without loss of generality j; > j»:

P10 _ —i(i+1/2¢ 2

X (D)) (@) = —— e
2i sin 5¢ —y
J2
! . (ei(j1+m+l/2)¢_e—i(jl—m+1/2)¢>
2i sin 5¢ —y
1 Jit+iz
— — Y (ei<j+1/2>¢_e—i<j+1/2>¢>
2isiny¢ .
J=J1=J2

itiz sin( (4 e Jiti
= Z Mz Z X (@)

1
|- sin 5 |-
j=ih—p 2¢ i=h—h

16.3 Clebsch—Gordan Coefficients

The coupled and the uncoupled representations are connected via a unitary transfor-
mation (practically, a change of basis), the coefficients of which are known as the
Clebsch-Gordan coefficients. We shall compute them later explicitly on a concrete
example.

While the tensor product representation DJ/! ® D72(g) acts on the uncoupled
basis, each block D/ (g) acts on the coupled basis. The transformation from one
basis to the other is given by the Clebsch—Gordan coefficients:

Jiti2 J
jomisjama) = Y > Cji. ja jimima.m)ji, jai jom).  (16.4)
J=li—jal m=—j
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Note that all these eigenvectors are orthogonal to one another, since they correspond
to distinct eigenvalues of Hermitian operators:

(romys ja,my | ji,mas jo. ma) = 8y ! Sy m (16.5)

(s jas J'sm" | jis jos jom) = 8; j8m (16.6)
Consequently, the coefficients can be determined as:
CU, j2, Jsmi,ma,m) = (ji, jo; j,m | j1,m1; jo, ma). (16.7)

They can be viewed as the elements of a unitary matrix whose first index is (j, m)
(new basis) and whose second is (1, my) (old basis). Moreover, these coefficients
can be chosen real (and thus the matrix orthogonal) up to an arbitrary phase. From
unitarity:

Jitj2 J
D CG o jimi,ma, m)CGi, oy JimYs mh, m) = Syt Sy

J=lir=plm==j

(16.8)
J1 J2
S D CGisjar jimi.ma, m)CG, ar jmy, mam') = 8 S

mi=—jimy=—j2

(16.9)

The first expresses the orthogonality of the uncoupled basis and the completeness
of the coupled one, while the second expresses the converse.
A more commonly used relation than Eq. (16.4) is the following:

J1 J2
gz jomy =" > CGr. jar ji mi,my, m)|ji,my: j2, ma).

my=—ji my=—ja

(16.10)

In general, to determine the eigenvectors in the coupled basis, one first determines
Ij1, j2 J, J) and then obtains the states with —j < m < j by repeatedly applying
J_.

Through the Clebsch—Gordan coefficients it is also possible to make explicit
the representation of the rotation matrices of the system starting from those of the
individual angular momenta. Recalling Eq. (15.4), one has:

(DY Ry = (s jos jom’ | UR | j1, joi jom)

Jj1 Iy
. . .. / / / 3 Y .,
= Z Z CUt, ja, jimy, my, m)C(jr, ja2, jimy, ma, m)
my,my=—ji my,my=—j

X (j1,my; jo,my | UR | j1,mi; jo, m2).
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In the uncoupled basis U acts separately on each angular momentum:

J1 J2
(DI R m= Y > Cjt. jar jimy. my,mCGir. jo. i m1, ma, m)

my,my=—j my,mh=—ja

X [DT R iy [DZ Ryt s -
(16.11)

This is a central formula which allows one to compute the rotation matrix for com-
posite quantum particles starting from the independent rotations of the constituent
particles. We shall use it in a worked-out example at the end of this chapter.

To make these constructions explicit for arbitrary rotations, it is convenient to
introduce a standard parametrization of rotations in terms of Euler angles.

16.4 Euler Angles

From classical mechanics it is known that a generic rotation in R can be
parametrized by three angles ¢, 6, ¥, called Euler angles, in the following way:
the first rotation by ¢ is about the z axis, the subsequent one by 0 is about the new
(rotated) y axis, and the last one by v is about the new (twice-rotated) z axis. In this
way:

R(¢,0,¥) = R3(¥)R2(O)R3(e). (16.12)
In the quantum framework, as seen in the previous chapter when we derived,
(Gom' | Jp | jom) = hm Sy .
rotations about the z axis have a trivial representation, since R3 () = exp(—iXj3«)
with X3 diagonal; the only rotation with a non-trivial representation in Eq. (16.12) is

R, (), for which one defines the important Wigner d-matrix d(6) = exp(—iX»10),
with X5 non-diagonal, so that:

(D (@, 0, )l = eV [d;(O)] e (16.13)
where [D/ (¢, 0, ¥)lm’.m 1, instead, known as the Wigner D-matrix.

We now illustrate the general formalism with the simplest nontrivial example:
the coupling of two spin-% particles.
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16.5 Clebsch-Gordan Coefficients of Two Spin-% Fermions

According to quantum statistics, fermions are particles with half-integer spin;
consequently, the possible values of the total angular momentum j are only 0 and
1:

D2& D2 — pl g pO.

For simplicity, the indices j; = j» = % are suppressed; therefore, the uncoupled
basis is denoted by |m, m3), while the coupled basis is denoted by | j, m). Since the
only way to obtain m = 1 is to have m; = my = % one immediately identifies the
top state (choosing the arbitrary phase ¢ = +1) as

L1 =3 3)
Recalling Eq. (15.15), one finds:
J_|1,1) =~/2[1,0)
= (-@R ek )l =]~ 1+ k-4
By iterating the procedure one finds
L= =]=13~3)

On the other hand, the state |0, 0) must be a linear combination of ] — %, %) and

%, - %) moreover, one must have:

0=17110,0) = /i (| = . 3)+ B3 1)) = @+ B) [ 3. 3).
Solving this condition and imposing normalization, one finds ¢ = —f = % The
Clebsch—Gordan coefficients for two spin—% particles are therefore:

1

=154 o=—(hL-3+1-414).  L-n=]-4-4)

22) ﬁ22>|22) |22)

0.0)= — (|3 ~4)— |- 4.4))
V2

16.6 Wigner D-matrix and Wigner d-Matrix

Strictly speaking, the addition of angular momenta is formulated in terms of
representations of SU(2), whose Lie algebra coincides with that of SO(3) but which
admits also half-integer representations.
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Using the Clebsch-Gordan coefficients it is possible to compute the rotation
matrices which provide irreducible representations for rotations of composite
particles, i.e. two coupled fermions, as in the example we shall study below.
In particular, starting from the representations of the rotation for the individual
particles, we shall be able to construct the irreducible representations for the rotation
of the composite system formed by the two interacting or coupled particles.

First, we need to recall the spinorial representation D2, which is a two-
dimensional representation acting on the spinor basis (u1,2, u_1,2).

The intrinsic angular momentum of a spin—% fermion is described by a quantum
degree of freedom that transforms under the fundamental irreducible representation
of the rotation group. In quantum mechanics, spatial rotations are represented by
unitary operators forming a representation of SU(2), the double cover of SO(3)
and locally isomorphic to it (these concepts will be treated in detail in the next
chapter). The smallest nontrivial irreducible representation of SU(2) corresponds to
spins = % and has dimension 2s 4+ 1 = 2. Consequently, the spin state of a fermion
is represented by a two-component complex object, called a spinor, which in the
basis (11,2, u_1/2) can be written as

_ [ w2
v <M1/2> '
The components u1,; and u_j/, are the probability amplitudes for obtaining the
two possible outcomes of a spin measurement along a given axis, namely m = :I:%.
The dimension of the spinor space is therefore fixed both by the algebra of angular
momentum operators and by experimental evidence, such as the Stern—Gerlach

experiment, which yields exactly two distinct outcomes. Under rotations, the spinor
transforms according to

v o exp(—}%o-S)w:exp(—%O'a) v,

where ¢ are the Pauli matrices acting on the basis (u1,2, u—1,2). Furthermore, the
operator

S = (Sx, Sya Sz)
represents the infrinsic angular momentum (spin) of the partlcle It is the spin

analogue of the orbital angular momentum operator L. Fora Spll’l-— particle, it is
defined as

$ h
= -0,
2
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where
o = (GX1 0)77 GZ) = (le 02, 03)

are the Pauli matrices.

A characteristic feature of this representation is that a rotation by 2 changes the
sign of the spinor, reflecting the double-valued nature of the spin-% representation
with respect to ordinary spatial rotations.

In the spinor basis one has X, = o, (the Pauli matrix), and therefore:

1 o
cos 36 — sin 50}

. 1 1
di20) = e 1292 — Tcos =0 — iy sin =0 =
1200) =e 2 1oz sm sin%@ cos%@

2

where [ is the identity operator. In the eigenbasis of o7 this matrix becomes diagonal
with eigenvalues e*79/2; this is the matrix describing the rotation of a single fermion.

The Wigner matrix for the rotation of the coupled system can be obtained from
Eq. (16.11), recalling that the only nonvanishing Clebsch—Gordan coefficients are:

,—1) =1,

| —

1 1 .11 _ 1 . 1
c(d 4t b)) =c(b b -4 -

1
m =1, m=1: [d@h,1=I[di20)]1/2,120d120)]12,1/2 = cos® 59
! (1 4 cos )
= — cosf),
2

1
m'=1,m=0: [di(®)]io= —2[d1/2(9)]1/2,1/2[(11/2(9)]1/2,—1/2

f
1
+ —=I[d12@)]1/2,—172[d12(O) 12,12
\/E / / / / /2,1/
1 .1 .
= —+/2co0s =60 sin = = ———sinb,
2T A

m' =1, m=—1: [di@)]i,—1 = [di20)]1)2,—1/2[d12O)]1/2,-1/2

=sin“ =0 = = (1 —cosH).
2 2
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In this way one obtains:

3(1 +cos6) ——=sinf 3(1 — cos )
1 1

di(6) = 7 sinf cosf -5 sin 6
%(1—0059) \%sin@ %(1+c0s0)

Recall that a generic rotation about the y-axis in the Cartesian basis (x, y, z) is given
by the matrix:

cosf O sin6

R>(9) = 0O 1 0
—sinf 0 cos6

Applying this rotation to the basis (— ﬁ(x +1iy), z, ﬁ(x i y)) one finds:

_%(x/—i—iy/) —\%(xcos@—i—iy—i—zsine) —\%(X-I-iy)
7 = —xsinf + zcos @ =d; () z
\/%(x’—iy’) \%(xcos@—iy—i—zsin@) \sz(x—iy)

One therefore sees that d;(6) represents a rotation by an angle € about the y-axis
with respect to the spherical basis (—\/Li(x +iy), z, %(x - iy)).

The addition of angular momenta in composite systems proceeds by iterative
pairwise coupling. Since angular momentum addition is associative, a system
with many constituents can be treated by successively coupling individual angular
momenta.

Different coupling schemes correspond to different choices of intermediate
angular momenta and are related by recoupling coefficients such as Wigner 6-j and
9-j symbols (which are closely related to the Racah W-coefficients). This formalism
underlies the treatment of angular momentum in atomic and nuclear structure, where
intrinsic spins and orbital angular momenta are combined subject to symmetry and
antisymmetry constraints. More information can be found in the classic textbook on
angular momentum by Brink and Satchler [5].
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Chapter 17 ®
Representation Theory of the Lorentz Qe
Group SO@3,1)

Abstract The Lorentz group is the symmetry group of Minkowski spacetime and
plays a central role in modern physics. In addition to spatial rotations, it includes
Lorentz boosts, whose matrix structure must be understood in order to develop a
coherent representation theory. After reviewing the essentials of special relativity
and introducing four-vector notation, we derive the Lie algebra of SO(3, 1), study its
structure and topology, and classify its finite-dimensional representations, including
Weyl and Dirac spinors. For readers who wish to refresh their knowledge of special
relativity, see the book by Zangwill [1]. For a detailed treatment of the finite-
dimensional representations of the Lorentz algebra the interested reader is referred
to Zee [2].

17.1 Recap of Special Relativity

Let us begin by considering two reference frames S and S’, where the latter moves
with constant velocity v with respect to the former. In the framework of Newtonian
mechanics, the transformations between the two frames are given by the Galilean
transformations:

=t
17.1)

X =x—vt.

These transformations preserve the distance between two points in Euclidean 3D
space:

2
(x] —x5)" = (x1 —x2)*. (17.2)
The corresponding transformation for the velocity is:

v=u-—v. (17.3)
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This transformation, however, is in contradiction with the empirical observation
that the speed of light is constant in all inertial reference frames. By imposing this
constraint, Einstein, in 1905, derived the Lorentz transformations:

ol
=yt 5 XV
c

X, =y (x —vi) 7:4)

/
XLZXL

where the parallel and perpendicular directions are defined with respect to velocity
of relative motion between the two frames: v, and

y= (1 - V2/c2>_1/2 e, 00).

Proposition 17.1 Lorentz transformations preserve the speed of light: if a particle
moves with velocity || = c in one inertial frame, then |0'| = c in any other inertial
frame.

Proof Using the chain rule:
x| ar\*  [(dx, di\?
12 12 12 _ 1
T +“¢‘<Eﬁ> +<dt E)
2 2
(v (w=V) . uL
y (1—u-v/c?) y (1—u-v/c?)
2 2 vy -1
Rl SRR N R ( _wy
=c"—c (1 c2>(1 c2> 1 =2 ) .

Therefore one has ||[u'|| < cand |[U/|| = ¢ < |ju| =c. |

For Lorentz transformations, the invariant quantity is no longer the Cartesian
distance between two points in 3D Euclidean space, but the separation between two
events in Minkowski spacetime:

A —1) — (% —x) =t —n)? — (1 —x2)2. (17.5)
Also,
c(dr)? — (dx)? — (dy)* — (dz)* = const = ds?,
which vividly renders the physical intuition of a spherical light signal that propa-

gates at constant speed c in all Cartesian directions. This is nothing but the statement
that the propagation of a physical light wave is the same in all reference frames.
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Using the Lorentz transformation, one indeed obtains:

2
A — ()2 = 2 [62 (t _ Z_;) —(x— vt)2] _y2 2

22

= 2% — &2

To express these transformations in a form suitable for group-theoretical analysis,
it is convenient to introduce a covariant four-vector notation.

17.2 Four-Vector Notation

A rotation with respect to a classical inertial frame leaves invariant the quadratic
norm of a vector X, or equivalently the scalar product of two vectors:

X -y = const.
As a consequence, the spatial interval remains invariant,
ds® = dx? + dy* + dz*.

By contrast, Lorentz transformations leave invariant not the spatial interval, but the
spacetime interval

c2d7? = *(dn)? — dx)?,
and also the combination
62t1t2 — X] - X2,

which can be interpreted as a scalar product if one treats ct as an additional
coordinate xg. One therefore defines the four-vector

x* = (x, X) = (ct, X), nw=0,1,2,3.
One also defines
Xy = (x0, —X) = (ct, —X),
introducing the Minkowski scalar product. In this notation one has

2 2 2 2.2 2 2.2

" o__ _ _ — _ —
XpuX™ = X7 =X, X" =ct X" =cT1.
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The scalar product of the four-vectors x; and x; is defined as
2
x1-x2 = (x) () =" —x1 - x0.

A generic four-vector a* transforms like the position four-vector x*. Other four-
vectors arise naturally in relativistic dynamics, for example by differentiating the
position four-vector with respect to Lorentz-invariant quantities.

One therefore defines a four-velocity by differentiating the position four-vector
x* not with respect to the coordinate time ¢ (which is not invariant), but with respect
to the proper time t, which is invariant. The proper time is the time measured in the
reference frame that is comoving with the object, that is, the reference frame in
which the object is at rest. In the laboratory frame, which is in motion with respect
to the object, one has:

dt
dt = —.
14

The quantity that is physically meaningful is therefore the proper time. Thus one
defines:

N dx* dx* dt ( )dt
= —— = ———=\(,u) —,
dt dt dt dt
where
dr u? 1
dr 2y

Analogously, the four-momentum is defined as:
P* = mU" = y(u) (mc, mu),

which is the relativistic generalization of the classical momentum.
One can decompose the four-momentum as

E
P = y(u) mu, — =y () mec.
c
Since the four-momentum is a four-vector, the norm of P* must be Lorentz
invariant. Indeed, using
Utu, = c?,
one finds the associated invariant:

P, PH = m2c?.
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Explicitly, this gives

or equivalently,
E? = m*c* + P22
Solving for the energy, one obtains
E = Vm2c* + P22,

which is the relativistic energy-momentum relation (widely used for relativistic
kinematic calculations of collisions etc.), replacing the classical kinetic-energy
expression T = P?/(2m). In particular, for a particle at rest (P = 0) one finds

E =mc”.
In the non-relativistic limit |P| < mc, one may expand the square root:

2

2 2
~me” + —
m2c? 2m’

E=mc*{|1+

where the approximation

ﬂ+mm:1+%

has been used. Thus, in this limit the kinetic energy is
, P
T=FE—mc" >~ —,

2m

recovering the classical result.
Finally, in the non-relativistic regime the relation

p E
=—u
2

reduces to
P >~ mu,

as expected.



248 17 Representation Theory of the Lorentz Group SO(3,1)
17.3 Finding a Matrix Representation for the Boosts
Recall that a rotation in the xy-plane about the z-axis is given by:

x] = x1cosf — xpsinf
x) = x1sin6 4 x cos 0
x5 =x3

Xy = Xo

To uncover the algebraic structure of Lorentz boosts, it is convenient to
parametrize them in terms of a real parameter called the rapidity, ¢.
It is convenient to introduce the rapidity parameter ¢ defined by

y = cosh¢, y2 =sinh¢.
C

Since cosh? ¢ —sinh? ¢ = 1, this parametrization automatically satisfies the identity

2
2 2V
= =1
e

Then one also has

v
tanh{:%, sinh;:,/yz—lzy;.

One obtains the following representation of a Lorentz boost:

x| =x1

/I
Y2 = X2 (17.6)
x4 = x3cosh¢ — xqsinh¢

xy = —x3sinh ¢ + xgcosh¢

(the boost direction is along the z-axis; note the minus sign in both cases).

This is necessary in order to make the hyperbolic norm xg — x? invariant, as a
consequence of cosh?¢ —sinh? ¢ = 1.

Clearly, despite the formal similarity, sinh and cosh are profoundly different
from sin and cos. Nonetheless, this trick shall allow us to put the boosts also in
matrix form, in order to give a coherent matrix representation to all the symmetry
transformations contained in SO(3, 1).

We are now in a position to give a precise group-theoretical definition of the
Lorentz group.
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17.4 The Lorentz Group

We are now able to provide a working definition of the Lorentz group.

Before doing so, we should note that the Lorentz transformation Eq. (17.6) is
a boost along the z-axis and is not a rotation. These transformations do not form
a group by themselves, because a product of two boosts necessarily includes a
rotation. More precisely, pure boosts along different spatial directions do not form a
closed subgroup, because the product of two non-collinear boosts produces a boost
combined with a spatial rotation (the Thomas rotation).

The Lorentz group SO(3, 1) includes all linear transformations (boosts, rota-
tions), apart from parity and time reversal, that leave the spacetime interval

= x(z) —x* = As?

invariant.
The proper orthochronous Lorentz group SO™ (3, 1) is the component connected
to the identity. It excludes spatial inversions,
X0 —> X0, X > —X,
since these are not continuously connected to the identity. Among these transfor-
mations one distinguishes several subgroups. The subgroup with det A = 1 is the
proper Lorentz group SO(3, 1). The subgroup that is continuously connected to the
identity and preserves the direction of time is the proper orthochronous Lorentz
group SOT (3, 1).
Treating x** as a column vector, Lorentz transformations are represented by a real
4 x 4 matrix A, such that
x = Ax.
By construction, the invariant scalar product can be written in matrix form as
xtx, = xTnx,
where 7 is the Minkowski metric tensor. Therefore, Lorentz transformations satisfy
x/Tnx/ — xTnx’
which implies the defining condition

ATy = 1.

a result derived in Chap. 2, Sect. 2.2. This condition is called pseudo-orthogonality
and generalizes the orthogonality condition of the group O(4) to the group O(3, 1),
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corresponding to three negative signs and one positive sign. Taking the determinant
of Eq. (17.4), one finds

(det A)? = 1.

By choosing det A = 1, one obtains the group SO(3, 1), which is a subgroup of
0@, 1).

17.5 Digression: Double-Coverings

The study of spinor representations requires understanding the double-covering
structure of the Lorentz group. We first recall the analogous situation for SO(3)
and its relationship to SU(2). This digression will help us to better understand how
the Lorentz group relates to complex-valued representations of lower dimension,
which is of crucial importance in physics, for the spinorial representation of
elementary particles. Recall that the three Pauli matrices generate the group of 2 x 2
complex unitary matrices with unit determinant, namely SU(2). These matrices are
parametrized by a unit vector n and an angle 6. The same parametrization holds
for SO(3); therefore, one can consider a homomorphism SU(2) — SO(3). This
homomorphism is not one-to-one, since its kernel is nontrivial. In particular, SO(3)
is 2 -periodic, whereas SU(2) is 47 -periodic. Denoting by Uy, (6) a generic element
of SU(2), in the fundamental representation (generated by the Pauli matrices, since
[04/2, 01,/2] = i€**5,/2) one has:

1 0 0
UMQ):exp(—%a-n@) :]Icosz—ia-nsinz, 17.7)

where 0 = (01, 02, 03). One therefore sees that U,(2r) = —I, whereas R, (27) =
I; in general, two distinct elements of SU(2) are mapped to the same element of
SO@3).

In order to restore a one-to-one mapping, consider the vector defined as:

XEX~G'=XO’1+yO'2+ZO'3=|: Z, x—ty:|.

X +1y —z

One sees that X is Hermitian and traceless, and that a generic element U € SU(2)
acts on it as X’ = U'XU. Recalling that U is unitary, one has det X’ = det X,
and since det X = —x?, U preserves the norm of the vector; this suggests that
the transformation corresponds to a rotation R € SO(3). To show this explicitly,
consider n = (0, 0, 1):

0 . cos? —isin? 0 e i5 0
9) =1 7 7 _ 2 2 _ Vol
Usz(0) = cos io3 sin _|: . Sg isi g = o
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To determine the action on X, it suffices to determine the action on the Pauli
matrices:

q) ] [p .
ez 0 01|f|e'2 0 €¥ .
U201U3 = _i¢ |: :| |: i‘§:| = [ ] = 01 COsS¢p — o sing,

0 eiz|]|10 0 e e 0
r .w A .(ﬂ .
+ |z 0 0—iffe2 0 | 0 —iée?
UionUs =1 g |:i 0l 0o ¢%| ™ lie7i o0

Ly Ly
o |z 0 1 0 |[e?2 |1 o0
UsosUs =1 -is [0—1 0 | lo—1]T

Therefore:

X' = UlXUs;

= (01cos@p — o sing) x + (o1 sing + o2 cos @) y + 032

= 01(xcos@ + ysing) + o2(—x sing + ycos @) + 03z = o1x’ + 02y’ + 037,

This is precisely a rotation by an angle ¢ about the z-axis, thus confirming that the
action of Uy () € SU(2) is analogous to the action of R,(8) € SO(3). Finally,
noting that —U produces the same rotation as U, one can state that this is exactly
the homomorphism SU(2) — SO(3).

Since the pair {U, —U} is mapped to the same rotation, topologically one says
that SU(2) is a double covering of SO(3). Here, the word ‘“covering” is to be
intended with the same meaning that it has in topology, cf. Chap. 6, Sect.6.1.3.
See Fig. 17.1 for an illustration of this phenomenon.

p

Fig. 17.1 Schematic illustration of the double covering of SO(3) by SU(2). The sphere represents
the rotation group SO(3), with points corresponding to spatial rotations parametrized by an axis
and an angle. The arrow from the origin O to the point P represents a finite rotation by an angle
¢. The dashed connections indicate that two distinct elements of SU(2), differing by a sign, are
mapped to the same element of SO(3). This reflects the fact that SU(2) is a double cover of SO(3),
and that a 27 rotation acts trivially in SO(3) but nontrivially in SU(2)
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The kernel of the homomorphism is therefore {I, —I}<SU(2), and since {I, —I} =
Z, one has:

SO@3) =SUQR)/Z,. (17.8)
In an analogous way, SO(3, 1) is related to the group SL(2, C) of 2 x 2 complex
matrices with unit determinant by a homomorphism that yields a double covering.

Defining 0, = (1, o), given a four-vector v, one can construct an associated matrix
V = v,0". Recalling that 0,0, = 184), + i€, one can show that

v, = %tr(&uV), 6, =(,—0),

with the same components as o except for the sign. Explicitly,

V= vo—v3 —v+ivy
—v; —ivy vo+v3 |’

and therefore det V = v2. Given A € SL(2, C) one defines

V' =AVA'.
This transformation preserves det V and therefore the Minkowski norm v, v*. Since
the pair {A, —A} is mapped to the same element of SO(3, 1), one again has a double
covering:

SO(3, 1) = SL(2, C)/Z,. (17.9)

More precisely, the proper orthochronous Lorentz group SO™ (3, 1) is double-
covered by SL(2, C):

SO"(3,1) = SL(2,C)/Z>.
Finally, one may note that SO(3) < SO(3, 1) and SU(2) < SL(2, C).

Having identified the generators of rotations and boosts, we now analyze their
algebraic structure.

17.6 Lie Generators of SO(3, 1)

Since SO(3) C SO(3, 1), the generators of rotations in R3 are also generators of
rotations in Minkowski space. In particular, rotations have no effect on the timelike
coordinate; therefore, their generators are just the same as those of SO(3):
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0000 0000 0000
X, = 0000. X, = 000O0i X5 = 09—10
000 —i 0000 0i 00
00i O 0-i00 0000

As for boosts, they are represented by the boost matrices, cf. Eq. (17.6):

cosh¢ —sinh¢ 00 cosh¢ 0 —sinh¢ O

—sinh¢ cosh¢ 00 0 1 0 0

Biy=1 " ‘ og 10 B:(6) = —sinh¢ 0 cosh¢ 0
0 0 01 o 0 o0 1

cosh¢ 00 —sinh¢

0 10 O

B3(¢) = 0o 01 o0
—sinh¢ 00 cosh¢

Recalling that Lie generators are defined as

. d
Yy =i EB]'(O ;

=0
one finds:
0 —-i00 00-i0 000 —i
Y, = —i 000 Y, = 0-000 ys = 0000
0 000 —-i000 0000
0 000 0000 —i000
In compact form:
v . v v
[Yj]uz_l (77;L077j —nmno). (17.10)

Proposition 17.2 For the generators of SO(3, 1) the following commutation rela-

tions hold:

[Xi, X;] = ie"* Xy, (17.11)
[¥i, Y] = —ie* Xy, (17.12)
[Xi,Y;] = i€’* . (17.13)

Proof By direct calculation of the matrix products. O
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One therefore sees that the Lie algebra so(3, 1) contains the subalgebra so(3),
generated by the rotation operators X;. By contrast, the boost generators Y; do not
form a closed Lie subalgebra, since their commutator produces a rotation generator:

[K;, K] = —ie€ijiJk.
It is possible to simplify the algebra SO(3, 1) by defining new generators.

Proposition 17.3 Defining the following generators of SO(3, 1):

X:.':E

: (X;£iY)), (17.14)

N =

the following commutation relations hold:

[Xl.i, Xﬂ = ik X, (17.15)
+
[Xi ,Xﬂ =0 (17.16)
Proof By direct calculation of the matrix products. O

These six generators split into two mutually independent sets forming two closed
subalgebras. Upon complexification the Lorentz algebra decomposes as

503, De = su)c @ su2)c.

which underlies the classification of finite-dimensional representations.

Although the full Lorentz group SO(3, 1) is double-covered by SL(2, C), its
rotation subgroup SO(3) is double-covered by SU(2). Moreover, the decomposition
of the Lorentz algebra into two su(2) algebras ensures that representations of SU(2)
naturally classify the spin content of relativistic fields, as we shall see below.
The Lie algebra associated with the proper Lorentz group SO(3, 1) is denoted by
s0(3,1) and is defined as the algebra of all generators of infinitesimal Lorentz
transformations, endowed with the commutator as Lie bracket. Explicitly, elements
of so(3, 1) are linear combinations of the generators of spatial rotations and boosts,
and their commutation relations completely determine the local structure of the
Lorentz group.

Because each set {Xl.+} and {X; } in Egs. (17.15)—(17.16) closes under commu-
tation and generates an independent su(2) Lie algebra, the Lorentz algebra admits
the decomposition

s0(3,1) Esu?) & su(2).

This result shows that the generators of Lorentz transformations can be organized
into two commuting angular-momentum algebras, each with the structure of
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ordinary rotations. Irreducible representations of the Lorentz group are therefore
labeled by a pair of non-negative half-integers (ji, j2), corresponding to the spins
associated with each su(2) factor. The representation (i, j») has dimension (21 +
1)(2j2+1), and its restriction to the rotation subgroup SO(3) C SO(3, 1) determines
the physical spin content of the relativistic field. In particular, finite-dimensional
representations of the Lorentz group are necessarily non-unitary, reflecting the non-
compact nature of SO(3, 1). More precisely, because SO(3, 1) is non-compact, it
admits no non-trivial finite-dimensional unitary representations.

We shall study the hierarchy of relativistic spinor representations in the next
section, because these play a fundamental role in elementary particle physics and
in field theory. In particular, we shall classify the finite-dimensional representations
of the Lorentz algebra [2].

17.7 Classification of Relativistic Spinor Representations

One typically starts from the representation (0, 0), i.e. j; = 0, j» = 0, which is the
trivial one. Upon increasing the dimension of the representation, the next one is the
Weyl representation, which, given its importance in physics, is discussed in detail
below.

17.7.1 The Weyl Spinors and the Weyl Representation

Starting from the Lorentz algebra, we derive the generators acting on left- and right-
handed two-component spinors (cf. Sect. 16.4 in Chap. 16) and show explicitly the
splitting into two commuting su(2) algebras.

The left-handed Weyl spinor transforms in the irreducible representation

1
(-9).
with generators

. O
Jl.zgv Kl'=+lza

(the sign convention depends on the definition of the boost generators), so that

Oj

1 . 1 .
Xi=§(Ji+zKi)= 5 Yi=§(fi—lKi)=0-
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The right-handed Weyl spinor transforms in the irreducible representation

1)

with generators

i Oj
Jl = 7 Ki =—1—=,
2 2
so that
Oj
X, =0, Yi = —.
2
Here the operators
1 . 1 :
Xi= E(Jl +iK), Y = E(Jz iKi)

generate two commuting su(2) algebras. The above results can be derived or
justified as follows.

Let J; (rotations) and K; (boosts) satisfy the Lorentz algebra

[Ji, ;] = i€iji Ik, [Ji, Kj] = i€jjx Kk, [Ki, Kj] = —i€jjiJi.

Next, define
1 . 1 .
Xi=-(J;+iK;), Yi=-(J; —iK;).
2 2
One finds
[Xi, Xj] =i€jnXk, [Yi, Y;] =i€iji Yk, [X;,Y;]=0.

Thus, the complexified Lorentz algebra decomposes as

503, D¢ = su(2) @ su(2).

Its irreducible representations are labeled by pairs (jz, jgr). The Weyl spinor
representations correspond to
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At this point we need to delve more deeply into the two-component spinor
technology. Let us introduce the 2 x 2 matrices

GH = (17 Gi)v 6“ = (13 _Gi)v

where o; are the Pauli matrices and the sign convention corresponds to the
Minkowski metric is

nuv = diag(l, —1, =1, =1).
Useful identities that can be applied here are
otoV + oot = 2nH'1,
otoV +ovc" =2n""1.

For the left-handed (undotted) spinor representation, we define

(" =~ (o"6" —0cH),

N

and for the right-handed (dotted) representation

(T = (&“a” - &”a“) .

FN

Finite Lorentz transformations act as
i i
SL(A) = CXP<§ wuv(EL)’w) ) Sp(A) = GXP(E w;w(ER)’w) )

where wy,, are antisymmetric parameters (wo; boosts, w;; rotations) defined through
the Lorentz transformation matrices, A*, = §*, + w",, with the antisymmetry
Wyy = — wyy, which follows from the Lorentz invariance.

Using 6 = 0% = 1and 6! = —o', one finds, for the boost generators,

o1 . , 1
(EL)OZ — Z (0_06_1 _0,16_0> — _Eo_i’

and, for the rotation generators,

N i
)Y = —€ijkOk-
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Identifying the Hermitian generators with
1 ‘ . .
Ji=saniE, Ki=is0”,

one obtains
Therefore
showing that the left-handed Weyl spinor transforms as

(3:9)

For the right-handed generators one finds

. 1 . i
(zp)¥ = +50,  (ERY =—Zejron
With the same identification,
oj . Oi
Jl = E, K,’ = —1 7
Thus
Xl = 07 Yl = ﬁs
2

and the right-handed Weyl spinor transforms as

01)

As shown in the previous section, the complexified Lorentz algebra decomposes
into two commuting su(2) algebras generated by X; and Y;. Left-handed Weyl

spinors transform as (%, O) with X; ~ ¢;/2 and Y; = 0, while right-handed Weyl

spinors transform as (0, %) with X; = 0 and Y; ~ o;/2. Equivalently, boosts act

with opposite signs on left- and right-handed spinors, while rotations act identically.
The representation (%, 0) acts on spinors uy witha = 1, 2.



17.7 Classification of Relativistic Spinor Representations 259

The operators

X, ==-(Ji +iK;)

N =

act on u and are represented by %ai, whereas

act trivially on u and are therefore represented by zero.
Adding and subtracting these relations, one finds

1 1
X; = <oi, iY; = —oi,
1 2 1 1 2 1
where the equal sign is to be understood as “represented by”.
For the representation (0, %) acting on v, one instead obtains

1 . 1
Xizzdi, lYi:_EUi’

which differs by a sign. This sign difference reflects the action of parity,
Y — -Y,

and shows that the two Weyl spinors transform chirally and are exchanged under
parity.

Within this framework, the dynamics of massless spin-% fields is described by
the Weyl equation. For a left-handed Weyl spinor 1, the equation of motion reads

" o
aagauu =0,

while for a right-handed Weyl spinor v¥ one has
GHB Y, v = 0.

These equations are Lorentz covariant precisely because the spinor fields trans-
form in the irreducible representations (%, 0) and (O, %) of the Lorentz group,
respectively. The dot on a spinor index indicates that the object transforms in
the right-handed (0, %) representation of the Lorentz group, whereas undotted
indices correspond to the left-handed (%, 0) representation. The Weyl equation
thus provides the natural relativistic field equation associated with chiral, parity-
violating, spinor representations.
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17.7.2 The Dirac Representation

To construct a parity-invariant representation one combines the two chiral represen-
tations into their direct sum
1 1
(3-0)e(0.3).

which is known as the Dirac representation and acts on four-component spinors
(used, for example, to describe the relativistic electron). The direct sum takes into
account the fact that the parity operator maps a representation (ji, j») into (jo, j1);
therefore, any representation that incorporates parity conservation must necessarily
be symmetric in j; and j;.

The Dirac spinor may therefore be written as

where u,, transforms in the (%, 0) representation and v® transforms in the (0, %)
representation. Under parity, these two Weyl components are exchanged, so that the
full Dirac representation is invariant under parity transformations.

This construction allows one to describe relativistic fermions with parity-
invariant dynamics, and leads naturally to the Dirac equation, which couples the
left- and right-handed components through a mass term. In this framework, the
relativistic dynamics of a Dirac spinor is governed by the Dirac equation

("9 —m) W =0,

where the y* matrices provide a representation of the Clifford algebra and act on the
four-component Dirac spinor W. In the chiral basis, the gamma matrices explicitly
couple the left-handed and right-handed Weyl components, reflecting the direct-sum
structure (%, 0) & (0, %) and ensuring Lorentz covariance and parity invariance of
the theory. The Dirac representation thus provides the minimal Lorentz-covariant
and parity-invariant framework for describing massive fermions with half-integer
spin encountered in nature, such as electrons, nucleons (protons and neutrons), and
quarks.

17.7.3 The Lorentz Representation

Finally, the four-dimensional representation (%, %) corresponds to the vector

representation acting on Minkowski four-vectors.
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17.8 A Note on Non-unitarity

Finite-dimensional representations of SO(3, 1) cannot be unitary because the group
is non-compact. In particular, the boost generators cannot be represented by
Hermitian operators in a finite-dimensional unitary representation. This is the reason
why the double covering of SO(3, 1) is given by SL(2, C), whereas for SO(4) one
has

SO04) =SUR)®@SUQR)/Z,. 17.17)
The fundamental difference is due to the signature of the metric. A further difference

between SO(3, 1) and SO(4) is that, because of boosts parametrized by { € RT,
SO(3, 1) is not compact.
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Chapter 18 ®
Representation Theory of the Poincaré Qe
Group

Abstract We have seen that the Lorentz group is the symmetry group of flat
Minkowski spacetime and describes the transformation properties of non-interacting
elementary particles in empty space. However, spacetime possesses an additional
fundamental symmetry not contained in the Lorentz group: translational invariance.
However, spacetime possesses an additional fundamental symmetry not contained
in the Lorentz group: translational invariance. In this chapter we extend the
Lorentz symmetry to include translations on the same footing as rotations and
boosts. The resulting structure is the Poincaré group, which is the full symmetry
group of elementary particles in empty spacetime. We then develop its algebra,
representations, and Casimir invariants, which ultimately characterize particles by
mass and spin. We follow the notation of Jones [1]. For further details on Weyl and
Dirac spinor representations and their connection with field theory, see Zee [2].

18.1 Definition

The Poincaré group is defined as the group of all isometries of Minkowski spacetime
that preserve the spacetime interval

ds* = 21> — x>,

As usual, the proper Poincaré group is defined as the subgroup of the Poincaré group
obtained by excluding inversions.

The Poincaré group contains rotations, boosts, and spacetime translations.
Therefore, the most general transformation in the group is

Fu= Al + ay, (18.1)
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where A € SOT(3, 1) and « 1 18 a constant four-vector. It is immediate to verify that
Eq. (17.5) is satisfied.

Having defined the Poincaré group at the level of spacetime transformations, we
now turn to its Lie algebra and to explicit realizations of its generators. As in the case
of the Lorentz group, understanding the algebra is the key step toward constructing
its representations.

18.2 Algebra and Representation

To construct the Lie algebra of the Poincaré group, we must represent its gen-
erators explicitly. Unlike Lorentz transformations, spacetime translations cannot
be represented as finite matrices acting on four-vectors. The natural framework is
therefore the differential representation introduced in Chap. 9, where generators act
as differential operators on functions defined over Minkowski spacetime.

One therefore introduces the differential operator

d
o,=—,-V], 18.2
a (3XO ) (152

where the minus sign is required so that 9, transforms in the same way as x,, under

parity.
As a sanity check,

dux? = 9, (x5 — x?) = 2(x0, X) = 2x,.

as expected.
Consistent with the four-vector notation that we introduced in the previous
chapter, we can also define the contravariant components of the differential operator:

0
ot = (_, v)
0xy
which transforms in the opposite way with respect to x/,.

We shall systematically use this operator in the next section to construct a
consistent differential representation for rotations and boosts of the Lorentz group.

18.2.1 Generalized Angular Momentum Operator for
Rotations and Boosts

Consider an infinitesimal Lorentz transformation such that

Apy = Ny — Epv-
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where the tensor ¢, represents a small perturbation to the metric. To rewrite
Eq. (17.4) in components, note that x* = AbxV, so invariance of %12, written
as ¥%ngpi? = x#1,,x", becomes

A nap Al =y (18.3)
For the infinitesimal transformation one finds

Ny = A/SMAE = (nﬁﬂ — 6/3#)(85 - 85) =Nuv — Epuv — Evp + 0(82),

which implies
Evy = —Epv-

This antisymmetry reflects the six independent generators of the Lorentz group:
three rotations and three boosts. We now construct their explicit differential
representation.

Since &4, is antisymmetric, A, depends on six independent infinitesimal
parameters, corresponding to three rotations and three boosts. From Lie theory, the
action of such transformations can be written as generated by operators L ,,,, which
are generalized angular momentum operators:

Lyy = i(x,0, — x,0,,). (18.4)

By means of this generalized angular momentum operator, a generic finite symmetry
transformation belonging to the Lorentz group can be obtained by exponentiation of

the generator as:
i 10
exp|—=€
p 5 €po

This can be easily verified, because we have:

i i
<1 ~ 5 tpo L"’G)xu =x, + 5 €00 (xP07 —x79”) x,,
=X, + &po X 8% = Xu — Eup x°

where we have used the antisymmetry of ¢,,, and the identity 97 (x,.) = 4.
This identity can be written in operator form as the commutation bracket:

[07, xu] =89, (18.5)

since x;,, 37 = 0.
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This allows one to compute the commutation relations of the differential
operators L.

Armed with these results, we are now able to compute commutation brackets
between generalized angular momentum operators.

The generalized angular momentum operators satisfy

[L;wa Lpa] = _i(n,uvaa - nuaLUp + nvcer.p - nvpL;La)- (18.6)

This equation can be proved by direct computation using (18.4) and the identity
(18.5).

It is convenient to define the rotation and boost generators in terms of the

generalized momentum operator defined in (18.4). Using Latin indices which run
over 1, 2, 3 for spatial-like components and O for the time-like component, we have:

1 ik
Ji = 56' Lk, K; = Ly;. (18.7)

In natural units (¢ = A = 1) one finds

Ji=—i(xx V); = (X x p)i-

From Eq. (18.6) one recovers the Lorentz commutation relations; for example,

i, Jj1 = i€ J.

18.2.2 Translations

We now complete the algebra by introducing spacetime translations, which together
with Lorentz transformations form the full Poincaré group. Consider an infinitesimal
translation generated by a constant four-vector &;:

Xu = Xpu — Ep-

This is generated by the four-momentum operator

P, =id, =(id; —iV) (18.8)

Indeed,

X, =explie, PP)x,. (18.9)



18.3 The Full Poincaré Algebra 267

because:

(I +iepPP)xy=xu—6p8", =xu—ey

where we have used:
(3P x, = — 8"’M with P (x,) = 8@.

Therefore the four-momentum operator generates spacetime translations.

The translation operators clearly commute with each (if I perform a translation
in one direction followed by a translation in a different direction, if I were to invert
the order of the two operations I end up with the same result):

[Py, P,] =0

Also the commutator between the translation operator and the generalized angular
momentum operator can be easily computed using the above relations, by direct
computation:

[Py, Loo] =i(yupPs — nuoPp)o

18.3 The Full Poincaré Algebra
A generic Poincaré transformation can be written as
%, = exp(ia, PP exp(%iep(,L'”) . (18.10)

Collecting the commutation relations derived above, we obtain the complete
Poincaré algebra, which is given by the following set of commutation relations:

[L;w, Lpa] = _i(np.,oLua - 77;4,0'va + nuaL/L,o - ﬂupL;w), (18.11)
[P;L’Pv] :0» (1812)
[Py, Lpol =i(Mup Po — Mo Pp)- (18.13)

Using the notation with Latin indices introduced earlier, the above relations can
conveniently be expressed in terms of rotations J; = % &ijk L jx and boosts K; = Ly;
in the following way:

[Py, Jil=0 (18.14)
[Pi,.]j] =i8ijk Pk (18.15)
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[Po, Ki]l =i P; (18.16)
[Pi, Kj] =i Pydij (18.17)

One should notice that Py is a scalar under rotations, but P; is a vector under
rotations. Under a boost along the i-axis, both Py and P; are affected, but the other
two spatial components remain unchanged.

Finally, the Poincaré group can be written formally as

ISO@3, 1) = R>! SO, 1) (18.18)

i.e. as a semidirect product between the group of continuous translations in
Minkowski space-time, R>! and the Lorentz group. Here one should recall
the definition of semidirect product of two groups that was given in Chap. 13,
Sects. 13.5.3 and 13.6. To be even more precise, one can choose to restrict the
Lorentz group to only orthochronous transformations, i.e. only those which preserve
the direction of time, corresponding to the condition A8 > 1 such that future-
directed time-like vectors remain future-directed and transformations implying
time-reversal, t — —t, are excluded. This defines the orthochronous Lorentz group,
denoted as SO™ (3, 1), and the corresponding orthochronous Poincaré group is given
by ISO@3, 1) = R*! 5 SO* (3, 1).

18.4 Casimir Invariants

Having established the structure of the Poincaré algebra, we now ask how its
irreducible representations are classified. As in the case of other Lie algebras, the
key objects are its Casimir invariants. The concept was first introduced by Dutch
physicist Hendrik Casimir in 1931, in the context of his work on the quantum
mechanics of a rotating rigid body.

The Poincaré algebra admits two Casimir invariants. The first is

2
pP?=p,P",
and it is easy to verify that, indeed,
[P2,P0=0,  [P? Lyl=0.

This Casimir invariant corresponds, physically, to the squared mass of the ele-
mentary particle, because, in special relativity, P, P* = m?. Promoting P2 to a
quantum operator, the squared mass is its eigenvalue, hence the physical observable
associated with it: P2|y) = m?|y/). Obviously, this also is consistent with the mass
of the particle being Lorentz-invariant and the same in all inertial reference frames.
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The second Casimir invariant is associated with the Pauli—-Lubanski vector

W, = E//,v,oaPGLW)- (18.19)

N =

This object plays a central role in the representation theory of the Poincaré group,
as it encodes the intrinsic angular momentum (spin) of the particle.

The corresponding Casimir invariant is w2 = W, WH and, indeed, it commutes
with the full Poincaré algebra:

(W2, P,1=0
(W2, Lys]=0.

The physical meaning of the Pauli-Lubanski pseudo-vector becomes transparent
upon considering the rest-frame of the particle:

P, — Puz(m; 0)

in natural units ¢ = 1, and the operator W,, reduces to
1
Wo =0, Wizzmgijijkszi

This can be seen by writing the generalized angular momentum operator in terms
of K and J by means of the relations

K; = Ly;

1
Ji = Z&ijk Ljk

from which the components of the Pauli-Lubanski vector follows as:
Wo=J-P=J,P ®
W=PAK+EJ=PAK+m]

where, in natural units withc = 1, E = po = m. From this observation we can see
that the spatial components of the Pauli-Lubanski vector coincide, in the rest frame,
with the angular momentum measured in the rest frame, that is, with the spin of the
particle, Because, in the rest frame P; 2,3 = 0, then

W=m] since P=0.



270 18 Representation Theory of the Poincaré Group

Thus, the Casimir invariants of the Poincaré algebra correspond physically to
the mass and spin of elementary particles. The Pauli-Lubanski vector can also be
interpreted geometrically using the dual of the antisymmetric tensor constructed
from Py, and L 5.

Exercise
Prove that the Pauli-Lubanski pseudovector does indeed commute with all the

generators of the Poincaré algebra.

Solution
The Pauli-Lubanski vector is defined as

WIL

N =

ghvre PuLpo,

where P, are the generators of translations and L, are the generators of Lorentz
transformations.

Its square is
2
W= Ww, W,

which is a Lorentz scalar.
The Poincaré algebra contains the relations

[Py, P,]=0,

[Lpo, Pu,] = i(’]uppcr - nu(er)-

Consider the commutator with W#:
l Voo

[Py, WH] = EEM P9 Py[ Py, Lpa]~

Using the Leibniz rule,
[Pou Pvaa] = [Pou Pv]Lpa + Pv[Pa, Lp(r]-
The first term vanishes since [P,, P,] = 0. The second term vanishes because
the contraction of the antisymmetric Levi—Civita tensor with a symmetric index

structure is zero. Therefore,

[Py, WH]=0.
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It follows immediately that
[W2, P, =[W,W", P,]=0.
The Pauli-Lubanski vector transforms as a Lorentz four-vector:
[Lpo. WH] = i(n", Wo — 0ty W,).

Since W2 = W, WH is the contraction of a vector with itself, it is a Lorentz
scalar. Scalars are invariant under Lorentz transformations, hence

(W2, Lyo]=0.
The operator W? commutes with all generators of the Poincaré algebra:
(W2, Pl =0,  [W? Lpl=0.

Therefore W2 is a Casimir operator of the Poincaré group. Together with P2, it
labels the irreducible representations and characterizes the intrinsic spin (or helicity)
of particles.

The Poincaré group therefore classifies elementary particles by mass and spin.
However, these quantum numbers do not exhaust the full set of symmetries observed
in nature, as we shall see in the next section.

18.5 The Symmetry of the Standard Model of Elementary
Particles

The Poincaré group thus describes the basic symmetries of individual massive
particles travelling at relativistic speeds in empty space. Mass and spin conservation
do not, of course, exhaust the symmetries of elementary particles, which also include
electric charge, weak isospin and colour charge, all of which are independent of the
Poincaré group.

In particular, the conservation of electric charge follows from a global U(1) phase
symmetry of the wave function:

Yx) — e Px),

where & € R is an arbitrary phase meaning that the physics does not depend on its
value. By applying Noether’s theorem [3]:

U(1) symmetry — conserved current —> conserved electric charge
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This U(1) symmetry is at the basis of electromagnetism: when it is made
local, the electromagnetic field and the electromagnetic potential emerge. It is the
same symmetry that is operative in classical covariant electrodynamics, where it
corresponds to the gauge symmetry of the electromagnetic four-potential. Indeed,
the four-potential is invariant under the addition of the derivative of a scalar field:

Ay = Au+ A

where A(x) is a real scalar field defined over spacetime. Adding the symmetries of
the weak force (weak isospin), SU(2), and of the strong force (colour charge) SU(3),
we can write the total symmetry of the standard model of elementary particles as the
following direct product of groups:

Poincaré x SU3) x SU(2) x U(1)

This symmetry group represents the hitherto unchallenged description of the
smallest building blocks of matter.

References

1. H.E. Jones, Groups, Representations and Physics, 2nd edn. (Taylor & Francis Ltd, Bristol/New
York, 1998)

2. A. Zee, Group Theory in a Nutshell for Physicists (Princeton University Press, Princeton, 2016)

3. L.D. Landau, E.M. Lifshitz, The Classical Theory of Fields. Course of Theoretical Physics,
vol. 2, 4th edn. (Butterworth-Heinemann, Oxford, 1975)



Index

A Compatible deformations, 89
Abelian group, 96 Completely reducible representations, 136
Affine connections, 43, 45 Conjugacy, in group theory, 108
Angular momentum in quantum mechanics, Conjugate elements of a group, 108
231 Contravariant vector, 4
Atlases, 80 Cosets, 109, 110

Cotangent space, 83
Covariant derivative, 46

B Covariant electrodynamics, 24, 57

Berry connection, 92 Covariant vector, 4

Berry curvature, 92 Covering of manifolds, 81

Bianchi identity, 25, 32,90 Crystal field splitting, 204

Binet’s theorem, 23 Crystallographic restriction theorem, 102
Bloch Hamiltonian, 92 Crystal symmetry groups, 101
Block-diagonal form, 135 Cubic crystals, 197

Block-diagonal structure, 154 Cyclic groups, 103

Bravais lattice, 101, 102
Burgers vector, 87

D

Degenerate energy levels, 199
C Determinant of the metric tensor, 38
Cabibbo-Ferrari theory, 25 Diffeomorphisms, 79
Casimir invariants, 268 Differential forms, 29
Cayley’s theorem, 155 Dihedral groups, 104
Character of a representation, 136 Dirac cone, 92
Charts, 78 Dirac monopoles, 25
Chern number, 93 Dirac representation, 260
Christoffel symbol of first kind, 49 Dirac spinor, 260
Christoffel symbol of second kind, 44 Directional derivative, 85
Clebsch-Gordan coefficients, 235 Direct product representation, 178
Clebsch-Gordan decomposition, 183 Dislocations, in solids, 87
Clebsch-Gordan series, 234 Disorder, in solids, 90
Compact groups, 143 Double covering, 251
Compatibility condition, 89 Dual basis, 4
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2026 273

A. Zaccone, Differential Geometry and Group Theory,
https://doi.org/10.1007/978-3-032-27518-9


https://doi.org/10.1007/978-3-032-27518-9
https://doi.org/10.1007/978-3-032-27518-9
https://doi.org/10.1007/978-3-032-27518-9
https://doi.org/10.1007/978-3-032-27518-9
https://doi.org/10.1007/978-3-032-27518-9
https://doi.org/10.1007/978-3-032-27518-9
https://doi.org/10.1007/978-3-032-27518-9
https://doi.org/10.1007/978-3-032-27518-9
https://doi.org/10.1007/978-3-032-27518-9
https://doi.org/10.1007/978-3-032-27518-9

274

E

Einstein equivalence principle, 64
Einstein-Cartan theory, 45
Einstein-Hilbert action, 72
Einstein’s field equations, 72
Elastic constants tensor, 198
Elasticity theory, 88, 89, 198
Embedding, 10

Equivalence class, 108
Equivalent representations, 130
Euclidean group, 186
Euclidean space, 77

Euler angles, 237

Exterior derivative, 31

F

Faraday tensor, 24

Fermi coordinates, 65

Four axioms, of group theory, 95
Free-fall motion, 63

G

Gauss-Bonnet theorem, 72, 87

Gaussian curvature, 71, 87

Generators of Lie groups in differential form,
125

Genus of a topological surface, 87

Geodesic equation, 63

Geodesics, 64

G-modules, 148

Gradient, 16

Gravitational time dilation, 67

Great orthogonality theorem, 148

Group, definition, 95

H

Haar measure, 143

Hidden degeneracy, 201
Hodge operator, 36
Homomorphism, 114, 115, 129

1

Improper rotations, 99

Induced metric, 10

Induced transformation, 2
Invariant subgroups, 110
Inversion symmetry, 191
Irreducible representations, 136
Isomorphism, 115

Index

J
Jacobian, 9, 30

K
Kernel, 115
Kronecker delta, 5

L

Lagrange’s theorem, 108

Left coset, 108

Level splitting in quantum mechanics, 198
Levi-Civita connection, 44
Levi-Civita tensor, 37

Lie generators of rotations, 122
Lie group, definition, 97

Lie groups, 119

Lorentz algebra, 243

Lorentz factor, 24

Lorentz force, 25

Lorentz group, 243, 249
Lorentz transformation, 22

M

Magnetic field, 7

Magnetic monopoles, 90
Manifolds, 77

Maps (topology), 79

Maschke’s theorem, 142

Matrix representation, 129

Matter field action, 74

Maxwell’s equations, 24

Mercator, 81

Metric tensor, 7

Microscopic displacement field, 90
Minkowski metric, 22, 23, 257
Minkowski spacetime, 21, 39, 243
Moving reference frame, 9
Multiplication table of a group, 106

N
Neumann’s principle, 190
Normal subgroups, 110

o

Open balls, 80

Open set, 80
Orthogonal groups, 100
Orthogonal matrices, 98



Index

P

Packings, 184
Parallel transport, 45
Parity group, 97
Pauli-Lubanski vector, 269
p-form, 31

Poincaré algebra, 267
Poincaré group, 263
Poincaré’s lemma, 33
Point group, 101
Pseudotensors, 5

Q

Quantum geometry, xii
Quantum Hall effect, 92, 93
Quotient group, 110

R

Random sphere packings, 188
Range convention for tensors, 2
Rank-2 tensor, 19

Rapidity, 248

Reducible representations, 134, 139
Reflections, 99

Regular representation, 155
Relativistic spinor representations, 255
Representation algebra, 131

Ricci scalar, 70

Ricci tensor, 70

Riemann surface, 78

Riemann tensor, 68

Rotation groups, 211

Rotation matrix, 99, 122

Rotation of a vector, 17

S

Schur’s lemmas, 145

Semidirect product, 117, 184, 186, 268
Similarity, 137

SO(2) group, 212

SO(3) group, 223

Special relativity, 21, 23, 243

Speed of light, 23

Sphere S2.10

Spin-1/2 fermions, 238

Standard model of particle physics, 271
Stark effect, 203

Stereographic projection, 82

Stokes’ theorem, 33

Stress—energy tensor, 74

Structure constants of a Lie algebra, 124
Subgroups, 98, 107

Symmetry breaking, 203

T

Tangent space, 45, 83

Tensor, 2

Tensor product representation, 177
Thomas rotation, 249

Topological defects, 25, 86
Topological phase transition, 87
Torsion tensor, 45

U

Unitarity theorem, 142

Unitary groups, 100

Unitary representation, 133, 140
Unitary transformations, 140

\%
Vector spaces, 137

W

Weak gravitational fields, 66
Wedge product, 29

Weyl representation, 255
Weyl spinor, 255

Whitney’s theorem, 81
Wigner D-matrix, 237
Wigner d-matrix, 237
Winding number, 87

Z
Zeeman effect, 203



	Cover
	Title
	Copyright
	Foreword
	Preface
	Contents
	1 Tensor Calculus
	1.1 Coordinate Systems and Transformations Thereof
	1.2 Transformations of Tensors
	1.2.1 Absolute Tensors
	1.2.2 Pseudotensors

	1.3 Metric Tensor
	1.4 Moving Reference Frames
	1.4.1 Example: The Sphere S2
	1.4.2 Remarks
	1.4.2.1 Quadratic Form of the Displacement
	1.4.2.2 Orthonormal Basis Vectors
	1.4.2.3 Scalar Product and Polar Coordinates


	1.5 Example: Polar Coordinates in 2D
	1.5.1 Contravariant Basis Vectors
	1.5.2 Physical Vector in Polar Coordinates in 2D

	1.6 Example: Cylindrical Coordinates in 3D
	1.6.1 Contravariant Basis Vectors
	1.6.2 Vector in Cylindrical Coordinates

	1.7 Example: Spherical Coordinates in 3D
	1.7.1 Orthonormal and Contravariant Bases

	1.8 Example: Gradient of a Scalar Field in Curvilinear Coordinates
	1.8.1 Gradient in 2D Polar Coordinates
	1.8.2 Gradient in 3D Cylindrical Coordinates
	1.8.3 Gradient in 3D Spherical Coordinates

	1.9 Physical Examples
	1.9.1 Transformation of a Vector Under Rotation
	1.9.2 Transformation of a Rank-2 Tensor

	References

	2 Minkowski Spacetime
	2.1 Metric
	2.2 Special Relativity
	2.2.1 Covariant Electrodynamics

	2.3 Physical Examples
	2.3.1 Gauss's Law for Magnetism and Faraday's Law from Eq. (2.25)
	2.3.2 Gauss and Ampere Laws Under a Change of Coordinate Frame

	Reference

	3 Differential Forms
	3.1 Wedge Product
	3.2 Exterior Derivative
	3.2.1 The Exterior Derivative Anticommutes with the Wedge Product
	3.2.2 Example
	3.2.3 Example

	3.3 Bianchi Identity, Exact and Closed Forms
	3.3.1 Physical Examples
	3.3.1.1 Static Electric Fields
	3.3.1.2 Covariant Electrodynamics
	3.3.1.3 Example


	3.4 Hodge Operator
	3.4.1 Levi-Civita Tensor
	3.4.2 Hodge Star

	3.5 Examples
	3.5.1 3D Euclidean Space
	3.5.2 Minkowski Space

	3.6 Physical Example: Covariant Electrodynamics with Differential Forms
	References

	4 Differential Calculus on Curved Manifolds
	4.1 Affine Connections
	4.2 Parallel Transport
	4.3 Covariant Derivative
	4.4 Torsion-Free Manifolds
	4.4.1 Affine Connections
	4.4.2 Covariant Derivative of the Metric Tensor

	4.5 Differential Operators on Curved Manifolds
	4.5.1 Gradient
	4.5.2 Divergence
	4.5.2.1 Example: Divergence in Orthogonal Coordinates

	4.5.3 Generalized Kronecker Delta
	4.5.4 Divergence via Differential Forms
	4.5.5 Example
	4.5.6 Laplacian
	4.5.6.1 Example


	4.6 Covariant Electrodynamics Revisited
	References

	5 General Relativity
	5.1 Stationary Action Principle
	5.1.1 Classical Case
	5.1.1.1 Classical Free Particle
	5.1.1.2 Motion in a Potential

	5.1.2 Relativistic Free Particle
	5.1.2.1 Electromagnetic Field

	5.1.3 Gravitational Field
	5.1.4 Electromagnetic and Gravitational Fields
	5.1.5 Equivalence Principle
	5.1.5.1 Newtonian Equivalence Principle

	5.1.6 Static Weak Gravitational Fields
	5.1.6.1 Gravitational Time Dilation


	5.2 Riemann Tensor
	5.2.1 Geometric Meaning of the Riemann Tensor via Parallel Transport
	5.2.1.1 Infinitesimal Loop Spanned by Two Displacements
	5.2.1.2 Geometric Meaning

	5.2.2 Example: Curvature of the 2-Sphere

	5.3 Einstein's Field Equations
	5.3.1 Einstein–Hilbert Action

	References

	6 Manifolds and Diffeomorphisms
	6.1 Differentiable Manifolds
	6.1.1 Examples of Manifolds
	6.1.2 Charts and Atlases
	6.1.2.1 Maps
	6.1.2.2 Diffeomorphisms Between Sets
	6.1.2.3 Open Balls and Open Sets

	6.1.3 Covering of Manifolds with Charts

	6.2 Tangent Space Revisited
	6.2.1 Tangent Space and Cotangent Space (Geometric Intuition)

	6.3 Topological Defects
	6.4 Physical Examples
	6.4.1 Compatible and Incompatible Deformations in Solids
	6.4.2 Berry Curvature, Chern Number, and Quantum Hall Effect
	6.4.2.1 Berry Connection and Berry Curvature
	6.4.2.2 Chern Number

	6.4.3 Quantized Hall Conductivity
	6.4.3.1 Differential-Geometric Interpretation


	References

	7 Introduction to Group Theory
	7.1 Definition of Group
	7.1.1 Examples
	7.1.2 Examples: Zn and Sn
	7.1.3 Groups of Matrices

	7.2 Orthogonality and Rotations
	7.2.1 Example: Proper and Improper Rotations
	7.2.2 Examples: Unitary Groups

	7.3 Crystallography
	7.3.1 Physical Example: The Bravais Lattices

	7.4 The Cyclic Group Cn
	7.4.1 Examples: Dihedral Groups
	7.4.2 Example: Multiplication Table of C3

	References

	8 The Algebra of Groups
	8.1 Subgroups
	8.2 Lagrange's Theorem and the Quotient Group
	8.3 Cosets and Quotient Groups
	8.4 Direct Product Group
	8.5 Mappings, Homomorphisms and Isomorphisms
	8.5.1 Homomorphism
	8.5.2 Kernel

	8.6 Representation of a Group  G 
	References

	9 The Lie Theory of Rotations
	9.1 Lie Groups
	9.1.1 2D Rotations
	9.1.2 Lie Algebra of Rotations
	9.1.3 Rotations in n Dimensions
	9.1.4 Generators in Differential Form

	9.2 Lie Algebra Structure for a Generic Continuous Symmetry Group
	References

	10 Introduction to Representation Theory
	10.1 Introduction to Matrix Representation
	10.2 Equivalent Representations
	10.3 Representation Algebra
	10.4 Reducibility
	10.5 Character of a Representation
	10.6 Connection with the Theory of Vector Spaces
	10.6.1 Similarity Transformation and Change of Basis
	10.6.2 Representations of a Group and Linear Transformations
	10.6.3 Reducibility Revisited

	10.7 Unitary Representations and Unitarity Theorem
	10.7.1 Unitary Transformations
	10.7.2 Unitarity Theorem
	10.7.3 Example: Group U(1)

	10.8 Exercises
	References

	11 Schur's Lemmas, the Great Orthogonality Theorem and the Regular Representation
	11.1 Schur's Lemmas
	11.1.1 The First Schur Lemma
	11.1.2 The Second Schur Lemma

	11.2 The Great Orthogonality Theorem
	11.3 Orthogonality of Characters
	11.3.1 Properties of the Trace

	11.4 Character Decomposition
	11.5 The Regular Representation
	11.5.1 Example: Regular Representation for C3
	11.5.2 Decomposition of the Regular Representation into Irreps

	References

	12 Character Tables
	12.1 Rules for the Construction of the Character Table
	12.2 The Character Table of Group C3
	12.3 The Character Table of Group D3
	Reference

	13 Tensor Product Representation
	13.1 Direct Products of Representations and Their Decomposition
	13.2 Decomposition of Tensor Products into Irreps
	13.3 Example: Decomposition of E E in D3
	13.4 Direct Product Representation: When It Is Irreducible
	13.5 Semidirect Product, Groups and Packings
	13.5.1 Lattice Packings and Symmetry
	13.5.2 Optimality Among Lattices
	13.5.3 Symmetry Group of the Hexagonal Packing

	13.6 Semidirect Product
	13.6.1 Beyond Lattices

	References

	14 Physical Properties of Solids and Energy-Level Splitting in Quantum Mechanics
	14.1 Physical Properties of Crystalline Solids
	14.1.1 Permanent Electric Dipole and Magnetic Dipole Moments

	14.2 Conductivity Tensor of Crystals
	14.2.1 Higher-Rank Tensors of Physical Properties: The Elastic Tensor

	14.3 Level Splitting and Symmetry-Breaking in Quantum Mechanics
	14.3.1 Degeneracy of Energy Levels in Quantum Mechanics
	14.3.2 Lifting of Degeneracy (Level-Splitting)

	References

	15 Representation Theory of SO(2) and SO(3)
	15.1 Continuous Rotation Groups
	15.2 The Group SO(2)
	15.2.1 Irreps and Characters
	15.2.2 Decomposition of the Representation
	15.2.3 Infinitesimal Generators

	15.3 Connection with Quantum Mechanics
	15.3.1 What Are the Eigenfunctions of z? 

	15.4 Mechanics of Rotations About an Arbitrary Axis
	15.4.1 Commutation Relations Revisited

	15.5 Irreps and Characters of SO(3)
	15.5.1 Finding the Irreps of SO(3)

	15.6 Characters
	Reference

	16 Addition of Angular Momenta in Quantum Mechanics
	16.1 Interacting vs Non-interacting Quantum Particles
	16.2 Clebsch–Gordan Series
	16.3 Clebsch–Gordan Coefficients
	16.4 Euler Angles
	16.5 Clebsch-Gordan Coefficients of Two Spin-12 Fermions
	16.6 Wigner D-matrix and Wigner d-Matrix
	References

	17 Representation Theory of the Lorentz Group SO(3,1)
	17.1 Recap of Special Relativity
	17.2 Four-Vector Notation
	17.3 Finding a Matrix Representation for the Boosts
	17.4 The Lorentz Group
	17.5 Digression: Double-Coverings
	17.6 Lie Generators of SO(3,1)
	17.7 Classification of Relativistic Spinor Representations
	17.7.1 The Weyl Spinors and the Weyl Representation
	17.7.2 The Dirac Representation
	17.7.3 The Lorentz Representation

	17.8 A Note on Non-unitarity
	References

	18 Representation Theory of the Poincaré Group
	18.1 Definition
	18.2 Algebra and Representation
	18.2.1 Generalized Angular Momentum Operator for Rotations and Boosts
	18.2.2 Translations

	18.3 The Full Poincaré Algebra
	18.4 Casimir Invariants
	18.5 The Symmetry of the Standard Model of Elementary Particles
	References

	Index



