




Kirchhoff Equations

Kirchhoff Equations: A Variational Approach is primarily focused on
recent results concerning existence, multiplicity, and the asymptotic
behavior of solutions to some stationary Kirchhoff problems, involving
fractional integro-differential elliptic operators, and presenting difficulties
relating to an intrinsic lack of compactness, which are elucidated upon
within the text. These operators appear in a quite natural way in many
different applications, such as continuum mechanics, phase transition
phenomena, population dynamics, and game theory, as they are the typical
outcome of stochastically stabilization of Lévy processes.

This book will be of interest to postgraduates in applied mathematics, with
a particular emphasis for those working in differential and partial
differential equations. It will also find an audience among researchers
interested in the qualitative, quantitative, and asymptotic analysis of various
types of solutions to the Kirchhoff equation.

Features

Each chapter concludes with a detailed glossary and set of open
problems.
Rigorous proofs and illustrative examples.
Broad-spectrum appeal to both applied mathematicians and those in
other qualitative disciplines such as engineering.
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Preface

This book is devoted to the mathematical analysis of the stationary
Kirchhoff equation. This class of nonlinear problems was introduced by the
German physicist and mathematician Gustav Kirchhoff [Mechanik,
Teubner, Leipzig, 1883] in relationship with the study of the motion of a
rigid body in an ideal fluid. Subsequently, the Kirchhoff equation appeared
as a basic tool for the understanding and the rigorous analysis of basic
processes arising in other applied sciences, including electrical engineering
or chemical engineering.

Mathematics has always benefited from its involvement with developing
sciences. Each successive interaction revitalizes and enhances the field.
That is why the subject of this book assumes the correspondingly increased
dialogue between mathematics and interdisciplinary disciplines that study
models described by the modern mathematical machinery. The framework
we develop and study in this volume is inspired by concrete and relevant
applications from various disciplines.

This book is a research monograph, and it is essentially based on original
results. This volume is focused on recent results concerning existence,
multiplicity, and the asymptotic behavior of solutions to some stationary
Kirchhoff problems, involving fractional integro-differential elliptic
operators, and presenting also difficulties due to intrinsic lacks of
compactness, which arise from different reasons. These operators appear in
a quite natural way in many different applications, such as continuum



mechanics, phase transition phenomena, population dynamics, and game
theory, as they are the typical outcome of stochastic stabilization of Lévy
processes.

The subject of this monograph is about nonlocal stationary equations of
Kirchhoff-type. A good question is:

Why nonlocal problems are important for mathematics?

Indeed, during the last centuries, science was governed by local equations,
where interactions happen only between immediate neighbors. However,
reality is more complicated: memories remain in materials, and
relationships span time and location. This intricate connection is captured
by nonlocal equations, which radically alter our perception of reality. The
content of this book lies at the interplay between pure mathematics and
applied fields such as electrical engineering, chemistry, or fluids (either
Newtonian or non-Newtonian). The main purpose is to build a bridge
between mathematics and other disciplines, due to the fact that problems
and models arising in many applications are using increasingly
sophisticated mathematical techniques. This monograph intends to
emphasize that Kirchhoff's equations illustrate that the most powerful
mathematical structures often emerge from the simplest conservation
principles, proving that even the humble electrical circuit contains universes
of abstract beauty. This is achieved by applying refined mathematical
methods lying at the interplay between the calculus of variations, pure and
applied nonlinear analysis, topology, and mathematical physics.

The content of this volume is divided into three Parts, which contain nine
Chapters. In such a way, the main themes described in this volume are
concerned with the following topics: least-energy solutions, normalized



solutions, and concentration properties for several classes of Kirchhoff-type
equations.

Part I is devoted to the mathematical analysis of least-energy solutions
for Kirchhoff problems with critical growth. The study of this type of
solutions is at the heart of the modern calculus of variations and nonlinear
analysis. In simple terms, least-energy solutions (also called ground state
solutions) are the nontrivial solutions that are absolute minimizers of the
associated energy functional among all possible nontrivial solutions. The
physical meaning of least-energy solutions is that they represent the ground
state, which is the most stable, lowest-energy configuration of the system.
In short, least-energy solutions are the most fundamental and stable critical
points of the associated Kirchhoff energy. Finding and characterizing these
solutions is the first major step in understanding the variational structure of
the Kirchhoff system.

Part I contains two chapters, and the analysis carried out here covers the
study of least-energy solutions for the following classes of Kirchhoff
equations:

Critical Kirchhoff problems with logarithmic reaction. Here, two
fundamental mathematical concepts compete: nonlocal differential
operator (Kirchhoff), and critical logarithmic growth nonlinearity.
Problems with logarithmic reaction have their origins in quantum
mechanics (logarithmic Schrödinger equations model Bose-
Einstein condensates with unusual particle interactions),
information theory, and in the study of patterns with nonlinearities
that saturate rather than blow-up.

(a)

Planar Kirchhoff equations with critical exponential growth and
trapping potential. This combination is challenging because it
creates a mathematically optimal competition:

(b)



Part II contains three chapters, and it is devoted to the qualitative analysis
of normalized solutions (also called solutions with prescribed mass). There
are several reasons to study solutions of this type. Firstly, for their physical
necessity, since prescribing the mass is often required to define a specific
physical system, for instance, because the gravitational interaction strength
depends directly on the mass. Secondly, normalized stationary states define
naturally the eigenvalue problem, which is a nonlinear eigenvalue problem
constrained by mass normalization. Thirdly, problems dealing with
solutions having a prescribed mass yield a key prediction. Indeed, solving
this kind of problem for different masses reveals the mass-radius
relationship, a critical signature used to test the model against astrophysical
observations (e.g., for fuzzy dark matter).

We are mainly concerned with the study of normalized solutions for the
following classes of Kirchhoff equations:

In summary, planar Kirchhoff systems with critical exponential
growth (Trudinger-Moser type) and trapping potential offer deep
insights into how nonlocality, criticality, and confinement interact
in low-dimensional nonlinear systems. Physical patterns of this
type include Bose-Einstein condensates in 2D traps, Kirchhoff-
type dispersion from nonlocal nonlinearities (thermal, molecular),
and exponential response in photoreactive materials.

Kirchhoff: nonlocality in the source term;(i)
critical exponential growth: maximal growth in two
dimensions;

(ii)

trapping potential: confinement and compactness.(iii)

Nonautonomous Kirchhoff problems. The analysis developed in
this book covers both the subcritical and supercritical abstract

(a)



settings. Nonautonomous Kirchhoff equations are special because
they represent a hierarchical structure of nonlocalities and
nonlinearities:

In summary, the nonautonomous case moves Kirchhoff equations
from model problems to realistic physical patterns where spatial
inhomogeneity is the rule, not the exception.

Mesoscopic nonlocality: Kirchhoff nonlinearity in the source
term;

(i)

Local-nonlocal interplay in the reaction: the nonlinear
reaction can have such double behavior;

(ii)

Macroscopic nonlocality: spatial dependence through the
potential describing the reaction.

(iii)

Autonomous Kirchhoff equations with Sobolev critical exponent. A
feature of this study developed in the three-dimensional case is
that it unifies the sub- and super-critical regimes. This case is
fundamental because the autonomous Kirchhoff equation with
Sobolev critical exponent sits at the intersection of three deep
mathematical theories:

The basic abstract tools in this study are the following: truncation
method and fiber mapping (to analyze the energy levels),
concentration-compactness principle (for handling the lack of
compactness), and genus theory (to establish the multiplicity of
solutions).

(b)

Calculus of Variations: critical growth, lack of compactness;(i)
Geometric Analysis: best constants, extremals, bubbling;(ii)
Nonlocal PDEs: Kirchhoff-type nonlocality.(iii)



Part III contains four chapters, and it is concerned with concentration
properties of solutions to several classes of Kirchhoff systems. This analysis
is important because it goes to one of the main analytical challenges for the
Kirchhoff equation. Indeed, concentration properties of solutions are crucial
for the Kirchhoff equation because they determine whether the energy
functional associated with the equation satisfies the Palais-Smale
compactness condition. This condition is the cornerstone of applying
powerful variational methods to establish the existence of weak solutions.

The analysis carried out in this book covers the study of concentration
solutions for the following classes of Kirchhoff equations:

Kirchhoff equations with double-behavior reaction. A feature of
this study is that it addresses the existence of normalized solutions
for Kirchhoff equations in the following fundamental cases:

The case of a double-behavior reaction is important because this
specific interplay between the growth of the reaction near the
origin and at infinity relative to the L2-critical exponent is a central
technical feature, which creates a competition between two
different variational geometries. A major effort consists in
handling the lack of compactness due to the Sobolev supercritical
growth at infinity (which is still subcritical in the Sobolev sense)
through the interplay with the mass constraint and the Kirchhoff
term.

(c)

if the reaction is L2-subcritical (mass-like at small
amplitudes) at the origin and L2-critical at infinity;

(i)

if the reaction is L2-critical at the origin and L2-supercritical
(energy-dominant at large amplitudes) at infinity.

(ii)



Fractional p-Kirchhoff equations. The features of this analysis
developed in the present volume are distinct from other related
studies on the Kirchhoff equation due to its focus on potential well
concentration rather than critical exponent bubbling. Some reasons
for which the concentration analysis is important in this case are
listed below.

(a)

Problem complexity: the study of this class of Kirchhoff
equations tackles a triply nonlocal problem (fractional +
Kirchhoff + potential well) on the whole space.

(i)

Methodological innovation: the analysis provides a blueprint
for asymptotic analysis via the limit problem strategy and
uniform estimates.

(ii)

Theoretical impact: the study highlights new theoretical ideas
based on potential-induced concentration, distinct from
critical exponent bubbling.

(iii)

Magnetic Kirchhoff equations with critical growth. Moving from
Kirchhoff to magnetic Kirchhoff equations shifts the focus from
classical elasticity to quantum mechanics, introduces the deep
physical principle of gauge invariance, and creates a much more
challenging and interesting set of mathematical problems centered
on new types of functional spaces and concentration phenomena.
Introducing the magnetic field in the study of Kirchhoff equations
creates a host of new analytical difficulties, such as:

(b)

Loss of compactness: the standard embedding property is no
longer compact in the magnetic case, and new techniques like
the magnetic concentration-compactness principle are needed
to overcome this failure.

(i)



Concentration properties: the magnetic field can influence
the precise location and shape of the concentration of
solutions.

(ii)

Interaction of nonlocalities: the problem features a
fascinating interplay between the Kirchhoff nonlocality and
the magnetic nonlocality.

(iii)

Fractional Kirchhoff equations with discontinuous reaction. This
study is important since it shifts the problem from the smooth
world of standard critical point theory to the more complex terrain
of nonsmooth analysis, specifically for applications where the
response is not continuous or the forcing term is not a function but
a multivalued map. The key feature of this analysis is that it
combines three major analytical complexities (nonlocality,
nondifferentiability, and potential-driven localization) into a single
challenging problem. This triple interaction implies the following
challenge layers:

(c)

The operator is nonlocal in two ways, making compactness
hard to obtain.

(i)

The discontinuous reaction implies that the associated energy
is not differentiable (only locally Lipschitz), so standard
critical point theory fails.

(ii)

In order to establish the concentration of solutions and to
prove localization, one must show decay outside a prescribed
set and rule out energy leaking to infinity.

(iii)

Mass critical fractional Kirchhoff equations. These problems
represent a delicate and significant frontier in nonlinear analysis,
where three fundamental constraints interact: fractional diffusion,

(d)



This volume is addressed to wide categories of readers in mathematics,
and it is designed for two basic audiences:

1. The book is intended as a post-graduate course for students in
applied mathematics. They will be interested in some of the recent
advances in this field, with a particular emphasis for those working
in differential and partial differential equations.

2. The monograph is addressed to senior and junior researchers
interested in the qualitative, quantitative and asymptotic analysis of
various types of solutions to the Kirchhoff equation, which is a

nonlocal Kirchhoff effects, and mass conservation. This
combination makes these equations important for modeling
quantum phenomena and mathematically challenging due to the
complete lack of compactness. This analysis represents a state-of-
the-art contribution for several reasons:

It solves a natural open problem: the combination of “mass
constraint + Sobolev criticality + Kirchhoff nonlocality” had
been a major open challenge. This study likely provides a
near-complete picture for the ground state case.

(i)

Foundation of dynamics: the detailed properties of constraint
minimizers are essential for studying the orbital stability of
standing waves and the blow-up dynamics to the associated
time-dependent fractional Kirchhoff equation.

(ii)

Main results: the analysis establishes sharp thresholds,
characterizes the precise concentrating behavior of
minimizers at criticality, and breaks new ground by proving a
uniqueness result in this highly nonlocal and nonlinear
context.

(iii)



basic tool in the understanding of basic phenomena arising in the
applied sciences, such as mathematical physics, engineering,
physical science, computer science, numerical methods, and even
mathematical biology and economics.

I would like to acknowledge the AGH University of Kraków for the
exceptional resources and infrastructure that supported this project. Access
to the AGH University Library was essential to my research. Furthermore,
the stimulating discussions with colleagues within the faculty continuously
enriched my thinking. I remain also grateful to my editor Callum Fraser for
his professional support during the preparation of this volume.

Vicenţiu D. Rǎdulescu

Kraków, February 2026
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Part I

Least-energy Solutions



1
Critical Kirchhoff problems with logarithmic
reaction

DOI: 10.1201/9781003797159-1

This chapter deals with the existence of least-energy sign-changing solutions for a class of fractional
Kirchhoff problems with logarithmic and critical nonlinearities. Why least-energy solutions? Because the
study of this type of solutions is at the heart of the modern calculus of variations and nonlinear analysis. In
simple terms, least-energy solutions (also called ground state solutions) are the nontrivial solutions that are
absolute minimizers of the associated energy functional among all possible nontrivial solutions. The
physical meaning of least-energy solutions is that they represent the ground state, which is the most stable,
lowest-energy configuration of the system. In short, least-energy solutions are the most fundamental and
stable critical points of the associated Kirchhoff energy. Finding and characterizing these solutions is the
first major step in understanding the variational structure of Kirchhoff-type systems.

In this chapter, we consider the following Kirchhoff equation

where s ∈ (0, 1), p > 1, Ω ⊂ RN  (N ≥ 3) is a bounded domain with Lipschitz boundary, N > sp, λ is a
positive parameter, p∗

s = Np/(N − ps) is the critical fractional Sobolev exponent, and

[u]ps,p = ∫
Ω
∫

Ω

|u(x) − u(y)|p

|x − y|N+ps
dxdy.

The presence of the term a + b[u]ps,p makes this equation nonlocal, in the sense that the Laplacian's
coefficient depends on the global energy of the unknown u. At the same time, the energy functional
associated to this problem does not satisfy the Palais-Smale condition in the standard way, due to the
combined effect of critical growth and the logarithm.

In this chapter, two fundamental mathematical concepts compete:

1. nonlocal differential operator (Kirchhoff);

2. critical logarithmic growth nonlinearity.

Problems with logarithmic reaction have their origins in quantum mechanics (logarithmic Schrödinger
equations model Bose-Einstein condensates with unusual particle interactions), information theory, and in

{
(a + b[u]ps,p)(−Δ)spu = λ|u|q−2u ln |u|2 + |u|p

∗
s−2u in Ω,

u = 0 in R
N ∖ Ω,

https://doi.org/10.1201/9781003797159-1


the study of patterns with nonlinearities that saturate rather than blow-up.
The main result in this chapter establishes the existence of at least-energy sign-changing (also called

nodal) solution ub. This is done by combining constraint variational methods, topological degree theory,
and quantitative deformation arguments. Moreover, energy doubling is established, that is, the energy of
the sign-changing solution ub is strictly greater than twice the ground state energy for all λ > 0. Finally,
we consider the nonlocal coefficient b as a parameter and study the convergence property of the least-
energy sign-changing solution as b → 0.

The analysis carried out in this chapter extends the mountain pass/Nehari manifold methodology to a
highly non-standard setting by handling the triple difficulty of nonlocality, critical exponent, and
logarithmic nonlinearity. In such a way, we provide a complete variational characterization (least-energy
property) of the nodal solution.

1.1 Statement of the problem

In this chapter, we are interested in the existence, energy estimates, and the convergence property of the
least-energy sign-changing solution for the following fractional Kirchhoff problems with logarithmic and
critical nonlinearity:

(1.1)

where s ∈ (0, 1), p > 1, Ω ⊂ RN  (N ≥ 3) is a bounded domain with Lipschitz boundary, N > sp, λ is a
positive parameter, p∗

s = Np/(N − ps) is the critical fractional Sobolev exponent, and

[u]ps,p = ∫
Ω
∫

Ω

|u(x) − u(y)|p

|x − y|N+ps
dxdy.

We denote by (−Δ)sp the fractional p–Laplace operator which, up to a normalization constant, is
defined as

(−Δ)spφ(x) = 2 lim
ε→0+

∫
RN∖Bε(x)

|φ(x) − φ(y)|p−2(φ(x) − φ(y))

|x − y|N+ps
dy, x ∈ R

N ,

for all φ ∈ C∞
0 (RN). Henceforward, Bε(x) denotes the open ball of RN  centered at x ∈ R

N  and radius 
ε > 0.

Let us recall some preliminary results on the fractional Sobolev space W s,p
0 (Ω) with respect to the norm

∥ u ∥= [u]s,p. We refer to Appendix A for the definition and some basic properties of fractional Sobolev
spaces.

By Sobolev embeddings, W s,p
0 (Ω) is compactly embedded into the Lebesgue space Lr(Ω) endowed the

norm |u|r = (∫Ω |u|r dx)
1
r  for all p < r < p∗

s. Denote by Sr the best Sobolev constant for this embedding,

{
(a + b[u]ps,p)(−Δ)spu = λ|u|q−2u ln |u|2 + |u|p

∗
s−2u in Ω,

u = 0 in R
N ∖ Ω,



that is,

Sr|u|r ≤∥ u ∥, ∀u ∈ W s,p
0 (Ω).

(1.2)

In particular, if S is the best constant for the embedding W s,p
0 (Ω) ↪ Lp∗

s(Ω), then it is defined by

S = inf
u∈W s,p

0 (Ω)∖{0}

∫Ω ∫Ω
|u(x)−u(y)|p

|x−y|N+ps dxdy

(∫Ω |u|p
∗
s dx)

p

p∗
s

.

(1.3)

Definition 1.1  We say that u ∈ W
s,p
0 (Ω) is a (weak) solution of problem (1.1) if

(a + b[u]ps,p)L(u, v) = λ∫
Ω

|u|q−2uv ln |u|2dx + ∫
Ω

|u|p
∗
s−2uv dx,

(1.4)

where

L(u, v) := ∫
Ω
∫

Ω

|u(x) − u(y)|p−2(u(x) − u(y))

|x − y|N+sp
(v(x) − v(y))dxdy

(1.5)

for any v ∈ W
s,p
0 (Ω).

The energy functional I λ
b

: W s,p
0 (Ω) → R corresponding to problem (1.1) is defined by

I λ
b (u) =

a

p
[u]ps,p +

b

2p
[u]2p

s,p +
2λ

q2
∫

Ω
|u|qdx −

λ

q
∫

Ω
|u|q ln |u|2dx −

1

p∗
s

∫
Ω

|u|p
∗
s dx.

(1.6)

Then I λ
b

 is a functional of class C 1(W s,p
0 (Ω),R) and the critical points of I λ

b
 are solutions of problem

(1.1). Furthermore, if we write

u+(x) =max {u(x), 0} and u−(x) =min {u(x), 0}

for u ∈ W
s,p
0 (Ω), then every solution u ∈ W

s,p
0 (Ω) of problem (1.1) with the property that u± ≠ 0 is a

sign-changing solution of problem (1.1).
We remark that if u± ≢ 0, then



(1.7)

Our goal in this chapter is to study the least-energy sign-changing solutions of problem (1.1). Consider
the following standard semilinear elliptic equation

−Δu + V (x)u = f(x,u)in Ω,

(1.8)

where Ω is an open subset of RN . A standard method to establish the existence of sign-changing solutions
relies on the following decompositions:

J(u) = J(u+) + J(u−),

(1.9)

⟨J ′(u),u+⟩ = ⟨J ′(u+),u+⟩, ⟨J ′(u),u−⟩ = ⟨J ′(u−),u−⟩,

(1.10)

where J is the energy functional of (1.8) given by

J(u) =
1

2
∫

Ω
(|∇u|2 + V (x)u2)dx − ∫

Ω
F(x,u)dx.

In our case, if b > 0, the associated energy functional I λ
b

 does not possess decompositions as (1.9) and
(1.10). In fact, a straightforward computation yields that

I λ
b (u) > I λ

b (u+) + I λ
b (u−),

(1.11)

⟨(I λ
b )′(u),u+⟩ > ⟨(I λ

b )′(u+),u+⟩ and ⟨(I λ
b )′(u),u−⟩ > ⟨(I λ

b )′(u−),u−⟩

for u± ≠ 0. Therefore, the method to obtain sign-changing solutions for the local problem (1.8) does not
seem applicable to the nonlocal equation (1.1). That is why we follow a different approach in this chapter,
and we define the constrained set

M
λ
b = {u ∈ W s,p

0 (Ω): u± ≠ 0 and ⟨(I λ
b )′(u),u+⟩ = ⟨(I λ

b )′(u),u−⟩ = 0}.

(1.12)

The main idea in what follows is to study a constrained minimization problem of I λ
b  on the manifold M λ

b .
A key tool in the arguments developed in this chapter is the Poincaré-Miranda existence theorem, which is

I λ
b

(u) = I λ
b (u+) + I λ

b (u−) + b
p

∥ u+ ∥p∥ u− ∥p,

⟨(I λ
b

)′(u),u+⟩ = ⟨(I λ
b

)′(u+),u+⟩ + b ∥ u+ ∥p∥ u− ∥p,

⟨(I λ
b

)′(u),u−⟩ = ⟨(I λ
b

)′(u−),u−⟩ + b ∥ u+ ∥p∥ u− ∥p.



a generalization of the intermediate value property to higher dimensions. This theorem is named after
Henri Poincaré, who stated it in 1883 (with a hint of the proof), and by Carlo Miranda [118], who proved
in 1940 that it is equivalent to Brouwer's fixed point theorem. We also obtain in this chapter that the
minimizer of the constrained problem is a sign-changing solution of the Kirchhoff equation. This will be
achieved via the quantitative deformation lemma and related degree theory arguments.

1.1.1 Existence, Nehari manifold, and convergence

The first result in this chapter establishes the existence of least-energy sign-changing solutions in the case
of large perturbations of the logarithmic reaction.

Theorem 1.1  ⏎ There exists λ∗ > 0 such that for all λ ≥ λ∗, problem (1.1) has a least-energy nodal
solution ub ∈ M λ

b
 with precisely two nodal domains such that I λ

b
(ub) =infu∈M λ

b
I λ
b

(u).

Another goal of this chapter is to establish the Nehari manifold property (cf. Weth [152]), that is, the
energy of any sign-changing solution of the semilinear elliptic equation (1.1) is strictly greater than twice
the ground state energy. In the local setting described by problem (1.8), the conclusion is trivial. Indeed, if
we denote the Nehari manifold associated to the elliptic equation (1.8) by

N = {u ∈ W
s,p
0 (Ω) ∖ {0} : ⟨J ′(u),u⟩ = 0}

and define

c = inf
u∈N

J(u)

(1.13)

then it is easy to verify that u± ∈ N  for any sign-changing solution u ∈ W
s,p
0 (Ω) of problem (1.8). We

deduce that

J(u) = J(u+) + J(u−) ≥ 2c.

(1.14)

We point out that the minimizer of (1.13) is a ground state solution of problem (1.8), and c > 0 is the
least-energy of all weak solutions of problem (1.8). Therefore, by (1.14), it follows that the energy of any
sign-changing solution of problem (1.8) is larger than twice of the least energy.

We are interested in establishing whether the Nehari manifold property (1.14) is still true for the
nonlocal equation (1.1). In this case, even if we know that the energy I λ

b
 associated with an arbitrary

solution u satisfies (1.11), it is not clear that the energy estimate (1.14) is still valid. Indeed, for any sign-
changing solution u of problem (1.1), it follows from (1.7) that 
u± ∉ {v ∈ W s,p

0 (Ω) ∖ {0} : ⟨J ′(v), v⟩ = 0}.



The next result shows that the Nehari manifold property remains valid in the case of large perturbations
of the logarithmic nonlinearity in the reaction term of the Kirchhoff problem (1.1).

Theorem 1.2  ⏎ Set c∗:= infu∈N λ
b
I λ
b

(u) > 0. Then there exists λ∗∗ > 0 such that for all λ ≥ λ∗∗, c∗

is achieved and I λ
b (u) > 2c∗, where

N
λ

b = {u ∈ W
s,p
0 (Ω) ∖ {0} : ⟨(I λ

b )′(u),u⟩ = 0}

and u is the least-energy sign-changing solution obtained in Theorem 1.1. In particular, c∗ > 0 is
achieved either by a positive or a negative function.

It is obvious that the energy of the sign-changing solution ub obtained in Theorem 1.1 depends on b. In
the following, we give a convergence property of ub as b → 0, which reflects some relationship between
the nonlocal fractional case b > 0 and the limit fractional setting b = 0 for problem (1.1).

Theorem 1.3  ⏎  For any sequence of real numbers {bn} converging to zero, there exists a
subsequence, still denoted by {bn}, such that {un} converges to u0 strongly in W s,p

0 (Ω) as n → ∞,
where u0 is a least-energy sign-changing solution of the following problem

(1.15)

Section 1.2 is concerned with some constrained minimum and maximum problems, as well as with a
related convergence property. Next, in Section 1.3, we give detailed proofs of the main qualitative and
asymptotic properties established in this chapter.

1.2 Constrained minimum and maximum problems

Fix u ∈ W
s,p
0 (Ω) with u± ≠ 0. Define the function ψu : [0, ∞) × [0, ∞) → R and the mapping 

Tu : [0, ∞) × [0, ∞) → R
2 by

ψu(α,β) = I λ
b (αu+ + βu−)

(1.16)

and

{
a(−Δ)spu = λ|u|q−2u ln |u|2 + |u|p

∗
s−2u in Ω,

u = 0 in R
N ∖ Ω.



Tu(α,β) = (⟨(I λ
b )′(αu+ + βu−),αu+⟩, ⟨(I λ

b )′(αu+ + βu−),βu−⟩).

(1.17)

Lemma 1.1  ⏎ For any u ∈ W s,p
0 (Ω) with u± ≠ 0, there is a unique maximum point pair (αu,βu) of the

function ψu such that αuu
+ + βuu

− ∈ M λ
b

.

Proof. The proof will be divided into three steps.

Step 1. For any u ∈ W s,p
0 (Ω) with u± ≠ 0, we establish the existence of αu and βu.

By our assumptions, we have

lim
t→0

|t|q−1 ln |t|2

|t|p−1
= 0 and lim

t→∞

|t|q−1 ln |t|2

|t|r−1
= 0

(1.18)

for all r ∈ (q, p∗
s). Then for any ε > 0, there exists Cε > 0 such that

|t|q−1 ln |t|2 ≤ ε|t|p−1 + Cε|t|
r−1.

(1.19)

Since 4 ≤ 2p < q < p∗
s , it follows from (1.19) and the Sobolev embedding theorem that

We conclude that

Choose ε > 0 such that a − λεC1 > 0. Since p∗
s, r > 2p, we have that ⟨(I λ

b )′(αu+ + βu−),αu+⟩ > 0

for α small enough and all β ≥ 0.
Similarly, we obtain that ⟨(I λ

b )′(αu+ + βu−),βu−⟩ > 0 for β small enough and all α ≥ 0.
Thus, there exists δ1 > 0 such that for all α,β ≥ 0

⟨(I λ
b )′(δ1u

+ + βu−), δ1u
+⟩ > 0, ⟨(I λ

b )′(αu+ + δ1u
−), δ1u

−⟩ > 0.

(1.20)

⟨(I λ
b )′(αu+ + βu−),αu+⟩ = aαp ∥ u+ ∥p +bα2p ∥ u+ ∥2p +bαpβp ∥ u+ ∥p∥ u− ∥p

−λ ∫
Ω

|αu+|q ln |αu+|2dx − αp∗
s ∫

Ω
|u+|p

∗
sdx

≥ aαp ∥ u+ ∥p +bα2p ∥ u+ ∥2p +bαpβp ∥ u+ ∥p∥ u− ∥p

−λαpε ∫
Ω

|u+|pdx − λCεα
r ∫

Ω
|u+|rdx − αp∗

s ∫
Ω

|u|p
∗
sdx.

⟨(I λ
b )′(αu+ + βu−),αu+⟩

≥ aαp ∥ u+ ∥p +bα2p ∥ u+ ∥2p −λαpεC1 ∥ u+ ∥p −λCεα
rC2 ∥ u+ ∥r −C3α

p∗
s ∥ u+ ∥p∗

s

= (a − λεC1)αp ∥ u+ ∥p +bα2p ∥ u+ ∥2p −λCεα
rC2 ∥ u+ ∥r −C3α

p∗
s ∥ u+ ∥p∗

s .



Choose α = δ∗
2 > δ1 large enough. If β ∈ [δ1, δ∗

2], it follows that

Similarly, we have that

We conclude that if δ2 > δ∗
2 is large enough, then for all α,β ∈ [δ1, δ2]

⟨(I λ
b )′(δ∗

2u
+ + βu−), δ∗

2u
+⟩ < 0 and ⟨(I λ

b )′(αu+ + δ∗
2u

−), δ∗
2u

−⟩ < 0.

(1.21)

Combining relations (1.20) and (1.21) with the Poincaré-Miranda theorem, there exists 
(αu,βu) ∈ (0, +∞) × (0, +∞) such that Tu(α,β) = (0, 0), hence αu+ + βu− ∈ M λ

b .
We notice that the Poincaré-Miranda existence theorem was announced by Henri Poincaré without

proof in 1883 in the following version.

Let f1, … , fn be n continuous functions of n variables x1, … ,xn: the variable xi is subjected to
vary between the limits −ai and +ai. Let us suppose that for xi = ai, fi is constantly positive, and that
for xi = −ai, fi is constantly negative. Then there exists a system of values of x where f's vanish.

Step 2. We prove the uniqueness of the pair (αu,βu). We distinguish the following cases.

(a) Case u ∈ M λ
b .

If u ∈ M λ
b , then

∥ u+ ∥p +b ∥ u+ ∥2p +b ∥ u+ ∥p∥ u− ∥p= λ ∫
Ω

|u+|q ln |u+|2dx + ∫
Ω

|u+|p
∗
sdx

(1.22)

and

∥ u− ∥2 +b ∥ u− ∥2p +b ∥ u+ ∥p∥ u− ∥p= λ ∫
Ω

|u−|q ln |u−|2dx + ∫
Ω

|u−|p
∗
sdx.

(1.23)

We show that (αu,βu) = (1, 1) is the unique pair such that αuu
+ + βuu

− ∈ M λ
b

.
Let (α0,β0) ∈ [0, ∞) × [0, ∞) such that α0u

+ + β0u
− ∈ M λ

b
 with 0 < α0 ≤ β0. Hence

⟨(I λ
b )′(δ∗

2u
+ + βu−), δ∗

2u
+⟩ ≤ a(δ∗

2)p ∥ u+ ∥p +b(δ∗
2)2p ∥ u+ ∥2p +b(δ∗

2)2p ∥ u+ ∥p∥ u− ∥p

−(δ∗
2)p

∗
s ∫

Ω
|u+|p

∗
sdx ≤ 0.

⟨(I λ
b )′(αu+ + δ∗

2u
−), δ∗

2u
−⟩ ≤ (δ∗

2)p ∥ u− ∥p +b(δ∗
2)2p ∥ u+ ∥2p +b(δ∗

2)2p ∥ u+ ∥p∥ u− ∥p

−(δ∗
2)p

∗
s ∫

Ω
|u−|p

∗
sdx ≤ 0.



(1.24)

and

(1.25)

Since 0 < α0 ≤ β0 and using (1.25), we have

(1.26)

If β0 > 1, by (1.23) and (1.26), one has that

This is a contradiction. Therefore, we conclude that 0 < α0 ≤ β0 ≤ 1.
Similarly, by (1.24) and 0 < α0 ≤ β0, we have that

This fact implies that α0 ≥ 1. Consequently, α0 = β0 = 1.

(b) Case u ∉ M λ
b .

Suppose that there exist (α1,β1) and (α2,β2) such that

ω1 = α1u
+ + β1u

− ∈ M λ
b and ω2 = α2u

+ + β2u
− ∈ M λ

b .

Hence

αp
0 ∥ u+ ∥p +bα2p

0 ∥ u+ ∥2p +bαp
0β

p
0 ∥ u+ ∥p∥ u− ∥p = λ ∫

Ω

|α0u
+|q ln |α0u

+|2dx

+α
p∗
s

0 ∫
Ω

|u+|p
∗
sdx

β
p
0 ∥ u− ∥p +bβ

2p
0 ∥ u− ∥2p +bα

p
0β

p
0 ∥ u+ ∥p∥ u− ∥p = λ ∫

Ω
|β0u

−|q ln |β0u
−|2dx

+β
p∗
s

0 ∫
Ω

|u−|p
∗
sdx.

∥ u− ∥p

β
p
0

+ b ∥ u− ∥2p +b ∥ u+ ∥p∥ u− ∥p ≥ λ ∫
Ω

|β0u
−|q ln |β0u

−|2

β
2p
0

dx

+β
p∗
s−2p

0 ∫
Ω

|u−|p
∗
sdx.

0 > ( 1

β
p
0

− 1) ∥ u− ∥p≥ λ ∫
Ω
[

|β0u
−|q ln |β0u

−|2

β
2p
0

− |u−|q ln |u−|2]dx

+(β
p∗
s−2p

0 − 1) ∫
Ω

|u−|p
∗
sdx ≥ (β

p∗
s−2p

0 − 1) ∫
Ω

|u−|p
∗
sdx > 0.

( 1

α
p
0

−1) ∥ u+ ∥p ≤ λ ∫
Ω
[ |α0u

+|q ln |α0u
+|2

α
2p
0

−|u+|q ln |u+|2]dx+(β
p∗
s−2p

0 − 1) ∫
Ω

|u+|p
∗
sdx.



ω2 = ( α2

α1
)α1u

+ + ( β2

β1
)β1u

− = ( α2

α1
)ω+

1 + ( β2

β1
)ω−

1 ∈ M λ
b .

By ω1 ∈ M λ
b , we deduce that

α2

α1
=

β2

β1
= 1.

Hence, α1 = α2, β1 = β2.

Step 3. We prove that (αu,βu) is the unique maximum point of ψu on [0, ∞) × [0, ∞).

We first observe that

2τ q − qτ q ln |τ|2 ≤ 2 for all τ ∈ (0, ∞).

(1.27)

Let Ω+ = {x ∈ Ω : u(x) > 0} and Ω− = {x ∈ Ω : u(x) < 0}. For all u ∈ W
s,p
0 (Ω) with u± ≠ 0, we

have

(1.28)

Combining (1.27) and (1.28), we have

We deduce that

∫
Ω

|αu+ + βu−|q ln |αu+ + βu−|2dx = ∫
Ω+

|αu+ + βu−|q ln |αu+ + βu−|2dx

+∫
Ω−

|αu+ + βu−|q ln |αu+ + βu−|2dx

= ∫
Ω+

|αu+|q ln |αu+|2dx + ∫
Ω−

|βu−|q ln |βu−|2dx

= ∫
Ω
[|αu+|q ln |αu+|2 + |βu−|q ln |βu−|2]dx.

ψu(α,β) =I λ
b (αu++βu−)=

1

p
∥ αu++βu− ∥p +

b

2p
∥ αu+ + βu− ∥2p +

2λ

q2
∫

Ω

|αu+ + βu−|qdx

−
λ

q
∫

Ω

|αu+ + βu−|q ln |αu+ + βu−|2dx −
1

p∗
s

∫
Ω

|αu+ + βu−|p
∗
sdx

=
αp

p
∥ u+ ∥p +

βp

p
∥ u− ∥p +

bα2p

2p
∥ u+ ∥2p +

bβ2p

2p
∥ u− ∥2p +

bαpβp

p
∥ u+ ∥p∥ u− ∥p

+
λ

q2
∫

Ω

(2|αu+|q−q|αu+|q ln |αu+|2)dx+
λ

q2
∫

Ω

(2|βu−|q−q|βu−|q ln |βu−|2)dx

−
αp∗

s

p∗
s

∫
Ω

|u+|p
∗
sdx −

βp∗
s

p∗
s

∫
Ω

|u−|p
∗
sdx.



which implies that lim|(α,β)|→∞ ψ(α,β) = −∞, since p∗
s > 2p. Hence, (αu,βu) is the unique critical

point of ψu in [0, ∞) × [0, ∞). So, it is sufficient to check that a maximum point cannot be achieved on
the boundary of [0, ∞) × [0, ∞). By contradiction, we suppose that (0,β0) is a maximum point of ψu with
β0 ≥ 0. It follows that

We conclude that for all α > 0 is small enough.

It follows that ψu is an increasing function with respect to α if α is small enough. This yields the
contradiction. Similarly, ψu cannot achieve its global maximum on (α, 0). □

Lemma 1.2  ⏎ Let u ∈ W
s,p
0 (Ω) with u± ≠ 0 such that ⟨(I λ

b
)′(u),u±⟩ ≤ 0. Then, the unique maximum

point of ψu on [0, ∞) × [0, ∞) satisfies 0 < αu,βu ≤ 1.

Proof. Without loss of generality, we assume that αu ≥ βu > 0. On the one hand, by 
αuu

+ + βuu
− ∈ M λ

b
, we have

(1.29)

On the other hand, by ⟨(I λ
b )′(u),u+⟩ ≤ 0, we have

a ∥ u+ ∥p +b ∥ u+ ∥2p +b ∥ u+ ∥p∥ u− ∥p≤ λ ∫
Ω

|u+|q ln |u+|2dx + ∫
Ω

|u+|p
∗
sdx.

(1.30)

ψu(α,β) ≤
αp

p
∥ u+ ∥p +

βp

p
∥ u− ∥p +

bα2p

2p
∥ u+ ∥2p +

bβ2p

2p
∥ u− ∥2p +

bαpβp

p
∥ u+ ∥p∥ u− ∥p

+
4

q2
λ|Ω| −

αp∗
s

p∗
s

∫
Ω

|u+|p
∗
sdx −

βp∗
s

p∗
s

∫
Ω

|u−|p
∗
sdx,

ψu(α,β0) =
αp

p
∥ u+ ∥p +

bα2p

2p
∥ u+ ∥2p +

2αqλ

q2
∫

Ω
|u+|qdx −

αqλ

q
∫

Ω
|u+|q ln |αu+|2dx

−
αp∗

s

p∗
s

∫
Ω

|u+|p
∗
sdx +

β
p
0

p
∥ u− ∥p +

bβ
2p
0

2p
∥ u− ∥2p +

2βqλ

q2
∫

Ω
|u−|qdx

−
βqλ

q
∫

Ω
|u−|q ln |βu−|2dx −

βp∗
s

p∗
s

∫
Ω

|u−|p
∗
sdx +

bαpβ
p
0

p
∥ u+ ∥p∥ u− ∥p.

(ψu)′
α(α,β0) = αp−1 ∥ u+ ∥p +bα2p−1 ∥ u+ ∥2p +bαp−1β

p
0 ∥ u+ ∥p∥ u− ∥p

+
2αq−1λ

q
∫

Ω

|u+|qdx − αq−1 ∫
Ω

|u+|q ln |αu+|2dx − αp∗
s−1 ∫

Ω

|u+|p
∗
sdx

> 0.

aαp
u ∥ u+ ∥p +bα2p

u ∥ u+ ∥2p +bα2p
u ∥ u+ ∥p∥ u− ∥p = λαq

u ∫
Ω

|u+|q ln |αuu
+|2dx

−α
p∗
s

u ∫
Ω

|u+|p
∗
sdx.



So, according to (1.29) and (1.30), we have

(1.31)

If αu ≥ 1, we obtain

∫
Ω
[αq−2p

u |u+|q ln |αuu
+|2 − |u+|q ln |u+|2]dx ≥ 0.

This fact, together with (1.31), yields

This contradiction shows that αu ≤ 1. Thus, we obtain that 0 < αu,βu ≤ 1. □

Lemma 1.3  ⏎ Let cλb =infu∈M λ
b
I λ
b (u), then limλ→∞ cλb = 0.

Proof. For any u ∈ M λ
b , we have

a ∥ u± ∥p +b ∥ u± ∥2p +b ∥ u+ ∥p∥ u− ∥p= λ ∫
Ω

|u±|q ln |u±|2dx + ∫
Ω

|u±|p
∗
sdx.

Then, by (1.19) and the Sobolev theorem, we have

a ∥ u± ∥p≤ λ ∫
Ω

|u±|q ln |u±|2dx + ∫
Ω

|u±|p
∗
sdx ≤ λεC1 ∥ u± ∥p +λCεC2 ∥ u± ∥r +C3 ∥ u± ∥p∗

s .

Thus, we get

(1 − λεC1)a ∥ u± ∥p≤ λCεC2 ∥ u± ∥r +C3 ∥ u± ∥p∗
s .

Since r, p∗
s > p, choosing ε small enough, there exists ρ > 0 such that

∥ u± ∥≥ ρ for all u ∈ M λ
b .

(1.32)

On the other hand, for any u ∈ M λ
b , we have ⟨(I λ

b )′(u),u⟩ = 0. Then, we have

( 1

α
p
u

− 1)a ∥ u+ ∥p ≥ λ ∫
Ω
[αq−2p

u |u+|q ln |αuu
+|2 − |u+|q ln |u+|2]dx

+(α
p∗
s−2p

u − 1) ∫
Ω

|u+|p
∗
sdx.

0 > ( 1

α
p
u

− 1)a ∥ u+ ∥p ≥ (α
p∗
s−2p

u − 1) ∫
Ω

|u+|p
∗
sdx > 0.

1



Summing up the above remarks, we obtain that I λ
b

(u) > 0 for all u ∈ M λ
b

. Therefore, I λ
b

 is bounded
from below on M λ

b
, hence cλ

b
=infu∈M λ

b
I λ
b

(u) is well defined.
Let u ∈ W

s,p
0 (Ω) with u± ≠ 0 be fixed. By Lemma 1.1, for each λ > 0, there exist αλ,βλ > 0 such

that αλu
+ + βλu

− ∈ M λ
b . By using Lemma 1.1 again, we obtain

In virtue of this relation, to conclude the proof, it remains to show that αλ → 0 and βλ → 0 as λ → ∞.
Let

Tu = {(αλ,βλ) ∈ [0, ∞) × [0, ∞) : Tu(αλ,βλ) = (0, 0),λ > 0},

where Tu is defined in (1.17). By (1.18), we have

Hence, Tu is bounded since 2p < p∗
s.

Let {λn} ⊂ (0, ∞) be such that λn → ∞ as n → ∞. Then, there exist α0 and β0 such that 
(αλn

,βλn
) → (α0,β0) as n → ∞.

We now claim that α0 = β0 = 0. Suppose, by contradiction, that α0 > 0 or β0 > 0. By 
αλn

u+ + βλn
u− ∈ M λn

b
, for any n ∈ N, we have

(1.33)

I λ
b (u) = I λ

b (u) −
1

q
⟨(I λ

b )′(u),u⟩

= ( 1

p
−

1

q
)a ∥ u ∥p +( 1

2p
−

1

q
)b ∥ u ∥2p +( 1

q
−

1

p∗
s

) ∫
Ω

|u|p
∗
sdx +

2λ

q2
∫

Ω
|u|qdx

≥ ( 1

p
−

1

q
)a ∥ u ∥p.

0 ≤ cλb = inf
u∈M λ

b

I λ
b (u) ≤ I λ

b (αλu
+ + βλu

−)

≤
1

p
a ∥ αλu

+ + βλu
− ∥p +

b

2p
∥ αλu

+ + βλu
− ∥2p

≤ aα
p
λ ∥ u+ ∥p +aβ

p
λ ∥ u− ∥p +pbα

2p
λ ∥ u+ ∥2p +pbβ

2p
λ ∥ u− ∥2p.

α
p∗
s

λ ∫
Ω

|u+|p
∗
sdx + β

p∗
s

λ ∫
Ω

|u−|p
∗
sdx

≤ α
p∗
s

λ ∫
Ω

|u+|p
∗
sdx + β

p∗
s

λ ∫
Ω

|u−|p
∗
sdx + λα

q
λ ∫

Ω
|u+|q ln |u+|2dx + λβ

q
λ ∫

Ω
|u+|q ln |u+|2dx

=∥ αλu
+ + βλu

− ∥p +b ∥ αλu
+ + βλu

− ∥2p

≤ pα
p
λ ∥ u+ ∥p +pβ

p
λ ∥ u− ∥p +2pbα2p

λ ∥ u+ ∥2p +2pbβ2p
λ ∥ u− ∥2p.

∥ αλn
u+ + βλn

u− ∥p +b ∥ αλn
u+ + βλn

u− ∥2p=

λn ∫
Ω

|αλn
u+ + βλn

u−|q ln |αλn
u+ + βλn

u−|2dx + ∫
Ω

|αλn
u+ + βλn

u−|p
∗
sdx.



Thanks to αλn
u+ → α0u

+ and βλn
u− → β0u

+ in W s,p
0 (Ω), relation (1.19) and the Lebesgue dominated

convergence theorem, we obtain

∫
Ω

|αλn
u++βλn

u−|q ln |αλn
u++βλn

u−|2dx → ∫
Ω

|α0u
++β0u

−|q ln |α0u
++β0u

−|2dx > 0

as n → ∞. Since λn → ∞ as n → ∞ and {αλn
u+ + βλn

u−} is bounded in W s,p
0 (Ω), we obtain a

contradiction with equality (1.33). Hence, α0 = β0 = 0. We conclude that limλ→∞ cλb = 0. □

Lemma 1.4  ⏎ There exists λ∗ > 0 such that for all λ ≥ λ∗, the infimum cλb  is achieved.

Proof. By the definition of cλb , there exists a sequence {un} ⊂ M λ
b  such that

lim
n→∞

I λ
b (un) = cλb .

Obviously, {un} is bounded in W s,p
0 (Ω). Thus, up to a subsequence, still denoted by {un}, there exists 

u ∈ W
s,p
0 (Ω) such that un ⇀ u. Since the embedding W s,p

0 (Ω) ↪ Lt(Ω) is compact for all t ∈ (p, p∗
s),

we have

un → u in Lt(Ω), un → u a.e. x ∈ Ω.

Hence

By Lemma 1.1, we have for all α,β ≥ 0

I λ
b (αu+

n + βu−
n ) ≤ I λ

b (un).

On the one hand, the Vitali convergence theorem yields that

lim
n→∞

∫
Ω

|un|q ln |un|2dx = ∫
Ω

|u|q ln |u|2dx.

(1.34)

On the other hand, since un → u in Lq(Ω), we have

lim
n→∞

∫
Ω

|un|qdx = ∫
Ω

|u|qdx.

(1.35)

Combining relations (1.34), (1.35) with the Brezis-Lieb lemma and the weak semicontinuity of the norm,
we have

u±
n ⇀ u± in W

s,p
0 (Ω),

u±
n → u± in Lt(Ω),

u±
n → u± a.e. x ∈ Ω.



Therefore,

We conclude that

where

It follows that for all α ≥ 0 and β ≥ 0

(1.36)

lim inf
n→∞

I λ
b (αu+

n + βu−
n ) ≥

αp

p
lim
n→∞

(∥ u+
n − u+ ∥p + ∥ u+ ∥p) +

βp

p
lim
n→∞

(∥ u−
n − u− ∥p + ∥ u− ∥p)

+
bα2p

2p
[ lim
n→∞

(∥ u+
n − u+ ∥p + ∥ u+ ∥p)]

2

+
bβ2p

2p
[ lim
n→∞

(∥ u−
n − u− ∥p + ∥ u− ∥p)]

2

−
αp∗

s

p∗
s

lim
n→∞

[∫
Ω

|u+
n − u+|p

∗
sdx + ∫

Ω
|u+|p

∗
sdx]

−
βp∗

s

p∗
s

lim
n→∞

[∫
Ω

|u−
n − u−|p

∗
sdx + ∫

Ω
|u−|p

∗
sdx]

+
2λ

q2
∫

Ω

|u|qdx −
λ

q
∫

Ω

|u|q ln |u|2dx +
bα2β2

2
lim inf
n→∞

(∥ u+
n ∥2∥ u−

n ∥2).

lim inf
n→∞

I λ
b (αu+

n + βu−
n ) ≥ I λ

b (αu+ + βu−) +
αp

p
lim
n→∞

∥ u+
n − u+ ∥p +

βp

p
lim
n→∞

∥ u−
n − u− ∥p

+
bα2p

p
lim
n→∞

∥ u+
n − u+ ∥p∥ u+ ∥p +

bβ2p

p
lim
n→∞

∥ u−
n − u− ∥p∥ u− ∥p

+
bα2p

2p
( lim
n→∞

∥ u+
n − u+ ∥p)2 +

bt2p

2p
( lim
n→∞

∥ u−
n − u− ∥p)2

−
αp∗

s

p∗
s

∫
Ω

|u+
n − u+|p

∗
sdx −

βp∗
s

p∗
s

∫
Ω

|u−
n − u−|p

∗
sdx.

lim inf
n→∞

I λ
b (αu+

n + βu−
n ) ≥ I λ

b (αu+ + βu−) +
αp

p
A1 +

bα2p

p
A1 ∥ u+ ∥p +

bα2p

2p
A

p
1 −

αp∗
s

p∗
s

B1

+
βp

p
A2 +

bβ2p

p
A2 ∥ u− ∥p +

bβ2p

2p
A

p
2 −

βp∗
s

p∗
s

B2,

A1 = lim
n→∞

∥ u+
n − u+ ∥p, A2 = lim

n→∞
∥ u−

n − u− ∥p,

B1 = lim
n→∞

|u+
n − u+|

p∗
s

p∗
s
, B2 = lim

n→∞
|u−

n − u−|
p∗
s

p∗
s
.

I λ
b (αu+ + βu−) +

αp

p
A1 +

bα2p

p
A1 ∥ u+ ∥p +

bα2p

2p
A

p
1 −

αp∗
s

p∗
s

B1

+
βp

p
A2 +

bβ2p

p
A2 ∥ u− ∥p +

bβ2p

2p
A

p
2 −

βp∗
s

p∗
s

B2 ≤ cλb .



Claim: u± ≠ 0.
Since the case u− ≠ 0 is analogous, we only prove that u+ ≠ 0. By contradiction, we suppose u+ = 0.

Hence, let β = 0 in (1.32) and we have that for all α ≥ 0

αp

p
A1 +

bα2p

2p
A2

1 −
αp∗

s

p∗
s

B1 ≤ cλb .

(1.37)

Case 1. B1 = 0.

If A1 = 0, that is, u+
n → u+ in W s,p

0 (Ω), then by relation (1.37), we obtain ∥ u+ ∥> 0, which
contradicts our supposition. If A1 > 0, by relation (1.37), we get

αp

p
A1 +

bα2p

2p
A2

1 ≤ cλb

for all α ≥ 0, which is absurd by Lemma 1.3. Anyway, we obtain a contradiction.

Case 2. B1 > 0.

By Lemma 1.3, there exists λ∗ > 0 such that

cλb <
s

N
SN/ps for all λ ≥ λ∗,

(1.38)

where S > 0 is given by (1.3).
Since B1 > 0, we obtain that A1 > 0. Hence, in view of relation (1.37), we get

s

N
SN/ps ≤max

α≥0
{ αp

p
A1 −

αp∗
s

p∗
s

B1} ≤max
α≥0

{ αp

p
A1 +

bα2p

2p
A2

1 −
αp∗

s

p∗
s

B1} ≤ cλb ,

which is a contradiction. We conclude that u± ≠ 0.
Claim: B1 = B2 = 0.
Since the case B2 = 0 is analogous, we only prove that B1 = 0. By contradiction, we suppose that 

B1 > 0.

Case 1. B2 > 0.

According to B1,B2 > 0 and Sobolev embeddings, we obtain that A1,A2 > 0. Let

ϕ(α) =
αp

p
A1 +

bα2p

2p
A2

1 −
αp∗

s

p∗
s

B1 for all α ≥ 0.

Then ϕ(α) > 0 for α > 0 small enough and ϕ(α) < 0 for α < 0 large enough. Hence, by continuity, there
exists α̂ > 0 such that



α̂p

p
A1 +

bα̂2p

2p
A2

1 −
α̂p∗

s

p∗
s

B1 =max
α≥0

{ αp

p
A1 +

bα2p

2p
A2

1 −
αp∗

s

p∗
s

B1}.

Similarly, there exists β̂ > 0 such that

β̂p

p
A2 +

bβ̂2p

2p
A2

2 −
β̂p∗

s

p∗
s

B2 =max
α≥0

{ αp

p
B1 +

bα2p

2p
B2

1 −
αp∗

s

p∗
s

B1}.

Since [0, α̂] × [0, β̂] is compact and ϕ is continuous, there exists (αu,βu) ∈ [0, α̂] × [0, β̂] such that

ϕ(αu,βu) = max
(α,β)∈[0,α̂]×[0,β̂]

ϕ(α,β).

Now, we prove that (αu,βu) ∈ (0, α̂) × (0, β̂).
Note that if β is small enough, we have that for all α ∈ [0, α̂]

ϕ(α, 0) = I λ
b (αu+) < I λ

b (αu+) + I λ
b (βu−) ≤ I λ

b (αu+ + βu−) = ϕ(α,β).

Hence, there exists β0 ∈ [0, β̂] such that

ϕ(α, 0) ≤ ϕ(α,β0) for all α ∈ [0, α̂].

This means that any point (α, 0) with 0 ≤ α ≤ α̂ is not a maximizer of ϕ. Hence, (αu,βu) ∉ [0, α̂] × {0}.
Similarly, we obtain that (αu,βu) ∉ {0} × [0, α̂].

On the other hand, by straightforward computation,

αp

p
A1 +

bα2p

p
A1 ∥ u+ ∥p +

bα2p

2p
A2

1 −
αp∗

s

p∗
s

B1 > 0

(1.39)

and

βp

p
A2 +

bβ2p

p
A2 ∥ u− ∥p +

bβ2p

2p
A2

2 −
βp∗

s

p∗
s

B2 > 0

(1.40)

for α ∈ (0, α̂], β ∈ (0, β̂].
Then, we have that

and

s

N
SN/ps ≤

α̂p

p
A1 +

bα̂2p

2p
A2

1 −
α̂p∗

s

p∗
s

B1 +
bα̂2p

p
A1 ∥ u+ ∥p

+
βp

p
A2 +

bβ2p

p
A2 ∥ u− ∥p +

bβ2p

2p
A2

2 −
βp∗

s

p∗
s

B2



for all α ∈ [0, α̂] and all β ∈ [0, β̂].
Therefore, according to (1.36), we conclude that for all α ∈ [0, α̂] and all β ∈ [0, β̂]

ψ(α, β̂) ≤ 0, ψ(α̂,β) ≤ 0.

Thus, (αu,βu) ∉ {α̂} × [0, β̂] and (αu,βu) ∉ [0, α̂] × {β̂}.
Finally, we get that (αu,βu) ∈ (0, α̂) × (0, β̂). We conclude that (αu,βu) is a critical point of ψu.
Hence, αuu

+ + βuu
− ∈ M λ

b . From (1.32), (1.35), and (1.36), we have that

which is a contradiction.

Case 2. B2 = 0.

In this case, we can maximize on [0, α̂] × [0, ∞). Indeed, it is possible to show that there exists 
β0 ∈ [0, ∞) such that

I λ
b (αuu

+ + βuu
−) ≤ 0 for all(α,β) ∈ [0, α̂] × [β0, ∞).

Hence, there exists (αu,βu) ∈ [0, α̂] × [0, ∞) such that

ϕ(αu,βu) = max
(α,β)∈[0,α̂]×[0,∞)

ϕ(α,β).

In the following, we prove that (αu,βu) ∈ (0, α̂) × (0, ∞).
Notice that ϕ(α, 0) < ϕ(α,β) for α ∈ [0, α̂] and β small enough, so (αu,βu) ∉ [0, α̂] × {0}.
Meanwhile, ϕ(0,β) < ϕ(α,β) for β ∈ [0, ∞) and α small enough, then we have 

(αu,βu) ∉ {0} × [0, ∞).
On the other hand, we have the following estimate

s

N
SN/ps ≤

α̂p

p
A1 +

bα̂2p

2p
A2

1 −
αp∗

s

p∗
s

B1 +
bα̂2p

p
A2 ∥ u+ ∥p +

βp

p
A2 +

bβ2p

p
A2 ∥ u− ∥p +

bβ2p

2p
A2

2

for all β ∈ [0, ∞).
Hence, we have that ϕ(α̂,β) ≤ 0 for all β ∈ [0, ∞). Thus, (αu,βu) ∉ {α̂} × [0, ∞). Thus, 

(αu,βu) ∈ (0, α̂) × (0, ∞). We obtain that (αu,βu) is an interior maximum point of ϕ, hence 
αuu

+ + βuu
− ∈ M λ

b .

s

N
SN/ps ≤

~
βp

p
A2 +

b
~
β2p

2p
A

p
2 −

~
βp∗

s

p∗
s

B2 +
b

~
β2p

p
A2 ∥ u− ∥p

+
αp

p
A1 +

bα2p

p
A1 ∥ u+ ∥p +

bα2p

2p
A2

1 −
αp∗

s

p∗
s

B1,

cλb ≥ I λ
b (αuu

+ + βuu
−) +

α
p
u

p
A1 +

bα
2p
u

p
A1 ∥ u+ ∥p +

bα
2p
u

2p
A2

1 −
αp∗

s

p∗
s

B1

+
β
p
u

p
A2 +

bβ
2p
u

p
A2 ∥ u− ∥p +

bβ
2p
u

2p
A

p
2 −

βp∗
s

p∗
s

B2

> I λ
b (αuu

+ + βuu
−) ≥ cλb ,



Using relation (1.39), we obtain

which is a contradiction.
From the above arguments, we conclude that B1 = B2 = 0.
Final step: cλ

b
 is achieved.

Since u± ≠ 0, by Lemma 1.1, there exist αu,βu > 0 such that

ū := αuu
+ + βuu

− ∈ M λ
b .

Furthermore, we observe that

⟨(I λ
b )′(u),u±⟩ ≤ 0.

By Lemma 1.2, we obtain 0 < αu,βu ≤ 1.
Since un ∈ M λ

b , according to Lemma 1.3, we get

I λ
b (αuu

+
n + βuu

−
n ) ≤ I λ

b (u+
n + u−

n ) = I λ
b (un).

Thanks to B1 = B2 = 0 and by the lower semicontinuity of the norm in W s,p
0 (Ω), we obtain

It follows that

We conclude that αu = βu = 1, and cλb  is achieved by ub := u+ + u− ∈ M λ
b . □

1.3 Least-energy nodal solution: qualitative properties

cλb ≥ I λ
b (αuu

+ + βuu
−) +

α
p
u

p
A1 +

bα
2p
u

p
A1 ∥ u+ ∥p +

bα
2p
u

2p
A2

1 −
αp∗

s

p∗
s

B1

+
β
p
u

p
A2 +

bβ
2p
u

p
A2 ∥ u− ∥p +

bβ
2p
u

2p
A2

2 > I λ
b (αuu

+ + βuu
−) ≥ cλb ,

cλb ≤ I λ
b (ū) −

1

q
⟨(I λ

b )′(ū), ū⟩

≤ ( 1

p
−

1

q
)a ∥ ū ∥p +( 1

2p
−

1

q
)b ∥ ū ∥2p +

2λ

q2
∫

Ω
|ū|qdx + ( 1

q
−

1

p∗
s

) ∫
Ω

|ū|p
∗
sdx

= ( 1

p
−

1

q
)a(∥ αuu

+ ∥p + ∥ βuu
− ∥p) + ( 1

2p
−

1

q
)b(∥ αuu

+ ∥p + ∥ βuu
− ∥p)2

+
2λ

q2
[∫

Ω
|αuu

+|qdx + ∫
Ω

|βuu
−|qdx] + ( 1

q
−

1

p∗
s

)[∫
Ω

|αuu
+|p

∗
sdx + ∫

Ω
|βuu

−|p
∗
sdx].

cλb ≤ ( 1

p
−

1

q
)a ∥ u ∥p +( 1

2p
−

1

q
)b ∥ u ∥2p +

2λ

q2
∫

Ω
|u|qdx + ( 1

q
−

1

p∗
s

) ∫
Ω

|u|p
∗
sdx

≤ lim inf
n→∞

[I λ
b (un) −

1

q
⟨(I λ

b )′(un),un⟩] ≤ cλb .



In this section, we prove our main results. First, we prove Theorem 1.1. In fact, thanks to Lemma 1.4, it
remains to establish that the minimizer ub for cλb  is indeed a sign-changing solution of problem (1.1).

1.3.1 Proof of Theorem 1.1: existence

Since ub ∈ M λ
b , we have ⟨(I λ

b )′(ub),u+
b ⟩ = ⟨(I λ

b )′(ub),u−
b ⟩ = 0. By Lemma 1.4, for all 

(α,β) ∈ (R+ × R+)∖(1, 1), we have

I λ
b (αu+

b + βu−
b ) < I λ

b (u+
b + u−

b ) = cλb .

(1.41)

Arguing by contradiction, we assume that (I λ
b

)′(ub) ≠ 0. Then there exist δ > 0 and ι > 0 such that

∥ (I λ
b )′(v) ∥≥ ι for all ∥ v − ub ∥≥ 3δ.

Choose τ ∈ (0, min {1/2, δ

√2∥ub∥
}). Let

D := (1 − τ, 1 + τ) × (1 − τ, 1 + τ)

and define

g(α,β) = αu+
b + βu−

b for all (α,β) ∈ D.

In view of (1.41), we have

c̄λ:= max
∂Ω

I λ
b ∘ g < cb,λ.

(1.42)

Let ε:= min {(cλb − c̄λ)/3, ιδ/8} and Sδ := B(ub, δ), according to Lemma 2.3 in [153], there exists a
deformation η ∈ C([0, 1] × D,D) such that

First, from (b) and Lemma 1.2, we obtain

max
(α,β)∈D̄

I λ
b (η(1, g(α,β))) < cλb .

(1.43)

Next, we prove that η(1, g(D)) ∩M λ
b

≠ ∅, which contradicts the definition of cλ
b
.

Let γ(α,β) := η(1, g(α,β)). Define the mappings

η(1, v) = v if v ∉ (I λ
b )−1([cλb − 2ε, cλb + 2ε] ∩ S2δ),(a)

η(1, (I λ
b )c

λ
b
+ε ∩ Sδ) ⊂ (I λ

b )cb,λ−ε,(b)

I λ
b (η(1, v)) ≤ I λ

b )(v) for all v ∈ W
s,p
0 (Ω).(c)



and

Ψ1(α,β) := ( 1

α
⟨(I λ

b )′(γ(α,β)), (γ(α,β))+⟩,
1

β
⟨(I λ

b )′(γ(α,β)), (γ(α,β))−⟩).

Since ub ∈ M λ
b

, we have

and

φ1
u(α,β)

∂β
∣(1,1)= pb ∥ u+

b
∥p∥ u−

b
∥p.

Similarly, we have

φ2
u(α,β)

∂β
∣(1,1)=bp ∥ u−

b ∥2p −λ(q − p)∫
Ω

|u−
b |q ln |u−

b |2dx−2∫
Ω

|u−
b |qdx−(p∗

s − p)∫
Ω

|u−
b |p

∗
sdx

and

φ2
u(α,β)

∂α
∣(1,1)= pb ∥ u+

b ∥p∥ u−
b ∥p.

Let

It follows that

Since Ψ0(α,β) is a C1-function and (1, 1) is the unique isolated zero point of Ψ0, by using the degree
theory, we deduce that deg(Ψ0,D, 0) = 1.

Hence, combining (1.43) with (a), we obtain

g(α,β) = γ(α,β) on ∂D.

Ψ0(α,β) : = (⟨(I λ
b )′(g(α,β)),u+

b
⟩, ⟨(I λ

b )′(g(α,β)),u−
b
⟩)

= (⟨(I λ
b )′(αu+

b
+ βu−

b
),u+

b
⟩, ⟨(I λ

b )′(αu+
b

+ βu−
b

),u−
b
⟩)

=: (φ1
u(α,β),φ2

u(α,β))

φ1
u(α,β)

∂α
∣(1,1) = a(p − 1) ∥ u+

b
∥p +b(2p − 1) ∥ u+

b
∥2p +b(p − 1) ∥ u+

b
∥p∥ u−

b
∥p

−λ(q − 1)∫
Ω

|u+
b |q ln |u+

b |2dx − 2∫
Ω

|u+
b |qdx − (p∗

s − 1)∫
Ω

|u+
b |p

∗
sdx

=bp ∥ u+
b ∥2p −λ(q − p)∫

Ω
|u+

b |q ln |u+
b |2dx−2∫

Ω
|u+

b |qdx−(p∗
s−p)∫

Ω
|u+

b |p
∗
sdx

M = .
⎡
⎣

φ1
u(α,β)
∂α ∣(1,1)

φ2
u(α,β)
∂α ∣(1,1)

φ1
u(α,β)
∂β ∣(1,1)

φ2
u(α,β)
∂β ∣(1,1)

⎤
⎦

det M =
φ1
u(α,β)

∂α
∣(1,1) ×

φ2
u(α,β)

∂β
∣(1,1) −

φ1
u(α,β)

∂β
∣(1,1) ×

φ2
u(α,β)

∂α
∣(1,1)≠ 0.



Consequently, we obtain deg(Ψ1,D, 0) = 1. Therefore, Ψ1(α0,β0) = 0 for some (α0,β0) ∈ D so that

η(1, g(α0,β0)) = γ(α0,β0) ∈ M λ
b ,

which contradicts relation (1.43).
From the above discussions, we deduce that ub is a nodal solution of problem (1.1).
Finally, we prove that u has exactly two nodal domains. To this end, we assume by contradiction that

ub = u1 + u2 + u3,

where

ui ≠ 0,u1 ≥ 0,u2 ≤ 0, Ω1 ∩ Ω2 = ∅,u1|Ω∖Ω1∪Ω2
= u2|Ω∖Ω1∪Ω2

= u3|Ω1∩Ω2 = 0,

Ω1 := {x ∈ Ω : u1(x) > 0} and Ω2 := {x ∈ Ω : u2(x) < 0} for i ≠ j, i, j = 1, 2, 3

are two connected open subsets of Ω, and

⟨(I λ
b )′(u),ui⟩ = 0 for i = 1, 2, 3.

Setting v := u1 + u2, we see that v+ = u1 and v− = u2, that is, v± ≠ 0. Then, there exists a unique
pair (αv,βv) of positive numbers such that

αvu1 + βvu2 ∈ M λ
b .

Hence

I λ
b (αvu1 + βvu2) ≥ cλb .

Moreover, using the fact that ⟨(I λ
b )′(u),ui⟩ = 0, we obtain

⟨(I λ
b )′(v), v±⟩ = −b ∥ v± ∥p∥ u3 ∥p< 0.

From Lemma 1.1 (ii), it follows that

(αv,βv) ∈ (0, 1] × (0, 1].

On the other hand, we have

Hence, by (1.30), we obtain

0 =
1

2p
⟨(I λ

b )′(u),u3⟩ =
1

2p
a ∥ u3 ∥p +

b

2p
∥ u1 ∥p∥ u3 ∥p +

b

2p
∥ u2 ∥p∥ u3 ∥p +

b

2p
∥ u3 ∥2p

−
1

2p
∫

Ω
|u3|p

∗
sdx −

λ

2p
∫

Ω
|u+

3 |q ln |u+
3 |2dx

< I λ
b (u3) +

b

2p
∥ u1 ∥2∥ u3 ∥p +

b

2p
∥ u2 ∥2∥ u3 ∥p.

1



It follows that

This relation implies that

This contradiction implies that u3 = 0 and ub has exactly two nodal domains. □
By Theorem 1.1, we obtain a least-energy sign-changing solution ub of problem (1.1). Next, we prove

that the energy of ub is strictly greater than twice the ground state energy.

1.3.2 Proof of Theorem 1.2: Nehari manifold

Similar to the proof of Lemma 1.3, there exists λ∗
1 > 0 such that for all λ ≥ λ∗

1, and for each b > 0, there
exists vb ∈ N λ

b
 satisfying I λ

b
(vb) = c∗ > 0. By Nehari manifold theory, the critical points of the

functional I λ
b

 on N λ
b

 are critical points of I λ
b

 in W s,p
0 (Ω). Thus, (I λ

b
)′(vb) = 0, hence vb is a ground state

solution of problem (1.1).
According to Theorem 1.1, we know that the problem (1.1) has a least-energy sign-changing solution

ub, which changes sign only once when λ ≥ λ∗.
Let

λ∗∗ =max {λ∗,λ∗
1}.

cλb ≤ I λ
b (αvu1 + βvu2) = I λ

b (αvu1 + βvu2) −
1

2p
⟨(I λ

b )′(αvu1 + βvu2), (αvu1 + βvu2)⟩

=
1

2p
(∥ αvu1 ∥p + ∥ βvu2 ∥p) +

λ

q2
[∫

Ω
|αvu1|qdx + ∫

Ω
|βvu2|qdx]

+( 1

2p
−

1

q
)λ [∫

Ω
[|αvu1|q ln |αvu1|2dx + ∫

Ω
|βvu2|q ln |βvu2|2dx]

+( 1

2p
−

1

p∗
s

) ∫
Ω
α
p∗
s

v |u1|p
∗
sdx + ( 1

2p
−

1

p∗
s

) ∫
Ω
β
p∗
s

v |u2|p
∗
sdx.

cλb ≤
1

2p
(∥ u1 ∥p + ∥ u2 ∥p) +

λ

q2
[∫

Ω
|u1|qdx + ∫

Ω
|u2|qdx]

+( 1

2p
−

1

q
)λ [∫

Ω
|u1|q ln |u1|2dx + ∫

Ω
|u2|q ln |u2|2dx]

+( 1

2p
−

1

p∗
s

) ∫
Ω

|u1|p
∗
sdx + ( 1

2p
−

1

p∗
s

) ∫
Ω

|u2|p
∗
sdx

= I λ
b (u1 + u2) −

1

2p
⟨(I λ

b )′(u1 + u2), (u1 + u2)⟩

= I λ
b (u1 + u2) +

1

2p
⟨(I λ

b )′(u),u3⟩ +
b

2p
∥ u1 ∥p∥ u3 ∥p +

b

2p
∥ u2 ∥p∥ u3 ∥p.

cλb < I λ
b (u1) + I λ

b (u2) + I λ
b (u3) +

b

2p
(∥ u2 ∥p + ∥ u3 ∥p) ∥ u1 ∥p

+
b

2p
(∥ u1 ∥p + ∥ u3 ∥p) ∥ u2 ∥p +

b

2p
(∥ u1 ∥p + ∥ u2 ∥p) ∥ u3 ∥p= I λ

b (u) = cλb .



Suppose that ub = u+
b + u−

b . As in the proof of Lemma 1.1, there exist αu+
b

> 0 and βu−
b

> 0 such that

αu+
b
u+
b ∈ N λ

b , βu−
b
u−
b ∈ N λ

b .

Furthermore, Lemma 1.2 implies that αu+
b
,βu−

b
∈ (0, 1).

Therefore, in view of Lemma 1.1, we have that

2c∗ ≤ I λ
b (αu+

b
u+
b ) + I λ

b (βu−
b
u−
b ) ≤ I λ

b (αu+
b
u+
b + βu−

b
u−
b ) < I λ

b (u+
b + u−

b ) = cλb .

We conclude that c∗ > 0 cannot be achieved by a sign-changing function. □

1.3.3 Proof of Theorem 1.3: convergence to the limit case

In what follows, we regard b > 0 as a parameter in problem (1.1).
We proceed through several steps by analyzing the convergence property of ub as b → 0, where ub is the

least-energy sign-changing solution obtained in Theorem 1.1.

Step 1. For any sequence {bn} as bn ↘ 0, {ubn} is bounded in W s,p
0 (Ω).

Choose a nonzero function ω ∈ C∞
0 (Ω) with ω± ≠ 0. As in the proof of Lemma 1.2, for any λ ∈ [0, 1],

there exists a pair positive numbers (λ1,λ2) independent of λ, such that

⟨(I λ
b )′(λ1ω

+ + λ2ω
−),λ1ω

+⟩ < 0, ⟨(I λ
b )′(λ1ω

+ + λ2ω
−),λ2ω

−⟩ < 0.

Then by virtue of Lemma 1.1, we obtain that for any b ∈ [0, 1], there exists a unique pair 
(αω(b),βω(b)) ∈ (0, 1] × (0, 1] such that

ω := αω(b)λ1ω
+ + βω(b)λ2ω

− ∈ M λ
b .

(1.44)

Thus, for any λ ∈ [0, 1], we have

It follows that

We conclude that

–

I λ
b (ub) = I λ

b (ω) = I λ
b (ω) −

1

2p
⟨(I λ

b )′(ω),ω⟩

=
1

2p
∥ ω ∥p +( 1

2p
−

1

p∗
s

) ∫
Ω

|ω|p
∗
sdx +

λ

q2
∫

Ω
|ω|qdx + ( 1

2p
−

1

q
)λ∫

Ω
|ω|q ln |ω|2dx.

––––

–––––

I λ
b (ub) ≤

1

2p
∥ ω ∥p +( 1

2p
−

1

p∗
s

) ∫
Ω

|ω|p
∗
sdx +

λ

q2
∫

Ω
|ω|qdx

+( 1

2p
−

1

q
)λ∫

Ω
(C1|ω|p + C2|ω|r)dx.

–––

––



where C ∗ > 0 is a constant independent of λ. So, as n → ∞, we obtain

C ∗ + 1 ≥ I λ
bn

(ubn) = I λ
bn

(ubn) −
1

2p
⟨(I λ

bn
)′(ubn),ubn⟩ ≥

1

2p
∥ ubn ∥2,

which implies that {ubn} is bounded in W s,p
0 (Ω).

Step 2. problem (1.15) has a nodal solution u0.

Since {ubn} is bounded in W s,p
0 (Ω), according to Step 1, going if necessary to a subsequence, there

exists u0 ∈ W
s,p
0 (Ω) such that

(1.45)

Since ubn  is a weak solution of problem (1.1) for b = bn, we have for all v ∈ C∞
0 (Ω)

(a + bn[ubn ]ps,p)L(ubn , v) = λ∫
Ω

|ubn |q−2ubnv ln |ubn |2dx + ∫
Ω

|ubn |p
∗
s−2ubnv dx,

(1.46)

where L(u, v) is defined by relation (1.5).
From (1.45), (1.46) and Step 1, we find that

(a + bn[u0]ps,p)L(u0, v) = λ∫
Ω

|u|q−2u0v ln |u0|2dx + ∫
Ω

|u0|p
∗
s−2u0v dx

(1.47)

for all v ∈ C∞
0 (Ω), which in turn implies that u0 is a weak solution of problem (1.15). By a similar

argument as in the proof of Lemma 1.3, we conclude that u±
0 ≠ 0. Therefore, we complete the proof of

Step 2.

Step 3. problem (1.15) possesses a least-energy sign-changing solution v0, and there exists a unique
pair (αbn ,βbn) ∈ [0, ∞) × [0, ∞) such that αbnv

+
0 + βbnv

−
0 ∈ M λ

bn
. Moreover, (αbn ,βbn) → (1, 1) as 

n → ∞.

I λ
b (ub) ≤

1

2p
∥ λ1ω

+ ∥p +
1

2p
∥ λ2ω

− ∥p +( 1

2p
−

1

p∗
s

) ∫
Ω

|λ1ω
+|p

∗
sdx + ( 1

2p
−

1

p∗
s

) ∫
Ω

|λ2ω
−|p

∗
sdx

+
λ

q2
∫

Ω
|λ1ω

+|qdx +
λ

q2
∫

Ω
|λ2ω

−|qdx + ( 1

2p
−

1

q
)λ∫

Ω
(C1λ

2
1|ω+|2 + C2λ

r
2|ω+|r)dx

+( 1

2p
−

1

q
)λ∫

Ω
(C1λ

2
1|ω−|2 + C2λ

r
2|ω−|r)dx =: C ∗,

ubn ⇀ u0 in W
s,p
0 (Ω),

ubn → u0 in Lt(Ω) for t ∈ [p, p∗
s),

ubn → u0 a.e. x ∈ Ω.



By a similar argument as in the proof of Theorem 1.1, we deduce that problem (1.15) has a least-energy
sign-changing solution v0, where I λ

0 (v0) = c0 and (I λ
0 )′(v0) = 0. Then, by Lemma 1.1, we obtain the

existence and uniqueness of the pair (αbn ,βbn) such that αbnv
+
0 + βbnv

−
0 ∈ M λ

bn
. Moreover, we have 

αbn > 0 and βbn > 0. Then the claim will follow once we can prove that (αbn ,βbn) → (1, 1) as n → ∞.
In fact, since αbnv

+
0 + βbnv

−
0 ∈ M λ

bn
, we have that

(1.48)

and

(1.49)

From the convergence of bn as n → ∞, we deduce that the sequences {αbn} and {βbn} are bounded. Up to
a subsequence, suppose that αbn → α0 and βbn → β0. Then it follows from (1.48) and (1.49) that

α
p
0a ∥ v+

0 ∥p= λ∫
Ω

|α0v
+
0 |q ln |α0v

+
0 |2dx + ∫

Ω
|α0v

+
0 |p

∗
sdx

(1.50)

and

β
p
0a ∥ v−

0 ∥p= λ∫
Ω

|β0v
−
0 |q ln |β0v

−
0 |2dx + ∫

Ω
|β0v

−
0 |p

∗
sdx.

(1.51)

Since v0 is a sign-changing solution of problem (1.15), we obtain

a ∥ v±
0 ∥2= λ∫

Ω
|v±

0 |q ln |v±
0 |2dx + ∫

Ω
|v±

0 |p
∗
sdx.

(1.52)

Hence, in view of (1.50)–(1.52), we obtain that (α0,β0) = (1, 1), and the Step 3 follows.
Now, we can now give the proof of Theorem 1.3. We assert that u0 obtained in Step 2 is a least-energy

solution of problem (1.15). In fact, by virtue of Step 3 and Lemma 1.1, we find that

α
p
bn
a ∥ v+

0 ∥p +bnα
2p
bn

∥ v+
0 ∥2p +bnα

p
bn
β
p
bn

∥ v+
0 ∥p∥ v−

0 ∥p = λ∫
Ω

|αbnv
+
0 |q ln |αbnv

+
0 |2dx

+∫
Ω

|αbnv
+
0 |p

∗
sdx

βp
bn
a ∥ v−

0 ∥p +bnβ
2p
bn

∥ v−
0 ∥2p +bnα

p
bn
βp
bn

∥ v+
0 ∥p∥ v−

0 ∥p = λ∫
Ω

|βbnv
+
0 |q ln |βbnv

+
0 |2dx

+∫
Ω

|βbnv
−
0 |p

∗
sdx.



The proof of Theorem 1.3 is now complete. □

1.4 Historical comments

One of the classical topics in the qualitative analysis of PDEs is the study of existence and multiplicity
properties of solutions for both the Kirchhoff problems and the fractional Kirchhoff problems under
various hypotheses on the nonlinearity. There is a vast recent literature concerning the existence and
multiplicity of solutions for the following Dirichlet problem of Kirchhoff-type

(1.53)

Problem (1.53) is a generalization of a model introduced by Kirchhoff [88]. More precisely, Kirchhoff
proposed a model given by the equation

ρ
∂ 2u

∂t2
−( ρ0

h
+

E

2L
∫

L

0

∂u

∂x

2

dx) ∂ 2u

∂x2
= 0,

(1.54)

where ρ, ρ0, h, E, L are constants. This nonlocal model extends the classical D'Alembert's wave equation,
by considering the effects of changes in the length of the strings during the vibrations.

Since Lions [99] introduced an abstract framework to Kirchhoff-type equations, the solvability of these
nonlocal problems has been well studied in the general dimension by various authors. We refer to
D'Ancona and Shibata [39] and D'Ancona and Spagnolo [38] for the global solvability of various classes
of Kirchhoff-type problems. We also refer to Carrier [21] who used a more rigorous method to model
transverse vibration via the coupled governing equation of planar vibration in order to recover the
nonlinear integro partial-differential equation, in which a more general Kirchhoff function was considered.
In addition, the nonlocal Kirchhoff problems of parabolic type can model several biological systems, such
as population density, see for example Ghergu and Rǎdulescu [62].

Problem (1.53) is a nonlocal problem because the term b ∫Ω |∇u|2dxΔu appears in the left-hand side of
the equation, which results that (1.53) is not a pointwise identity. Moreover, the energy functional
associated to (1.53) has different properties with respect to the local case corresponding to b = 0, hence
several mathematical difficulties are brought naturally out in the study of the nonlocal problems (b ≠ 0)

by means of variational methods. We refer to Fiscella and Valdinoci [57], who proposed a steady-state
Kirchhoff model involving the fractional Laplacian by taking into account the nonlocal aspect of the

I λ
0 (v0) ≤ I λ

0 (u0) = lim
n→∞

I λ
bn

(ubn) ≤ lim
n→∞

I λ
bn

(αbnv
+
0 + βbnv

−
0 )

= I λ
0 (v+

0 + v−
0 ) = I λ

0 (v0).

{− (a + b ∫Ω |∇u|2dx)Δu = f(x,u)in Ω,

u|∂Ω = 0. ∣ ∣



tension arising from nonlocal measurements of the fractional length of the string, see [57, Appendix A] for
more details. For a detailed analysis of nonlocal fractional problems, we refer to the monograph by Molica
Bisci, Rǎdulescu and Servadei [119].

However, there are a few papers dealing with the existence and multiplicity of solutions for fractional
problems involving logarithmic nonlinearity. In [40], d'Avenia et al. considered the following fractional
logarithmic Schorödinger equation

(−Δ)su + ωu = u log |u|2 in R
N ,

where ω > 0. By employing the fractional logarithmic Sobolev inequality, in [40] it is obtained the
existence of infinitely many solutions. Moreover, the regularity of solutions was also discussed in [40]. In
[149], Truong studied the following problem with logarithmic nonlinearity

(−Δ)spu + V (x)|u|p−2u = λa(x)|u|p−2u ln |u|in R
N ,

where a is a sign-changing function. Under some assumptions on V, a and λ, Truong [149] obtained two
nontrivial solutions by using the Nehari manifold approach. Next, Xiang, Hu and Yang [154] considered
the following Kirchhoff equation with combined nonlinearity of logarithmic and power type

where s ∈ (0, 1), 1 < p < N/s, Ω is a bounded domain in RN  with Lipschitz boundary, 
M([u]ps,p) = [u]

(θ−1)p
s,p  with θ ≥ 1, and h is a sign-changing function. When λ is sufficiently small, Xiang,

Hu and Yang [154] obtained two nonnegative local least-energy solutions by using the Nehari manifold
approach.

The existence of sign-changing solutions to nonlinear elliptic PDEs with power-type nonlinearities has
been studied extensively both for the p-Laplacian operator and for the fractional p-Laplacian operator.
Consider the nonlocal problem

(1.55)

For p = 2, Chang and Wang [24] studied problem (1.55), where the fractional Laplacian operator is
defined through spectral decomposition, in order to obtain the existence of sign-changing solutions.

The method of harmonic extension was introduced by Caffarelli and Silvestre [16] and it consists in
transforming the nonlocal equation in Ω to a local problem in the half cylinder Ω × (0, ∞), by using an
equivalent definition of the fraction Laplacian operator, cf. Brändle et al. [13].

In [53], Figueiredo and Nascimento considered the following Kirchhoff equation

{
M([u]ps,p)(−Δ)spu = h(x)|u|θp−2u ln |u| + λ|u|q−2u in Ω,

u = 0 in RN ∖ Ω,

{
(−Δ)spu = f(x,u)in Ω,

u = 0 in RN ∖ Ω,

{−M (∫Ω |∇u|2dx)Δu = g(u)in Ω,

u|∂Ω = 0,



(1.56)

where Ω is a bounded domain in R3, M is a general C1 class function, and g is a superlinear C1 class
function with subcritical growth. By using the minimization argument and a quantitative deformation
lemma, the existence of a sign-changing solution for this Kirchhoff equation was obtained. In unbounded
domains, Figueiredo and Santos Júnior [52] studied a class of nonlocal Schrödinger-Kirchhoff problems
involving only continuous functions. Using a minimization argument and a quantitative deformation
lemma, they obtained a least-energy sign-changing solution to Schrödinger-Kirchhof problems.

Combining constraint variational methods and the quantitative deformation lemma, Shuai [136] proved
that problem (1.53) has one least-energy sign-changing solution ub and the energy of ub strictly larger than
the ground state energy. Moreover, the author investigated the asymptotic behavior of ub as the parameter 
b ↘ 0. Later, under some more weak assumptions on g (especially, Nehari-type monotonicity condition
been removed), with the aid of some new analytical skills and Non-Nehari manifold method, Tang and
Cheng [146] improved and generalized some results obtained in [136].

In [45], Deng, Peng, and Shuai studied the following Kirchhoff problem:

−(a + b ∫
R3

|∇u|2dx)Δu = f(x,u)in R
3.

(1.57)

The authors obtained the existence of radial sign-changing solutions with prescribed numbers of nodal
domains for Kirchhoff problem (1.57) in H 1

r (R3), the subspace of radial functions of H 1(R3) by using a
Nehari manifold and gluing solution pieces together, when V (x) = V (|x|), f(x,u) = f(|x|,u) and
satisfies some conditions. Precisely, they proved the existence of a sign-changing solution, which changes
signs exactly k times for any k ∈ N. Moreover, they investigated the energy property and the asymptotic
behavior of the sign-changing solution.

By using a combination of the invariant set method and the Ljusternik-Schnirelmann type minimax
method, Sun et al. [142] obtained infinitely many sign-changing solutions for the Kirchhoff problem
(1.57) when f(x,u) = f(u) and f is odd in u. It is worth noticing that, in [142], the nonlinear term may
not be 4-superlinear at infinity; in particular, it includes the power-type nonlinearity |u|p−2u with 
p ∈ (2, 4]. In [150], the authors obtained the existence of least-energy sign-changing solutions of
Kirchhoff-type equation with critical growth by using the constraint variational method and the
quantitative deformation lemma.

1.5 Final remarks, perspectives, and open problems

The analysis developed in this chapter establishes the existence of least-energy sign-changing solutions for
a fractional Kirchhoff problem with logarithmic and critical nonlinearities. Using constraint variational
methods, topological degree theory, and quantitative deformation arguments, the main results prove three
basic properties:



The content of this chapter is based on the abstract and analytic setting developed in [119] and the
contributions obtained in [96]. Related properties concerning the existence of least-energy solutions for
two-dimensional Choquard equations with exponential growth can be found in [87].

The “Nehari manifold” phenomenon described in Theorem 1.2 establishes that the energy of the nodal
solution is strictly greater than twice the ground state energy for large values of the positive parameter. A
related property was established by Liu, Ouyang and Zhang [107] in the framework of standing waves for
the 2D nonlocal gauged Schrödinger equation with Chern-Simons term. A related property in a different
nonlocal setting was previously observed by Shuai [136].

Open Problem 1.  ⏎ The existence of λ∗ in Theorem 1.1 is based on the convergence property found
in Lemma 1.3. Is it possible to find the optimal value for λ∗?

Open Problem 2.  In the statement of Theorem 1.1, does problem (1.1) have nodal solutions if 
0 < λ < λ∗?

Open Problem 3.  Does the doubling energy property established in Theorem 1.2 remain true if 
0 < λ < λ∗∗?

The following problem is concerned with the asymptotic behavior as p → ∞.

Open Problem 4.  What happens when the exponent p becomes large? This question relates to p-
Laplacian problems in the limit and possible connections to frozen or limiting profiles.

The current analysis works on bounded domains with Lipschitz boundary. The following research
direction proposes to extend this analysis to other cases.

Open Problem 5.  Develop a similar analysis to the whole space RN  (N ≥ 3). This presents
challenges due to loss of compactness. Study the critical exponential growth in the two-dimensional
case.

What about the case of operators with a variable structure? This corresponds to the p(x)-Laplacian
logarithmic reaction and this study could open new perspectives in the understanding of Kirchhoff
equations with logarithmic nonlinearity.

existence of at least one least-energy sign-changing solution ub;(i)

the energy of ub is strictly larger than twice the ground state energy;(ii)

convergence properties of the solution as the Kirchhoff parameter b goes to zero.(iii)



Least-energy Solution:

Logarithmic Nonlinearity:

Kirchhoff Nonlocality:

Open Problem 6.  Extend the analysis developed in this chapter to more complex operators like the 
p(x)-Laplacian, which allows the growth rate to vary with the point in the domain.

Studying the supercritical cases of Kirchhoff equations is important because it is where the most
interesting and physically relevant mathematical behaviors occur. This abstract setting describes the
frontier where solutions can exhibit fundamentally different properties. This is the content of the following
research direction.

Open Problem 7.  Extend the results to the supercritical case, that is, study the Kirchhoff equation

where r > p∗
s.

A very interesting problem is concerned with the study of the following logarithmic Kirchhoff equation:

(1.58)

A feature of this problem is that the logarithm weakens the critical nonlinearity near the origin and
infinity, but it introduces a lack of monotonicity and sign changes, making variational methods delicate.

Open Problem 8.  ⏎ Study the existence of least-energy solutions for problem (1.58) with respect to
the values of λ and μ. Consider also the singular case where μ < 0.

1.6 Glossary

The least-energy solution is a solution (of a partial differential equation or an
optimization problem) that minimizes the associated energy functional.

Logarithmic nonlinearity refers to differential or partial differential equations
where the nonlinear term involves the logarithm of the unknown function. Equations of this type arise
in applied sciences and have distinctive mathematical properties due to the slow growth and singular
behavior of the logarithm near zero or infinity.

It defines a class of equations where the governing physics at each point is tied to
the global state of the system, creating a deeply interconnected and complex problem to solve.

{
(a + b[u]ps,p)(−Δ)spu = λ|u|q−2u ln |u|2 + |u|r−2u in Ω,

u = 0 in RN ∖ Ω,

{
(a + b[u]ps,p)(−Δ)spu = λ|u|p

∗
s−1 ln |u|2 + μ|u|q in Ω,

u = 0 in R
N ∖ Ω.



Nodal Solution:

Nehari Manifold:

Energy Doubling:

Namely, instead of a local property like the value of the unknown at a point, the equation's behavior is
influenced by the overall energy or amplitude of the solution across the whole space.

Nodal solution, in the context of partial differential equations (especially elliptic PDEs),
refers to a nontrivial solution that changes sign. Thus, the solution has a nonempty nodal set (the set
where it vanishes), dividing the domain into at least two subdomains where the solution is positive and
negative respectively. These are also called sign-changing solutions.

This is a fundamental and powerful tool in modern variational analysis for finding
nontrivial solutions to nonlinear PDEs. In simple words, the Nehari manifold is a constraint that
cleverly restricts the search for critical points of an energy functional to a set where the geometry
becomes much simpler to analyze.

This is a phenomenon which occurs in the analysis of solutions for some classes of
local and nonlocal equations. It establishes that the energy of the nodal solution is strictly greater than
twice the ground state energy.



2
Planar Kirchhoff equations with critical exponential
growth

DOI: 10.1201/9781003797159-2

This chapter deals with the existence of nontrivial solutions and least-energy solutions for a class of planar
Kirchhoff equations with critical exponential growth and trapping potential. This is achieved by combining
some related variational, topological, and analytic techniques. A key feature of the analysis developed in this
chapter is the absence of any monotonicity conditions on the reaction term. Another contribution in this
chapter concerns the mountain pass characterization of the least-energy solution by constructing a fine path.

We study the following Kirchhoff equation

where a, b are positive constants, V ∈ C (R2, (0, ∞)) is a trapping potential, and f has critical exponential
growth of Trudinger-Moser type. Indeed, in two dimensions, the maximal growth for f(u) is governed by the
Trudinger-Moser inequality (a behavior like eαu2), which also leads to non-compactness. The common
restriction lim inf

t→+∞

tf(t)

eα0t
2 > 0 has been removed in this analysis, where α0 is the critical value in the Trudinger-

Moser inequality. This is a major relaxation of standard assumptions, significantly broadening the class of
nonlinearities f(u) the theory can handle.

This chapter integrates three mathematically challenging features into a single, physically relevant model,
extending prior work. These three competing mathematical concepts are the following:

1. nonlocal coefficient (∫
R2

|∇u|2dx)Δu;

2. critical exponential growth in R2;

3. a trapping potential V (x) (it prevents the system from escaping to infinity).

The primary mathematical challenge in this analysis is to prove the existence of solutions despite several
combined sources of non-compactness. In this setting, it is difficult to restore the compactness of minimizing
sequences on the prescribed-mass manifold, which is especially hard when the potential V (x) is non-
autonomous, that is, V is not a constant. The positivity of the potential ensures coercivity, while its trapping
nature creates an energy well. This breaks translation invariance, causing loss of compactness in the Sobolev
embedding. The analysis developed in this chapter covers both autonomous and non-autonomous cases.

{
− (a + b ∫

R2 |∇u|2dx)Δu + V (x)u = f(u) in R2,

u ∈ H 1(R2),

https://doi.org/10.1201/9781003797159-2


Under minimal assumptions, this analysis establishes a clear structural link between the least-energy solution
and the mountain pass level.

2.1 Statement of the problem

This chapter deals with the study of the following Kirchhoff equation

(κ)

where a, b are positive real numbers constants.
A feature of the analysis developed in this chapter is that the potential V ∈ C (R2, (0, ∞)) is assumed to be

a Rabinowitz-type trapping potential, namely it satisfies

(V1) V0 ≤ V (x) ≤ lim inf
|y|→∞

V (y) = V∞ for all x ∈ R2.

This trapping condition was introduced by Rabinowitz [133].
We assume that the reaction f ∈ C (R, R) satisfies the following conditions:

(F0) f(t) = 0 for all t ≤ 0;

(F1) there exists α0 > 0 such that

(2.1)

(F2) f(t) = o(t) as t → 0 and F(t) := ∫ t

0 f(s)ds ≥ 0.

Definition 2.1  We say that the function f(t) has critical exponential growth at t = ±∞ if condition (F1)
is fulfilled.

It was shown by Trudinger [148] and Moser [120] that this kind of nonlinearity has the maximal growth
that can be treated variationally in H 1(R2), which is motivated by the following Trudinger-Moser inequality.

Lemma 2.1  ⏎ The following properties hold true.

{
− (a + b ∫

R2 |∇u|2dx)Δu + V (x)u = f(u) in R2;

u ∈ H 1(R2),

lim
|t|→∞

|f(t)|

eαt
2

= {0, for all α > α0,

+∞, for all α < α0;

If α > 0 and u ∈ H 1(R2) , then

∫
R2

(eαu2
− 1)dx < ∞.

(i)



From (F1) and (F2), it follows that

lim
t→0

F(t)

t2
= 0

(2.3)

and

(2.4)

Then for any ε > 0,α > α0 and q > 0, there exists C = C(ε,α, q) > 0 such that

F(t) ≤ εt2 + C|t|qeαt
2

, ∀ t ∈ R.

(2.5)

Using relation (2.5), it follows that the associated energy functional Φ : H 1(R2) → R defined by

Φ(u) =
1

2
∫

R2

[a|∇u|2 + V (x)u2]dx +
b

4
(∫

R2

|∇u|2dx)
2

− ∫
R2

F(u)dx

(2.6)

is of class C 1(H 1(R2), R) and

(2.7)

Hence, the solutions of problem (K ) are the critical points of the functional Φ.

2.1.1 Autonomous and non-autonomous cases

Let us first consider the autonomous case.
We study the following Kirchhoff equation

If u ∈ H 1(R2), ∥ ∇u ∥2
2≤ 1, ∥ u ∥2≤ M < ∞ , and α < 4π , then there exists a constant C (M,α)

, which depends only on M and α, such that

∫
R2

(eαu2

− 1)dx ≤ C (M,α).

(2.2)

(ii)

lim
t→+∞

t2F(t)

eαt
2

= {0, for all α > α0,

+∞, for all α < α0.

⟨Φ′(u), v⟩ = ∫
R2

[a∇u ⋅ ∇v + V (x)uv]dx + b∫
R2

|∇u|2dx∫
R2

∇u ⋅ ∇vdx

−∫
R2

f(u)vdx, ∀ u, v ∈ H 1(R
2).



(κ)∞

where f satisfies (F0), (F1), (F2) and the following condition:

(F3) limt→+∞
F(t)
t2 = +∞ and f(t)t ≥ 2F(t) for all t ≥ 0.

Using a suitable minimization method, the first purpose is to establish both the existence of a positive least-
energy solution for (K )∞ and to give its mountain pass characterization.

Define the energy functional Φ∞ : H 1(R
2) → R by

Φ∞(u) :=
1

2
∫

R2

(a|∇u|2 + V∞u2)dx +
b

4
(∫

R2

|∇u|2dx)
2

− ∫
R2

F(u)dx,

(2.8)

and let c∞ be the mountain pass level of Φ∞, that is,

c∞ = inf
γ∈Γ∞

max
t∈[0,1]

Φ∞(γ(t)),

(2.9)

where

Γ∞ := {γ ∈ C ([0, 1],H 1(R
2)) : γ(0) = 0, Φ∞(γ(1)) < 0}.

(2.10)

Definition 2.2  A solution u of problem (K )∞ is called a least-energy solution if Φ∞(u) = m∞ with

m∞:= inf {Φ∞(u) u ∈ H 1(R
2) ∖ {0}, (Φ∞)′(u) = 0}.

(2.11)

In the autonomous case, the next result establishes the existence of a least-energy solution, provided that the
positive potential is smaller than the Trudinger-Moser ratio.

Theorem 2.1  ⏎ Assume that f satisfies hypotheses (F0)–(F3). Then there exists V ∗ ∈ (0, +∞] such that
for any V∞ ∈ (0,V ∗), equation (K )∞ has a positive least-energy solution. Moreover, V ∗ is equal to the
Trudinger-Moser ratio:

C ∗
TM(F):= sup { 2

∥ u ∥2
2

∫
R2

F(u)dx u ∈ H 1(R
2) ∖ {0}, ∥ ∇u ∥2

2≤
4π

α0
}.

{− (a + b ∫
R2 |∇u|2dx)Δu + V∞u = f(u) in R2;

u ∈ H 1(R2),



In particular, V ∗ = +∞ is equivalent to limt→+∞
t2F(t)

eα0t
2 = +∞.

The following property establishes a relationship between the any least-energy solution of problem (K )∞

and the level of the maximum of the associated energy at the optimal path.

Theorem 2.2  ⏎  Under the assumptions of Theorem 2.1, the least-energy level m∞ is equal to the
mountain pass level c∞. Moreover, for any least-energy solution w of (K )∞, there exists a path ~γ ∈ Γ∞

such that w ∈ ~γ([0, 1]) and

max
t∈[0,1]

Φ∞(~γ(t)) = Φ∞(w).

Next, we study the non-autonomous case and we are concerned with the existence of ground state solutions
for the critical exponential growth Kirchhoff equation (K ) with the trapping potential V satisfying condition
(V1). Some effective methods, treating the dimension N ≥ 3, do not carry over our case N = 2 due to the
simultaneous appearance of the nonlocal term and the nonlinear term with critical exponential growth.

Let us now introduce the following assumptions:

(F3′) f(t)t ≥ 2F(t) for all t ∈ R, and

f(t)

t
≥ V0 ⇒ f(t)t − 2F(t) > 0;

(F4) there exist M0 > 0 and β0 > 0 such that F(β0) > 0 and

F(t) ≤ M0|f(t)|, ∀|t| ≥ β0.

Definition 2.3  We say that a solution u of problem (K ) is a ground state solution (of Nehari type) if
Φ(u) = cN  with

cN := inf
u∈N

Φ(u)

(2.12)

and N  is the Nehari manifold defined by

N := {u ∈ H 1(R
2) ∖ {0}: ⟨Φ′(u),u⟩ = 0}.

(2.13)

The following result points out the importance of the level V∞ of the trapping potential at infinity. This
level acts as a fundamental energy threshold that governs ground state solutions, but also whether
compactness can be recovered in the variational formulation.



Theorem 2.3  ⏎ Assume that V satisfies (V1) Assume that V satisfieswith V∞ ∈ (0,V ∗), and f satisfies
conditions (F1), (F2), (F3′), (F4) and (F5). Then problem (K ) has a ground state solution, where V ∗ is
given by Theorem 2.1.

Corollary 2.1  ⏎  Assume that V ∈ C (R2, [V0,V∞]) is 1-periodic in each of x1,x2 with V∞ ∈ (0,V ∗),
and f satisfies (F1), (F2), (F3′),; (F4) and (F5). Then (K ) has a ground state solution, where V ∗ is given
by Theorem 2.1.

In the final part of this chapter, we consider the existence of nontrivial solutions to problem (K ) in the
radial case, that is, if the trapping potential V satisfies

(V2) V (x) = V (|x|) and V (x) ≥ V0 for all x ∈ R2.

In this, it is nontrivial to show that the weak limit of Cerami sequences is a weak solution because of the
fact

un ⇀ u in H 1(R
2) ⇏∥ ∇un ∥2

2 ∫
R2

∇un ⋅ ∇φdx →∥ ∇u ∥2
2 ∫

R2

∇u ⋅ ∇φdx, ∀ φ ∈ C ∞
0 (R

2).

To address this issue, a classical way is to restrict the energy functional in the subspace of radially
symmetric functions H 1

r (R2) belonging to H 1(R2) since the limit

∫
R2

[f(un) − f(u)](un − u)dx → 0

(2.14)

can be easily deduced from the compactness of the embedding H 1
r (R2) ↪ Lq(R2) for q > 2 if f is

superlinear at zero and has polynomial growth. However, when f is of critical exponential growth, it is still
unknown whether the limit (2.14) holds or not since the embedding of H 1

r (R2) into the Orlicz space
associated with the function φ(s) = exp(4πs2) − 1 is not compact. Thus, a deeper analysis is required for 
(K ) with the radial potential V in this direction, which is the focus in the last part of the present chapter. For
this purpose, we introduce the following condition:

(F6) f(t)t − 4F(t) + V0t
2 ≥ 0 for all t ∈ R,

which is weaker than the Ambrosetti-Rabinowitz condition (F6′) and can be derived from the monotonicity
condition (F5).

Theorem 2.4  ⏎ Assume that V satisfies (V2) with V∞ ∈ [V0,V ∗), and f satisfies conditions (F1), (F2),
(F3′), (F4) and (F6). Then problem (K ) has a nontrivial radial solution, where V ∗ is given by Theorem
2.1.



2.1.2 Sketch of the main proofs

For the proofs of Theorems 2.1 and 2.2, motivated by the Pohozaev identity for problem (K )∞, we introduce
the auxiliary functional J∞ : H 1(R2) → R defined by

J∞(u) = V∞ ∥ u ∥2
2 −2∫

R2

F(u)dx,

(2.15)

the set

P∞ := {u ∈ H 1(R
2) ∖ {0} : J∞(u) = 0}

(2.16)

and the constrained minimization problem

A∞:= inf
u∈P∞

( a

2
∥ ∇u ∥2

2 +
b

4
∥ ∇u ∥4

2) = inf
u∈P∞

Φ∞(u).

(2.17)

Based on a sufficient and necessary condition for compactness of general nonlinear functionals, a key idea
is to prove that A∞ can be attained if V∞ is less than the Trudinger-Moser ratio C ∗

TM(F). At the same time,
under a suitable change of scale combined with an analytical method, it is established that the minimizer is a
least-energy solution of problem (K )∞. Different from the dimension N ≥ 3, the minimum A∞ has no
saddle point structure with respect to the fiber {u(⋅/t) : t > 0} ⊂ H 1(R

2), u ∈ H 1(R
2) since the Pohozaev

functional J∞(u) does not have a ∥ ∇u ∥2-component. Thus, in the two-dimensional case, it is more
complicated to establish the relationship between the minimum A∞, the least-energy m∞, and the mountain
pass level c∞. To address this issue, inspired by the idea of Jeanjean and Tanaka [80], we construct a new path
belonging to Γ∞ and derive the mountain pass characterization of the least-energy solution for (K )∞, which
is the highlight of the proof of Theorem 2.2.

The proofs of Theorems 2.3 and 2.4 are based on the mountain pass theorem. A standard procedure in this
case is to prove the boundedness of Cerami sequences, and verify that the weak limit of Cerami sequences is
non-trivial and is also a weak solution.

Compared with previous works dealing with the Kirchhoff equation (K ) with trapping or radial potential
in higher dimensions (N ≥ 3), some new obstacles arising in the proofs are the following:

1. the lack of the monotonicity condition (F5′) and the Ambrosetti-Rabinowitz type condition (F6′)
prevent us from using usual methods to prove the boundedness of Cerami sequences;

2. it is more difficult to rule out the concentration phenomena and the vanishing phenomena of Cerami
sequences;



3. it does not work that the BL-splitting property for the energy functional along Cerami sequences
caused by the appearance of the nonlinear term with critical growth, which is a powerful tool to
restore the compactness of Cerami sequences.

In what follows, we make use of the following notations:

H 1(R2) denotes the usual Sobolev space equipped with the inner product and norm

(u, v) = ∫
R2

(∇u ⋅ ∇v + uv)dx, ∥ u ∥= (u,u)1/2, ∀ u, v ∈ H 1(R
2);

H 1
r (R2) denotes the space of spherically symmetric functions belonging to H 1(R2):

H 1
r (R

2) := {u ∈ H 1(R
2) : u(x) = u(|x|)a.e. in R

2};

Ls(R2)(1 ≤ s < ∞) is the Lebesgue space with the norm ∥ u ∥s= (∫
R2 |u|sdx)1/s;

For any x ∈ Ω and r > 0, Br(x) := {y ∈ Ω : |y − x| < r} and Br = Br(0);

C1,C2, … denote positive constants possibly different in different places.

2.2 Least-energy solutions in the autonomous case

In this section, we consider the existence of least-energy solutions for problem (K )∞, and we establish its
mountain pass characterization, which completes the proofs of Theorems 2.1 and 2.3.

2.2.1 Auxiliary properties of the energy functionals

First, by a truncation argument, we establish the Pohozaev-type identity for (K )∞ when f has critical
exponential growth.

Lemma 2.2  ⏎ Assume that f satisfies hypotheses (F1)–(F3). Let u ∈ H 1(R
2) be a weak solution of (K )∞,

then we have the following Pohozaev-type identity

J∞(u) = V∞ ∥ u ∥2
2 −2∫

R2

F(u)dx = 0.

Proof. Let ψ ∈ C ∞([0, +∞), [0, 1]) such that ψ(r) = 1 for r ∈ [0, 1] and ψ(r) = 0 for r ∈ [2, +∞).
Define ψn(x) := ψ(|x|2/n2) on R2 for n ∈ N. Then there exists C1 > 0 such that

0 ≤ ψn(x) ≤ C1, |x||∇ψn(x)| ≤ C1 ∀ x ∈ R
2.

(2.18)

By a standard regularity argument, we can show that u ∈ H 2
loc(R2).

Let ᾱ = (a + b ∥ ∇u ∥2
2). It follows from (K )∞ that for every n ∈ N,

0 = [−ᾱΔu + V∞u − f(u)]ψn(x ⋅ ∇u).



(2.19)

We also obtain, for every n ∈ N,

−ψnf(u)(x ⋅ ∇u) = − div(xψnF(u)) + 2ψnF(u) + F(u)(x ⋅ ∇ψn),

(2.20)

(2.21)

and

ψnu(x ⋅ ∇u) =
1

2
div (u2ψnx) − u2ψn −

1

2
u2(x ⋅ ∇ψn) −

1

2
u2ψn.

(2.22)

Hence, for every n ∈ N, it follows from relations (2.19), (2.20), (2.2.1), (2.22) and the divergence theorem
that

(2.23)

Using this relation together with the fact that ψn|∂B2n = 0, we obtain

(2.24)

From (2.18) and (2.24), we have

−ψnΔu(x ⋅ ∇u) = − div{[∇u(x ⋅ ∇u) − x
|∇u|2

2
]ψn}

−
|∇u|2

2
(x ⋅ ∇ψn) + (x ⋅ ∇u)(∇ψn ⋅ ∇u)

∫
∂B2n

{ ᾱ|x ⋅ ∇u|2

2n
− ᾱn|∇u|2 − nV∞u2 + 2nF(u)}ψndσ

= −∫
B2n

[V∞u2 − 2F(u)]ψndx −
1

2
∫
B2n

{ᾱ|∇u|2 + V∞u2 − 2F(u)}(x ⋅ ∇ψn)dx

+ᾱ∫
B2n

(x ⋅ ∇u)(∇ψn ⋅ ∇u)dx.

∫
B2n

[V∞u2 − 2F(u)]ψndx = −
1

2
∫
B2n

{ᾱ|∇u|2 + V∞u2 − 2F(u)}(x ⋅ ∇ψn)dx

+ᾱ∫
B2n

(x ⋅ ∇u)(∇ψn ⋅ ∇u)dx

= −
1

2
∫
B√2n∖Bn

[ᾱ|∇u|2 + V∞u2 − 2F(u)](x ⋅ ∇ψn)dx

+ᾱ∫
B√2n∖Bn

(x ⋅ ∇u)(∇ψn ⋅ ∇u)dx.



The proof is complete. □
We now solve the constrained minimization problem A∞, given by (2.17).

Lemma 2.3  ⏎  Assume that f satisfies conditions (F1)–(F3). Then there exists a minimizing sequence
{un} ⊂ P∞ satisfying ∥ un ∥2= 1 for A∞. In particular,

A∞ = inf
u∈P∞

( a

2
∥ ∇u ∥2

2 +
b

4
∥ ∇u ∥4

2) = inf
u∈P̃∞

( a

2
∥ ∇u ∥2

2 +
b

4
∥ ∇u ∥4

2),

(2.25)

where

P̃∞ = P∞ ∩ {u ∈ H 1(R
2) :∥ u ∥2= 1}

(2.26)

and P∞ is given by (2.16).

Proof. We first prove that P∞ ≠ ∅. Let u ∈ H 1(R
2) ∖ {0} be fixed and define a function ζ(t) := J∞(tu)

on (0, ∞). Using (F1)–(F3), it is easy to check that ζ(t) > 0 for small t > 0 and ζ(t) < 0 for large t > 0.
Then there exists tu > 0 such that ζ(tu) = J∞(tuu) = 0, and so P∞ ≠ ∅. Thus, we can assume that there
exists a minimizing sequence {un} ⊂ P∞ satisfying

a

2
∥ ∇un ∥2

2 +
b

4
∥ ∇un ∥4

2→ A∞.

Let ~un = un(∥ un ∥
1/2
2 x), hence ~un ∈ P∞, ∥ ~un ∥2= 1 and ∥ ∇~un ∥2=∥ ∇un ∥2. This shows that 

~un ∈ P̃∞. From this and the fact that P̃∞ ⊂ P∞, relation (2.25) follows directly. The proof is complete. □

Lemma 2.4  ⏎ Assume that f satisfies hypotheses (F1)–(F3).

(i) If u ∈ H 1(R
2) is a critical point of Φ∞ on the set P∞ , then it is a nontrivial solution of (K )∞

under a suitable change of scale.

(ii) If the infimum A∞ is attained, then A∞ = m∞.

Proof. (i) Let u ∈ H 1(R
2) be a critical point of Φ∞ on the set P∞. Then there is a Lagrange multiplier 

λ ∈ R such that

−(a + b ∥ ∇u ∥2
2)Δu + V∞u − f(u) = 2λ[V∞u − f(u)],

(2.27)

∫
R2

[V∞u2 − 2F(u)]dx = lim
n→∞

∫
B2n

[V∞u2 − 2F(u)]ψndx

≤
1

2
lim
n→∞

∫
B√2n∖Bn

[3ᾱ|∇u|2 + V∞u2 + 2F(u)]|x||∇ψn|dx

≤
C1

2
lim
n→∞

∫
B√2n∖Bn

[3ᾱ|∇u|2 + V∞u2 + 2F(u)]dx = 0.∣ ∣ ∣ ∣



namely,

−(a + b ∥ ∇u ∥2
2)Δu = (2λ − 1)[V∞u − f(u)].

(2.28)

Since u ≠ 0, we deduce from (2.28) that

2λ − 1 ≠ 0 and V∞u − f(u) ≠ 0.

(2.29)

For any T > 0, by (F1)–(F3), there exist 0 < t1 < t2 < T  such that

2F(t) − f(t)t ≤ 0, ∀ t ∈ [0,T ], and 2F(t) − f(t)t < 0, ∀ t ∈ [t1, t2].

(2.30)

Hence, it follows from (2.30) and the definition of P∞ that

∫
R2

[V∞u − f(u)]udx = ∫
R2

[2F(u) − f(u)u]dx < 0.

(2.31)

This implies that there exists w ∈ C ∞
0 (R2) such that

⟨(J∞)′(u),w⟩ = ∫
R2

[V∞u − f(u)]wdx < 0.

(2.32)

By multiplying relation (2.28) by w and integrating, we have

(a + b ∥ ∇u ∥2
2)∫

R2

∇u ⋅ ∇wdx = (2λ − 1)∫
R2

[V∞u − f(u)]wdx.

(2.33)

Recalling that J∞(u) = 0, it follows from (2.32) that for small enough ε > 0,

J∞(u + εw) < J∞(u) = 0.

(2.34)

Let

A(v) :=
a

2
∥ ∇v ∥2

2 +
b

4
∥ ∇v ∥4

2, ∀ v ∈ H 1(R
2).

Noticing that A(u) = A∞, by (2.33) and (2.34), we have



(2.35)

We claim that 2λ − 1 < 0. Otherwise, there exists ε0 > 0 small enough such that

J∞(u + ε0w) < 0 and A(u + ε0w) < A∞,

(2.36)

due to (2.34) and (2.35).
Let u0 = u + ε0w. Then J∞(u0) < 0 and J∞(su0) > 0 for s > 0 small enough as a consequence of (F2).

Therefore, there exists s0 ∈ (0, 1) such that J∞(s0u0) = 0. Moreover, by (2.36), we have

A(s0u0) =
as2

0

2
∥ ∇u0 ∥2

2 +
bs4

0

4
∥ ∇u0 ∥4

2< s2
0A(u0) < A∞.

(2.37)

This shows that s0u0 ∈ P∞ and Φ∞(s0u0) < A∞, which contradicts the definition of A∞. Hence, we have 
2λ − 1 < 0, as claimed. Thus,

~u(x) := u( x

(1 − 2λ)1/2
) for a.e. x ∈ R

2

(2.38)

is a nontrivial solution of (K )∞.
(ii) Suppose that the infimum A∞ is attained by u ∈ H 1(R2). From (2.25), we see that u ∈ H 1(R2) is a

critical point of Φ∞ on the set P∞. Then (i) of this lemma shows that ~u ∈ H 1(R2) defined by (2.38) is a
nontrivial solution of (K )∞, and so (Φ∞)′(~u) = 0 and A∞ = Φ∞(~u) ≥ m∞.

To conclude the proof, it remains to show that A∞ ≤ m∞. Note that Lemma 2.2 shows that if 
(Φ∞)′(v) = 0 for v ∈ H 1(R2), then v satisfies the Pohozaev-type identity J∞(v) = 0, namely,

{u ∈ H 1(R
2) ∖ {0} : (Φ∞)′(u) = 0} ⊂ P∞.

This implies that A∞ ≤ m∞. The proof is now complete. □

Before studying the attainability of A∞, we recall necessary and sufficient conditions for the boundedness
and the compactness of general nonlinear functionals in H 1(R2); see Ibrahim, Masmoudi and Nakanishi [76]
for details.

A(u + εw) =
a

2
∥ ∇u ∥2

2 +
b

4
∥ ∇u ∥4

2 +ε(a + b ∥ ∇u ∥2
2)∫

R2

∇u ⋅ ∇wdx+
aε2

2
∥ ∇w ∥2

2 +
bε4

2
∥ ∇w ∥4

2

+2ε2 ∥ ∇u ∥2
2∥ ∇w ∥2

2 +4ε2(∫
R2

∇u ⋅ ∇wdx)
2

+ 4ε3 ∥ ∇w ∥2
2 ∫

R2

∇u ⋅ ∇wdx

= A∞ + ε(2λ − 1)∫
R2

[V∞u − f(u)]wdx + O(ε2).



Lemma 2.5  ⏎  Suppose that g : R → [0, +∞) is a Borel function and define the functional G by
G(u) := ∫

R2 g(u(x))dx. Then for any K > 0 we have the following (B) and (C):

(B) Boundedness: The following (i) and (ii) are equivalent.

(C) Compactness: The following (iii) and (iv) are equivalent.

(iii) lim sup
|t|→+∞

e−2|t|2/K|t|2g(t) = 0, lim|t|→0 |t|−2g(t) = 0.

(iv) For any radially symmetric sequence {un} ⊂ H 1(R2) satisfying ∫
R2 |∇un|2dx ≤ 2πK and weakly

converging to some u ∈ H 1(R2) , we have G(un) → G(u).

Now, we establish a relation between the attainability of A∞ and the Trudinger-Moser inequality with the
exact growth:

(2.39)

For this purpose, we introduce the Trudinger-Moser ratio

CL
TM(F):= sup { 2

∥ u ∥2
2

∫
R2

F(u)dx : u ∈ H 1(R
2) ∖ {0}, ∥ ∇u ∥2

2≤ L},

(2.40)

the Trudinger-Moser threshold

R(F):= sup {L > 0 : CL
TM(F) < +∞},

(2.41)

and we denote by C ∗
TM(F) the ratio at the threshold, that is,

C ∗
TM(F) = C

R(F)
TM (F).

(2.42)

Using conditions (2.3) and (2.4), and applying Lemma 2.5, we derive that

lim sup
|t|→+∞

e−2|t|2/K|t|2g(t) < ∞, lim sup
|t|→0

|t|−2g(t) < ∞.(i)

There exists a constant Cg,K > 0 such that

u ∈ H 1(R
2), ∥ ∇u ∥2

2≤ 2πK ⇒ ∫
R2

g(u)dx ≤ Cg,K ∫
R2

|u|2dx.

(ii)

sup ∫
R2

e4π|u|2
− 1

(1 + |u|)2
dx ≤ C ∥ u ∥2

2.
u∈H 1(R2)

∥∇u∥2≤1



R(F) =
4π

α0
.

(2.43)

If (F0) holds, to apply Schwarz symmetrization, we let

(2.44)

Observe that ~
f satisfies the same conditions as f. Furthermore, by the maximum principle, solutions of (K )∞

with ~
f are also solutions of (K )∞ with f. Thus, without loss of generality, we can replace f by ~

f, and we will
always adopt the convention that f has been replaced by ~

f; we keep however the same notation f in the
following discussion of this section.

Lemma 2.6  ⏎ Assume that f satisfies (F0)–(F3). If

A∞ <
2aπ

α0
+

4bπ2

α2
0

,

then A∞ is attained and A∞ = Φ∞(u), where u ∈ H 1
r (R

2) is, under a suitable change of scale, a positive
least-energy solution of equation (K )∞.

Proof. By Schwarz symmetrization and Lemma 2.3, there exists a sequence {un} ⊂ P∞ ∩ H 1
r (R

2)

satisfying

a

2
∥ ∇un ∥2

2 +
b

4
∥ ∇un ∥4

2→ A∞ and ∥ un ∥2= 1.

(2.45)

By reflexivity, there exists u ∈ H 1
r (R2) such that un ⇀ u in H 1(R2).

Now, we prove that if

A∞ <
2aπ

α0
+

4bπ2

α2
0

,

then A∞ is attained. Note that

(2.46)

Picking up 2/K > α0 satisfying limn→∞∥ ∇un ∥2
2≤ 2πK, then relation (2.4) yields

~
f(t) = {f(t), for all t > 0,

−f(−t), for all t ≤ 0.

{ ⇔ 0 ≤ t < R(F) =
4π

α0
.

at
2

+ bt2

4
< 2aπ

α0
+ 4bπ2

α2
0

t ≥ 0,



lim
|t|→∞

|t|2F(t)

e2|t|2/K
= 0.

(2.47)

From (2.3), (2.47) and (C) of Lemma 2.5, we derive that

lim
n→∞

∫
R2

F(un)dx = ∫
R2

F(u)dx.

(2.48)

Since J∞(un) = 0 and ∥ un ∥2= 1, by (2.48), we have

0 < V∞ = lim
n→∞

V∞ ∥ un ∥2
2= lim

n→∞
∫

R2

F(un)dx = ∫
R2

F(u)dx,

(2.49)

which implies that u ≠ 0 and J∞(u) ≤ 0. By the weak lower semicontinuity of the norm and relation (2.48),
we have

J∞(u) = V∞ ∥ u ∥2
2 −∫

R2

F(u)dx ≤ lim
n→∞

(V∞ ∥ un ∥2
2 −∫

R2

F(un)dx) = 0

(2.50)

and

0 <
a

2
∥ ∇u ∥2

2 +
b

4
∥ ∇u ∥4

2≤ lim
n→∞

( a

2
∥ ∇un ∥2

2 +
b

4
∥ ∇un ∥4

2) = A∞.

(2.51)

In order to prove that the infimum A∞ is attained by u, it remains to show that u ∈ P∞, namely 
J∞(u) = 0. Set

h(t) = J∞(tu) = t2V∞ ∥ u ∥2
2 −∫

R2

F(tu)dx.

Then h(1) ≤ 0 by (2.50), and from (2.5) one can deduce that h(t) > 0 for t > 0 small enough. Consequently,
there exists t0 ∈ (0, 1] such that J∞(t0u) = 0, namely t0u ∈ P∞. This together with (2.51) leads to

A∞ ≤
a

2
∥ ∇(t0u) ∥2

2 +
b

4
∥ ∇(t0u) ∥4

2≤ t2
0A

∞.

The above inequality and (2.51) show that t0 = 1 and a2 ∥ ∇u ∥2
2 + b

4 ∥ ∇u ∥4
2= A∞ > 0. Combining (2.49)

with the fact that J∞(u) = 0, we have ∥ u ∥2= 1. Applying Lemma 2.4, we have that the above u is a least-
energy solution of (K )∞ under a suitable change of scale. Similarly as in the Proof of Theorem 1.3 of
Figueiredo and Severo [55], we can derive that u > 0 in R2. The proof is complete. □



Lemma 2.7  ⏎ Assume that f satisfies conditions (F0)–(F3). Then the constrained minimization problem A∞

associated to the functional Φ∞ satisfies

A∞ <
2aπ

α0
+

4bπ2

α2
0

(2.52)

if V∞ < C ∗
TM(F), where C ∗

TM(F) is given by (2.42).

Proof. We distinguish two cases: C ∗
TM(F) < +∞ and C ∗

TM(F) = +∞. In the case C ∗
TM(F) < +∞, since 

V∞ < C ∗
TM(F), then V∞ < C ∗

TM(F) − ε0 for some ε0 > 0. By the definition of C ∗
TM(F), there exists some 

u0 ∈ H 1(R
2) ∖ {0} such that

∥ ∇u0 ∥2
2≤ R(F) and V∞ < C ∗

TM(F) − ε0 <
2

∥ u0 ∥2
2

∫
R2

F(u0)dx.

(2.53)

Then

J∞(u0) = V∞ ∥ u0 ∥2
2 −2∫

R2

F(u0)dx < 0.

(2.54)

Let h(t) = J∞(tu0) for t > 0. Since h(1) < 0 by (2.54), and h(t) > 0 for t > 0 small enough by (2.5),
there exists t0 ∈ (0, 1) such that h(t0) = J∞(t0u0) = 0, namely t0u0 ∈ P∞. Therefore, we have

A∞ ≤
a

2
∥ ∇(t0u0) ∥2

2 +
b

4
∥ ∇(t0u0) ∥4

2<
a

2
∥ ∇u0 ∥2

2 +
b

4
∥ ∇u0 ∥4

2≤
2aπ

α0
+

4bπ2

α2
0

,

which yields relation (2.52).
In the case C ∗

TM(F) = +∞, for any V∞ > 0, there exists u0 ∈ H 1(R2) ∖ {0} such that

∥ ∇u0 ∥2
2≤ R(F) and V∞ ∥ u0 ∥2

2< 2∫
R2

F(u0)dx.

Hence we can repeat the same arguments as above to get the desired conclusion. □

2.2.2 Proof of Theorem 2.1 concluded

If V∞ < C ∗
TM(F), then Lemma 2.7 leads to

A∞ <
2aπ

α0
+

4bπ2

α2
0

.

Hence the assumptions of Lemma 2.6 are fulfilled, and we obtain the existence of a positive least-energy
solution for equation (K )∞. Moreover, recalling (2.3) and in light of (B) of Lemma 2.5, we conclude that 



C ∗
TM(F) = +∞ if and only if limt→+∞

t2F(t)

eα0t
2 = +∞. □

2.2.3 Proof of Theorem 2.2

Besides the attainability of A∞, Theorem 2.1 also shows that infimum A∞ equals to the ground state m∞.
Proceeding to the proof of Theorem 2.2, we next investigate the interesting relation between the infimum A∞

and the mountain pass level c∞ defined by (2.9). Before this, we first verify that Φ∞(u) has a mountain pass
geometry, in order to show that the mountain pass level c∞ is well-defined. Indeed it has the following
properties:

Lemma 2.8  ⏎ Assume that V∞ < C ∗
TM(F) and f satisfies (F0)–(F3). Then

(i) there exist ρ0 > 0 and δ0 > 0 such that Φ∞(u) ≥ δ0 for all ∥ u ∥= ρ0;

(ii) there exists u0 ∈ H 1(R2) such that ∥ u0 ∥> ρ0 and Φ∞(u0) < 0.

Proof. (i) By the Rellich embedding theorem, for s ∈ [2, ∞), there exists γs > 0 such that

∥ u ∥s≤ γs ∥ u ∥, ∀ u ∈ H 1(R
2).

(2.55)

By (F1) and (F2), we obtain for some constants α > 0 and C1 > 0

|F(t)| ≤
V∞

4
t2 + C1 (eαt

2

− 1)|t|3, ∀ t ∈ R.

(2.56)

In view of Lemma 2.1 (ii), we have

∫
R2

(e2αu2
− 1)dx = ∫

R2

(e2α∥u∥2(u/∥u∥)2
− 1)dx ≤ C (2π), ∀ ∥ u ∥≤ √π/α.

(2.57)

Next, from relations (2.56) and (2.57), we obtain

(2.58)

Hence, it follows from (2.8) and (2.58) that

∫
R2

F(u)dx ≤
V∞

4
∥ u ∥2

2 +C1 ∫
R2

(eαu2
− 1)|u|3dx

≤
V∞

4
∥ u ∥2

2 +C1[∫
R2

(e2αu2
− 1)dx]

1/2

∥ u ∥3
6

≤
V∞

4
∥ u ∥2

2 +C2 ∥ u ∥3, ∀ ∥ u ∥≤ √π/α.

Φ∞(u) ≥
a

2
∥ ∇u ∥2

2 +
V∞

4
∥ u ∥2

2 −C2 ∥ u ∥3, ∀ ∥ u ∥≤ √π/α.



(2.59)

Therefore, there exist δ0 > 0 and 0 < ρ0 < √π/α such that

Φ∞(u) ≥ δ0, ∀ u ∈ S := {u ∈ H 1(R
2) :∥ u ∥= ρ0}.

(2.60)

(ii) This conclusion will be done in the proof of next lemma, see (2.71) below. □

Lemma 2.9  ⏎  Assume that V∞ < C ∗
TM(F) and f satisfies conditions (F0)–(F3). Then for any least-energy

solution w(x) of (K )∞, there exists a path ~γ ∈ Γ∞ such that w(x) ∈ ~γ([0, 1]) and

max
t∈[0,1]

Φ∞(~γ(t)) = Φ∞(w).

Proof. Let w be a given least-energy solution of (K )∞ obtained in Theorem 2.1. We define a curve γ,
constituted of the three pieces given by:

(2.61)

where wt(x) = w(x/t) and 0 < t1 < 1 < t2 < t3 are determined later.
It follows that γ ∈ C ([0, 1],H 1(R2)). Since w is a weak solution of (K )∞, we have ⟨(Φ∞)′(w),w⟩ = 0,

and so

∫
R2

[f(w) − V∞w]wdx = a ∥ ∇w ∥2
2 +b ∥ ∇w ∥4

2> 0.

Then we can find t2 > 1 such that

∫
R2

[f(ξw) − V∞ξw]wdx > 0, ∀ ξ ∈ [1, t2].

(2.62)

Set

ϕ(t) =
f(t)

t
− V∞, ∀ t ∈ R.

(2.63)

Then ϕ ∈ C (R, R), by (F1) and (F2). Moreover, relations (2.62) and (2.63) give

∫
R2

ϕ(ξw)w2dx > 0, ∀ ξ ∈ [1, t2].

γ(θ) =

⎧⎪⎨⎪⎩ θ
t1
wt1 if θ ∈ [0, t1],

w[t3(θ−t1)+(t2−θ)t1]/(t2−t1) if θ ∈ [t1, t2],
t2(θ−t2)+t3−θ

t3−t2
wt3 if θ ∈ [t2, t3],



(2.64)

Note that for any fixed t > 0,

(2.65)

Choosing t1 ∈ (0, 1), we have

(2.66)

By (2.64), we can also choose t3 > t2 such that

(2.67)

Thus, we can see by (2.66) that the function Φ∞ ( θ
t1
wt1) is increasing on θ ∈ [0, t1] and takes its maximum

at θ = t1, namely

Φ∞(γ(θ)) = Φ∞ ( θ

t1
wt1

) ≤ Φ∞(wt1
), ∀ θ ∈ [0, t1].

(2.68)

Since J∞(w) = ∫
R2 [V∞w2 − 2F(w)]dx = 0 by the Pohozaev-type identity (see Lemma 2.2), we have

(2.69)

d

dξ
Φ∞(ξwt) = ⟨(Φ∞)′(ξwt),wt⟩

= ξ [a ∥ ∇wt ∥2
2 +ξ2b ∥ ∇wt ∥4

2 −∫
R2

ϕ(ξwt)w
2
tdx]

= ξ [a ∥ ∇w ∥2
2 +ξ2b ∥ ∇w ∥4

2 −t2 ∫
R2

ϕ(ξw)w2dx].

a ∥ ∇w ∥2
2 +ξ2b ∥ ∇w ∥4

2 −t2
1 ∫

R2

ϕ(ξw)w2dx

≥ a ∥ ∇w ∥2
2 −t2

1 ∫
R2

ϕ(ξw)w2dx > 0, ∀ ξ ∈ [0, 1].

a ∥ ∇w ∥2
2 +ξ2b ∥ ∇w ∥4

2 −t2
3 ∫

R2

ϕ(ξw)w2dx

≤ a ∥ ∇w ∥2
2 +t2

2b ∥ ∇w ∥4
2 −t2

3 ∫
R2

ϕ(ξw)w2dx

≤ −
2

t2
2 − 1

(a ∥ ∇w ∥2
2 +b ∥ ∇w ∥4

2), ∀ ξ ∈ [1, t2].

Φ∞(wt) =
a

2
∥ ∇w ∥2

2 +
b

4
∥ ∇w ∥4

2 +
t2

2
∫

R2

[V∞w2 − 2F(w)]dx

=
a

2
∥ ∇w ∥2

2 +
b

4
∥ ∇w ∥4

2= Φ∞(w) = m∞, ∀ t > 0.



By (2.65) and (2.67), we deduce that Φ∞(ξwt3) is decreasing on ξ ∈ [1, t2]. Noticing that

t2(θ − t2) + t3 − θ

t3 − t2
∈ [1, t2] ⇔ θ ∈ [t2, t3],

we then get that Φ∞ ( t2(θ−t2)+t3−θ

t3−t2
wt3) is decreasing on θ ∈ [t2, t3]. Therefore,

Φ∞(γ(θ)) ≤ Φ∞(γ(t2)) = Φ∞(wt3
), ∀ θ ∈ [t2, t3].

(2.70)

Moreover, relation (2.67) yields

(2.71)

Combining (2.68), (2.69) and (2.70), we have

Φ∞(γ(θ)) ≤ Φ∞(w) = m∞, ∀ θ ∈ [0, t3].

(2.72)

Let ~γ(θ) = γ(t3θ) for all θ ∈ [0, 1]. Since ~γ ∈ Γ∞ due to (2.71), it follows from (2.72) that

max
t∈[0,t3]

Φ∞(γ(t)) = Φ∞(w) = m∞,

(2.73)

where the definition of Γ∞ is given by (2.10). The proof is completed. □

From the definition of c∞, as a corollary to Lemma 2.9, we have the following result.

Corollary 2.2  Assume that V∞ < C ∗
TM(F) and f satisfies (F0)–(F3). Then c∞ ≤ m∞.

Lemma 2.10  ⏎ Assume that V∞ < C ∗
TM(F) and f satisfies (F0)–(F3). Then c∞ ≥ A∞.

Proof. To prove that c∞ ≥ A∞ =infu∈P∞ Φ∞(u), it suffices to show that

γ([0, 1]) ∩P∞ ≠ ∅ for all γ ∈ Γ∞.

(2.74)

The proof of (2.74) follows the same lines as in Lemma 4.1 of Jeanjean and Tanaka [80], so we omit it here. □

Φ∞(γ(t3)) = Φ∞(t2wt3) = Φ∞(wt3) + ∫
t2

1

d

dξ
Φ∞(ξwt3)dξ

≤
a

2
∥ ∇w ∥2

2 +
b

4
∥ ∇w ∥4

2 −∫
t2

1

2ξ

t2
2 − 1

(a ∥ ∇w ∥2
2 +b ∥ ∇w ∥4

2)dξ

= −
a

2
∥ ∇w ∥2

2 −
3b

4
∥ ∇w ∥4

2< 0.



Proof of Theorem 2.2. In view of Theorem 2.1, we know that A∞ = m∞. Therefore, Theorem 2.2 follows
directly from Lemmas 2.9 and 2.10. □

2.3 Non-autonomous case with trapping potential: ground state solutions

In this section, we are concerned with the ground state solutions for (K ) with the trapping potential, that is,
provided that V satisfies condition (V1).

Arguing as in the proof of Lemma 2.8, we can verify that Φ(u) has a mountain pass geometry. Applying the
mountain pass theorem, we know that Φ possesses a Cerami sequence, reads as follows.

Lemma 2.11  ⏎  Assume that V ∈ C (R
2, [V0,V∞]) and f satisfies (F1), (F2) and (F4). Then there exists a

sequence {un} ⊂ H 1(R
2) such that

Φ(un) → c, ∥ Φ′(un) ∥ (1+ ∥ un ∥) → 0,

(2.75)

where

c = inf
γ∈Γ

max
t∈[0,1]

Φ(γ(t))

(2.76)

and

Γ = {γ ∈ C ([0, 1],H 1(R
2)) : γ(0) = 0, Φ(γ(1)) < 0}.

(2.77)

Lemma 2.12  ⏎ Assume that V ∈ C (R2, [V0,V∞]) with V∞ < C ∗
TM(F) and f satisfies (F1), (F2) and (F4).

Then

c ≤ c∞ <
2πa

α0
+

4π2b

α2
0

,

where the definitions of c and c∞ are given by (2.76) and (2.9).
Proof. First, we prove that c ≤ c∞. Since Φ(γ(1)) ≤ Φ∞(γ(1)) < 0 for any γ ∈ Γ∞ due to V (x) ≤ V∞

for all x ∈ R2, we have Γ∞ ⊂ Γ. Then for any γ ∈ Γ∞, we obtain

max
t∈[0,1]

Φ∞(γ(t)) ≥max
t∈[0,1]

Φ(γ(t)) ≥ inf
γ∈Γ

max
t∈[0,1]

Φ(γ(t)) = c.

This relation, together with the arbitrariness of γ, yields

c∞ = inf
γ∈Γ∞

max
t∈[0,1]

Φ∞(γ(t)) ≥ c.



Next, we prove that c∞ < 2πa
α0

+ 4π2b

α2
0

. Without loss of generality, we just consider the case 

C ∗
TM(F) < +∞. Since V∞ < C ∗

TM(F), then V∞ + 2ε0 < C ∗
TM(F) for some ε0 > 0. In view of the

definition of C ∗
TM(F), there exists û ∈ H 1(R2) with ∥ ∇û ∥2

2≤ 4π
α0

 satisfying

(V∞ + ε0) ∥ û ∥2
2< 2∫

R2

F(û)dx.

(2.78)

This shows that J∞(û) < 0, where the definition of J∞ is given by (2.15).
Let h(s) := J∞(sû) for s > 0. Since h(1) < 0 and h(s) > 0 for s > 0 small enough by (F2), then there

exists s0 ∈ (0, 1) satisfying h(s0) = 0. Therefore, for ~u := s0û, we have

(V∞ + ε0) ∥ ~u ∥2
2= 2∫

R2

F(~u)dx.

(2.79)

By (2.8) and (2.79), we get

(2.80)

(2.81)

where the last inequality follows from the fact that ∥ ∇û ∥2
2≤ 4π

α0
 and s0 ∈ (0, 1). Using (F1), (F2) and

Lemma 2.1 i), we deduce that there exists a constant M1 > 0 independent of ξ ∈ [0, 1] such that

∫
R2

f(ξ~u)

ξ~u
~u2 dx ≤ M1, ∀ ξ ∈ [0, 1].

(2.82)

Let ~ut(x) := ~u(x/t) for t > 0. Then it follows from (2.82) that

Φ∞(~ut) =
a

2
∥ ∇~u ∥2

2 +
b

4
∥ ∇~u ∥4

2 +
t2

2
V∞ ∥ ~u ∥2

2 −t2 ∫
R2

F(~u)dx

=
a

2
∥ ∇~u ∥2

2 +
b

4
∥ ∇~u ∥4

2 −
ε0t

2

2
∥ ~u ∥2

2

≤
as2

0

2
∥ ∇û ∥2

2 +
bs4

0

4
∥ ∇û ∥4

2<
2aπ

α0
+

4bπ2

α2
0

, ∀ t > 0,∣ ∣d

dξ
Φ∞(ξ~ut) = ⟨(Φ∞)′(ξ~ut), ~ut⟩

= ξ [a ∥ ∇~u ∥2
2 +ξ2b ∥ ∇~u ∥4

2 +t2 (V∞ ∥ ~u ∥2
2 −∫

R2

f(ξ~u)

ξ~u
~u2dx)]

≥ ξ [∥ ∇~u ∥2
2 +t2 (V∞ ∥ ~u ∥2

2 −M1)], ∀ t > 0, ξ ∈ [0, 1].



(2.83)

Since ~u ≠ 0, we can choose t0 ∈ (0, 1) such that

∥ ∇~u ∥2
2 +t2

0 (V∞ ∥ ~u ∥2
2 −M1) > 0.

(2.84)

Using (2.80), we know that there exists T > 1 such that Φ∞ (~uT ) < 0. Let

(2.85)

It follows that γ ∗ ∈ Γ∞, where Γ∞ is defined by (2.10). Note that relations (2.83) and (2.84) show that 
Φ∞ (t−1

0 t~ut0) is increasing on t ∈ [0, t0]. Hence it follows from (2.8) and (2.81) that

Φ∞ (t−1
0 t~ut0) ≤ Φ∞ (~ut0) <

2aπ

α0
+

4bπ2

α2
0

, ∀ 0 ≤ t ≤ t0.

(2.86)

From the definition of c∞, (2.85) and (2.86), we derive that

c∞ ≤max
t∈[0,1]

Φ∞(γ ∗(t)) <
2aπ

α0
+

4bπ2

α2
0

.

(2.87)

This completes the proof. □

Note that (F5) implies the following inequality:

(2.88)

Letting t = 0 in (2.88), we have

1

4
f(u)u − F(u) +

1

4
V0u

2 ≥ 0, ∀ u ∈ R.

(2.89)

It follows that the following properties are fulfilled.

γ ∗(t) = {t
−1
0 t~ut0 , 0 ≤ t ≤ t0,

~ut0+(T−t0)(t−t0)/(1−t0), t0 ≤ t ≤ 1.

1 − t4

4
f(u)u + F(tu) − F(u) +

(1 − t2)2

4
V0u

2

= ∫
1

t

[ f(u) − V0u

u3
−

f(su) − V0(su)

(su)3
]s3u4ds

≥ 0, ∀ u ≠ 0, t ≥ 0.



Lemma 2.13  ⏎ Assume that (V1), (F1), (F2) and (F5) hold. Then

Φ(u) ≥ Φ(tu) +
1 − t4

4
⟨Φ′(u),u⟩ +

(1 − t2)2a

4
∥ ∇u ∥2

2, ∀ u ∈ H 1(R
2), t ≥ 0.

(2.90)

Corollary 2.3  ⏎ Assume that (V1), (F1), (F2) and (F5) hold. Then

Φ(u) ≥max
t≥0

Φ(tu), ∀ u ∈ N ,

(2.91)

where N  is defined by (2.13).

Lemma 2.14  ⏎  Assume that (V1), (F1), (F2) and (F5) hold. Then for any u ∈ H 1(R2) ∖ {0}, there exists
tu > 0 such that tuu ∈ N .

Lemma 2.15  ⏎ Assume that (V1), (F1), (F2) and (F5) hold. Then

c = cN = inf
u∈N

max
t≥0

Φ(tu).

(2.92)

Lemma 2.16  ⏎ Assume that conditions (V1), (F1), (F2), (F4) and (F5) hold. Then any sequence satisfying
relation (2.75) is bounded in H 1(R

2).

Proof. Using (F4), by straightforward computation, there exists R0 > β0 such that

f(t)t − 8F(t) ≥ 0, ∀|t| ≥ R0.

(2.93)

By (2.6), (2.7), (2.75), (2.89) and (2.93), we have

(2.94)

(2.95)

In view of (2.95), to prove the boundedness of {∥ un ∥}, it suffices to show the boundedness of {∥ un ∥2}.
To this end, arguing by contradiction, we assume that ∥ un ∥2→ ∞ as n → ∞. Let

c + o(1) = Φ(un) + o(1) = Φ(un) −
1

4
⟨Φ′(un),un⟩

=
a

4
∥ ∇un ∥2

2 +
1

4
∫

R2

V (x)u2
ndx + ∫

R2

[ 1

4
f(un)un − F(un)]dx

≥
a

4
∥ ∇un ∥2

2 +
1

8
∫

|un|≥R0

f(un)undx.



tn = [
2(c + 1)

V0 ∥ un ∥2
2

]
1/4

.

(2.96)

Then tn → 0 as n → ∞. Note that (2.89) implies that

F(t) − 1
2 V0t

2

t4
is nondecreasing on t ∈ (−∞, 0)and t ∈ (0, +∞).

(2.97)

This gives

F(tun) −
1

2
V0t

2u2
n ≤ t4 [F(un) −

1

2
V0u

2
n], ∀ t ∈ (0, 1),n ∈ N.

(2.98)

Noticing that 2t4
n ≤ t2

n < 1 for large enough n ∈ N, from (F2), (2.94) and (2.98), we deduce that for large
enough n ∈ N,

and

(2.99)

By (2.6), (2.7), (2.75), (2.90), (2.94) and (2.99), we have

∫
R2

F(tnun)dx = ∫
|un|≤R0

F(tnun)dx + ∫
|un|>R0

F(tnun)dx

≤∫
|un|≤R0

F(tnun)dx+
V0

2
t2
n(1 − t2

n)∫
|un|>R0

u2
ndx+t4

n ∫
|un|>R0

F(un)dx

≤
V0

4
∫

|un|≤R0

|tnun|2dx+
V0

2
t2
n(1 − t2

n)∫
|un|>R0

u2
ndx+

t4
n

8
∫

|un|>R0

f(un)undx

≤
V0

4
∫

|un|≤R0

|tnun|2dx +
V0

2
t2
n(1 − t2

n)∫
|un|>R0

u2
ndx + (c + 1)t4

n

∫
R2

F(tnun)dx ≤
V0

4
t2
n ∫

|un|≤R0

u2
ndx +

V0

2
t2
n ∫

|un|>R0

u2
ndx +

V0

2
t4
n ∫

|un|≤R0

u2
ndx

−
V0

2
t4
n ∥ un ∥2

2 +(c + 1)t4
n

≤
V0

2
t2
n ∫

|un|≤R0

u2
ndx +

V0

2
t2
n ∫

|un|>R0

u2
ndx −

V0

2
t4
n ∥ un ∥2

2 +(c + 1)t4
n

=
V0

2
t2
n ∥ un ∥2

2 −(c + 1) +
2(c + 1)2

V0 ∥ un ∥2
2

.



This contradiction shows the boundedness of {∥ un ∥2}. We conclude that {un} is bounded in H 1(R2). □
As a direct consequence of [41, Lemma 2.1], we can get the following property.

Lemma 2.17  ⏎ Assume that (F1) and (F2) hold. Let un ⇀ ū in H 1(R2) and

∫
R2

|f(un)un|dx ≤ K0

(2.100)

for some constant K0 > 0. Then for any ϕ ∈ C ∞
0 (R2)

lim
n→∞

∫
R2

f(un)ϕdx = ∫
R2

f(ū)ϕdx.

(2.101)

Similarly to the proof of [145, Lemma 2.13], we can get the following lemma.

Lemma 2.18  ⏎ Assume that (V1), (F1), (F2) and (F5) hold. If ū ∈ N  and Φ(ū) = cN , then ū is a critical
point of Φ, namely Φ′(ū) = 0.

2.3.1 Proof of Theorem 2.3

Applying Lemmas 2.11 and 2.16, we deduce that there exists a sequence {un} ⊂ H 1(R2) satisfying (2.75)
and ∥ un ∥≤ C7. Then relations (2.1) and (2.75) yield

∫
R2

f(un)undx ≤ C8.

(2.102)

Thus, passing to a subsequence if necessary, we can assume that un ⇀ ū in H 1(R
2), un → ū in Ls

loc(R
2)

for s ∈ [1, ∞) and un → ū a.e. in R2.
We distinguish the following two cases: (i) ū ≠ 0; (ii) ū = 0.

Case (i): ū ≠ 0. We assume that l =limn→∞∥ ∇un ∥2 up to a subsequence. Then ∥ ∇ū ∥2≤ l. Applying
Lemma 2.17, we get

lim
n→∞

∫
R2

f(un)φdx = ∫
R2

f(ū)φdx, ∀ φ ∈ C ∞
0 (R

2).

c + o(1) = Φ(un) + o(1) ≥ Φ(tnun) + o(1)

=
at2

n

2
∥ ∇un ∥2

2 +
bt4

n

4
∥ ∇un ∥4

2 +
t2
n

2
∫

R2

V (x)u2
ndx − ∫

R2

F(tnun)dx

≥
t2
n

2
∫

R2

V (x)u2
ndx −

V0

2
t2
n ∥ un ∥2

2 +(c + 1) −
2(c + 1)2

V0 ∥ un ∥2
2

+ o(1)

≥ c + 1 + o(1).



(2.103)

Note that there exists {φn} ⊂ C ∞
0 (R2) such that ∥ φn − ū ∥= o(1) since C∞

0 (R2) is dense in H 1(R2).
This, together with (2.103), (F1) and Lemma 2.1 i), gives

(2.104)

By (2.7), (2.75) and (2.104), we have

⟨Φ′(ū), ū⟩ + b(l2− ∥ ∇ū ∥2
2)∫

R2

∇ū ⋅ ∇ūdx = lim
n→∞

⟨Φ′(un), ū⟩ = 0,

which, together with l2− ∥ ∇ū ∥2
2≥ 0, implies that ⟨Φ′(ū), ū⟩ ≤ 0.

Note that ⟨Φ′(tū), tū⟩ > 0 for small t > 0 by (F1) and (F2). Then there exists t̄ ∈ (0, 1] such that

⟨Φ′(t̄ū), t̄ū⟩ = 0 and Φ(t̄ū) ≥ cN .

(2.105)

Using (F5), we obtain

f(tu)tu ≤ f(u)ut4 + V0(1 − t2)(tu)2, ∀ 0 ≤ t ≤ 1,u ∈ R.

(2.106)

Note that (2.88) implies

F(tu) ≥
t4 − 1

4
f(u)u + F(u) −

1 − 2t2 + t4

4
V0u

2, ∀ t ≥ 0,u ∈ R.

(2.107)

Combining (2.106) with (2.107), we have

1

4
f(tu)tu − F(tu) +

V0

4
(tu)2 ≤

1

4
f(u)u − F(u) +

V0

4
u2, ∀ 0 ≤ t ≤ 1,u ∈ R.

(2.108)

Since t̄ ∈ (0, 1], from (2.75), (2.105), lemma 2.15 and Fatou's lemma, it follows that

∫
R2

f(ū)(φn − ū)dx ≤ ∫
R2

|f(ū)||φn − ū|dx

≤ ∫
R2

(|ū| + C9e
2α0ū

2)|φn − ū|dx

≤∥ ū ∥2∥ φn − ū ∥2 +C9(∫
R2

e4α0ū
2

dx)
1
2

∥ φn − ū ∥2

= o(1).∣ ∣
1



This implies that t̄ = 1 and un → ū in H 1(R2). Hence, Φ′(ū) = 0 and Φ(ū) = cN = c.

Case (ii): ū = 0. Then un ⇀ 0 in H 1(R2). Moreover, we have

Φ∞(un) → c, ∥ (Φ∞)′(un) ∥ (1+ ∥ un ∥) → 0.

(2.109)

We claim that

δ := lim sup
n→∞

sup
y∈R2

∫
B1(y)

|un|2dx > 0.

(2.110)

Otherwise, if δ = 0, then by Lions' concentration-compactness principle [153, Lemma 1.21], un → 0 in 
Ls(R2) for s > 2. Arguing as in the proof of (4.20) in Chen and Tang [32] and using (F2) and (F4), we can
get

∫
R2

F(un)dx = o(1).

(2.111)

In view of Theorem 2.2, Lemma 2.12 and (2.52), we have

c ≤ c∞ = A∞ <
2πa

α0
+

4π2b

α2
0

.

(2.112)

From (2.75), (2.111) and (2.112), it follows that

cN ≤ Φ(t̄ū) −
1

4
⟨Φ′(t̄ū), t̄ū⟩

=
t̄2

4
∫

R2

[a|∇ū|2 + (V (x) − V0)ū2]dx + ∫
R2

[ 1

4
f(t̄ū)t̄ū − F(t̄ū) +

V0

4
(t̄ū)2]dx

≤
1

4
∫

R2

[a|∇ū|2 + (V (x) − V0)ū2]dx + ∫
R2

[ 1

4
f(ū)ū − F(ū) +

V0

4
ū2]dx

= Φ(ū) −
1

4
⟨Φ′(ū), ū⟩

≤ lim
n→∞

[Φ(un) −
1

4
⟨Φ′(un),un⟩] = c = cN .

a

2
∥ ∇un ∥2

2 +
1

2
∫

R2

V (x)u2
ndx +

b

4
∥ ∇un ∥4

2 +o(1) = c ≤ c∞ = A∞

=
2aπ

α0
(1 − 4ε̄) +

4bπ2

α2
0

(1 − 4ε̄)2,



(2.113)

where 0 < ε̄ < 1
4 .

Using (2.113), we obtain

∥ ∇un ∥2
2≤

4π

α0
(1 − 4ε̄).

(2.114)

Choosing q ∈ (1, 2) satisfying

(1 + ε̄)(1 − 3ε̄)q

1 − ε̄
< 1,

(2.115)

by (F1), we have

|f(t)|q ≤ C8 [eα0(1+ε̄)qt2

− 1], ∀|t| ≥ 1.

(2.116)

From (2.114), (2.115), (2.116) and Lemma 2.1 ii), we deduce that

(2.117)

Let q′ := q/(q − 1) > 2. Then (2.117) and the Hölder's inequality yield

∫
|un|≥1

f(un)undx ≤ [∫
|un|≥1

|f(un)|qdx]
1/q

∥ un ∥q ′= o(1).

(2.118)

From (2.6), (2.7), (2.75), (2.111) and (2.118), it follows that

(2.119)

∫
|un|≥1

|f(un)|qdx ≤ C8 ∫
R2

[eα0(1+ε̄)qu2
n − 1]dx

= C8 ∫
R2

[e
α0(1+ε̄)q(∥∇un∥2

2+4πε̄/α0)
u2
n

(∥∇un∥2
2+4πε̄/α0) − 1]dx ≤ C9.

c + o(1) = Φ(un) −
1

2
⟨Φ′(un),un⟩

= −
b

4
∥ ∇un ∥4

2 +∫
R2

[ 1

2
f(un)un − F(un)]dx ≤ o(1).



This contradiction shows that the claim (2.110) holds, namely δ > 0. Going if necessary to a subsequence, we
can assume the existence of kn ∈ Z2 such that

∫
B2(kn)

|un|2dx >
δ

2
> 0.

Let vn(x) = un(x + kn). Then

∫
B2(0)

|vn|2dx >
δ

2
> 0.

(2.120)

Moreover, relation (2.109) gives

Φ∞(vn) → c, ∥ (Φ∞)′(vn) ∥ (1+ ∥ vn ∥) → 0.

(2.121)

Passing to a subsequence, we have vn ⇀ v̄ in H 1(R
2), vn → v̄ in Ls

loc(R
2) for s > 2 and vn → v̄ a.e. in R2.

Then (2.120) yields v̄ ≠ 0. In view of Theorem 2.1 and Theorem 2.2, we obtain

c∞ = m∞ =inf {Φ∞(u) : u ∈ H 1(R
2) ∖ {0}, ⟨(Φ∞)′(u),u⟩ = 0}.

(2.122)

As in the proof of (2.105), using (2.122), we can derive that there exists ~t ∈ (0, 1] such that

⟨(Φ∞)′(~
tv̄), ~

tv̄⟩ = 0 and Φ∞(~
tv̄) ≥ c∞.

(2.123)

Since ~t ∈ (0, 1], from (2.121), (2.123), Lemma 2.12 and Fatou's lemma, we deduce

which implies that ~t = 1, vn → v̄ in H 1(R
2), ⟨(Φ∞)′(v̄), v̄⟩ = 0 and Φ∞(v̄) = c = cN . As in Corollary 2.3,

we have c = cN = Φ∞(v̄) ≥maxt≥0 Φ∞(tv̄). Since v̄ ≠ 0, by Lemma 2.14, there exists t̂ > 0 such that 
t̂v̄ ∈ N , and so Φ(t̂v̄) ≥ cN = c. Therefore, it follows that

c∞ ≤ Φ∞(
~
tv̄) −

1

4
⟨(Φ∞)′(

~
tv̄),

~
tv̄⟩

=
~
t2

4
∫

R2

[a|∇v̄|2 + (V∞ − V0)v̄2]dx + ∫
R2

[ 1

4
f(~
tv̄)~

tv̄ − F(~
tv̄) +

V0

4
(~
tv̄)2]dx

≤
1

4
∫

R2

[a|∇ū|2 + (V∞ − V0)ū2]dx + ∫
R2

[ 1

4
f(v̄)v̄ − F(v̄) +

V0

4
v̄2]dx

= Φ∞(v̄) −
1

4
⟨(Φ∞)′(v̄), v̄⟩

≤ lim
n→∞

[Φ∞(vn) −
1

4
⟨(Φ∞)′(vn), vn⟩] = c = cN ≤ c∞,



c = Φ∞(v̄) ≥ Φ∞(t̂v̄) = Φ(t̂v̄) +
t̂2

2
∫

R2

[V∞ − V (x)]v̄2dx ≥ Φ(t̂v̄) ≥ cN = c,

which yields Φ(t̂v̄) = cN = c. Applying Lemma 2.18, we get Φ′(t̂v̄) = 0. This completes the proof of
Theorem 2.3. □

By adapting the argument of Case ii) in the proof of Theorem 2.3, we can conclude Corollary 2.1.

2.4 Problem (K ) with radial potential

We are now concerned with the existence of nontrivial solutions for problem (K ) with radial potential V
satisfying (V2). This is essentially achieved by restricting the working space in H 1

r (R
2). We recall that the

embedding H 1
r (R

2) ↪ Ls(R
2) is compact for any s > 2. Thus, if u is a critical point of Φ restricted to 

H 1
r (R

2), then u is a critical point of Φ on H 1(R
2).

With similar arguments as in the proof of Lemma 2.11, there exists a sequence {un} ⊂ H 1
r (R

2) satisfying

Φ(un) → cr <
2πa

α0
+

4π2b

α2
0

, ∥ Φ′(un) ∥(H 1
r (R2))∗ (1+ ∥ un ∥) → 0,

(2.124)

cr = inf
γ∈Γr

max
t∈[0,1]

Φ(γ(t)),

(2.125)

where

Γr = {γ ∈ C ([0, 1],H 1
r (R

2)) : γ(0) = 0, Φ(γ(1)) < 0}.

(2.126)

Lemma 2.19  ⏎ Assume that conditions (V2) and (F1), (F2), (F3′), (F4) and (F6) hold. Then any sequence
satisfying (2.124) is bounded in H 1(R2).

Proof. Arguing as in (2.93)–(2.95), we establish that

∥ ∇un ∥2
2≤ C1, 8∫

|un|≥R0

F(un)dx ≤ ∫
|un|≥R0

f(un)undx ≤ C2.

(2.127)

In view of (2.127), to prove the boundedness of {∥ un ∥}, it remains to show the boundedness of {∥ un ∥2}

. To this end, arguing by contradiction, suppose that ∥ un ∥2→ +∞. Let vn := un

∥un∥2
,

D1 := {t ∈ [−R0,R0] :
f(t)

t
< V0}, D2 := {t ∈ [−R0,R0] :

f(t)

t
≥ V0}



(2.128)

and

F(t) :=
1

2
f(t)t − F(t), ∀ t ∈ R.

(2.129)

Using (F3′), we obtain

F(t) ≥ C4, ∀ t ∈ D2.

(2.130)

From (F1), (F2) and (2.130), we have

|f(t)|2 ≤ C5|t| ≤ C6|t|F(t), ∀ t ∈ D2.

(2.131)

By (2.124), we get

c + o(1) = Φ(un) + o(1) = Φ(un) −
1

2
⟨Φ′(un),un⟩ ≥ −

b

4
∥ ∇un ∥4

2 +∫
|un|≤R0

F(un)dx,

which, together with (2.127), yields

∫
|un|≤R0

F(un)dx ≤ C7.

(2.132)

Note that {∥ vn ∥} is bounded due to (2.127). Thus, it follows from (2.7), (2.124) and (2.132) that

hence

This contradiction shows the boundedness of {∥ un ∥2}. Hence, {un} is bounded in H 1(R2) and the proof is
now complete. □

V0 ≤ lim
n→∞

[ 1

∥ un ∥2
2

∫
R2

[a|∇un|2 + V (x)u2
n]dx +

b ∥ ∇un ∥4
2

∥ un ∥2
2

]

= lim
n→∞

[ 1

∥ un ∥2
2

∫
|un|≤R0

f(un)undx +
1

∥ un ∥2
2

∫
|un|>R0

f(un)undx],

V0 ≤ lim sup
n→∞

∫
D1

f(un)

un

v2
ndx + lim sup

n→∞

1

∥ un ∥2
∫
D2

|f(un)|

|un|1/2
|vn|3/2dx

< V0 + lim sup
n→∞

√C6

∥ un ∥2
[∫

|un|≤R0

F(un)dx]
1/2

∥ vn ∥3/2
3 = V0.



2.4.1 Proof of Theorem 2.4

In view of Lemma 2.19, there exists a sequence {un} ⊂ H 1
r (R2) satisfying (2.124) and ∥ un ∥≤ C8. Thus, up

to a subsequence, we can assume that un ⇀ ū in H 1
r (R2), un → ū in Ls(R2) for s > 2 and un → ū a.e. in 

R2. Arguing as in the proof of relation (4.27) in Chen and Tang [32], we obtain

lim
n→∞

∫
R2

F(un)dx = ∫
R2

F(ū)dx.

(2.133)

Step 1. We prove that, up to a subsequence,

L:= lim
n→∞

∥ ∇un ∥2
2<

4π

α0
+ ∥ ∇ū ∥2

2.

(2.134)

Arguing by contradiction, we assume that L ≥ 4π
α0

+ ∥ ∇ū ∥2
2. By (2.7) and (2.75), we get

0 = lim
n→∞

⟨Φ′(un),un⟩ = aL + bL2+ lim
n→∞

∫
R2

[V (x)u2
n − f(un)un]dx

(2.135)

and

Combining this relation with (2.104), the definition of L and the density of C ∞
0 (R2) in H 1

r (R2), we obtain

0 = lim
n→∞

⟨Φ′(un), ū⟩ = a ∥ ∇ū ∥2
2 +∫

R2

V (x)ū2dx + bL ∥ ∇ū ∥2
2 −∫

R2

f(ū)ūdx.

(2.136)

If L ≥ 4π
α0

+ ∥ ∇ū ∥2
2, from (2.75), (2.112), (2.135), (2.136) and Fatou's lemma, we then deduce

0 = lim
n→∞

⟨Φ′(un),φ⟩

= lim
n→∞

{∫
R2

[a∇un ⋅ ∇φ + V (x)unφ]dx + bL∫
R2

∇un ⋅ ∇φdx − ∫
R2

f(un)φdx}

= ∫
R2

[a∇ū ⋅ ∇φ + V (x)ūφ]dx + bL∫
R2

∇ū ⋅ ∇φdx − ∫
R2

f(ū)φdx, ∀ φ ∈ C ∞
0 (R

2).



a contradiction, which completes the proof of Step 1.

Step 2. We prove that Φ(ū) = c and Φ′(ū) = 0.

From Step 1, we know that there exists ε̂ > 0 satisfying

lim
n→∞

[∥ ∇(un − ū) ∥2
2] = lim

n→∞
[∥ ∇un ∥2

2 − ∥ ∇ū ∥2
2] =

4π(1 − 3ε̂)

α0
.

(2.137)

Choosing q ∈ (1, 2) satisfying

(1 + ε̂)2(1 − 3ε̂)q2

1 − ε̂
< 1,

(2.138)

by (2.137), the Young inequality and Lemma 2.1, we have

(2.139)

Using (F1) and (F2), for any ε > 0, there exists Cε > 0 such that

|f(t)| ≤ ε|t| + Cε (eα0(1+ε̂)t2

− 1), ∀ t ∈ R.

(2.140)

Let q ′ := q/(q − 1) > 2. Since un → u in Lq ′
(R2), from (2.4.1), (2.140) and the Hölder inequality, we

deduce that

2πa

α0
+

4π2b

α2
0

> c∞ ≥ c = lim
n→∞

[Φ(un) −
1

4
⟨Φ′(un), ū⟩]

=
a

2
L +

b

4
L2 − ∫

R2

F(ū)dx +
1

2
lim
n→∞

∫
R2

V (x)u2
ndx

−
a

4
∥ ∇ū ∥2

2 +
1

4
∫

R2

V (x)ū2dx +
b

4
L ∥ ∇ū ∥2

2 +
1

4
∫

R2

f(ū)ūdx

=
a

4
L +

a + bL

4
(L− ∥ ∇ū ∥2

2) +
1

2
lim
n→∞

∫
R2

V (x) (u2
n − ū2)dx

+
1

4
∫

R2

[f(ū)ū − 4F(ū) + V (x)ū2]dx ≥
2πa

α0
+

4π2b

α2
0

+(a +
4πb

α2
0

)
∥ ∇ū ∥2

2

4
,

∫
R2

(eα0(1+ε̂)qu2
n − 1)dx ≤ ∫

R2

(eα0(1+ε̂)2ε̂−1qū2
eα0(1+ε̂)2q(un−ū)2

− 1)dx

≤
(q − 1)

q
∫

R2

(eα0(1+ε̂)2ε̂−1q2(q−1)−1ū2
− 1)dx

+
1

q
∫

R2

(eα0(1+ε̂)2q2(un−ū)2
− 1)dx ≤ C9.



(2.141)

which, together with the arbitrariness of ε, yields

lim
n→∞

∫
R2

f(un)(un − ū)dx = 0.

(2.142)

Therefore, it follows from (2.1), (2.75), (2.142) that

which implies that un → ū in H 1
r (R

2).
Finally, the continuity of Φ and Φ′ leads to Φ(ū) = c and Φ′(ū) H 1

r (R2) = 0. From Theorem 1.28 of Willem
[153], we conclude that u is a critical point of Φ on H 1(R2). □

2.5 Historical comments

Problem (K ) has a profound physical meaning, which was proposed firstly by Kirchhoff [88] in the case
where R2 is replaced by the bounded domain Ω ⊂ R. Nonlocal equations of this type model the vibration of
elastic strings by considering the effect of the changes in the length of strings. As is customary in quantum
mechanics applications, the unknown u is the probability density function of a particle trapped inside a
trapping potential well, traditionally modeled by the potential V (x).

After the pioneering contributions of Lions [99] and Pohozaev [128], the following Kirchhoff-type problem

(2.143)

∫
R2

f(un)(un − ū)dx ≤ ε ∥ un − ū ∥2
2 +C9 ∫

R2

(eαu2
n − 1)|un − ū|dx

≤ ε (C1+ ∥ ū ∥2
2) + C9[∫

R2

(eα0(1+ε̂)u2
n − 1)

q

dx]
1/q

∥ un − ū ∥q ′

≤ ε (C1+ ∥ ū ∥2
2) + C10[∫

R2

(eα0(1+ε̂)qu2
n − 1)dx]

1/q

∥ un − ū ∥q ′

≤ ε (C1+ ∥ ū ∥2
2) + C11 ∥ un − ū ∥q ′≤ ε (C1+ ∥ ū ∥2

2) + o(1),

o(1) = ⟨Φ′(un),un − ū⟩ = ∫
R2

[a∇un ⋅ ∇(un − ū) + V (x)un(un − ū)]dx

+b ∥ ∇un ∥2
2 ∫

R2

∇un ⋅ ∇(un − ū)dx − ∫
R2

f(un)(un − ū)dx

≥ a ∥ ∇(un − ū) ∥2
2 +V0 ∥ un − ū ∥2

2 +b ∥ ∇un ∥2
2∥ ∇(un − ū) ∥2

2 +o(1)

≥min {a,V0} ∥ un − ū ∥2 +o(1), ∣{
− (a + b ∫

RN |∇u|2dx)Δu + V (x)u = f(u) in RN ,

u ∈ H 1(RN)



has been studied intensively in many papers, where a, b > 0, N ≥ 2, V ∈ C (RN , R) and f ∈ C (R, R). By
variational methods, a number of important results of the existence and multiplicity of solutions for (2.143)
were established under various conditions on V and f, especially when N ≥ 3. In higher dimensions
corresponding to the case N ≥ 3, the nonlinearity is usually required to have polynomial growth, and the
notation of criticality is associated to the sharp Sobolev embedding H 1(RN) ↪ L2∗

(RN) with 
2∗ := 2N/(N − 2). In this framework, we refer to Pucci and Saldi [130] who established existence and
multiplicity properties of non-negative entire solutions to stationary Kirchhoff eigenvalue problems driven by
a general nonlocal integro-differential operator.

Coming to the case N = 2, much faster exponential growth is allowed for the nonlinearity and the
Trudinger-Moser inequality replaces the sharp Sobolev inequality used for N ≥ 3. In this chapter focused on
the dimension N = 2 when the nonlinearity exhibits the critical exponential growth, which is more
complicated than the case N ≥ 3.

The first result on planar Kirchhoff equation with critical exponential growth is due to Figueiredo and
Severo [55]. In this setting, based on the mountain pass theorem, they proved that the following Kirchhoff
equation on the bounded domain Ω ⊂ R2

(2.144)

has a positive ground state solution where f ∈ C (R, R) satisfies (F1), (F2) and the following assumptions:

(F0) f(t) = 0 for all t ≤ 0;

(F3′) limt→+∞
tf(t)

eα0t
2 > 2

α0d
2 (a + 4πb

α0
), where d is the radius of the largest open ball contained in Ω;

(F4′) f(t) > 0 for all t > 0, and there exist M̂0 > 0 and β̂0 > 0 such that

F(t) ≤ M̂0f(t), ∀ t ≥ β̂0;

(F5′) f(t)
t3  is increasing on (0, ∞).

Note that if α = 4π, the Trudinger-Moser inequality (2.2) gives rise to the possible failure of compactness
of the associated energy functional. In order to restore the compactness property, Figueiredo and Severo
proved that the mountain pass level is less than the threshold 2aπ

α0
+ 4bπ2

α2
0

 under which Palais-Smale condition

holds with the help of (F3′). Their arguments followed some ideas introduced by de Figueiredo, Miyagaki, and
Ruf [41] in a paper concerned with the solvability of the elliptic type problem (2.144) with b = 0.

Next, assuming that the monotonicity condition (F5′) is replaced by the following Ambrosetti-Rabinowitz
condition:

(F6′) f(t)t ≥ 4F(t) ≥ 0 for all t ≥ 0,

Naimen and Tarsi [122] obtained the existence of positive solutions to problem (2.144).

{− (a + b ∫Ω |∇u|2dx)Δu = f(u) in Ω,

u = 0, on ∂Ω



The monotonicity condition (F5′) plays an important role in using a Nehari-type argument, and the
Ambrosetti-Rabinowitz condition (F6′) can help proving the boundedness of (PS) sequences. The above
results were improved and generalized by Chen, Tang, and Wei [34], by weakening (F3′), (F5′) and (F6′) to the
following conditions:

(F3′′) lim inf
t→+∞

t2F(t)

eα0t
2 > 1

eα2
0d

2 (a + 4πb
α0
);

(F5′′) f(t)−aλ1t

t3  is non-decreasing on (0, ∞), where λ1 denotes the first eigenvalue of the Laplace operator 
−Δ with a Dirichlet boundary condition;

(F6′′) f(t)t − 4F(t) + λ1t
2 ≥ 0 for all t ≥ 0.

Kirchhoff equations with more general nonlocal coefficient were also considered by Figueiredo and Severo
[55], provided that (a + b ∥ ∇u ∥2

2) is replaced by more general continuous function m(∥ ∇u ∥2
2) in (2.143).

Assumptions (F3′′), (F4′) and (F5′′) (or (F6′′)) are crucial in these works. For instance, condition (F3′′) was
used to yield the threshold of the mountain pass level. Also, by using (F4′) and (F5′′) (or (F6′′)) it can be
shown the convergence of (PS)c sequences in H 1

0 (Ω) provided that the mountain pass level lies below the
threshold, that is, if c < 2aπ

α0
+ 4bπ2

α2
0

.

However, the methods used in papers [34, 55, 122] seem difficult to apply for Kirchhoff equation in R2

since they depend heavily on the compactness of the embeddings H 1
0 (Ω) ↪ Lq(Ω) for q ≥ 2. Until now,

almost all of the works dealing with planar Kirchhoff equations are set in bounded domains Ω ⊂ R2, and there
is no result available on the existence of nontrivial solutions for Kirchhoff equation (K ) with the critical
exponential growth in R2, which is the focus of the present chapter.

2.6 Final remarks, perspectives, and open problems

This chapter is concerned with the rigorous mathematical analysis of a class of (autonomous and non-
autonomous) planar Kirchhoff equations with critical exponential growth and trapping potential. Why this
combination? Because it creates a mathematically optimal testbed:

In summary, planar Kirchhoff systems with critical exponential growth (Trudinger-Moser type) and
trapping potential offer deep insights into how nonlocality, criticality, and confinement interact in low-
dimensional nonlinear systems. Physical patterns of this type include Bose-Einstein condensates in two-
dimensional traps, Kirchhoff-type dispersion from nonlocal nonlinearities (thermal, molecular), and
exponential response in photo-reactive materials.

The content of this chapter is based on the results established in [29]. In the local case, related properties
can be found in [26, 30], while the case of planar Schrödinger-Newton systems with critical Trudinger-Moser
growth was treated in [109, 110].

Kirchhoff: nonlocality in the source term;(a)

critical exponential growth: maximal growth in two-dimensions;(b)

trapping potential: confinement and compactness.(c)



Some interesting open problems associated with the analysis developed in this chapter are stated in what
follows.

We first propose the case where the nonlocal term becomes degenerate, potentially causing a change in the
nature of the equation. In this new setting, the geometry of the associated energy functional changes
dramatically.

Open Problem 1.  Study the autonomous and non-autonomous versions of the degenerate Kirchhoff
equation

where γ > 0, f has a critical exponential growth, and the potential V satisfies similar assumptions as in this
chapter.

The next open problem concerns the case where the nonlinearity exceeds the critical exponential growth.

Open Problem 2.  Can we establish the existence of least-energy or ground state solutions for problems 
(K )∞ or (K ) if f(u) ∼ eαu

2
up, where p > 1?

Another interesting open problem is concerned with the case of singular potentials.

Open Problem 3.  Study problem (K ) on a bounded domain Ω ⊂ R2 with a Kirchhoff term and critical
exponential nonlinearity if 0 ∈ Ω and with a singular potential (for instance, if V (x) = λ/|x|γ with γ > 0.

The case where the Laplace operator in problem (K ) is replaced by the fractional Laplacian (−Δ)s with 
s ∈ (0, 1) is unexplored.

Open Problem 4.  Study the fractional Kirchhoff equation

where f has a critical exponential growth, and the potential V satisfies similar assumptions as in this
chapter.

In the above problem, the combination of fractional nonlocal operators and the Kirchhoff nonlocality is not
sufficiently studied, especially in the two-dimensional case with exponential growth. The appropriate
Trudinger-Moser inequality for fractional Sobolev spaces should be explored.

We conclude this section with a class of fourth-order Kirchhoff equations, which appear in the von Kármán
plate theory, piezoelectric laminates, capacitive MEMS devices, viscoelastic plates, etc.

{
− (∫

R2 |∇u|2γdx)Δu + V (x)u = f(u) in R2,

u ∈ H 1(R2),

{
(a + ∫

R2 |∇u|2dx)(−Δ)su + V (x)u = f(u) in R2,

u ∈ H 1(R2),



Trapping Potential:

Critical Exponential Growth:

Autonomous Kirchhoff Equation:

Non-autonomous Kirchhoff Equation:

Mountain Pass:

Open Problem 5.  Study the fourth-order Kirchhoff problem

where f has a critical growth as it is described by Adams' inequality.

The analysis of Kirchhoff-type equations with such nonlinearities is wide open.

2.7 Glossary

It is a function that creates an effective energy well to confine particles or waves within
a localized region, preventing them from escaping to infinity. This concept is fundamental in studies of
quantum mechanics, Bose-Einstein condensates, Kirchhoff problems, and nonlinear wave equations.

A function f(u) has critical exponential growth if its behavior as u → ∞ to 
eαu

2  for some α > 0. This is the maximal growth allowed by the two-dimensional Sobolev embedding. A
growth faster than eαu2  would make standard variational formulations ill-posed, as the energy functional
might not be well-defined on the Sobolev space.

A nonlinear equation where the coefficients do not depend explicitly on
the independent variables. It extends the classical D'Alembert wave equation by including a nonlocal term
depending on the energy of the solution.

This class extends the classical Kirchhoff model by allowing
explicit dependence on the independent variable in the coefficients or nonlinear terms. Non-autonomous
Kirchhoff equations are more realistic for modeling media with inhomogeneities.

This notion refers both to the geometric configuration of the functional and to the resulting
saddle point critical point whose existence is guaranteed by the mountain pass theorem.

{
Δ2u − (a + b ∫

R2 |∇u|2dx)Δu + V (x)u = f(u) in R2,

u ∈ H 1(R2),





Part II

Normalized Solutions



3
Non-autonomous Kirchhoff problems

DOI: 10.1201/9781003797159-3

Why normalized solutions? There are several reasons. Firstly, for their physical necessity, since
prescribing the mass is often required to define a specific physical system, for instance because the
gravitational interaction strength depends directly on the mass. Secondly, normalized stationary
states define naturally the eigenvalue problem, which is a nonlinear eigenvalue problem constrained
by mass normalization. Thirdly, problems of this type yield a key prediction. Indeed, solving this
kind of problem for different masses reveals the mass-radius relationship, a critical signature used
to test the model against astrophysical observations (e.g., for fuzzy dark matter). Part II of this
monograph is devoted to the mathematical analysis of normalized solutions for several classes of
Kirchhoff equations.

The non-autonomous case moves Kirchhoff equations from model problems to realistic physical
patterns where spatial inhomogeneity is the rule, not the exception. The analysis developed in this
chapter covers both the subcritical and supercritical abstract settings. This chapter is concerned with
the existence of normalized solutions (also called solutions with prescribed mass) for the following
class of Kirchhoff equations:

where a, b > 0, λ is a parameter that appears as a Lagrange multiplier, K ∈ C (R3,R+) with 
0 <lim|y|→∞ K(y) ≤infR3 K, and f ∈ C (R,R) satisfies general L2-supercritical or L2-subcritical
conditions. We introduce some new analytical techniques in order to exclude the vanishing and the
dichotomy cases of minimizing sequences due to the presence of the potential K and the lack of the
homogeneity of the nonlinearity f.

The main challenge in the analysis developed in this chapter consists in the combined effects of
several terms, namely:

{
− (a + b ∫

R3 |∇u|2dx)Δu − λu = K(x)f(u)in R3;

u ∈ H 1(R3),

Kirchhoff nonlinearity: the nonlocal term (∫
R3

|∇u|2dx)Δu makes the energy

functional more complex;

(i)

https://doi.org/10.1201/9781003797159-3


A cornerstone in this analysis is to study the manifold where the Pohozaev identity holds. This
set contains all critical points and helps bound the energy from below. Another feature is to use
scaling arguments to transfer between different mass levels and to relate the Kirchhoff equation to a
suitable limit problem.

3.1 Statement of the problem

This chapter deals with the existence of normalized solutions to the following non-autonomous
Kirchhoff equation:

(3.1)

where a, b are positive real numbers, λ is unknown and will appear as a Lagrange multiplier, 
K ∈ C (R3,R+) is a potential, and f ∈ C (R,R).

Problem (3.1) is related to the stationary analogue of the Kirchhoff equation

utt − (a + b∫
R3

|∇u|2dx)Δu = g(x, t),

(3.2)

Set F(u) = ∫ u

0 f(t)dt. Solutions of problem (3.1) with ∥ u ∥2
2= c > 0 can be obtained by

looking for critical points of the following functional

I(u) =
a

2
∫
R3

|∇u|2dx +
b

4
(∫

R3

|∇u|2dx)
2

− ∫
R3

K(x)F(u)dx

(3.3)

Mass constraint: the problem is set on the L2-sphere Sc = {u ∈ H 1(R3) :∥ u ∥2
2= c},

turning the parameter λ into an unknown;
(ii)

Non-autonomous nonlinearity: the x-dependence in the reaction term prevents the use of
standard radial symmetry and concentration-compactness techniques in a straightforward
way;

(iii)

Lack of compactness: due to the unbounded domain R3, even the sub-critical case faces
loss of compactness, which is more severe in the super-critical regime.

(iv)

{
− (a + b ∫

R3 |∇u|2dx)Δu − λu = K(x)f(u) in R3;

u ∈ H 1(R3),



on the manifold

Sc = {u ∈ H 1(R3) :∥ u ∥2
2= c}.

(3.4)

where F(u) = ∫ u

0 f(t)dt. In this case, the parameter λ ∈ R cannot be fixed but instead it appears
as a Lagrange multiplier, and each critical point uc ∈ Sc of I|Sc

, corresponds to a Lagrange
multiplier λc ∈ R such that (uc,λc) solves (weakly) problem (3.1). In particular, if uc ∈ Sc is a
solution of the constrained minimization problem

σ(c):= inf
u∈Sc

I(u),

(3.5)

then there exists λc ∈ R such that I ′(uc) = λcuc, that is, the pair (uc,λc) is a solution of problem
(3.1).

3.1.1 Existence of solutions with prescribed mass

Let us first consider the L2 -supercritical case. Consider the submanifold

Mc :={u ∈ Sc : J(u) :=
d

dt
I(ut) t=1 = 0}.

(3.6)

Then Mc is a natural constraint of I|Sc
 by using the Lagrange multiplier method, where

ut(x) := t3/2u(tx), ∀ t > 0,u ∈ H 1(R3),

(3.7)

and ut ∈ Sc for all t > 0 if u ∈ Sc.
We establish the existence of a critical point for the energy functional I on Sc by considering the

constrained minimization problem

m(c):= inf
u∈Mc

I(u).

(3.8)

To this end, we introduce the following assumptions: ∣



(F1) f ∈ C (R,R), there exists μ ∈ ( 14
3 , 6) such that 0 ≤ f(t)t ≤ μF(t) for all t ∈ R, and 

meas{t ∈ R : μF(t) − f(t)t = 0} = 0;

(F2) there exists θ ∈ (2, 14
3 ) such that lim|t|→0

F(t)
|t|θ

= 0 and lim|t|→∞
F(t)

|t|14/3 = +∞;

(F3) the mapping t ↦ [f(t)t − θF(t)]/|t|11/3t is nondecreasing on (−∞, 0) and (0, +∞);

(K1) K ∈ C (R3,R+) and 0 < K∞:= lim|y|→∞ K(y) ≤ K(x) for all x ∈ R3;

(K2) K ∈ C 1(R3,R+), (6 − μ)K(x) + 2∇K(x) ⋅ x ≥ 0 for all x ∈ R3, and 
3(θ − 2)K(tx) − 2∇K(tx) ⋅ (tx) is nonincreasing on t ∈ (0, ∞) for every x ∈ R3.

The following result establishes an existence property in the L2-supercritical case.

Theorem 3.1  ⏎ Assume that (K1), (K2) and (F1)–(F3) hold. Then for any c > 0, problem (3.1)
has a solution (ūc,λc) ∈ Sc × R

− such that

I(ūc) = inf
u∈Mc

I(u) = inf
u∈Sc

max
t>0

I(ut) > 0.

Next, in the L2 -subcritical case, we find a global minimizer and a local minimizer of I which are
critical points of I|Sc

. This is achieved by solving the minimization problem (3.5) and constructing
a geometry of local minima for I, respectively. To this end, in addition to (K1), we introduce the
following assumptions:

(F4) f ∈ C (R,R), f(t) = o(t) as t → 0 and there exist constants C > 0 and p ∈ ( 10
3 , 14

3 ) such
that |f(t)| ≤ C (1 + |t|p−1);

(F5) there exists μ0 ∈ (2, 14
3

) such that f(t)t ≥ μ0F(t) > 0 for all t ∈ R ∖ {0};

(F6) there exists q0 ∈ (2, 10
3 ) such that lim|t|→0

F(t)
|t|q0

> 0;

(F6′)  lim|t|→0
F(t)

|t|10/3 = 0;

(K3) the mapping t ↦ t(μ0−2)/2K(tx) is nondecreasing on (0, ∞) for every x ∈ R3.

Let

c∗:= inf {c ∈ (0, +∞) : σ(c) < 0}.

(3.9)

Theorem 3.2  ⏎ Assume that K and f satisfy (K1), (K3), (F4) and (F5).



(i) If (F6) holds, then c∗ = 0 and I admits a critical point uc on Sc , which is a negative
global minimum of I when c > 0.

(ii) If (F6′) holds, then c∗ > 0 , and there exists c0 ∈ (0, c∗) such that I admits a critical
point uc on Sc which is a local minimum of I when c ∈ (c0, c∗) , but uc is a global
minimum of I when c ∈ [c∗, +∞) . In particular,

(3.10)

Moreover, for the above critical point uc, there is a Lagrange multiplier λc ∈ R such that
(uc,λc) is a solution of problem (3.1).

When K ∈ C (R3,R+) is bounded, f satisfies (F1) and (F2) (or (F4)), a standard argument shows
that I ∈ C 1(H 1(R3),R).

Let us now define the limit equation associated to problem (3.1) by

(3.11)

Corresponding to (3.3), (3.5), (3.6) and (3.8), we define

I∞(u) =
a

2
∫
R3

|∇u|2dx +
b

4
(∫

R3

|∇u|2dx)
2

− ∫
R3

K∞F(u)dx,

(3.12)

σ∞(c) = inf
u∈Sc

I∞(u),

(3.13)

M
∞
c = {u ∈ Sc : J∞(u) :=

d

dt
I∞(ut) t=1 = 0}

(3.14)

and

I(uc)
⎧⎪⎨⎪⎩> 0, if c ∈ (c0, c∗);

= 0, if c = c∗;

< 0, if c ∈ [c∗, ∞).

{− (a + b ∫
R3 |∇u|2dx)Δu − λu = K∞f(u) in R3;

u ∈ H 1(R3). ∣



m∞(c) = inf
u∈M ∞

I∞(u).

(3.15)

Remark that all above conclusions on problem (3.1) are also true for the limit equation (3.11),
since K(x) ≡ K∞ satisfies (K1)–(K3).

Throughout this chapter we make use of the following notations:

H 1(R3) denotes the usual Sobolev space equipped with the inner product and norm

(u, v) = ∫
R3

(∇u ⋅ ∇v + uv)dx, ∥ u ∥= (u,u)1/2, ∀ u, v ∈ H 1(R3);

Ls(R3)(1 ≤ s < ∞) denotes the Lebesgue space with the norm ∥ u ∥s= (∫
R3 |u|sdx)1/s;

For any u ∈ H 1(R3), ut(x) := t3/2u(tx) and ut(x) := t1/2u(x/t);

For any x ∈ R
3 and r > 0, Br(x) := {y ∈ R

3 : |y − x| < r};

S =infu∈D 1,2(R3)∖{0}∥ ∇u ∥2
2 / ∥ u ∥2

6;

C1,C2, … denote positive constants possibly different in different places.

3.1.2 Basic ideas in the main proofs

For the L2-supercritical case, some key arguments are stated in what follows.

When K(x) ≡ K∞, Ye [158] showed that the mapping

c ↦ m(c)is strictly decreasing on(0, +∞)

(3.16)

by using the translation invariance of I and the homogeneity of f. In such a way there are
excluded the vanishing and the dichotomy cases of the minimizing sequence {un} for 
m(c) =infu∈Mc

I(u) in applying the concentration-compactness principle. However, the
approach used in [158] is valid only for autonomous equations and it does not work
anymore for problem (3.1) with K ≠ constant and more general f. By establishing some
new inequalities, we prove that m(c) is nonincreasing and m(c) > m(~c) for any ~c > c

provided m(c) is attained. To bypass the difficulty caused by the lack of compactness of
Sobolev embedding H 1(R3) ↪ Ls(R3) for 2 ≤ s < 6, we compare the constrained
minimum m(c) with the one of the limit equation (3.11) (that is, problem (3.1) with 
K(x) = K∞), and by using some subtle analysis we prove that un → ū in H 1(R3) (after a
translation and extraction of a subsequence if necessary) as long as m(c) < m∞(c), and 

(i)



For the L2-subcritical case, some basic ideas are described in what follows.

3.2 The L2-supercritical case

This section is devoted to the proof of Theorem 3.1.

Lemma 3.1  ⏎  Assume that conditions (K1) and (K2) hold. Then K(tx) is nonincreasing on
t ∈ (0, ∞) for every x ∈ R3.

Proof. For any fixed x ∈ R3, we define the following function on (0, ∞):

φ(t) =
3(θ − 2)

2
K(tx) − ∇K(tx) ⋅ (tx).

(3.18)

Note that for every x ∈ R3,

K(tx) = t3(θ−2)/2 ∫
∞

t

φ(s)

s3θ/2−4
ds.

ū ∈ S (c) is a minimizer of m(c), where the definition of m∞(c) is given by relation
(3.15).

To verify that Mc is a natural constraint on Sc, we use a combination of the deformation
lemma, some new inequalities and an intermediary theorem for continuous functions, other
than the mountain pass theorem on Sc and the Lagrange multiplier method used in [155]
and [158], respectively.

(ii)

The key step to prove that σ(c) =infSc
I is achieved is to obtain the subadditivity inequality

σ(c) < σ(α) + σ(c − α), ∀ 0 < α < c.

(3.17)

To this end, Ye in [158] used the scaling t ↦ u(t−2/3x). But this kind of scaling is not
suitable in our case, excepting the case when K(x) is a positive constant. Instead, we
present another scaling t ↦ t1/2u(x/t), and we succeed to prove that (3.17) still holds
under assumptions of Theorem 3.2.

(i)

Compared with [158], it is more complicated to find a local minimizer of I on Sc which is a
critical point of I|Sc

 because K(x) is variable and f is non-homogeneous.
(ii)



(3.19)

For any 0 < t1 < t2 < ∞, by (K1), (K2) and (3.19), we have

This completes the proof. □

Lemma 3.2  ⏎ Assume that hypotheses (K1) and (K2) hold. Then for all x ∈ R3 and t > 0,

h0(x, t) := t
3(θ−2)

2 [K(t−1x) − K(x)] −
2(1 − t

3(θ−2)
2 )

3(θ − 2)
∇K(x) ⋅ x ≥ 0,

(3.20)

t ↦ K(tx) is nonincreasing on(0, ∞)for every x ∈ R
3,

(3.21)

and

|∇K(x) ⋅ x| → 0 as|x| → ∞.

(3.22)

Proof. For any x ∈ R3, by (K2), we have

which implies that h0(x, t) ≥ h0(x, 1) = 0 for all x ∈ R3 and t > 0, hence (3.20) holds.
By (3.20) and the continuity of h0(x, ⋅), we obtain

lim
t→0

h0(x, t) = −
2

3(θ − 2)
∇K(x) ⋅ x ≥ 0, ∀ x ∈ R

3,

K(t2x) − K(t1x) = t
3(θ−2)/2
2 ∫

∞

t2

φ(s)

s3θ/2−4
ds − t

3(θ−2)/2
1 ∫

∞

t1

φ(s)

s3θ/2−4
ds

= (t3(θ−2)/2
2 − t

3(θ−2)/2
1 )∫

∞

t2

φ(s)

s3θ/2−4
ds − t

3(θ−2)/2
1 ∫

t2

t1

φ(s)

s3θ/2−4
ds

≤ (t3(θ−2)/2
2 − t

3(θ−2)/2
1 )φ(t2)∫

∞

t2

1

s3θ/2−4
ds − t

3(θ−2)/2
1 φ(t2)∫

t2

t1

1

s3θ/2−4
ds

= φ(t2) [t3(θ−2)/2
2 ∫

∞

t2

1

s3θ/2−4
ds − t

3(θ−2)/2
1 ∫

∞

t1

1

s3θ/2−4
ds] = 0.

d

dt
h0(x, t) =

t
3(θ−2)

2 −1

2
[3(θ − 2)K(t−1x)−2∇K(t−1x) ⋅ (t−1x)−3(θ − 2)K(x)+2∇K(x) ⋅ x]

{≥ 0, t ≥ 1,

≤ 0, 0 < t < 1,



(3.23)

which leads to (3.21). Since h0(x, 2) ≥ 0 for all x ∈ R3, we have

0 ≤ −∇K(x) ⋅ x ≤
2

3θ−8
2 3(θ − 2)[K(x/2) − K(x)]

2
3(θ−2)

2 − 1
, ∀ x ∈ R

3.

Hence, relation (3.22) holds by letting |x| → ∞ in the above inequality. □

Lemma 3.3  Assume that (F1)–(F3) hold. Then for all t > 0 and τ ∈ R,

h1(t, τ) :=
2 (1 − t7−3θ/2)

14 − 3θ
[f(τ)τ − θF(τ)] −

2

3
F(τ) +

2

3
t−3θ/2F(t3/2τ) ≥ 0

(3.24)

and

F(t)

|t|11/3t
is nondecreasing on both(−∞, 0)and(0, +∞).

(3.25)

Proof. For any τ ∈ R, by (F3), we have

which implies that h1(t, τ) ≥ h1(1, τ) = 0 for all t > 0 and τ ∈ R, that is, inequality (3.24) holds.
By (F3) and (3.24), we obtain

h1(0, τ):= lim
|t|→0

h(t, τ) =
2

14 − 3θ
[f(τ)τ −

14

3
F(τ)] ≥ 0, ∀ τ ∈ R.

(3.26)

From (3.26), we derive

d

dt

F(t)

|t|11/3t
=

3

2|t|7
[f(t)t −

14

3
F(t)] ≥ 0.

This shows that relation (3.25) holds. □

d

dt
h1(t, τ) = t6−3θ/2|τ|14/3 [ f(t3/2τ)t3/2τ − θF(t3/2τ)

|t3/2τ|14/3
−

f(τ)τ − θF(τ)

|τ|14/3
]

{≥ 0, t ≥ 1,

≤ 0, 0 < t < 1,



Lemma 3.4  Assume that conditions (K1), (K2) and (F1)–(F3) hold. Then

(3.27)

Proof. For any x ∈ R3 and τ ∈ R, by (K1), (K2), (F1), (F3), (3.21) and (3.25), we have

It follows that

hence

This implies that h2(x, t, τ) ≥ h2(x, 1, τ) = 0 for all x ∈ R3, t > 0 and τ ∈ R3, that is, relation
(3.27) holds. □

By the scaling (3.7), we obtain

I(ut) =
at2

2
∫
R3

|∇u|2dx +
bt4

4
(∫

R3

|∇u|2dx)
2

− t−3 ∫
R3

K(t−1x)F(t3/2u)dx

h2(x, t, τ) :=t−3K(t−1x)F(t3/2τ) − K(x)F(τ) +
3(1 − t4)

8
K(x)[f(τ)τ − 2F(τ)]

−
1 − t4

4
∇K(x) ⋅ xF(τ)

≥ 0, ∀ x ∈ R
3, t > 0, τ ∈ R.

d

dt
h2(x, t, τ) =−

1

t4
∇K(t−1x) ⋅ (t−1x)F(t3/2τ)+

3

2t4
K(t−1x) [f(t3/2τ)t3/2τ−2F(t3/2τ)]

−
3t3

2
K(x)[f(τ)τ − 2F(τ)] + t3∇K(x) ⋅ xF(τ)

=
3

2t4
K(t−1x) [f(t3/2τ)t3/2τ − θF(t3/2τ)]

+
1

2t4
[3(θ − 2)K(t−1x) − 2∇K(t−1x) ⋅ (t−1x)]F(t3/2τ)

−
3t3

2
K(x)[f(τ)τ − θF(τ)] −

t3

2
[3(θ − 2)K(x) − 2∇K(x) ⋅ x]F(τ)

d

dt
h2(x, t, τ) =

t3|τ|7

2
{3K(t−1x)

f(t3/2τ)t3/2τ − θF(t3/2τ)

|t3/2τ|14/3
− 3K(x)

f(τ)τ − θF(τ)

|τ|14/3

+ [3(θ − 2)K(t−1x) − 2∇K(t−1x) ⋅ (t−1x)]
F(t3/2τ)

|t3/2τ|14/3

− [3(θ − 2)K(x) − 2∇K(x) ⋅ x]
F(τ)

|τ|14/3
},

d

dt
h2(x, t, τ){≥ 0, t ≥ 1,

≤ 0, 0 < t < 1,



(3.28)

and

I∞(ut) =
at2

2
∫
R3

|∇u|2dx +
bt4

4
(∫

R3

|∇u|2dx)
2

− t−3 ∫
R3

K∞F(t3/2u)dx.

(3.29)

Noting that J(u) = d
dt I(ut) t=1 and J∞(u) := d

dt I
∞(ut) t=1, it follows from (3.28) and (3.29)

that

J(u) = a ∥ ∇u ∥2
2 +b ∥ ∇u ∥4

2 −
3

2
∫
R3

K(x) [f(u)u − 2F(u)]dx + ∫
R3

∇K(x) ⋅ xF(u)dx

(3.30)

and

J∞(u) = a ∥ ∇u ∥2
2 +b ∥ ∇u ∥4

2 −
3

2
∫
R3

K∞ [f(u)u − 2F(u)]dx.

(3.31)

The following result establishes a useful energy estimate.

Lemma 3.5  ⏎ Assume that (K1), (K2) and (F1)–(F3) hold. Then

I(u) ≥ I (ut) +
1 − t4

4
J(u) +

a(1 − t2)2

4
∥ ∇u ∥2

2, ∀ u ∈ H 1(R3), t > 0.

(3.32)

Proof. By (3.3), (3.24), (3.25), (3.27), (3.28) and (3.30), we have∣ ∣



This shows that relation (3.32) holds. □

A direct consequence of this result is the following property.

Corollary 3.1  ⏎ Assume that (K1), (K2) and (F1)–(F3) hold. Then

I(u) =max
t>0

I (ut), ∀ u ∈ Mc.

(3.33)

Lemma 3.6  ⏎ Assume that (K1), (K2) and (F1)–(F3) hold. Then for any u ∈ H 1(R3) ∖ {0}, there
exists a unique tu > 0 such that utu ∈ Mc.

Proof. Let u ∈ H 1(R3) ∖ {0} be fixed and define the function ζ(t) := I (ut) on (0, ∞). By
relations (3.28) and (3.30), we have

(3.34)

Note that (3.21) and (3.25) lead to

K(t−1x)F(t3/2τ) ≤ t7K(x)F(τ), ∀ x ∈ R
3, t ∈ (0, 1), τ ∈ R.

(3.35)

I(u) − I (ut) =
a(1 − t2)

2
∥ ∇u ∥2

2 +
b(1 − t4)

4
∥ ∇u ∥4

2

+∫
R3

[t−3K(t−1x)F (t3/2u) − K(x)F(u)]dx

=
1 − t4

4
{a ∥ ∇u ∥2

2 +b ∥ ∇u ∥4
2 −

3

2
∫
R3

K(x) [f(u)u − 2F(u)]dx

+∫
R3

∇K(x) ⋅ xF(u)dx}+
a(1 − t2)2

4
∥ ∇u ∥2

2

+∫
R3

{t−3K(t−1x)F(t3/2u) − K(x)F(u) +
3(1 − t4)

8
K(x)[f(u)u − 2F(u)]

−
1 − t4

4
∇K(x) ⋅ xF(u)}dx.

ζ ′(t) = 0 ⇔ at ∥ ∇u ∥2
2 +bt3 ∥ ∇u ∥4

2 −
3

2t4
∫
R3

K(t−1x) [f(t3/2u)t3/2u − 2F(t3/2u)]dx

+
1

t4
∫
R3

∇K(t−1x) ⋅ (t−1x)F(t3/2u)dx = 0

⇔
1

t
J (ut) = 0 ⇔ ut ∈ Mc.



From (3.28) and (3.35), we deduce that

I(ut) ≥
at2

2
∥ ∇u ∥2

2 +
bt4

4
∥ ∇u ∥4

2 −t4 ∫
R3

K(x)F(u)dx, ∀ t ∈ (0, 1),

(3.36)

which implies that ζ(t) > 0 for t > 0 small. Moreover, by (K1), (K2), (F1), (F2) and (3.28), we
obtain that limt→0 ζ(t) = 0 and ζ(t) < 0 for t large. Therefore, maxt∈(0,∞) ζ(t) is achieved at 
tu > 0 so that ζ ′(tu) = 0 and utu ∈ Mc.

Next, we claim that tu is unique for any u ∈ H 1(R3) ∖ {0}. Otherwise, for any given 
u ∈ H 1(R3) ∖ {0}, there exist positive constants t1 ≠ t2 such that ut1 ,ut2 ∈ Mc, that is, 
J (ut1) = J (ut2) = 0. Then (3.32) implies

I (ut1) > I (ut2) +
t4

1 − t4
2

t4
1

J (ut1) = I (ut2) > I (ut1) +
t4

2 − t4
1

t4
2

J (ut2) = I (ut1).

(3.37)

This contradiction shows that tu > 0 is unique for any u ∈ H 1(R3) ∖ {0}. □

Combining Corollary 3.1 with Lemma 3.6, we have the following property.

Lemma 3.7  ⏎ Assume that (K1), (K2) and (F1)–(F3) hold. Then

inf
u∈Mc

I(u) = m(c) = inf
u∈Sc

max
t>0

I (ut).

Lemma 3.8  ⏎ Assume that conditions (K1), (K2) and (F1)–(F3) hold. Then

1. there exists ρ0 > 0 such that ∥ ∇u ∥2≥ ρ0, ∀ u ∈ Mc;

2. m(c) =infu∈Mc
I(u) > 0.

Proof. (i) By (F1), we observe that the mapping

F(t)

|t|μ−1t
is nonincreasing on both (−∞, 0)and(0, +∞).

(3.38)

From (3.25) and (3.38), we derive that for any s ∈ R,

{|t|μF(s) ≤ F(st) ≤ |t|
14
3 F(s), if|t| ≤ 1;

|t|
14
3 F(s) ≤ F(st) ≤ |t|μF(s), if|t| ≥ 1,



(3.39)

which implies that there is a constant C0 > 0 such that

0 ≤ F(t) ≤ C0 (|t|
14
3 + |t|μ), ∀ t ∈ R.

(3.40)

By Lemma B.1 (Gagliardo–Nirenberg inequality), we have

∥ u ∥s
s≤ C (s) ∥ ∇u ∥

3(s−2)
2

2 ∥ u ∥
6−s

2
2 , ∀ s ∈ (2, 6).

(3.41)

Since J(u) = 0, ∀u ∈ Mc, by (K1), (K2), (3.30), (3.40), (3.41) and the Sobolev inequality, we
deduce that

(3.42)

which concludes the proof of (i).
By (i) and (3.32) with t → 0, we have

I(u) = I(u) −
1

4
J(u) ≥

a

4
∥ ∇u ∥2

2≥
a

4
ρ2

0, ∀ u ∈ Mc.

(3.43)

Hence, m(c) =infu∈Mc
I(u) > 0. □

Lemma 3.9  ⏎ Assume that (K1), (K2) and (F1)–(F3) hold. Then m(c) is nonincreasing on (0, ∞).
In particular, if m(c) is achieved, then m(c) > m(~c) for any ~c > c.

Proof. For any c2 > c1 > 0, there exists {un} ⊂ Mc1
 such that

I(un) < m(c1) +
1

n
.

a ∥ ∇u ∥2
2 ≤ a ∥ ∇u ∥2

2 +b ∥ ∇u ∥4
2

= 2∫
R3

K(x) [f(u)u − 2F(u)]dx − 2∫
R3

∇K(x) ⋅ xF(u)dx

≤ C1 (∥ u ∥
14
3
14
3

+ ∥ u ∥6
6) ≤ C2 ∥ ∇u ∥4

2∥ u ∥
2/3
2 +C1S

−3 ∥ ∇u ∥6
2

= C2c
2/3 ∥ ∇u ∥4

2 +C1S
−3 ∥ ∇u ∥6

2, ∀ u ∈ Mc,



Let ξ = √c2/c1 ∈ (1, ∞) and vn(x) = ξ−1/2un(ξ−1x). Then ∥ vn ∥2
2= c2 and 

∥ ∇vn ∥2=∥ ∇un ∥2. By Lemma 3.6, there exists tn > 0 such that (vn)tn ∈ Mc2 . Note that 
(6 − μ)K(x) + ∇K(x) ⋅ x ≥ 0 for all x ∈ R3 implies

t ↦ t
6−μ

2 K(tx)is nondecreasing on(0, +∞)for every x ∈ R
3.

(3.44)

Then it follows from (K2), (3.28), (3.32), (3.38) and (3.44) that

which shows that m(c2) ≤ m(c1) by letting n → ∞.
Next, we assume that m(c) is achieved, that is, there exists u ∈ Mc such that I(u) = m(c). For

any given ~c > c. Let ~
ξ = ~c/c ∈ (1, ∞) and v(x) =

~
ξ−1/2u(

~
ξ−1x). Then ∥ v ∥2

2= ~c and 
∥ ∇v ∥2=∥ ∇u ∥2. By Lemma 3.6, there exists ~

t > 0 such that v
~
t ∈ M~c. Then it follows from

(K2), (3.28), (3.32), (3.38) and (3.44) that

The proof is completed. □

Remark 3.1  Lemmas 3.1–3.5 provide technical ingredients allowing generalization of the previous
results to a new scenario when K(x) is variable and f(u) has a more general structure. But it is
difficult to prove that m(c) is strictly decreasing on (0, ∞) in the same way as in the proof of [158,
Lemma 4.5], because it is still unknown that the sequence {tn}, involved in the proof of Lemma
3.9, is bounded from below for more general nonlinearity f.

Lemma 3.10  ⏎ Assume that (K1), (K2) and (F1)–(F3) hold. Then m(c) ≤ m∞(c).

m(c2) ≤ I ((vn)tn)

=
at2

n

2
∥ ∇un ∥2

2 +
bt4

n

4
∥ ∇un ∥4

2 −t−3
n ξ3 ∫

R3

K(t−1
n ξx)F(t

3/2
n ξ−1/2un)dx

≤ I ((un)tn) + t−3
n ∫

R3

[K(t−1
n x)F(t

3/2
n un) − ξ

6−μ

2 K(t−1
n ξx)ξ

μ

2 F(t
3/2
n ξ−1/2un)]dx

≤ I(un) −
a(1 − t2

n)2

4
∥ ∇un ∥2

2< m(c1) +
1

n
,

m(~c) ≤ I(v
~
t) =

a
~
t2

2
∥ ∇u ∥2

2 +
b
~
t4

4
∥ ∇u ∥4

2 −~
t−3 ~

ξ3 ∫
R3

K(~
t−1 ~

ξx)F(~
t3/2 ~

ξ−1/2u)dx

≤ I (u
~
t) + ~

t−3 ∫
R3

[K(~
t−1x)F(~

t3/2u) −
~
ξ

6−μ

2 K(~
t−1 ~

ξx)
~
ξ

μ

2 F(~
t3/2 ~

ξ−1/2u)]dx

≤ I(u) −
a(1 − ~

t2)2

4
∥ ∇u ∥2

2< m(c).



Proof. In view of Lemmas 3.6 and 3.8, we have M ∞
c ≠ ∅ and m∞(c) > 0. Assume by

contradiction that m(c) > m∞(c). Let ε := m(c) − m∞(c). Then there exists u∞
ε  such that

u∞
ε ∈ M ∞

c and m∞(c) +
ε

2
> I∞(u∞

ε ).

(3.45)

In view of Lemma 3.6, there exists tε > 0 such that (u∞
ε )tε ∈ Mc. Since K∞ ≤ K(x) for all R3, it

follows from (3.3), (3.12), (3.45) and Corollary 3.1 that

m∞(c) +
ε

2
> I∞(u∞

ε ) ≥ I∞ ((u∞
ε )tε) ≥ I ((u∞

ε )tε) ≥ m(c).

This contradiction shows that m(c) ≤ m∞(c). □

Similarly to [153], we have the following Brezis-Lieb type lemma.

Lemma 3.11  ⏎ Assume that (K1), (K2), (F1) and (F2) hold. If un ⇀ ū in H 1(R3), then

I(un) = I(ū) + I(un − ū) +
b

2
∥ ∇ū ∥2

2∥ ∇(un − ū) ∥2
2 +o(1)

(3.46)

and

J(un) = J(ū) + J(un − ū) + b ∥ ∇ū ∥2
2∥ ∇(un − ū) ∥2

2 +o(1).

(3.47)

Lemma 3.12  ⏎ Assume that (K1), (K2) and (F1)–(F3) hold. Then m(c) is achieved.

Proof. In view of Lemmas 3.6 and 3.8, we have Mc ≠ ∅ and m(c) > 0. Let {un} ⊂ Mc be such
that I(un) → m(c). Since J(un) = 0, then using (3.32) with t → 0, it follows that

m(c) + o(1) = I(un) ≥
a

4
∥ ∇un ∥2

2,

(3.48)

which, together with ∥ un ∥2
2= c, implies that {un} is bounded in H 1(R3). Passing to a

subsequence, we have un ⇀ ū in H 1(R3). Then un → ū in Ls
loc(R3) for 2 ≤ s < 6 and un → ū

a.e. in R3. There are two possible cases: i) ū = 0 and ii) ū ≠ 0.

Case i) ū = 0, namely un ⇀ 0 in H 1(R3). Then un → 0 in Ls
loc(R3) for 2 ≤ s < 6 and 

un → 0 a.e. in R3. By (K1) and (3.22), we observe that



lim
n→∞

∫
R3

[K∞ − K(x)]F(un)dx = lim
n→∞

∫
R3

∇K(x) ⋅ xF(un)dx = 0.

(3.49)

From (3.3), (3.12), (3.30), (3.31) and (3.49), one can get

I∞(un) → m(c), J∞(un) → 0.

(3.50)

From (3.31), (3.50), Lemma 3.6 and Lemma 3.7 (i), we obtain

aρ2
0 ≤ a ∥ ∇un ∥2

2 +b ∥ ∇un ∥4
2=

3

2
∫
R3

K∞ [f(un)un − 2F(un)]dx.

(3.51)

Using (3.40), (3.51) and Lions' concentration-compactness principle [153, Lemma 1.21], we
prove that there exist δ > 0 and {yn} ⊂ R

3 such that ∫
B1(yn) |un|2dx > δ. Let ûn(x) = un(x + yn)

. Then we have ∥ ûn ∥=∥ un ∥ and

J∞(ûn) = o(1), I∞(ûn) → m(c), ∫
B1(0)

|ûn|2dx > δ.

(3.52)

Therefore, there exists û ∈ H 1(R3) ∖ {0} such that, passing to a subsequence,

(3.53)

Let wn = ûn − û. Then (3.53) and Lemma 3.11 yield

∥ û ∥2
2=: ĉ ≤ c, ∥ wn ∥2

2=: ĉn ≤ c for large n ∈ N,

(3.54)

I∞(ûn) = I∞(û) + I∞(wn) +
b

2
∥ ∇û ∥2

2∥ ∇wn ∥2
2 +o(1),

(3.55)

⎧⎪⎨⎪⎩ûn ⇀ û, in H 1(R3);

ûn → û, in Ls
loc(R3), ∀ s ∈ [1, 6);

ûn → û, a.e. on R
3.



and

J∞(ûn) = J∞(û) + J∞(wn) + b ∥ ∇û ∥2
2∥ ∇wn ∥2

2 +o(1).

(3.56)

Let

(3.57)

By (3.26), one has Ψ∞(u) > 0 for all u ∈ H 1(R3) ∖ {0}. Moreover, it follows from (3.52), (3.55),
(3.56) and (3.57) that

Ψ∞(wn) ≤ m(c) − Ψ∞(û) + o(1), J∞(wn) ≤ −J∞(û) + o(1).

(3.58)

If there exists a subsequence {wni
} of {wn} such that wni

= 0, then it follows from (3.54),
Lemmas 3.9 and 3.10 that

m∞(ĉ) ≤ I∞(û) = m(c) ≤ m(ĉ) ≤ m∞(ĉ), J∞(û) = 0,

which, together with m∞(c) ≤ m∞(ĉ) ≤ I∞(û) = m(c) ≤ m∞(c), implies

I∞(û) = m∞(ĉ) = m(ĉ) = m(c) = m∞(c), J∞(û) = 0.

(3.59)

Next, we assume that wn ≠ 0. We claim that J∞(û) ≤ 0. Otherwise, if J∞(û) > 0, then (3.58)
implies J∞(wn) < 0 for large n. In view of Lemma 3.6, there exists tn > 0 such that 
(wn)tn ∈ M ∞

ĉn
. Then it follows from (3.12), (3.31), (3.32), (3.57), (3.58), Lemmas 3.9 and 3.10 that

which is impossible due to Ψ∞(û) > 0. This shows that J∞(û) ≤ 0. In view of Lemma 3.6, there
exists t∞ > 0 such that ût∞ ∈ M ∞

ĉ
. From (3.12), (3.31), (3.32), (3.52), (3.57), the weak

Ψ∞(u) :=I∞(u) −
1

4
J∞(u)

=
a

4
∥ ∇u ∥2

2 +
1

8
∫
R3

K∞[3f(u)u − 14F(u)]dx, ∀ u ∈ H 1(R3).

m(c) − Ψ∞(û) + o(1) ≥ Ψ∞(wn) = I∞(wn) −
1

4
J∞(wn)

≥ I∞ ((wn)tn) −
t4
n

4
J∞(wn) ≥ m∞(ĉn) −

t4
n

4
J∞(wn)

≥ m∞(c) + o(1) ≥ m(c) + o(1),



semicontinuity of the norm, Fatou's lemma, Lemmas 3.9 and 3.10, we obtain

which implies that (3.59) holds for wn ≠ 0. From (3.54), (3.59), Lemmas 3.9 and 3.10, we then
derive

m∞(c) ≤ m∞(ĉ) = I∞(û) = m(ĉ) = m(c) ≤ m∞(c), J∞(û) = 0,

which implies (3.59) holds for wn ≠ 0. Thus, m∞(ĉ) is achieved at û. In view of Lemma 3.9, we
deduce that ∥ û ∥2

2= ĉ = c due to m∞(ĉ) = m∞(c). By Lemma 3.6, there exists t̂ > 0 such that 
ût̂ ∈ Mc. Then it follows from (3.28), (3.32), (3.38), (3.44) and (3.59) that

which implies that û ∈ Mc and I(û) = m(c). Hence, m(c) is achieved at û ∈ Mc.

Case ii) ū ≠ 0. Let vn = un − ū. Then Lemma 3.11 yields

∥ ū ∥2
2 :=c̄ ≤ c, ∥ vn ∥2

2 :=cn ≤ c for large n ∈ N,

(3.60)

I(un) = I(ū) + I(vn) +
b

2
∥ ∇ū ∥2

2∥ ∇vn ∥2
2 +o(1),

(3.61)

and

J(un) = J(ū) + J(vn) + b ∥ ∇ū ∥2
2∥ ∇vn ∥2

2 +o(1).

(3.62)

Let

m(c) = lim
n→∞

[I∞(ûn) −
1

4
J∞(ûn)] = lim

n→∞
Ψ∞(ûn) ≥ Ψ∞(û)

= I∞(û) −
1

4
J∞(û) ≥ I∞ (ût∞) −

t4
∞

4
J∞(û)

≥ m∞(ĉ) −
t4

∞

4
J∞(û) ≥ m(ĉ) ≥ m(c),

m(c) ≤ I (ût̂) ≤ I∞ (ût̂)

≤ I∞(û) −
a(1 − t̂2)2

4
∥ ∇û ∥2

2= m(c) −
a(1 − t̂2)2

4
∥ ∇û ∥2

2,

1



(3.63)

By (3.23) and (3.26), one has Ψ(u) > 0 for all u ∈ H 1(R3) ∖ {0}. Similarly to the proof of (3.58),
we deduce that

Ψ(vn) ≤ m(c) − Ψ(ū) + o(1), J(vn) ≤ −J(ū) + o(1).

(3.64)

If there exists a subsequence {vni
} of {vn} such that vni

= 0, then it follows from Lemma 3.9 that

m(c̄) ≤ I(ū) = m(c) ≤ m(c̄), J(ū) = 0,

which implies

I(ū) = m(c) = m(c̄), J(ū) = 0.

(3.65)

Next, we prove that (3.65) holds for vn ≠ 0. To this end, we assume that vn ≠ 0. We claim that 
J(ū) ≤ 0. Otherwise J(ū) > 0, then (3.64) implies J(vn) < 0 for large n. In view of Lemma 3.6,
there exists tn > 0 such that (vn)tn ∈ Mcn . From (3.32), (3.63) and (3.64), we obtain

which is impossible due to Ψ(ū) > 0. This shows that J(ū) ≤ 0. In view of Lemma 3.6, there
exists ~t > 0 such that ū

~
t ∈ Mc̄. Then it follows from (3.32), (3.63), the weak semicontinuity of

norm, Fatou's lemma and Lemma 3.10 that

Ψ(u) :=I(u) −
1

4
J(u)

=
a

4
∥ ∇u ∥2

2 +
1

8
∫
R3

K(x)[3f(u)u − 14F(u)]dx

−
1

4
∫
R3

∇K(x) ⋅ xF(u)dx, ∀ u ∈ H 1(R3).

m(c) − Ψ(ū) + o(1) ≥ Ψ(vn) = I(vn) −
1

4
J(vn)

≥ I ((vn)tn) −
t4
n

4
J(vn) ≥ m(c̄n) ≥ m(c) + o(1),

m(c) = lim
n→∞

[I(un) −
1

4
J(un)] = lim

n→∞
Ψ(un)

≥ Ψ(ū) = I(ū) −
1

4
J(ū) ≥ I (ū

~
t) −

~
t4

4
J(ū) ≥ m(c̄) ≥ m(c),



which implies (3.65) holds for vn ≠ 0. This shows that m(c̄) is achieved at ū ∈ Mc̄. In view of
Lemma 3.9, we have ∥ ū ∥2

2= c̄ = c due to m(c) = m(c̄). By Lemma 3.6, there exists t̄ > 0 such
that ūt̄ ∈ Mc. Then it follows from (3.28), (3.32), (3.38), (3.44) and (3.65) that

which implies that ū ∈ Mc and I(ū) = m(c). Hence, m(c) is achieved at ū ∈ Mc. □

Lemma 3.13  Assume that (K1), (K2) and (F1)–(F3) hold. If ū ∈ Mc and I(ū) = m(c), then ū is a
critical point of I Sc

.
Proof. Assume that I|′

Sc
(ū) ≠ 0. Then there exist δ > 0 and ϱ > 0 such that

u ∈ Sc, ∥ u − ū ∥≤ 3δ ⇒∥ I|′
Sc

(u) ∥≥ ϱ.

(3.66)

By a standard argument, we deduce that

lim
t→1

ūt − ū = 0.

(3.67)

Thus, there exists δ1 ∈ (0, 1/4) such that

|t − 1| < δ1 ⇒ ūt − ū < δ.

(3.68)

In view of (3.32), we have

I (ūt) ≤ I(ū) −
a(1 − t2)2

4
∥ ∇ū ∥2

2= m(c) −
a(1 − t2)2

4
∥ ∇ū ∥2

2, ∀ t > 0.

(3.69)

From (F3), (3.21), (3.30), (3.34) and (3.35), we deduce that there exist T1 ∈ (0, 1) and T2 ∈ (1, ∞)

such that

J (ūT1) > 0, J (ūT2) < 0.

m(c) ≤ I (ūt̄) =
at̄2

2
∥ ∇ū ∥2

2 +
bt̄4

4
∥ ∇ū ∥4

2 −t̄−3 ∫
R3

K(t̄−1x)F(t̄3/2ū)dx

= I (ūt̄) + t̄−3 ∫
R3

[K(t̄−1x)F(t̄3/2ū) − K(t̄−1x)F(t̄3/2ū)]dx

≤ I (ūt̄) ≤ I(ū) −
a(1 − t̄2)2

4
∥ ∇ū ∥2

2= m(c) −
a(1 − t̄2)2

4
∥ ∇ū ∥2

2,∣ ∥ ∥∥ ∥



(3.70)

Let ε:= min {a(1 − T 2
1 )2 ∥ ∇ū ∥2

2 /12, a(1 − T 2
2 )2 ∥ ∇ū ∥2

2 /12, 1, ϱδ/8} and 
S := B(ū, δ) ∩Sc. By [153, Lemma 2.3], there exists a deformation η ∈ C ([0, 1] ×Sc,Sc) such
that

By Corollary 3.1, I (ūt) ≤ I(ū) = m(c) for t > 0, then it follows from (3.68) and (ii) that

I (η (1, ūt)) ≤ m − ε, ∀ t > 0, |t − 1| < δ1.

(3.71)

On the other hand, by (iii) and relation (3.69), one has

(3.72)

where

δ2 :=
a

4
min {(1 − T 2

1 )2, (1 − T 2
1 )2} > 0.

Combining (3.71) with (3.72), we have

max
t∈[T1,T2]

I (η (1, ūt)) < m(c).

(3.73)

Define Ψ0(t) := J (η (1, ūt)) for t > 0. It follows from (3.69) and i) that η(1, ūt) = ūt for 
t = T1 and t = T2, which, together with (3.70), implies

Ψ0(T1) = J (ūT1) > 0, Ψ0(T2) = J (ūT1) < 0.

Since Ψ0(t) is continuous on (0, ∞), then we have that η (1, ūt) ∩Mc ≠ ∅ for some t0 ∈ [T1,T2],
contradicting to the definition of m(c). □

η(1,u) = u if I(u) < m(c) − 2ε or I(u) > m(c) + 2ε;(i)

η (1, Im(c)+ε ∩S ) ⊂ Im(c)−ε;(ii)

I(η(1,u)) ≤ I(u), ∀ u ∈ Sc;(iii)

η(1,u) is a homeomorphism of Sc.(iv)

I (η (1, ūt)) ≤ I (ūt) ≤ m −
a(1 − t2)2

4
∥ ∇ū ∥2

2

≤ m − δ2 ∥ ∇ū ∥2
2, ∀ t > 0, |t − 1| ≥ δ1,



Lemma 3.14  ⏎ Assume that (K1), (K2) and (F1)–(F3) hold. If ū ∈ Sc is a critical point of I Sc
,

then J(ū) = 0, and there exists λc < 0 such that I ′(ū) − λcu = 0.
Proof. Since (I|Sc

)′(ū) = 0, there exists λc ∈ R such that I ′(ū) − λcū = 0, and so

⟨I ′(ū) − λcū,u⟩ = a ∥ ∇ū ∥2
2 +b ∥ ∇ū ∥4

2 −∫
R3

K(x)f(ū)ūdx − λc ∥ ū ∥2
2= 0.

(3.74)

Moreover, ū satisfies the following Pohozaev identity:

P(ū) :=
a

2
∥ ∇ū ∥2

2 +
b

2
∥ ∇ū ∥4

2 −∫
R3

[3K(x) + ∇K(x) ⋅ x]F(ū)dx −
3λc

2
∥ ū ∥2

2= 0.

(3.75)

Relations (3.30), (3.74) and (3.75) yield

J(ū) =
3

2
⟨I ′(ū) − λcū, ū⟩ −P(ū) = 0.

Noticing that ∥ ū ∥2
2= c, it follows from (K2), (F1), (3.74) and (3.75) that

and so λc < 0. This completes the proof. □

3.2.1 Proof of Theorem 3.1

In view of Lemmas 3.7, 3.8 and 3.12–3.14, for each c > 0 there exists ūc ∈ Mc such that

I(ūc) = m(c) = inf
u∈Sc

max
t>0

I((ūc)
t) > 0, I ′(ūc) = 0,

and there exists Lagrange multiplier λc ∈ R
− such that (ūc,λc) is a solution of (3.1). □

3.3 The L2-subcritical case

In this section, we give the proof of Theorem 3.2.

3.3.1 Global minimizers on the constraint Sc

∣2λc = ∫
R3

{K(x)f(ū)ū − [6K(x) + 2∇K(x) ⋅ x]F(ū)}dx

= ∫
R3

{K(x)[f(ū)ū − μF(ū)] − [(6 − μ)K(x) + 2∇K(x) ⋅ x]F(ū)}dx < 0,



We start with a qualitative property of the constrained minimization problem.

Lemma 3.15  ⏎ Assume that (K1) and (F4) hold. Then

Proof. (i) Using (F4), for any ε > 0, there exists Cε > 0 such that

|f(t)t| + |F(t)| ≤ ε|t|2 + Cε|t|
p, ∀ t ∈ R.

(3.76)

By (3.3), (3.41) and (3.76), we obtain for all u ∈ Sc

(3.77)

which, together with 0 < 3(p − 2)/2 < 4, shows that I is bounded from below on Sc for any c > 0

, hence σ(c) is well defined. Noting that ut ∈ Sc for all u ∈ Sc, from (3.28) and (3.76), we deduce
that I(ut) → 0 as t → 0, and so σ(c) ≤ 0 for any c > 0.

(ii) By (F4) and (F6), there exist δ0, ϱ0 > 0 such that

|F(t)| ≥ δ0|t|q0 , ∀|t| ≤ ϱ0.

(3.78)

For any c > 0, we choose a function u0 ∈ C ∞
0 (R3, [−ϱ0, ϱ0]) satisfying ∥ u0 ∥2

2= c. Then it
follows from (3.28) and (3.78) that

I(ut
0) ≤

at2

2
∥ ∇u0 ∥2

2 +
bt4

4
∥ ∇u0 ∥4

2 −K∞δ0t
3(q0−2)/2 ∥ u0 ∥q0

q0
, ∀ 0 < t ≤ 1.

(3.79)

Since 0 < 3(q0 − 2)/2 < 2, relation (3.79) implies that I(u0
t) < 0 for small t ∈ (0, 1). Jointly

with the fact that ∥ u0
t ∥2=∥ u0 ∥2, we obtain σ(c) ≤inft∈(0,1] I(u0

t) < 0.
(iii) Set the following scaling

for any c > 0, σ(c) =infu∈Sc
I(u) is well defined and σ(c) ≤ 0;(i)

for any c > 0 , then σ(c) < 0 if (F6) holds;(ii)

there exists C0 > 0 such that σ(c) < 0 for any c > C0 if (F5) holds.(iii)

I(u) ≥
a

2
∥ ∇u ∥2

2 +
b

4
∥ ∇u ∥4

2 − sup
R3

K (ε ∥ u ∥2
2 +Cε ∥ u ∥p

p)

≥
a

2
∥ ∇u ∥2

2 +
b

4
∥ ∇u ∥4

2 − sup
R3

K(ε ∥ u ∥2
2 +CεC (p) ∥ ∇u ∥

3(p−2)
2

2 ∥ u ∥
6−p

2
2 ),



ut(x) := t1/2u(x/t), ∀ u ∈ H 1(R3), t > 0.

(3.80)

Note that (F5) implies

F(t)

|t|μ0−1t
is nondecreasing on(−∞, 0)and(0, ∞).

(3.81)

For any u ∈ S1, by (3.3), (3.80) and (3.81), we have for all t > 1

(3.82)

which, together with 3 + μ0/2 > 4, implies that I(ut) → −∞ as t → +∞. Since 
∥ ut ∥2

2= t4 ∥ u ∥2
2= t4 for u ∈ S1 and t > 0, there exists C0 > 0 such that σ(c) < 0 for any 

c > C0. □

Noticing that Lemma 3.15 implies

{c ∈ (0, +∞): σ(c) < 0} ≠ ∅,

(3.83)

we deduce that

c∗ =inf {c ∈ (0, +∞): σ(c) < 0}

is well-defined.

Lemma 3.16  ⏎ Assume that (K1) and (F4) hold. Then the following properties are fulfilled:

(i) if (F6) holds, then c∗ = 0;

(ii) if (F5) and (F6′) hold, then c∗ ∈ (0, +∞) , moreover, σ(c) = 0 for any c ∈ (0, c∗] and
σ(c) < 0 for any c > c∗.

Proof. (i) Obviously, property (i) follows directly from Lemma 3.15 (ii).
(ii) We first prove that c∗ > 0. From (F4), (F6′) and (3.41), we obtain

I(ut) =
at2

2
∥ ∇u ∥2

2 +
bt4

4
∥ ∇u ∥4

2 −t3 ∫
R3

K(tx)F (t1/2u)dx

≤
at2

2
∥ ∇u ∥2

2 +
bt4

4
∥ ∇u ∥4

2 −K∞t3+μ0/2 ∫
R3

F(u)dx,



(3.84)

By straightforward computation, there exists a constant ϵ > 0 small enough such that

ϵ
2
3 ≤

a

4C4
and ϵ

6−p

14−3p ≤ C
4

3p−14

4

4a

14 − 3p
( 4b

3p − 10
)

3p−10
14−3p

.

(3.85)

For any u ∈ Sϵ, namely ∥ u ∥2
2= ϵ, it follows from (3.3), (3.84) and (3.85) that

(3.86)

Next, combining Young's inequality with relation (3.85), we have

(3.87)

which, together with (3.86), leads to I(u) ≥ 0 for u ∈ Sϵ. On the other hand, by Lemma 3.15 (i),
we have σ(c) ≤ 0 for c > 0. This shows that c∗ =inf {c ∈ (0, +∞),σ(c) < 0} > 0. Moreover,
from the definition of c* and Lemma 3.15 (i), we deduce that σ(c) = 0 for any c ∈ (0, c∗] and 
σ(c) < 0 for any c > c∗. □

Lemma 3.17  ⏎ Assume that (K1), (K3), (F4), (F5) and either of (F6) and (F6′) hold. Then

(i) for any c > 0, σ(c) is continuous;

(ii) for any c > c∗,

∫
R3

F(u)dx ≤ C3 (∥ u ∥
10
3
10
3

+ ∥ u ∥p
p)

≤ C4 (∥ ∇u ∥2
2∥ u ∥

4
3

2 + ∥ ∇u ∥
3(p−2)

2
2 ∥ u ∥

6−p

2
2 ), ∀ u ∈ H 1(R3).

I(u) ≥
a

2
∥ ∇u ∥2

2 +
b

4
∥ ∇u ∥4

2 −C4 (∥ u ∥
4
3

2 ∥ ∇u ∥2
2 + ∥ u ∥

6−p

2
2 ∥ ∇u ∥

3(p−2)
2

2 )

≥
1

4
∥ ∇u ∥2

2 (a + b ∥ ∇u ∥2
2 −C4ϵ

6−p

4 ∥ ∇u ∥
3p−10

2
2 ).

C4ϵ
6−p

4 ∥ ∇u ∥
3p−10

2
2 = ( 4b

3p − 10
)

3p−10
4

∥ ∇u ∥
3p−10

2
2 ⋅( 3p − 10

4b
)

3p−10
4

C4ϵ
6−p

4

≤ b ∥ ∇u ∥2
2 +C

4
14−3p

4

14 − 3p

4
( 3p − 10

4b
)

3p−10
14−3p

ϵ
6−p

14−3p

≤ b ∥ ∇u ∥2
2 +a,



σ(c) < σ(α) + σ(c − α), ∀ 0 < α < c.

(3.88)

Proof. (i) For any c > 0, let cn > 0 and cn → c. For every n ∈ N, let un ∈ Scn  such that 
I(un) < σ(cn) + 1

n
≤ 1

n
. Then (3.77) implies that {un} is bounded in H 1(R3) and

σ(c) ≤ I (√ c

cn
un) = I(un) + o(1) ≤ σ(cn) + o(1).

(3.89)

On the other hand, given a minimizing sequence {vn} ⊂ Sc for I, we have

σ(cn) ≤ I(√ cn

c
vn) ≤ I(vn) + o(1) = σ(c) + o(1),

which, jointly to (3.89), gives limn→∞ σ(cn) = σ(c).
(ii) Note that (3.3) and (3.81) lead to

(3.90)

where the definition of ut is given by (3.80). Let {un} ⊂ Sc be such that I(un) → σ(c) for any 
c > 0. Since ∥ (un)t ∥2

2= t4 ∥ un ∥2
2= t4c for all t > 0, it follows from (3.90) that

which implies

σ(tc) ≤ tσ(c), t > 1, c > 0.

(3.91)

Let {un} ⊂ Sc be such that I(un) → σ(c) for any c > c∗.
We claim that exists a constant ρ0 > 0 such that

I(ut) =
at2

2
∥ ∇u ∥2

2 +
bt4

4
∥ ∇u ∥4

2 −t3 ∫
R3

K(tx)F (t1/2u)dx

≤
at2

2
∥ ∇u ∥2

2 +
bt4

4
∥ ∇u ∥4

2 −t4 ∫
R3

t(μ0−2)/2K(tx)F(u)dx

≤ t4I(u) +
at2(1 − t2)

2
∥ ∇u ∥2

2< t4I(u), ∀ u ∈ Sc, c > 0, t > 1,

σ(t4c) ≤ I((un)t) ≤ t4I(un) −
at2(t2 − 1)

2
∥ ∇un ∥2

2

≤ t4σ(c) + o(1), ∀ t > 1,



lim inf
n→∞

∥ ∇un ∥2> ρ0.

(3.92)

Otherwise, if (3.92) is not true, then up to a subsequence, ∥ ∇un ∥2→ 0, and so (3.77) yields 
0 > σ(c) =limn→∞ I(un) = 0. This contradiction shows that (3.92) holds.

Since ∥ (un)t ∥2
2= t4 ∥ un ∥2

2= t4c for all t > 0, it follows from (3.90) and (3.92) that

which implies

σ(tc) < tσ(c), t > 1, c > c∗.

(3.93)

If α > c∗ and c − α > c∗, we then conclude from (3.93) that for any c > c∗,

σ(c) =
α

c
σ(c) +

c − α

c
σ(c) < σ(α) + σ(c − α), ∀ 0 < α < c.

If α ≤ c∗ or c − α ≤ c∗, then Lemma 3.16 (ii) implies that σ(c − α) = 0 or σ(α) = 0, and we
deduce easily from (3.93) that (3.88) holds for any c > c∗. This completes the proof. □

Lemma 3.18  ⏎ Assume that (K1), (K3), (F4) and (F5) hold. Then the following properties hold:

(i) σ(c) ≤ σ∞(c) for any c > 0;

(ii) if (F6) holds, then σ(c) has a minimizer for any c > 0;

(iii) if (F6′) holds, then σ(c) has a minimizer for any c ≥ c∗ and σ(c∗) = 0.

Proof. (i) Let {un} ⊂ Sc be such that I∞(un) → σ∞(c) for any c > 0. Since K∞ ≤ K(x) for
all x ∈ R3, it follows from (3.3) and (3.12) that

σ(c) ≤ I(un) ≤ I∞(un) = σ∞(c) + o(1),

which implies that σ(c) ≤ σ∞(c) for any c > 0.
(ii) In view of Lemma 3.15 (ii), we have σ(c) < 0 for any c > 0. Let {un} ⊂ Sc be such that 

I(un) → σ(c) for any c > 0. Then (3.77) implies that {un} is bounded in H 1(R3). Thus, we can
assume that for some ū ∈ H 1(R3) and up to a subsequence, un ⇀ ū in H 1(R3). Here, we
distinguish two cases: a) ū ≠ 0 and b) ū = 0.

σ(t4c) ≤ I((un)t) ≤ t4I(un) −
at2(t2 − 1)

2
∥ ∇un ∥2

2

≤ t4σ(c) −
at2(t2 − 1)

2
ρ2

0 + o(1), ∀ t > 1,



Case a): ū ≠ 0. Then un ⇀ ū in H 1(R3), un → ū in Ls
loc(R3) for 2 ≤ s < 6 and un → ū

a.e. in R3. By Lemmas 3.11 and 3.17, we have

(3.94)

If ∥ ū ∥2
2< c, then (3.94) and Lemma 3.17 (ii) imply

σ(c) ≥ σ(∥ ū ∥2
2) + σ(c− ∥ ū ∥2

2) > σ(c),

which is impossible. This shows that ∥ ū ∥2
2= c =∥ un ∥2

2. Moreover, it follows from (3.94) that 
un → ū in H 1(R3), and so σ(c) =limn→∞ I(un) = I(ū). Hence, ū is a minimizer of σ(c) for
any c > 0 if ū ≠ 0.

Case b): ū = 0, that is, un ⇀ 0 in H 1(R3). Then un → 0 in Ls
loc(R3) for 2 ≤ s < 6 and 

un → 0 a.e. in R3. By (K1), we deduce that

∫
R3

[K(x) − K∞]F(un)dx = o(1).

(3.95)

Then (3.3), (3.12) and (3.95) imply

I∞(un) → σ(c).

(3.96)

We claim that

δ := lim sup
n→∞

sup
y∈R3

∫
B1(y)

|un|2dx > 0.

(3.97)

In fact, if δ=0, then by Lions' concentration-compactness principle [153, Lemma 1.21], we have
that un → 0 in Ls(R3) for 2 < s < 6, and so (3.76) implies that ∫

R3 F(un)dx → 0. Then by (3.3),
we have

0 > σ(c) = lim
n→∞

I(un) = lim
n→∞

( a

2
∥ ∇un ∥2

2 +
b

4
∥ ∇un ∥4

2) ≥ 0,

σ(c) = lim
n→∞

I(un) = I(ū)+ lim
n→∞

[I(un − ū) +
b

2
∥ ∇ū ∥2

2∥ ∇(un − ū) ∥2
2]

≥ σ(∥ ū ∥2
2)+ lim

n→∞
σ(∥ un − ū ∥2

2) = σ(∥ ū ∥2
2) + σ(c− ∥ ū ∥2

2).



which is impossible. Hence, we have δ > 0, and there exists {yn} ⊂ R3 such that

∫
B1(yn)

|un|2dx ≥
δ

2
.

(3.98)

Let ûn(x) = un(x + yn). Then (3.96) leads to

ûn ∈ Sc, I∞(ûn) → σ(c).

(3.99)

In view of (3.98), we may assume that there exists û ∈ H 1(R3) ∖ {0} such that, passing to a
subsequence,

(3.100)

Then it follows from (3.99), (3.100), (i), Lemmas 3.11 and 3.17 that

(3.101)

If ∥ û ∥2
2< c, then (3.101) and Lemma 3.17 (ii) imply

σ(c) ≥ σ(∥ û ∥2
2) + σ(c− ∥ û ∥2

2) > σ(c),

which is impossible. Hence, ∥ û ∥2
2= c, moreover, it follows from (3.101) that

ûn → û in H 1(R3), σ(c) ≤ I(û) ≤ I∞(û) = lim
n→∞

I∞(ûn) = σ(c).

(3.102)

This shows that û is a minimizer of σ(c) for any c > 0.

⎧⎪⎨⎪⎩ûn ⇀ û, in H 1(R3);

ûn → û, in Ls
loc(R3), ∀ s ∈ [1, 6);

ûn → û, a.e. on R3.

σ(c) = lim
n→∞

I∞(ûn)

= I∞(û)+ lim
n→∞

[I∞(ûn − û) +
b

2
∥ ∇û ∥2

2∥ ∇(ûn − û) ∥2
2]

≥ σ∞(∥ û ∥2
2)+ lim

n→∞
σ∞(∥ ûn − û ∥2

2)

= σ∞(∥ û ∥2
2) + σ∞(c− ∥ û ∥2

2) ≥ σ(∥ û ∥2
2) + σ(c− ∥ û ∥2

2),



(iii) In view of Lemma 3.15 (iii), we have σ(c) < 0 for any c > c∗. Arguing as in the proof of
(ii), we deduce that σ(c) is attained for any c > c∗. Let cn = c∗ + 1

n
. Note that Lemma 3.16 (ii),

leads to σ(cn) < 0 for every n ∈ N. Arguing as in the proof of (ii), there exists {un} ⊂ Scn  such
that

I(un) = σ(cn) < 0 for every n ∈ N.

(3.103)

By the definition of c* and Lemma 3.17 (i), we have I(un) = σ(cn) → σ(c∗) = 0. Then (3.77)
implies that {un} is bounded in H 1(R3). We then may assume that there exists ū ∈ H 1(R3) such
that, up to a subsequence, un ⇀ ū in H 1(R3). To prove that σ(c∗) is attained, we need to
distinguish two cases: a) ū ≠ 0 and b) ū = 0.

Case a): ū ≠ 0. By Lemmas 3.11, 3.16 and 3.17, we have

which implies

lim
n→∞

∥ ∇(un − ū) ∥2= 0,

(3.104)

and so a standard argument shows that I(ū) =limn→∞ I(un) = σ(c∗) = 0.
To prove that ū is a minimizer of σ(c∗), it suffices to show that ∥ ū ∥2

2= c∗. By contradiction,
let us assume that ∥ ū ∥2

2< c∗. Let

t∗ = ( c∗

∥ ū ∥2
2

)

1
4

.

Then t∗ > 1, and ∥ ūt∗ ∥2
2= (t∗)4 ∥ ū ∥2

2= c∗ by the scaling (3.80). Thus, it follows from (3.90)
that

0 = σ(c∗) ≤ I(ūt∗) ≤ (t∗)4I(ū) +
a(t∗)2[1 − (t∗)2]

2
∥ ∇ū ∥2

2< (t∗)4I(ū) = 0.

(3.105)

This contradiction shows that ∥ ū ∥2
2= c∗. Hence, ū ∈ Sc∗  and I(ū) = σ(c∗) = 0.

0 = σ(c∗) = lim
n→∞

I(un) = I(ū)+ lim
n→∞

[I(un − ū) +
b

2
∥ ∇ū ∥2

2∥ ∇(un − ū) ∥2
2]

≥ σ(∥ ū ∥2
2)+ lim

n→∞
σ(∥ un − ū ∥2

2)

= σ(∥ ū ∥2
2) + σ(c∗− ∥ ū ∥2

2) = 0,



Case b): ū = 0. By (3.12) and (3.95), one has I∞(un) → 0. We claim that (3.97) holds. In
fact, if δ = 0, by Lions' concentration-compactness principle [153, Lemma 1.21], one has 
un → 0 in Ls(R3) for 2 < s < 6. By (F4) and (F6′), for any ε > 0, there exists Cε > 0 such that

|F(t)| ≤ ε|t|
10
3 + Cε|t|

p, ∀ t ∈ R.

(3.106)

Then (3.106) implies ∫
R3 F(un)dx → 0. Jointly with I(un) → 0, we have ∥ ∇un ∥2→ 0. From

(3.3), (3.41) and (3.106), we deduce

I(un) ≥
1

4
∥ ∇un ∥2

2 (2a + b ∥ ∇un ∥2
2 −4ε ∥ un ∥

4
3

2 −4Cε ∥ un ∥
6−p

2
2 ∥ ∇un ∥

3p−10
2

2 ), ∀ n ∈ N,

which, together with 3p − 10 > 0 and arbitrariness of ε, implies that I(un) ≥ 0 for large n ∈ N.
This contradicts (3.103), and thus (3.97) holds. Let ûn(x) = un(x + yn). From (3.97), there
exists û ∈ H 1(R3) ∖ {0} such that, passing to a subsequence, ûn ⇀ û in H 1(R3). Similarly to
the proof of (3.101), we have

(3.107)

which implies

lim
n→∞

∥ ∇(ûn − û) ∥2= 0.

Proceeding as in the proof of Case a), we conclude that û ∈ Sc∗  and I(û) = σ(c∗) = 0. □

3.3.2 Local minimizers on the manifold

We now look for a local minimizer of I on the constraint Sc, which is a critical point of I|Sc
.

For k > 0, set

Sc(k) := {u ∈ Sc :∥ ∇u ∥2
2= k}.

For any 0 < c < c∗ and u ∈ Sc, it follows from (3.3), (3.41) and (3.106) that

0 = σ(c∗) = lim
n→∞

I∞(ûn)

= I∞(û)+ lim
n→∞

[I∞(ûn − û) +
b

2
∥ ∇û ∥2

2∥ ∇(ûn − û) ∥2
2]

≥ σ∞(∥ û ∥2
2)+ lim

n→∞
σ∞(∥ ûn − û ∥2

2)

= σ∞(∥ û ∥2
2) + σ∞(c∗− ∥ û ∥2

2) ≥ σ(∥ û ∥2
2) + σ(c∗− ∥ û ∥2

2) = 0,



I(u) ≥
1

4
∥ ∇u ∥2

2 (2a + b ∥ ∇u ∥2
2 −4εc

2
3

∗ − 4Cεc
6−p

4
∗ ∥ ∇u ∥

3p−10
2

2 ).

(3.108)

Since 3p − 10 > 0 and ε is arbitrary, there exists k0 > 0 independent of c such that

I∞(u) ≥ I(u) ≥
ak

4
> 0, ∀ u ∈ Sc(k), 0 < k ≤ k0.

(3.109)

In view of Lemma 3.15 (i), we have

σ̄(c):= inf
u∈Sc∖⋃0<k≤k0

Sc(k)
I(u) ≥ inf

u∈Sc

I(u) = σ(c) > −∞, ∀ c > 0.

(3.110)

Lemma 3.19  Assume that (K1), (K3), (F4), (F5) and (F6′) hold. Then σ̄(c) is continuous on
(0, +∞) and for any c > 0,

σ̄(c) < σ̄(α) + σ̄(c − α), ∀ 0 < α < c.

(3.111)

Proof. Similarly to the proof of Lemma 3.17, we deduce that σ̄(c) is continuous for any c > 0.
Let {un} ⊂ Sc ∖ ⋃0<k≤k0

Sc(k) be such that I(un) → σ̄(c) for any c > 0. Then (3.77) implies
that {un} is bounded in H 1(R3). Noting that ∥ ∇un ∥2

2> k0 and ∥ (un)t ∥2
2= t4 ∥ un ∥2

2= t4c for
all n ∈ N and t > 0, it follows from (3.90) that

which implies

σ̄(tc) < tσ̄(c), t > 1, c > 0.

(3.112)

Then it follows from (3.112) that

σ̄(c) =
α

c
σ̄(c) +

c − α

c
σ̄(c) < σ̄(α) + σ̄(c − α), ∀ 0 < α < c.

σ̄(t4c) ≤ I((un)t) ≤ t4I(un) −
at2(t2 − 1)

2
∥ ∇un ∥2

2

≤ t4σ̄(c) −
at2(t2 − 1)

2
k2

0 + o(1), ∀ t > 1, c > 0,



This completes the proof. □

The following property is concerned with the study of the geometry of local minima.

Lemma 3.20  Assume that (K1), (K3), (F4), (F5) and (F6′) hold. Then there exists 0 < c0 < c∗

such that

0 < σ̄(c) <
a

4
k0 ≤ inf

u∈Sc(k0)
I(u), ∀ c ∈ (c0, c∗).

(3.113)

Proof. By the definition of c* (see (3.9)), Lemma 3.15 (i) and (3.110), one has

σ̄(c) ≥ σ(c) = 0, ∀ 0 < c < c∗.

(3.114)

We first prove that σ̄(c) > 0 for all 0 < c < c∗. If not, then σ̄(c̄) = 0 for some c̄ ∈ (0, c∗), and so
there exists {un} ⊂ Sc̄ ∖ ⋃0<k≤k0

Sc̄(k) such that I(un) → 0 and ∥ ∇un ∥2
2> k0. Since 

∥ (un)t ∥2
2= t4 ∥ un ∥2

2= t4c̄ by the scaling (3.80), it follows from (3.90) that

which contradicts (3.114). Hence, σ̄(c) > 0 for all 0 < c < c∗.
Next, we prove that there exists c0 > 0 such that the last inequality of (3.113) holds. In view of

Lemma 3.18 (iii), there exists u∗ ∈ Sc∗  such that I(u∗) = σ(c∗) = 0. From the continuity of 
I(tu∗) on t ∈ (0, ∞), we deduce that there exists a constant t0 ∈ (0, 1) sufficiently close to 1 such
that

I(tu∗) <
a

4
k0, ∀ t0 ≤ t ≤ 1,

(3.115)

which, together with (3.109), implies

tu∗ ∈ Stc∗ ∖ ⋃
0<k≤k0

Stc∗(k), ∀ t0 ≤ t ≤ 1.

(3.116)

σ̄(t4c̄) ≤ lim
n→∞

I((un)t) ≤ lim
n→∞

[t4I(un) −
at2(t2 − 1)

2
∥ ∇un ∥2

2]

≤ −
ak0t

2(t2 − 1)

2
< 0, ∀ 1 < t < ( c∗

c̄
)

1/4
,



Letting c0 = t0c∗, it follows from (3.109), (3.115) and (3.116) that for any c ∈ (c0, c∗), there exists 
v∗ ∈ Sc ∖ ⋃0<k≤k0

Sc(k) such that

σ̄(c) ≤ I(v∗) <
a

4
k0 ≤ inf

u∈Sc(k0)
I(u).

The proof is completed. □

Define

σ̄∞(c):= inf
u∈Sc∖⋃0<k≤k0

Sc(k)
I∞(u) ≥ inf

u∈Sc

I∞(u) = σ∞(c) > −∞, ∀ c > 0.

(3.117)

Lemma 3.21  ⏎ Assume that (K1), (K3), (F4), (F5) and (F6′) hold. Then

(i) σ̄(c) ≤ σ̄∞(c) for any c > 0;

(ii) for any c ∈ (c0, c∗) , ( 3.1 ) admits a solution (ūc, λ̄c) ∈ (Sc ∖ ⋃0<k<k0
Sc(k)) × R

such that I(ūc) = σ̄(c) > 0.

Proof. (i) Similarly to the proof of Lemma 3.18 (i), we get σ̄(c) ≤ σ̄∞(c) for any c > 0.
(ii) By Ekeland's variational principle, there exists a sequence {un} ⊂ Sc ∖ ⋃0<k≤k0

Sc(k) such
that

(3.118)

Then (3.77) implies that {un} is bounded in H 1(R3). We then may assume that for some 
ūc ∈ H 1(R3) such that up to a subsequence, un ⇀ ūc in H 1(R3), un → ūc in Ls

loc(R3) for 
2 ≤ s < 6 and un → ūc a.e. in R3. For brevity, we denote ūc by ū. We complete our proof in two
steps as follows.

Step 1. We prove that if ū ≠ 0, then I(ū) = σ̄(c) and there exists λ̄ ∈ R such that 
I ′(ū) − λ̄u = 0 for any c ∈ (c0, c∗).

Similarly to the proof of relation (3.17) in [158], we have

|⟨I ′(un) − λnun,φ⟩| ≤
C

n
, ∀ φ ∈ C ∞

0 (R3),

(3.119)

{
σ̄(c) ≤ I(un) ≤ σ̄(c) + 1

n
,

I(v) ≥ I(un) − 1
n

∥ un − v ∥, ∀ v ∈ Sc ∖ ⋃0<k≤k0
Sc(k).



where λn = − ⟨I ′(un),un⟩

c
 and C > 0 is a constant independent of n. Since {λn} is bounded, we

may assume that up to a subsequence, λn → λ̄ for some λ̄ ∈ R. Now, we claim that

up to a subsequence ∥ ∇(un − ū) ∥2→ 0 if ū ≠ 0.

(3.120)

Assume by contradiction that lim inf
n→∞

∥ ∇(un − ū) ∥2
2> 0. Then it follows from the scaling

(3.80) that there exists T0 > 1 such that

∥ ∇ūt ∥2
2= t2 ∥ ∇ū ∥2

2> k0, ∥ ∇(un − ū)t ∥2
2= t2 ∥ ∇(un − ū) ∥2

2> k0, ∀ t > T0.

(3.121)

By (3.90), (3.118) and Lemma 3.11, we have

(3.122)

From (3.77), we deduce

lim inf
t→+∞

σ̄(t4c)

t4
≥ 0.

(3.123)

By (3.123), there exists T1 ≥ T0 such that

1

T 4
1

σ̄(T 4
1 c) ≥ −

ak0

16
,

aT 2
1 (T 2

1 − 1)

2t4
k0 ≥

3ak0

8
.

(3.124)

Then (3.113), (3.122) and (3.124) lead to

ak0

4
> σ̄(c) ≥

1

T 4
1

σ̄(T 4
1 c) +

aT 2
1 (T 2

1 − 1)

2t4
k0 ≥

5ak0

16
.

σ̄(c) + o(1) = I(un) = I(ū) + I(un − ū) +
b

2
∥ ∇ū ∥2

2∥ ∇(un − ū) ∥2
2

≥
1

t4
[I(ūt) + I((un − ū)t)] +

at2(t2 − 1)

2t4
[∥ ∇ū ∥2

2 + ∥ ∇(un − ū) ∥2
2]

≥
1

t4
[σ̄(t4 ∥ ū ∥2

2) + σ̄(t4c − t4 ∥ ū ∥2
2)] +

at2(t2 − 1)

2t4
∥ ∇un ∥2

2 +o(1)

≥
1

t4
σ̄(t4c) +

at2(t2 − 1)

2t4
k0 + o(1), ∀ t ≥ T0.



(3.125)

This contradiction shows that relation (3.120) holds. Thus, from (F4), (F5), (3.118), (3.119) and
(3.120), we obtain

σ̄(c) = lim
n→∞

I(un) = I(ū)

(3.126)

and for all φ ∈ C ∞
0 (R3)

(3.127)

By Fatou's lemma, one has ∥ ū ∥2
2≤ lim inf

n→∞
∥ un ∥2

2= c. In view of (3.126) and (3.127), to finish

the proof of Step 1, it suffices to show that ∥ ū ∥2
2= c.

Suppose by contradiction that ∥ ū ∥2
2< c. As in [158, (3.14)], for any ε > 0, there exists 

δ = δ(ε) > 0 such that if u ∈ ⋃k0−δ≤k≤k0+δSc(k), then

I(u) ≥ inf
u∈Sc(k0)

I(u) − ε,

and so

un ∈ Sc ∖ ⋃
0≤k≤k0+δ

Sc(k), for n large enough,

(3.128)

that is, {un} stays away from the boundary. Jointly with (3.120), we have ∥ ∇ū ∥2
2> k0. Let 

t̄ := (c/ ∥ ū ∥2
2)1/4 > 1. By the scaling (3.80), one has ∥ ūt̄ ∥2

2= t̄4 ∥ ū ∥2
2 and 

∥ ∇ūt̄ ∥2
2= t̄2 ∥ ∇ū ∥2

2> k0. Then it follows from (3.90) and (3.126) that

t̄4σ̄(c) = t̄4I(ū) ≥ I(ūt̄) +
at̄2(t̄2 − 1)

2
∥ ∇ū ∥2

2≥ σ̄(c) +
at̄2(t̄2 − 1)

2
k0,

0 = lim
n→∞

⟨I ′(un) − λnun,φ⟩

= lim
n→∞

[a∫
R3

∇un ⋅ ∇φdx + b ∥ ∇un ∥2
2 ∫

R3

∇un ⋅ ∇φdx

−∫
R3

K(x)f(un)φdx − λn ∫
R3

unφdx]

= a∫
R3

∇ū ⋅ ∇φdx + b ∥ ∇ū ∥2
2 ∫

R3

∇ū ⋅ ∇φdx − ∫
R3

K(x)f(ū)φdx − λ̄∫
R3

ūφdx

= ⟨I ′(ū) − λ̄ū,φ⟩.



(3.129)

which implies

σ̄(c) ≥
a√ck0

2(∥ ū ∥ +√c)
>

ak0

4
, ∀ c ∈ (c0, c∗).

This contradicts (3.113). Hence, we have ∥ ū ∥2
2= c, moreover, (3.127) implies that 

(ū, λ̄) ∈ (Sc ∖ ⋃0<k≤k0
Sc(k)) × R solves (3.1). The proof of Step 1 is completed.

Step 2. We prove that ū ≠ 0.

Assume by contradiction that ū = 0, that is, un ⇀ 0 in H 1(R3). Then un → 0 in Ls
loc(R3) for

2 ≤ s < 6 and un → 0 a.e. in R3. Then (3.3), (3.12), (3.95) and (3.118) imply

I∞(un) → σ̄(c).

(3.130)

We first prove that {un} is not vanishing, that is, relation (3.97) holds. Otherwise, if {un} is
vanishing, by Lions' concentration-compactness principle, we obtain that un → 0 in Ls(R3) for 
2 < s < 6, and so (3.106) implies that ∫

R3 F(un)dx → 0. Since {un} ⊂ Sc ∖ ⋃0<k≤k0
Sc(k),

by (3.3), (3.113) and (3.118), we have

ak0

2
+

bk2
0

4
≤ lim

n→∞
( a

2
∥ ∇un ∥2

2 +
b

4
∥ ∇un ∥4

2) = lim
n→∞

I(un) = σ̄(c) <
ak0

4
,

which is impossible. Hence, relation (3.97) holds, and so there exists {yn} ⊂ R3 such that (3.98)
holds. Let ~un(x) = un(x + yn). Then (3.130) leads to

~un ∈ Sc ∖ ⋃
0<k≤k0

Sc(k), I∞(~un) → σ̄(c).

(3.131)

By reflexivity, there exists ~u ∈ H 1(R3) ∖ {0} such that, passing to a subsequence,

(3.132)

We also have

⎧⎪⎨⎪⎩~un ⇀ ~u, in H 1(R3);
~un → ~u, in Ls

loc(R3), ∀ s ∈ [1, 6);
~un → ~u, a.e. on R

3.



|⟨(I∞)′(~un) − λn
~un,φ⟩| ≤

C

n
, ∀ φ ∈ C ∞

0 (R3),

(3.133)

where λn and C > 0 are the same as that of (3.119). Arguing as in the proofs of (3.120), (3.126) and
(3.127), we obtain

up to a subsequence ∥ ∇(~un − ~u) ∥2→ 0

(3.134)

and

σ̄(c) = lim
n→∞

I∞(~un) = I∞(~u).

(3.135)

Moreover, as in the proof of Step 1, we have ∥ ~u ∥2
2= c and ∥ ∇~u ∥2

2> k0. Hence, 
~u ∈ Sc ∖ ⋃0<k≤k0

Sc(k). Since K(x) ≥ (≢)K∞ and ∥ ~u ∥2
2= c > 0, it follows that there exist 

r > 0 and x̄1, x̄2 ∈ R3 such that

K(x) − K∞ > 0, ∀|x − x̄1| < r, |~u(x)| > 0, ∀|x − x̄2| < r.

Let û(x) = ~u(x − x̄1 + x̄2). Then ∥ û ∥2
2= c, ∥ ∇û ∥2

2> k0 and I∞(û) = I∞(~u), which
together with (3.3), (3.12), implies that

σ̄(c) = I∞(û) > I(û) ≥ σ̄(c).

(3.136)

This contradiction shows that ū ≠ 0. □

3.3.3 Proof of Theorem 3.2

Note that if uc is a critical point of I|Sc
, then there exists λc ∈ R such that I ′(uc) − λcuc = 0.

From Lemmas 3.16, 3.18, and 3.21, we conclude that the conclusions of Theorem 3.2 hold. □

3.4 Historical comments

The Kirchhoff equation has been introduced for the first time in 1883 by Kirchhoff [88] in
dimension 1, without forcing term and with Dirichlet boundary conditions, in order to describe the
transversal free vibrations of a clamped string in which the dependence of the tension on the



deformation cannot be neglected. This is a quasi-linear partial differential equation, namely the
nonlinear part of the equation contains as many derivatives as the linear differential operator. The
Kirchhoff equation is an extension of the classical D'Alembert wave equation for free vibrations of
elastic strings. Kirchhoff's model takes into account the changes in length of the string produced by
transverse vibrations.

From the mathematical point of view, problem (3.1) is nonlocal due to the appearance of the term
∫
R3 |∇u|2dx indicates that (3.1) is not a pointwise identity. This kind of problem has been paid

much attention after the pioneering work of Lions [99], in which an abstract functional analysis
framework was introduced.

Nowadays, since physicists are interested in normalized solutions, mathematical researchers
began to focus on solutions having a prescribed L2-norm, that is, solutions which satisfy 
∥ u ∥2

2= c > 0 for a priori given c. To the best of our knowledge, the study of solutions with
prescribed norm was initiated by Jeanjean [78] in the framework of semilinear elliptic equations. In
this chapter, we studied in the existence of solutions with L2-prescribed norm and their qualitative
properties in the framework of nonlocal Kirchhoff problems. Our analysis includes both the L2-
supercritical case and the L2-subcritical growth.

To the best of our knowledge, solutions of problem (3.1) having a prescribed L2-norm have been
studied mainly in the case where K(x) ≡ 1. Let us introduce and review the few known results in
this respect. Ye [158] studied the existence and non-existence of normalized solutions to the
following special form of problem (3.1):

(3.137)

for p ∈ (2, 6), and showed that p = 14
3

 is a L2-critical exponent for problem (3.137), that is, for any
given c > 0,

More precisely, for any p ∈ (2, 14
3 ), Ye [158] obtained the sharp existence of global constraint

minimizers for (3.137) by solving the minimization problem (3.5). If p ∈ ( 10
3 , 14

3 ), Ye [158] found
a local minimizer which is also a critical point of I|Sc

 by constructing a geometry of local minima
for I. For the case p ∈ ( 14

3 , 6), to look for a critical point of I|Sc
, Ye [158] took a minimum on a

suitable submanifold

{
− (a + b ∫

R3 |∇u|2dx)Δu − λu = |u|p−2u in R3;

u ∈ H 1(R3)

{
σ(c) ∈ (−∞, 0], if p ∈ (2, 14

3 );

σ(c) = −∞, if p ∈ ( 14
3 , 6).



Mc :={u ∈ Sc : J(u) :=
d

dt
I(ut) t=1 = 0},

and showed that Mc is a natural constraint of I|Sc
 by using the Lagrange multiplier method, where

ut(x) := t3/2u(tx), ∀ t > 0,u ∈ H 1(R3),

and ut ∈ Sc for all t > 0 if u ∈ Sc. Note that this method relies heavily on the power-type
nonlinearity f(u) = |u|p−2u with p ∈ ( 14

3
, 6). Xie and Chen [155] generalized this special case to

general nonlinearities f satisfying lim|t|→∞
F(t)

|t|14/3 = +∞. Xie and Chen [155] proved the existence

of normalized solutions for problem (3.1) with K(x) ≡ 1 under additional growth and
monotonicity conditions. For the L2-critical case, Ye [157] proved that problem (3.137) with 
p = 14

3  has a solution (uc,λc) which satisfies ∥ uc ∥2
2= c > c∗ for some c∗ > 0. Additionally, it

was considered in [157, 158] the existence of normalized solutions for one-dimensional and two-
dimensional autonomous Kirchhoff type equations with power-type nonlinearity.

3.5 Final remarks, perspectives, and open problems

This chapter is concerned with the qualitative analysis of solutions with prescribed mass of
nonautonomous Kirchhoff equations in both sub- and super-critical cases. The analysis developed
in this chapter shows how the Kirchhoff nonlocality influences the existence of normalized
solutions compared to the classical Schrödinger case. A feature of the problem studied in this
context is given by the presence of the nonlocal term b(∫

R3 |∇u|2dx)Δu together with the L2-norm
constraint, which creates a competition between mass and Kirchhoff effects, complicating the
geometry of the energy functional.

The content of this chapter is based on the results established in [27]. Related results on
normalized solutions of Kirchhoff equations with generic double-behavior nonlinearities have been
obtained by Cai and Rǎdulescu [17], while further properties of constraint minimizers of mass
critical fractional Kirchhoff equations have been studied by Liu, Rǎdulescu and Yuan [103].
Recently, Chen and Tang [33] studied normalized solutions for Kirchhoff equations with Sobolev
critical exponent and mixed nonlinearities.

Some interesting open problems associated with the analysis developed in this chapter are stated
in what follows.

The first problem proposes to refine the analysis in the case of a non-autonomous potential
associated with the linear term.

Open Problem 1.  ⏎ Study the following Kirchhoff equation

∣



Mass Subcritical for Kirchhoff Equations:

Mass Supercritical for Kirchhoff Equations:

(3.138)

in the following cases:

Another exciting directions concerns the case of trapping potentials and nodal solutions.

Open Problem 2.  Assume that V is a trapping potential (or another type of potential, as
described previously). Can one find normalized solutions of problem (3.138) with a prescribed
number of nodes (sign changes)? The main difficulty is the coupling between the nonlocal term
and the nodal structure, which breaks the natural symmetric decreasing rearrangement
arguments.

The next open problem proposes a related analysis in the L2-critical case, which is notoriously
difficult under normalization.

Open Problem 3.  Assume that the nonlinearity is focusing (attractive) like f(u) ∼ |u|θ−1.
This chapter explicitly treats subcritical (θ < 14

3 ) and supercritical (θ > 14
3 ) cases but avoids

the L2-critical case, that is, if θ = 14
3 . In this case, does a nontrivial potential V help restore

existence for certain masses c? Can one determine a sharp threshold mass c∗ (depending on V)?

3.6 Glossary

In dimension N, this means that the nonlinearity
grows slower than |u|1+ 8

N , which is more restrictive than the usual |u|1+ 4
N  for standard

Schrödinger equations. This is because the Kirchhoff term ∥ ∇u ∥4
2 changes the scaling balance

when working with fixed L2-norm.

{− (a + b ∫
R3 |∇u|2dx)Δu − V (x)u = K(x)f(u) in R3;

u ∈ H 1(R3)

V is a confining potential, that is, V (x) → +∞ as |x| → ∞;(i)

V is a singular potential, that is, V (x) = |x|−m with 0 < m < 2. In this case, the
interplay between the nonlocal Kirchhoff term, the singular attractive potential, and the
L2-norm constraint is completely unexplored.

(ii)



Threshold Mass:

In dimension N, this means that the nonlinearity grows faster than |u|1+ 8
N . This means that the

nonlinearity overwhelms the Kirchhoff stiffness at large amplitudes, creating a fundamentally
different variational geometry requiring topological methods rather than direct minimization.

It is a critical prescribed mass where the Kirchhoff equation's solution structure
changes qualitatively, mainly because of the balance between the nonlocal stiffness term and the
focusing nonlinearity's strength. The reason of the existence of this value is that the Kirchhoff
term cannot compete with the focusing nonlinearity when the mass is too large.



4
Autonomous Kirchhoff equations with Sobolev
critical exponent

DOI: 10.1201/9781003797159-4

This chapter tackles the challenges of a Kirchhoff problem with double criticality (mass and
Sobolev) in the context of the existence of solutions with prescribed mass. The analysis developed
in what follows demonstrates how the nonlocal term interacts with the L2-constraint and the critical
reaction to create a rich and complex parameter space for existence of solutions. We highlight a
qualitative difference from the classical semilinear Schrödinger equation (local setting) due to the
nonlocal term's dependence on the gradient norm, which changes the scaling properties of the
equation.

We investigate the existence and multiplicity properties of the normalized solutions to the
following Kirchhoff equation with Sobolev critical growth

where a, b, c,μ > 0 and 4 < p < 6. It is highlighted how the existence of solutions depends on the
interplay between several parameters: the mass c, the exponent p, and the coefficients a, b and μ.
The nonlocal coefficient b > 0 is not just a perturbation but it qualitatively changes the existence
theory compared to the semilinear case (b = 0). In particular, b contributes to the formation of the
threshold c∗.

We consider both the L2-subcritical and the L2-supercritical cases. The concentration-
compactness principle and its variant for the constraint manifold are employed to handle the lack of
compactness. In the L2-subcritical case, by combining the truncation method, the concentration-
compactness principle and genus theory, we obtain the multiplicity of normalized solutions for
problem (P). For this mass sub-critical case, the solution is found as a global minimizer, and
existence is generally proved for all c > 0. The novelty here is overcoming the lack of
compactness from the critical exponent in this minimization framework.

In the L2-supercritical case, by using a fiber map and the concentration-compactness principle,
we obtain a couple of normalized solutions for problem (P), as well as their asymptotic behavior.

{
− (a + b ∫

R3 |∇u|2dx)Δu + λu = μ|u|p−2u + |u|4u in R3,

u > 0, ∫
R3 |u|2dx = c2, in R3,

https://doi.org/10.1201/9781003797159-4


Crucial steps in the arguments involve proving that the mountain-pass energy level stays below a
certain threshold, ensuring that the associated Palais-Smale sequence does not “vanish” and that its
weak limit is nontrivial. This often involves comparing with the optimal constant in the Sobolev
inequality. For the mass super-critical and critical case, the low mass regime c < c∗ is identified as
the necessary and sufficient condition for the existence of the mountain-pass solution. This c∗-
phenomenon is a direct and novel consequence of the interplay between the Kirchhoff term and the
Sobolev critical exponent.

A feature of the study developed in this chapter for the three-dimensional case is that it unifies
the sub- and super-critical regimes. Why this case is fundamental? Because the autonomous
Kirchhoff equation with Sobolev critical exponent sits at the intersection of three deep
mathematical theories:

The basic abstract tools in this study are the following:

4.1 Statement of the problem

Consider the Kirchhoff equation

(P)

where a, b, c,μ > 0 and 4 < p < 6.
Set

H 1(R3) = {u ∈ L2(R3) : |∇u| ∈ L2(R3)}

with the inner product

calculus of variations: critical growth, lack of compactness;(i)

geometric analysis: best constants, extremals, bubbling;(ii)

nonlocal equation: Kirchhoff-type nonlocality.(iii)

truncation method and fiber mapping: to analyze the energy levels;(a)

concentration-compactness principle: for handling the lack of compactness;(b)

genus theory: to establish the multiplicity of solutions.(c)

{
− (a + b ∫

R3 |∇u|2dx)Δu + λu = μ|u|p−2u + |u|4u in R3,

u > 0, ∫
R3 |u|2dx = c2, in R3,



⟨u, v⟩ = ∫
R3

[a∇u ⋅ ∇v + uv]dx

and the norm

∥ u ∥= ⟨u,u⟩1/2.

We are now in a position to state the first two main results of this chapter. Essentially, these
results establish the existence of normalized solutions for high perturbations of the forcing term.
Our analysis covers both the L2-subcritical and the L2-supercritical cases. In the first setting, we
obtain the multiplicity of the normalized solutions, while in the L2-supercritical case, we find a
couple of normalized solutions.

Theorem 4.1  ⏎ If 4 < p < 14
3 , for given k ∈ N, then there exist α > 0 independent of k and

μk := μ(k) such that problem (P) has at least k pairs (uj,λj) ∈ H 1(R3) × R of weak
solutions for μ ≥ μk and c ∈ (0, ( α

μ
)

2
6−p ] with ∫

R3 |uj|
2dx = c2, λj > 0 for all j ∈ [1, k].

Theorem 4.2  ⏎  If 14
3 < p < 6, then there exists μ∗ = μ∗(c) > 0 such that for μ ≥ μ∗,

problem (P) has a couple (uc,λc) ∈ H 1(R3) × R of weak solutions with ∫
R3 |uc|2dx = c2

and λc > 0.

Problem (P) on the whole space R3 is invariant under translations, which leads to the lack of
compactness. In order to overcome this phenomenon, we consider the function space H 1

rad
(R3) of

radial functions as the working space, where

H 1
rad(R3) := {u ∈ H 1(R3) : u is radial}.

Then the embedding H 1
rad(R3) ↪ Lt(R3) is compact for any 2 < t < 6. In such a way, we

consider the associated energy functional I : H 1
rad(R3) → R given by

I(u) =
1

2
a∫

R3

|∇u|2dx +
b

4
(∫

R3

|∇u|2dx)
2

−
μ

p
∫
R3

|u|pdx −
1

6
∫
R3

|u|6dx,

restricted to the following sphere in L2(R3)

S(c) := {u ∈ H 1
rad(R3) :∥ u ∥2= c}.

Next, we provide the asymptotic behavior of the solution uc as c → +∞.



Theorem 4.3  ⏎ If uc is the solution obtained in Theorem 4.2, then lim
c→+∞

I(uc) = 0.

The Sobolev critical exponent also leads to the lack of compactness. Even the embedding of the
radially symmetric space H 1

rad
(R3) into L6(R3) is not compact. Furthermore, the embedding 

H 1
rad

(R3) ↪ L2(R3) is also not compact. Then, the weak limit of Palais-Smale sequences could
leave the constrained manifold S(c). Hence, we need to estimate finely the Lagrange multiplier,
which is vital in obtaining compactness. With the aid of the concentration-compactness principle,
we overcome the difficulty.

No matter 4 < p < 14
3

 or 14
3

< p < 6, the energy I(u) on the constrained manifold S(c) is
unbounded from below. Hence, it is unlikely to obtain a solution to problem (P) by minimizing
method.

4.2 The mass subcritical case

Let us first recall the definition of genus. Let X be a Banach space and A be a subset of X. The set A
is said to be symmetric if u ∈ A implies that −u ∈ A. Denote by Σ the family of closed symmetric
subsets A of X such that 0 ∉ A, that is,

Σ = {A ⊂ X∖{0} : A is closed and symmetric with respect to the origin}.

For A ∈ Σ, define

and Σk = {A ∈ Σ : γ(A) ≥ k}.
For u ∈ S(c), by the Gagliardo–Nirenberg inequality and the Sobolev embedding theorem we

have

where

γ(A) =

⎧⎪⎨⎪⎩0, if A = ∅,

inf{k ∈ N : ∃ an odd φ ∈ C(A,Rk∖{0})},

+∞, if no such odd map exists,

I(u) =
1

2
a ∫

R3

|∇u|2dx +
b

4
(∫

R3

|∇u|2dx)
2

−
μ

p
∫
R3

|u|pdx −
1

6
∫
R3

|u|6dx

≥
1

2
a ∫

R3

|∇u|2dx +
b

4
(∫

R3

|∇u|2dx)
2

−
μ

p
Cpc

6−p

2 ∥ ∇u ∥
3(p−2)

2
2 −

1

6S 3
∥ ∇u ∥6

2

=: M(∥ ∇u ∥2),



M(t) =
1

2
at2 +

b

4
t4 −

μ

p
Cpc

6−p

2 t
3(p−2)

2 −
1

6S 3
t6.

Since 4 < p < 14
3 , we obtain 3(p−2)

2 < 4 < 6. By straightforward computation, there exists 
α > 0 such that as μc

6−p

2 ≤ α, then the function M(⋅) attains its positive local maximum. More
precisely, there exist two constants 0 < R1 < R2 < +∞ such that M(⋅) < 0 in the intervals 
(0,R1) and (R2, +∞), and M(⋅) > 0 in the interval (R1,R2). Let τ(⋅) ∈ C∞(R+, [0, 1]) be a
nonincreasing function such that τ(t) = 1 for t ≤ R1 and τ(t) = 0 for all t ≥ R2.

4.2.1 Proof of Theorem 4.1

Define the truncated functional

Iτ(u) =
1

2
a ∫

R3

|∇u|2dx +
b

4
(∫

R3

|∇u|2dx)
2

−
μ

p
∫
R3

|u|pdx −
τ(∥ ∇u ∥2)

6
∫
R3

|u|6dx.

For u ∈ S(c), again by the Gagliardo–Nirenberg inequality and the Sobolev embedding theorem
one has

where

M̂(t) =
1

2
at2 +

b

4
t4 −

μ

p
Cpc

6−p

2 t
3(p−2)

2 −
τ(t)

6S 3
t6.

Then the definition of τ(⋅) implies that when c ∈ (0, ( α
μ

)
2

6−p ], M̂(⋅) < 0 in the interval (0,R1)

and M̂(⋅) > 0 in the interval (R1, +∞).
In the following, we always assume that c ∈ (0, ( α

μ
)

2
6−p ]. Without loss of generality, we may

assume that

1

2
ar2 +

b

4
r4 −

1

6S 3
r6 ≥ 0 for r ∈ [0,R1]and R2

1 < a
1
2 S

3
2 .

(4.1)

Lemma 4.1  ⏎ The following properties are fulfilled:

(i) Iτ ∈ C 1(H 1
rad(R3),R).

Iτ(u) ≥
1

2
a ∫

R3

|∇u|2dx +
b

4
(∫

R3

|∇u|2dx)
2

−
μ

p
Cpc

6−p

2 ∥ ∇u ∥
3(p−2)

2
2

−
τ(∥ ∇u ∥2)

6S 3
∥ ∇u ∥6

2=: M̂(∥ ∇u ∥2),



(ii) Iτ is coercive and bounded from below on S(c) . Moreover, if Iτ ≤ 0 , then
∥ ∇u ∥2≤ R1 and Iτ(u) = I(u).

(iii) Iτ |S(c) satisfies the (PS)d condition for all d < 0.

Proof. The proofs of (i) and (ii) are straightforward. For (iii), let {un} be a (PS)d sequence of 
Iτ |S(c) with d < 0, i.e., Iτ(un) → d < 0 and ∥ Iτ |′

S(c)(un) ∥→ 0 as n → ∞. By (ii), 
∥ ∇un ∥2≤ R1 for large n, and {un} is also a (PS)d sequence of I|S(c) with d < 0. Then, {un} is
bounded in H 1

rad(R3). Hence, up to a subsequence, there exists u ∈ H 1
rad(R3) such that un ⇀ u in

H 1
rad(R3) and un → u in Lt(R3) for 2 < t < 6 and un(x) → u(x) a.e. x ∈ R3. Since 4 < p < 14

3

,

lim
n→∞

∫
R3

|un|pdx = ∫
R3

|u|pdx.

We claim that u ≢ 0. Otherwise, lim
n→∞

∫
R3 |un|pdx = 0, and whence by (4.1) we have

a contradiction.
On the other hand, let Φ(v) := 1

2 ∫
R3 |v|2dx, ∀v ∈ H 1(R3), then S(c) = Φ−1({ c2

2 }). By
Proposition 5.12 in Willem [153], there exists a sequence {λn} ⊂ R such that 
∥ I ′(un) − λnΦ′(un) ∥→ 0 as n → ∞, which means that

−(a + b ∫
R3

|∇un|2dx)Δun − μ|un|p−2un − |un|4un = λnun + o(1)in H−1
rad

(R3).

(4.2)

Therefore, for φ ∈ H 1
rad(R3),

(4.3)

It follows that

0 > d = lim
n→∞

I(un)

= lim
n→∞

[ 1

2
a ∫

R3

|∇un|2dx +
b

4
(∫

R3

|∇un|2dx)
2

−
μ

p
∫
R3

|un|pdx −
1

6
∫
R3

|un|6dx]

≥ lim
n→∞

[ 1

2
a ∥ ∇un ∥2

2 +
b

4
∥ ∇un ∥4

2 −
μ

p
∫
R3

|un|pdx −
1

6S 3
∥ ∇un ∥6

2]

≥ −
μ

p
lim
n→∞

∫
R3

|un|pdx = 0,

(a + b ∫
R3 |∇un|2dx) ∫

R3 ∇un ⋅ ∇φdx − μ ∫
R3 |un|p−2unφdx − ∫

R3 |un|4unφdx

= λn ∫
R3 unφdx + o(1) ∥ φ ∥.



(a + b ∫
R3

|∇un|2dx) ∫
R3

|∇un|2dx − μ ∫
R3

|un|pdx − ∫
R3

|un|6dx = λnc
2 + o(1).

The boundedness of {∥ un ∥} yields that {λn} is bounded in R. Then, up to a subsequence, there
exists λc ∈ R such that λn → λc as n → ∞.

We now claim that λc < 0. Indeed, by the above identity and I(un) → d < 0 as n → ∞

combined with p > 4, we obtain

λnc
2 + o(1) < 4d +

4 − p

p
μ ∫

R3

|un|pdx −
1

3
∫
R3

|un|6dx + o(1) ≤ 4d + o(1).

Letting n → ∞, we have λc < 0.
In the sequel, we prove that un → u in L6(R3) by using the concentration-compactness

principle. In fact, there exist two positive measures μ, ν ∈ M (R3) such that |∇un|2 ⇀ μ and 
|un|6 ⇀ ν in M (R3) as n → ∞, and for an at most countable index set J, we have

Suppose that J is nonempty but finite. Let φρ ∈ C∞(R3) be a cut-off function with φρ(x) = 1

for |x − xj| ≤ 1
2 ρ, φρ(x) = 0 for |x − xj| ≥ ρ and |∇φρ| ≤ 1

√ρ
. By the boundedness of {un} in 

H 1
rad(R3) we know that {φρun} is also bounded in H 1

rad(R3). Therefore

But

∫
R3

∇un ⋅ ∇(φρun)dx = ∫
R3

|∇un|2φρdx + ∫
R3

un∇un ⋅ ∇φρdx.

By Hölder's inequality we derive that

(4.4)

⎧⎪⎨⎪⎩ν = |u|6 + Σj∈Jνjδxj
, νj > 0,

μ ≥ |∇u|2 + Σj∈Jμjδxj
, μj > 0,

Sν
1
3
j ≤ μj, ∀j ∈ J.

o(1) = ⟨I ′(un),φρun⟩

= (a + b ∫
R3 |∇un|2dx) ∫

R3 ∇un ⋅ ∇(φρun)dx − μ ∫
R3 φρ|un|pdx

− ∫
R3 φρ|un|6dx.

∫
R3 un∇un ⋅ ∇φρdx ≤ (∫

R3 u
2
n|∇φρ|2dx) 1

2 ⋅ (∫
R3 |∇un|2dx) 1

2

≤ C(∫
R3 u

2
n|∇φρ|2dx) 1

2

= C(∫
Bρ(xj)∖B ρ

2
(xj)

u2
n|∇φρ|2dx) 1

2 .∣ ∣



We notice that

By the absolute continuity of the Lebesgue integral, we obtain

By (4.4), we obtain lim
ρ→0

lim
n→∞

∫
R3 un∇un ⋅ ∇φρdx = 0. Again by the absolute continuity of the

Lebesgue integral we have

lim
ρ→0

lim
n→∞

∫
R3

|un|pφρdx =lim
ρ→0

∫
R3

|u|pφρdx = 0.

All together with the above estimates, we get that

Hence, νj ≥ aμj. Then, μj ≥ Sν
1
3
j ≥ S(aμj)

1
3 , i.e., μj ≥ a

1
2 S

3
2 , so

a contradiction with (4.1). Thus, J = ∅. Then,

lim
n→∞

∫
R3

|un|6φρdx = ∫
R3

φρdν = ∫
R3

|u|6φρdx,

so un → u in L6
loc

(R3).

∫
Bρ(xj)∖B ρ

2
(xj)

u2
n|∇φρ|2dx − ∫

Bρ(xj)∖B ρ
2

(xj)
u2|∇φρ|2dx

≤ 1
ρ
∫
Bρ(xj)∖B ρ

2
(xj)

|un + u||un − u|dx

≤ 1
ρ
(∫

R3 |un − u|pdx)
1
p (∫

R3 |un + u|6dx) 1
6 (∫

Bρ(xj)
dx)

5
6 − 1

p

≤ Cρ3( 5
6 − 1

p
)−1(∫

R3 |un − u|pdx)
1
p .∣ ∣lim

ρ→0
lim
n→∞

∫Bρ(xj)∖B ρ
2

(xj)
u2
n|∇φρ|2dx =lim

ρ→0
∫Bρ(xj)∖B ρ

2
(xj)

u2|∇φρ|2dx

≤lim
ρ→0

[ 1
ρ
(∫

Bρ(xj)
|u|6dx)

1
3 (∫

Bρ(xj)
dx)

2
3 ] = 0.

lim
ρ→0

[∫
R3 |u|6φρdx + Σj∈J ∫

R3 νjδxj
φρdx] =lim

ρ→0
∫
R3 φρdν =lim

ρ→0
lim
n→∞

∫
R3 |un|6φρdx

=lim
ρ→0

lim
n→∞

(a+b∫
R3 |∇un|2dx) ∫

R3 |∇un|2φρdx

≥ a lim
ρ→0

lim
n→∞

∫
R3 |∇un|2φρdx = a lim

ρ→0
∫
R3 φρdμ

≥ a lim
ρ→0

[∫
R3 |∇u|2φρdx+Σj∈J ∫

R3 μjδxj
φρdx].

R2
1 ≥ lim sup

n→∞
∥ ∇un ∥2

2≥ lim sup
n→∞

∫
R3 |∇un|2φρdx = ∫

R3 φρdμ

≥ ∫
R3 |∇u|2φρdx + Σj∈J ∫

R3 μjδxj
φρdx ≥ μj ≥ a

1
2 S

3
2 ,



On the other hand, since un ∈ H 1
rad(R3) and {un} is bounded in H 1(R3), 

|un(x)| ≤ ∥un∥
|x|

≤ C
|x|

 for every |x| ≥ 1. So |un(x)|6 ≤ C
|x|6  for every |x| ≥ 1. Since 

1
|⋅|6 ∈ L1(R3∖BR(0) and un(x) → u(x) a.e. on R3∖BR(0), by the Lebesgue dominated

convergence theorem, un → u in L6(R3∖BR(0)).
Consequently, un → u in L6(R3). Thus, up to a subsequence if necessary, set 

B:= lim
n→∞

∥ ∇un ∥2
2≥ 0. Then 0 <∥ ∇u ∥2

2≤ B. By (4.3),

(a + bB)∫
R3

∇u ⋅ ∇φdx − μ ∫
R3

|u|p−2uφdx − ∫
R3

|u|4uφdx = λc ∫
R3

uφdx.

It follows that

By λc < 0 we deduce that

lim
n→∞

−λc ∥ un ∥2
2= −λc ∥ u ∥2

2, a lim
n→∞

∫
R3

|∇un|2dx = a ∫
R3

|∇u|2dx.

Hence, un → u in H 1
rad(R3) and ∥ u ∥2= c. □

For ε > 0, set

I−ε
τ = {u ∈ H 1

rad(R3) ∩ S(c) : Iτ(u) ≤ −ε} ⊂ H 1
rad(R3).

Since Iτ is even and continuous on H 1
rad

(R3), it follows that I−ε
τ  is closed and symmetric. Then the

following property holds.

Lemma 4.2  ⏎  Given n ∈ N, there exist εn := ε(n) > 0 and μn := μ(n) > 0 such that
γ(I−ε

τ ) ≥ n for 0 < ε ≤ εn and μ ≥ μn.

Set

Σk := {D ⊂ H 1
rad(R3) ∩ S(c) : D is closed and symmetric, γ(D) ≥ k},

and dk:= inf
D∈Σk

sup
u∈D

Iτ(u) > −∞ for all k ∈ N by Lemma 4.1 (ii) and

Kd := {u ∈ H 1
rad(R3) ∩ S(c) : I ′

τ(u) = 0, Iτ(u) = d}.

lim
n→∞

[(a + b ∫
R3 |∇un|2dx) ∫

R3 |∇un|2dx − λn ∥ un ∥2
2]

= lim
n→∞

[μ ∥ un ∥p
p + ∥ un ∥6

6]

= μ ∥ u ∥p
p + ∥ u ∥6

6= (a + bB) ∫
R3 |∇u|2dx − λc ∥ u ∥2

2.



Lemma 4.3  ⏎ If d = dk = dk+1 = ⋯ = dk+r, then γ(Kd) ≥ r + 1. In particular, Iτ has at least
r + 1 nontrivial critical points.

Proof. For ε > 0, we observe that I−ε
τ ∈ Σ. For any k ∈ N, by the previous lemma there exist 

εk = ε(k) > 0 and μk = μ(k) > 0 such that if 0 < ε ≤ εk and μ ≥ μk, we get γ(I−ε
τ ) ≥ k. Then 

I−εk
τ ∈ Σk, and dk ≤ sup

u∈I
−εk
τ

Iτ(u) = −εk < 0. Suppose that 0 > d = dk = dk+1 = ⋯ = dk+r,

then Lemma 4.1 (iii) implies that Iτ satisfies the (PS)d condition. Hence, Kd is a compact set. We
conclude that Iτ |S(c) possesses at least r + 1 critical points. □

Proof of Theorem 4.1 concluded. By Lemma 4.1 (ii), the critical points of Iτ founded in Lemma
4.3 are the critical points of I. So, Theorem 4.1 is proved. □

4.3 The mass supercritical case

In this section, we consider the case 14
3 < p < 6. At this time, 3(p−2)

2 > 4. It follows that the
truncated functional Iτ is still unbounded from below on S(c). Therefore, we cannot use the
truncation technique to study problem (P) when 14

3 < p < 6. In this setting, we define 
f(t) = μ|t|p−2t + |t|4t for all t ∈ R, and introduce the following auxiliary functional

I : S(c) × R → R, (u, τ) ↦ I(τ ∗ u),

where (τ ∗ u)(x) := e
3
2 τu(eτx). Then

∫
R3

|∇(τ ∗ u)|2dx = e2τ ∫
R3

|∇u|2dx

and

∫
R3

|τ ∗ u|qdx = e
q−2

2 3τ ∫
R3

|u|qdx, ∀q ∈ [2, 6].

We have

I (u, τ) = I(τ ∗ u) = I(e
3
2 τu(eτx))

= 1
2 a ∫

R3 ∇(τ ∗ u) 2dx + b
4 (∫R3 ∇(τ ∗ u) 2dx)2 − ∫

R3 F(τ ∗ u)dx

= 1
2 ae

2τ ∫
R3 |∇u|2dx + b

4 e
4τ(∫

R3 |∇u|2dx)2 − e−3τ ∫
R3 F(e

3τ
2 u(x))dx

= 1
2 ae

2τ ∫
R3 |∇u|2dx + b

4 e
4τ(∫

R3 |∇u|2dx)2 − μ

p
⋅ e

3(p−2)
2 τ ∫

R3 |u|pdx

− 1
6 ⋅ e6τ ∫

R3 |u|6dx.∣ ∣ ∣ ∣



The above estimates imply the following asymptotic properties.

Lemma 4.4  ([162], Lemma 3.1)  ⏎ Let u ∈ S(c) be arbitrary but fixed. Then

(i) ∫
R3

∇(τ ∗ u) 2dx → 0 andI (u, τ) → 0 as τ → −∞.

(ii) ∫
R3

∇(τ ∗ u) 2dx → +∞ andI (u, τ) → −∞ as τ → +∞.

With the aid of the Gagliardo–Nirenberg inequality we can obtain the next property; see Lemma
3.2 of Zhang and Han [162] for more details.

Lemma 4.5  ⏎ There exists K(c) > 0 sufficiently small such that

I(u) > 0 for u ∈ A and 0 <sup
u∈A

I(u) < inf
u∈B

I(u),

where

A :={u ∈ S(c) : ∫
R3

|∇u|2dx ≤ K(c)} and B :={u ∈ S(c) : ∫
R3

|∇u|2dx = 2K(c}.

As a consequence of Lemmas 4.4 and 4.5, we observe that for fixed u0 ∈ S(c), there exist two
constants τ1, τ2 satisfying τ1 < 0 < τ2 such that

∫
R3

|∇u1|2dx <
K(c)

2
,∫

R3

|∇u2|2dx > 2K(c)

and

I(u1) > 0, I(u2) < 0,

where u1 := τ1 ∗ u0 ∈ S(c) and u2 := τ2 ∗ u0 ∈ S(c).
In the following, define the mountain pass level γμ(c) by

γμ(c):= inf
g∈Γ

max
t∈[0,1]

I(g(t)),

where

Γ := {g ∈ C([0, 1],S(c)) : g(0) = u1, g(1) = u2}.

Then for any g ∈ Γ,

max
t∈[0,1]

I(g(t)) >max {I(u1), I(u2)}.

It follows that γμ(c) > 0. Then γμ(c) satisfies the following property.

∣ ∣∣ ∣



Lemma 4.6  ⏎ lim
μ→+∞

γμ(c) = 0.

Proof. Taking g0(t) := [(1 − t)τ1 + tτ2] ∗ u0 ∈ Γ, then

It follows that

We distinguish the following two cases.

Case 1. We have r2 ∫
R3

|∇u0|2dx ≥ 1. Then

Case 2. We have r2 ∫
R3

|∇u0|2dx < 1. Then

The proof is now complete. □

By Proposition 3.5 in [162], there exists a sequence {un} ⊂ S(c) satisfying

I(un) → γμ(c), ∥ I ′|S(c)(un) ∥→ 0 and Q(un) → 0

as n → ∞, where

Q(un) = a∫
R3

|∇un|2dx + b(∫
R3

|∇un|2dx)
2

+ 3∫
R3

F(un)dx −
3

2
∫
R3

f(un)undx.

0 < γμ(c) ≤max
t∈[0,1]

I(g0(t)) =max
t∈[0,1]

I([(1 − t)τ1 + tτ2] ∗ u0)

=max
t∈[0,1]

{ 1
2 ae

2[(1−t)τ1+tτ2] ∫
R3 |∇u0|2dx + b

4 e
4[(1−t)τ1+tτ2](∫

R3 |∇u0|2dx)2

−
μ

p
⋅ e

3(p−2)
2 [(1−t)τ1+tτ2] ∫

R3 |u0|pdx − 1
6 ⋅ e6[(1−t)τ1+tτ2] ∫

R3 |u0|6dx}.

γμ(c) ≤max
r≥0

{ 1
2 ar

2 ∫
R3 |∇u0|2dx + b

4 r
4(∫

R3 |∇u0|2dx)2
− μ

p
⋅ r

3(p−2)
2 ∫

R3 |u0|pdx

− 1
6 r

6 ∫
R3 |u0|6dx}

≤max
r≥0

{ 1
2 ar

2 ∫
R3 |∇u0|2dx + b

4 r
4(∫

R3 |∇u0|2dx)2
− μ

p
⋅ r

3(p−2)
2 ∫

R3 |u0|pdx}

=: A.

A ≤max
r≥0

{ 1
2 ar

4(∫
R3 |∇u0|2dx)2

+ b
4 r

4(∫
R3 |∇u0|2dx)2

− μ

p
⋅ r

3(p−2)
2 ∫

R3 |u0|pdx}

≤ C( 1
μ
)

8
3p−14

→ 0(as μ → +∞).

A ≤max
r≥0

{ 1
2 ar

2 ∫
R3 |∇u0|2dx + b

4 r
2 ∫

R3 |∇u0|2dx − μ

p
⋅ r

3(p−2)
2 ∫

R3 |u0|pdx}

≤ C( 1
μ
)

4
3p−10

→ 0(as μ → +∞).



We deduce that {un} is bounded in H 1
rad(R3).

Set Φ(v) := 1
2 ∫

R3 |v|2dx, ∀v ∈ H 1(R3). Then S(c) = Φ−1({ c2

2 }). Thus, there exists a
sequence {λn} ⊂ R such that

∥ I ′(un) − λnΦ′(un) ∥→ 0

as n → ∞, which implies that

−(a + b∫
R3

|∇un|2dx)Δun − f(un) = λnun + o(1)in H−1
rad(R3).

(4.5)

We conclude that for all φ ∈ H 1
rad(R3),

(a + b∫
R3

|∇un|2dx) ∫
R3

∇un ⋅ ∇φdx − ∫
R3

f(un)φdx = λn ∫
R3

unφdx + o(1) ∥ φ ∥.

(4.6)

We can estimate λn as follows.

Lemma 4.7  ⏎ The sequence {λn} is bounded in R and λn = − 1
c2 ⋅ 6−p

2p μ ∫
R3 |un|pdx + o(1).

Proof. By relation (4.6) and since un ∈ S(c), we obtain

(a + b∫
R3

|∇un|2dx) ∫
R3

|∇un|2dx − ∫
R3

f(un)undx = λn ∫
R3

|un|2dx + o(1) = λnc
2 + o(1),

which implies

λn =
1

c2
[(a + b∫

R3

|∇un|2dx) ∫
R3

|∇un|2dx − ∫
R3

f(un)undx] + o(1).

By the boundedness of {un} in H 1
rad(R3), we know that {λn} is bounded in R. Moreover,

combining with Q(un) → 0 as n → ∞ we see that

λn = 1
c2 [ 3

2
∫
R3 f(un)undx − 3 ∫

R3 F(un)dx − ∫
R3 f(un)undx] + o(1)

= 1
c2 [ 1

2
∫
R3 f(un)undx − 3 ∫

R3 F(un)dx] + o(1)

= 1
c2 [ 1

2
∫
R3(μ|un|p + |un|6)dx − 3 ∫

R3 ( μ

p
|un|p + 1

6
|un|6)dx] + o(1)

= − 1
c2 ⋅ 6−p

2p ⋅ μ ∫
R3 |un|pdx + o(1).



From the boundedness of {un} in H 1
rad(R3), up to a subsequence, there exists u ∈ H 1

rad(R3)

such that un ⇀ u in H 1
rad(R3) and un → u in Lt(R3) for 2 < t < 6 and un(x) → u(x) a.e. 

x ∈ R3. Since 14
3 < p < 6, then

lim
n→∞

∫
R3

|un|pdx = ∫
R3

|u|pdx,

(4.7)

which completes the proof. □

Lemma 4.8  ⏎ There exists μ∗ = μ∗(c) > 0 such that u ≠ 0 for all μ ≥ μ∗.

Proof. Suppose that u = 0. Then taking into account relation (4.7) and Lemma 4.7 one has 
lim
n→∞

∫
R3 |un|pdx = 0 and lim

n→∞
λn = 0. Combining with (4.6), we get that

a∫
R3

|∇un|2dx + b(∫
R3

|∇un|2dx)
2

− ∥ un ∥6
6= o(1).

Up to a subsequence, we have

a∫
R3

|∇un|2dx + b(∫
R3

|∇un|2dx)
2

→ l ≥ 0

and

∥ un ∥6
6→ l

as n → ∞.
If l = 0, we deduce from the expression of I(un) that γμ(c) = 0, which is a contradiction.

Hence, l > 0. By the definition of S, we have

S ≤
∫
R3 |∇un|2dx

∥ un ∥2
6

≤
1

a
⋅
a ∫

R3 |∇un|2dx + b(∫
R3 |∇un|2dx)2

∥ un ∥2
6

→
1

a
⋅ l

2
3

as n → ∞. It follows that l ≥ a
3
2 S

3
2 . Consequently, relation (3.17) yields

a contradiction. This completes the proof.□

γμ(c) = lim
n→∞

I(un) = lim
n→∞

{ 1
2 a ∫

R3 |∇un|2dx + b
4 (∫

R3 |∇un|2dx)2
− μ

p
∫
R3 |un|pdx

− 1
6 ∫

R3 |un|6dx} ≥ 1
12 l ≥ 1

12 a
3
2 S

3
2 ,



Subsequently, by virtue of the concentration-compactness principle, we can obtain the following
lemma. The proof is similar to the proof of Lemma 4.1 (iii) and we omit it here.

Lemma 4.9  un → u in L6(R3) for μ ≥ μ∗.

4.3.1 Proof of Theorem 4.2

Fix μ ≥ μ∗. By Lemma 4.7, we may assume that λn → λc as n → ∞. Combining with Lemma
4.8 and (3.17), we deduce that

lim
n→∞

λn = −
1

c2
⋅

6 − p

2p
μ lim

n→∞
∫
R3

|un|pdx = −
1

c2
⋅

6 − p

2p
μ∫

R3

|u|pdx < 0,

and so λc < 0. By relation (4.6) together with λc < 0, we obtain

lim
n→∞

a∫
R3

|∇un|2dx = a∫
R3

|∇u|2dx and lim
n→∞

∥ un ∥2
2=∥ u ∥2

2.

Hence, un → u in H 1
rad(R3) and ∥ u ∥2= c. The proof is now complete. □

4.4 Asymptotic analysis in the mass supercritical case

In this section, we study the asymptotic behavior when c tends to infinity and provided that 
14
3 < p < 6. By Theorem 4.2, for any c > 0, there exists μ∗ = μ∗(c) > 0 such that as μ ≥ μ∗,

problem (P) has a solution (uc,λc) ∈ H 1(R3) × R with ∫
R3 |uc|

2dx = c2 and λc > 0. By the
proof, we also know that I(uc) = γμ(c).

4.4.1 Proof of Theorem 4.3

We start with some auxiliary properties.

Lemma 4.10  ⏎ For any u ∈ H 1(R3)∖{0}, the following properties hold:

(i) there exists a unique τ(u) ∈ R such that Q(τ(u) ∗ u) = 0;

(ii) I(τ(u) ∗ u) > I(τ ∗ u) for any τ ≠ τ(u).

Proof. (i) We first observe that

It follows from Lemma 4.4 that I(τ ∗ u) reaches the global maximum at some τ(u) ∈ R, and so

d

d
dτ
I(τ ∗ u) = ae2τ ∫

R3 |∇u|2dx + be4τ(∫
R3 |∇u|2dx)2

− e6τ ∫
R3 |u|6dx

− 3μ(p−2)
2p

e
3(p−2)

2 τ ∫
R3 |u|pdx = Q(τ ∗ u).



Q(τ(u) ∗ u) =
d

dτ
I(τ(u) ∗ u) = 0.

In the sequel, we prove that such τ(u) is unique. By contradiction, suppose that there exist 
τ1(u) < τ2(u) such that Q(τi(u) ∗ u) = 0, where i = 1,2. By straightforward computation, we
obtain

which is a contradiction due to the fact that 3(p−2)
2

> 4.
(ii) This is a direct consequence of (i). □

Set

Q(c) = {u ∈ S(c) : Q(u) = 0}.

Then the following property holds.

Lemma 4.11  ⏎ γμ(c) ≤ inf
u∈Q(c)

I(u).

Proof. For any u ∈ Q(c), we have u ∈ S(c) and Q(u) = 0. The above argument between
Lemmas 4.5 and 4.6 implies that there exist τ1(u) < 0 < τ2(u) such that

τ1(u) ∗ u ∈ S(c)and τ2(u) ∗ u ∈ S(c).

Define

g(t) = [(1 − t)τ1(u) + tτ2(u)] ∗ u ∈ Γ, ∀t ∈ [0, 1].

Then, by Lemma 4.10 we get that

γμ(c) ≤max
t∈[0,1]

I(g(t)) =max
t∈[0,1]

I([(1 − t)τ1(u) + tτ2(u)] ∗ u) = I(u),

which is our conclusion. □

Lemma 4.12  ⏎ γμ(c) → 0 as c → +∞.

Proof. Take u ∈ S1 ∩ L∞(RN) and set uc := cu ∈ S(c) for any c > 1. By virtue of Lemma 4.10
(i), there exists a unique τ1(c) ∈ R such that τ1(c) ∗ uc ∈ Q(c). As a consequence, by Lemma
4.11 one has

0 < γμ(c) ≤ inf
u∈Q(c)

I(u) ≤ I(τ1(c) ∗ uc) ≤
ac2

2
e2τ1(c) ∫

R3

|∇u|2dx +
b

4
c4e4τ1(c)(∫

R3

|∇u|2dx)
2

.

a [ 1
e2τ1(u) − 1

e2τ2(u) ] ∫
R3 |∇u|2dx = 3μ(p−2)

2p [e
3(p−2)

2 τ1(u)−4τ1(u)−

e
3(p−2)

2 τ2(u)−4τ2(u)] ∫
R3 |u|pdx + [e2τ1(u) − e2τ2(u)] ∫

R3 |u|6dx,



To conclude the proof, it suffices to show that

lim
c→+∞

c2e2τ1(c) = 0.

As a matter of fact, by Q(τ1(c) ∗ uc) = 0 we know that

namely

Since lim
c→+∞

c
6−p

2 = +∞, we conclude that lim
c→+∞

c2e2τ1(c) = 0. □

The proof of Theorem 4.3 is now a direct consequence of Lemma 4.12.

4.5 Historical comments

Consider the Kirchhoff equation

−(a + b∫
R3

|∇u|2dx)Δu + λu = f(u) in R
3,

(4.8)

where a, b > 0 and λ ∈ R. The presence of the nonlocal term (∫
R3 |∇u|2dx)Δu causes several

technical difficulties that make the mathematical analysis of problem (4.8) particularly interesting.
At the same time, the interest of studying Kirchhoff-type equations comes from the physical
background of such problems. Usually, u denotes the displacement, f(u) is the external force, b is
the initial tension, while a is related to the intrinsic properties of the string, such as the Young
modulus.

This first model of the Kirchhoff equation is without forcing term and with Dirichlet boundary
conditions and it describes the transversal free vibrations of a clamped string in which the
dependence of the tension on the deformation cannot be neglected. This is a quasilinear partial
differential equation, namely the nonlinear part of the equation contains as many derivatives as the
linear differential operator. The Kirchhoff equation is an extension of the classical d'Alembert wave

ae2τ1(c)c2 ∫
R3 |∇u|2dx + be4τ1(c)c4(∫

R3 |∇u|2dx)2

= 3μ(p−2)
2p e

3(p−2)
2 τ1(c)cp ∫

R3 |u|pdx + e6τ1(c)c6 ∫
R3 |u|6dx,

a ∫
R3 |∇u|2dx + be2τ1(c)c2(∫

R3 |∇u|2dx)2

=
3μ(p−2)

2p e[ 3(p−2)
2 −2]τ1(c)cp−2 ∫

R3 |u|pdx + e4τ1(c)c4 ∫
R3 |u|6dx

= 3μ(p−2)
2p

[c2e2τ1(c)]
3p−10

4 c
6−p

2 ∫
R3 |u|pdx + e4τ1(c)c4 ∫

R3 |u|6dx.



equation for free vibrations of elastic strings. Kirchhoff's model takes into account the changes in
length of the string produced by transverse vibrations.

There are two substantially different viewpoints in terms of the frequency λ in problem (4.8).
One is to regard the frequency λ as a given constant. In this situation, solutions of problem (4.8) are
critical points of the corresponding action functional on the working space. The other point of view
is to regard the frequency λ as an unknown quantity to the problem (4.8). In this situation, it is
natural to prescribe the value of the mass so that λ can be interpreted as a Lagrange multiplier.
Nowadays, some physicists are very interested in the solutions satisfying

∫
R3

|u|2dx = c2 > 0

for a priori given c, since the mass admits a clear physical meaning. For example, from a physical
point of view, the mass ∥ u ∥2

2 may represent the number of particles of each component in Bose-
Einstein condensates or the power supply in the nonlinear optics framework. In addition, such
solutions can give a better insight of the dynamical properties, like orbital stability or instability,
and can describe attractive Bose-Einstein condensates.

In order to study solutions of problem (4.8) satisfying the normalized condition ∫
R3 |u|2dx = c2,

it suffices to consider the critical point of the functional

E(u) =
1

2
a∫

R3

|∇u|2dx +
b

4
(∫

R3

|∇u|2dx)
2

− ∫
R3

F(u)dx

on the constrained manifold

S(c) :={u ∈ H 1(R3) : ∫
R3

|u|2dx = c2}.

For instance, Guo, Zhang and Zou [65] studied the existence and blow-up behavior of the
normalized solutions for the equation

−(a + b∫
RN

|∇u|2dx)Δu + V (x)u = μ|u|p−2u + λu,

(4.9)

where 1 ≤ N ≤ 4 and 2 < p < 2∗. Ye [158] pointed out that 2 + 8
N

 is the L2-critical exponent for
(4.9). In Ye [157] it is the existence of normalized solutions to problem (4.9) with p = 2 + 8

N
 and 

V ≡ 0. Chen, Rǎdulescu and Tang [27] established the existence of the normalized solutions for
Kirchhoff-type equation



−(a + b∫
R3

|∇u|2dx)Δu − λu = K(x)f(u),

where f ∈ C(R,R) satisfies general L2-supercritical or L2-subcritical condition. When 14
3 < p < 6

, Zhang and Han [162] considered the existence of normalized solutions for problem (P) by
calculating the threshold of the mountain pass level. The approach developed in this chapter is
different and easier than their method. Alternatively, we also consider the L2-subcritical case. We
point out that p > 4 only ensures the corresponding Lagrange multiplier is negative, see the proof
of Lemma 4.1 (iii).

4.6 Final remarks, perspectives, and open problems

This chapter establishes a foundation for Kirchhoff equations with Sobolev critical exponent in the
framework of normalized solutions. The analysis is developed in the three-dimensional case but it
can be extended with similar arguments to higher dimensions N ≥ 3. The novelty in the study
developed here is that it mixes the nonlocal term a + b ∥ ∇u ∥2

2, the Sobolev critical term |u|2∗−2u

, and the L2 -constraint, with the exponent p in both subcritical and supercritical regimes in the L2-
sense.

The content of this chapter is based on the results established in [93]. Related properties on
normalized solutions can be found in [69], [156] (for Choquard equations) and [31], [28] (for
Schrödinger-type equations with critical exponential growth) [94] (for critical Schrödinger
equations), and [97] (for Schrödinger-Bopp-Podolsky systems with logarithmic reaction).

Some interesting open problems associated with the analysis developed in this chapter are stated
in what follows.

The first problem proposes to refine the analysis in the case of a general nonlocal term.

Open Problem 1.  The analysis carried out in this chapter is done for the nonlocal term 
M(s) = a + bs. For more general M satisfying certain conditions, can one still get normalized
solutions with Sobolev critical exponent? What conditions on M ensure that the mountain pass
energy is below the critical threshold for compactness?

If N = 2, then the Sobolev critical exponent 2* is +∞. In this case, one can study Trudinger–
Moser critical growth with Kirchhoff term and L2-norm constraint. The next open problem
highlights the case of low dimensions.

Open Problem 2.  Study problem (P) if N = 2.



Concentration-Compactness Principle:

Gagliardo–Nirenberg Inequality:

The following perspective generated by the problem studied in this chapter is concerned with
orbital stability/instability of the normalized ground state.

Open Problem 3.  In mass supercritical case with L2-constraint, the ground state energy is
often negative and mountain-pass type. In this case, the Kirchhoff term complicates the virial
identity for stability analysis. It seems that the stability of normalized solutions for Kirchhoff
equations with critical exponent problems is largely open.

We now propose an open problem in the nonlocal defocusing case for the Kirchhoff equation.

Open Problem 4.  Physically, b > 0 is relevant in the expression of the nonlocal term M.
Mathematically, if b < 0, the geometry changes drastically. Establish whether normalized
solutions can exist only for small positive values of c.

The following research direction bridges Kirchhoff equations, critical exponent, and potential
theory.

Open Problem 5.  Study the following non-autonomous Kirchhoff equation under various
hypotheses on the potential V (x):

4.7 Glossary

It is a fundamental tool in the calculus of variations and
nonlinear PDEs, particularly for problems where compactness is lost due to invariance under
non-compact symmetry groups (such as, translations, dilations). This principle systematically
analyzes how sequences of functions can fail to be precompact in Sobolev embeddings and
describes the possible defects of compactness.

This is a basic interpolation inequality in Sobolev spaces that
controls intermediate derivatives by interpolating between lower-order and higher-order
derivatives. In essence, it says that the Lp-norm of some derivative of u can be controlled by
part of a higher derivative and part of the function itself.

{
− (a + b ∫

R3 |∇u|2dx)Δu + λu = μ|u|p−2u + V (x)|u|4u in R3,

u > 0, ∫
R3 |u|2dx = c2, in R3.



Virial Identity:

Nonlocal Defocusing Case:

This is essentially the Pohozaev identity, which is a crucial integral identity
derived by testing the equation with x ⋅ ∇u. This identity, combined with the equation itself,
imposes a relation between the norm of a solution and its energy level, which is particularly
restrictive in the critical case.

It corresponds to b < 0 in the nonlocal term. Mathematically, this
means that the effective diffusion coefficient M decreases as the gradient norm increases. This
can lead to loss of ellipticity if M becomes negative, causing ill-posedness.



5
Kirchhoff equations with double-behavior reaction

DOI: 10.1201/9781003797159-5

This chapter highlights the challenges of a Kirchhoff problem with mixed nonlinearities in the context of the
existence of solutions with prescribed mass. This is a natural constraint in problems stemming from physics,
such as standing waves in quantum mechanics. The analysis developed in this chapter bridges techniques from
the well-studied theory of normalized solutions for semilinear equations to the more complex nonlocal Kirchhoff
case, establishing optimal existence results for a broad and generic class of nonlinearities with a specific double
growth behavior.

In this chapter, we investigate the existence of normalized solutions to the following Kirchhoff equation with
double-behavior reaction

where a, b, c > 0, and the parameter λ ∈ R is the frequency (or chemical potential). The reaction term f is a
nonlinearity whose growth is superlinear but subcritical.

The difficulty generated by the nonlocal term (∫
R3 |∇u|2 dx)Δu prevents the direct application of standard

variational methods for normalized solutions. The double-behavior growth refers to our focus on nonlinearities 
f(u) that behave like:

These hypotheses create a double-energy behavior: the associated energy functional is unbounded from below on
the mass constraint, but exhibits a local minima geometry for certain mass levels.

The analysis is developed on the natural constraint set defined by the Pohozaev identity associated with the
problem. This is a key technical tool to handle the nonlocality and the Lagrange multiplier. A major technical
hurdle is overcoming potential lack of compactness due to the unboundedness of the domain (entire Euclidean
space). This is achieved by using a strict subadditivity inequality for the energy, which is verified by the generic
class of nonlinearities used in this study.

A feature of the analysis developed in this chapter is that it bridges the variational methods for normalized
solutions (developed by Jeanjean, Bartsch, Soave, etc.) with the specific analysis required for Kirchhoff-type
nonlocal operators. Why this case is fundamental? Because, in comparison with the semilinear case (b = 0), this
problem addresses the following challenges:

⎧⎪⎨⎪⎩− (a+ b ∫
R3 |∇u|2 dx)Δu+ λu = f(u) in R3,

∫
R3 |u|2 dx = c2,

(λ,u) ∈ R×H 1(R3),

L2 -subcritical at the origin and L2-critical at infinity;(i)

L2 -critical at the origin and L2-supercritical at infinity.(ii)

scaling arguments failure: standard scalings used for semilinear problems do not work in a proper way;(i)

https://doi.org/10.1201/9781003797159-5


The basic abstract tools in this study are the following:

all adapted to the intricate nonlocal structure of the Kirchhoff problem.

5.1 Statement of the problem

This chapter is concerned with solutions of the following Kirchhoff equation

(5.1)

where a, b, c > 0, the nonlinearity f(u) corresponds to the L2-subcritical, L2-critical, L2-supercritical, and
Sobolev critical cases, which is more general than the sum of two powers.

A related problem was studied by Ye [158] who considered the Kirchhoff equation

−(a+ b∫
R3

|∇u|2 dx)Δu = λu+ |u|p−2u in R3,

(5.2)

where p ∈ (2, 6). Ye showed that for any given c > 0, we have

(5.3)

where

p̄ :=
14

3
, σ(c):= inf

u∈Sc

E(u), Sc :={u ∈ H 1(R3) : ∫
R3

|u|2 dx = c2},

interaction with mass constraint: the nonlocality interacts with the L2-constraint in a subtle way, making
it difficult to apply established theories for normalized solutions (such as the Cazenave-Lions method or
the Jeanjean mountain pass approach) without significant new ideas;

(ii)

lack of compactness: the problem inherits the usual lack of compactness from working in the entire space
and gains additional complications from the nonlocal term when analyzing minimizing sequences.

(iii)

the Pohozaev manifold constraint, in order to “tame” the nonlocal term;(a)

fibering map analysis to handle the mass constraint;(b)

strict subadditivity, which is the primary tool to prevent splitting of sequences and ensure compactness;(c)

critical point theory on manifolds,(d)

⎧⎪⎨⎪⎩− (a+ b ∫
R3 |∇u|2 dx)Δu+ λu = f(u) in R3,

∫
R3 |u|2 dx = c2,

(λ,u) ∈ R×H 1(R3),

{σ(c) ∈ (−∞, 0], if p ∈ (2, p̄);

σ(c) = −∞, if p ∈ (p̄, 6),



(5.4)

E(u) :=
a

2
∫
R3

|∇u|2 dx+
b

4
(∫

R3

|∇u|2 dx)
2

−
1

p
∫
R3

|u|p dx.

For the L2-subcritical case, that is, if p ∈ (2, p̄), Ye obtained the sharp existence of global constraint
minimizers for (5.2) by solving the minimization problem (5.4) If p ∈ (~p, p̄), Ye also found a local minimizer
which is a critical point of E|Sc

 by constructing a geometry of local minima for E, where ~p := 10
3 .

For the L2-supercritical case when p ∈ (p̄, 6), since the minimization problem (5.4) is not available due to
(5.3), in order to look for a critical point of E|Sc

, Ye [158] took the minimum on a suitable submanifold

Mc :={u ∈ Sc : J(u) :=
∂

∂t
E (ut) t=1 = 0}

and showed that Mc is a natural constraint of E|Sc
. This is done by using the Lagrange multiplier method, where

ut(x) := t
3
2 u(tx), ∀t > 0,u ∈ H 1(R3),

and ut ∈ Sc for all t > 0 if u ∈ Sc.

For the L2-critical case, that is, if p = p̄, Ye [157] proved that equation (5.2) has a solution (uc,λc) which

satisfies (∫
R3 |uc|

2 dx)
1
2 = c > c∗ for some c∗ > 0. In another paper, Ye [159] analyzed the concentration

behavior of normalized solutions. We also refer to Qi and Zou [132] who obtained the exact number and
expressions of the positive normalized solutions for the nonlinear Kirchhoff equation (5.2). More generally, when
|u|p−2u is replaced by K(x)f(u), the existence and multiplicity of normalized solutions were studied by Chen,
Rǎdulescu and Tang [27].

Li, Luo and Tang [92] were concerned with the existence and asymptotic behavior of Kirchhoff equation

−(a+ b∫
R3

|∇u|2 dx)Δu = λu+ |u|p−2u+ α|u|q−2u in R3

under the normalized constant ∫
R3 u

2 dx = c2, where a, b, c > 0, 2 < q < p̄ < p ≤ 6 or p̄ < q < p ≤ 6, α > 0,
and λ ∈ R appears as a Lagrange multiplier. They applied the methods introduced in Soave [140] to obtain the
following results:

In Table 5.1, we explain some notations: ∣α∗ :=

a
2 (

bq

4C q
q
)

2−pγp

qγq−4

c
p(1−γp)+

q(1−γq)(4−pγp)
qγq−4

+
( b
4 )

qγq−pγp

qγq−4 ( q

C
q
q
)

4−pγp

qγq−4

c
p(1−γp)+

q(1−γq)(4−pγp)
qγq−4

pCp,q

C
p
p

;

α∗ := [
p(qγq − 4)b

4(qγq − pγp)C
p
p

][
q(4 − pγp)b

4(qγq − pγp)C
q
q

]
4−pγp

qγq−4 1

c
p(1−γp)+

q(1−γq)(4−pγp)
qγq−4

;

⎡⎢⎣ ⎤⎥⎦pγ



TABLE 5.1
Classification of solutions for a Kirchhoff equation with power-type double-behavior
reaction ⏎

p, q α Classifications of solutions
2 < p < ~p, p̄ < q < 6 0 < α <min {α∗,α

∗} A local minimizer
2 < p < ~p, q = 6 0 < α <min {α∗,α

∗,α∗∗} A local minimizer
p̄ < p < q < 6 α > 0 A mountain pass solution
p̄ < p < 6, q = 6 α > 0 A mountain pass solution

In what follows, we extend these results to a general framework. More precisely, we address the existence of
normalized solutions for Kirchhoff equations in the following cases in this paper:

The aim in this chapter is to provide a general class of nonlinearities and find the relationship between the
solutions of problem (5.1) and of the following equation

(5.5)

In addition, we introduce the set

Dc :={v ∈ H 1(R3) : ∫
R3

v2 dx ≤ c2}.

The idea of working with Dc was introduced by Bieganowski and Mederski [11] in the context of
nonlinearities with L2-critical or L2-supercritical growth at the origin and L2-supercritical and Sobolev-subcritical
at infinity. The first advantage is that the weak limit of a sequence in the L2-ball Dc still belongs to Dc, while this
is not the case with the L2-sphere Sc because the embedding H 1(R3) ↪ L2(R3) is not compact, not even
studying radially symmetric functions. This makes it easier to obtain a minimizer of I over suitable subsets and

α∗∗ :=
2( b

γp
)

pγp

4

(6 − pγp)C
p
p

[ 12p

4 − pγp
( aSΛ

3
+

bS 2Λ2

12
)]

1−
pγp

4 1

cp(1−γp)
,

Cp,q := (
8(4 − pγp)

qγq(qγq − 2)(qγq − pγp)
)

4−pγp

qγq−4

− (
8(4 − pγp)

qγq(qγq − 2)(qγq − pγp)
)

qγq−pγp

qγq−4

,

S := inf
u∈D1,2(R3)∖{0}

∫
R3 |∇u|2 dx

(∫
R3 |u|6 dx)

1
3

, Λ :=
bS 2

2
+√aS +

b2S 4

4
,

Cq:= sup
u∈H 1(R3)∖{0}

(∫
R3 |u|

q dx)
1
q

(∫
R3 |∇u|2 dx)

γq

2 (∫
R3 u2 dx)

1−γq

2

.

f is L2-subcritical at the origin and L2-critical at infinity;(i)

f is L2-critical at the origin and L2-supercritical at infinity.(ii)

⎧⎪⎨⎪⎩− (a+ b ∫
R3 |∇u|2 dx)Δu+ λu = f(u) in R3,

∫
R3 |u|2 dx ≤ c2,

(λ,u) ∈ R×H 1(R3).



gives additional information to use when we verify it belongs to Sc. The second advantage of working with Dc is
that the Lagrange multipliers coming from this constraint are nonnegative because they are associated with a
minimizer. This property is helpful when one has no other way to obtain information about the Lagrange
multipliers.

Under standard assumptions about f(u), Bieganowski and Mederski [11] proved that the solutions of (5.1)
(resp., (5.5)) are the critical points of the energy functional

I : u ∈ H 1(R3) ↦
a

2
∫
R3

|∇u|2 dx+
b

4
(∫

R3

|∇u|2 dx)
2

− ∫
R3

F(u)dx ∈ R

restricted to the C1 manifold Sc (resp., Dc) with the Lagrange multiplier λ ∈ R, that is, they are critical points of
the functional

u ∈ H 1(R3) ↦ I(u) +
λ

2
∫
R3

|u|2 dx ∈ R

for some λ ∈ R, where F(t) = ∫ t

0 f(s)ds. Moreover, every critical point of the above functional belongs to 
W

2,q
loc (R

3) for all q < ∞ and it satisfies both the following Pohozaev equality

a ∫
R3

|∇u|2 dx+ b(∫
R3

|∇u|2 dx)
2

= 6 ∫
R3

F(u)dx− 3λ ∫
R3

|u|2 dx

and the Nehari identity

⟨I ′(u),u⟩+ λ ∫
R3

|u|2 dx = 0.

By a linear combination of the two equalities above, every solution satisfies

P(u) := a ∫
R3

|∇u|2 dx+ b(∫
R3

|∇u|2 dx)
2

−
3

2
∫
R3

H(u)dx = 0,

where H(u) := ⟨f(u),u⟩− 2F(u) (⟨⋅, ⋅⟩ is the scalar product in R).
The above arguments show that it is natural to introduce the constraint

P(u) := {u ∈ H 1(R3)∖{0} : P(u) = 0},

which contains all the nontrivial solutions to (5.1) or (5.5) and does not depend on λ.
Observe that every nontrivial solution of (5.5) belongs to P ∩D and every nontrivial solution of problem

(5.1) belongs to P ∩ Sc ⊂P ∩Dc.
Define

m(c):= inf
Dc

I.

Definition 5.1  By a ground state solution of problem (5.5) we mean a nontrivial solution which minimizes
the energy I among all the nontrivial solutions.

In particular, if (λ,u) solves (5.5) and I(u) =infP∩Dc
I, then (λ,u) is a ground state solution.



Definition 5.2  By a ground state solution of problem (5.1) we mean that (λ,u) solves (5.1) and
I(u) =infP∩Dc

I.

For the case (i), we assume the following hypotheses.

(A0)  F ∈ C 1(R) and there exists C > 0 such that |f(t)| = |∇F(t)| ≤ C(|t| + |t|5) for every t ∈ R.

(A1)  η∞:= lim|t|→+∞
F(t)
|t|p̄

< +∞.

(A2)  limt→0
F(t)
|t|2 = 0.

(A3)  η0:= limt→0
F(t)

|t|p̄
> 0.

We also need hypotheses about the radii c, namely

4

b
η∞cp̄(1−p̄)C

p̄

p̄
< 1,

(5.6)

η0 >max
1

2
,
1

2
( c2

∥ ω ∥22
)

− 2
3

,

(5.7)

where ω is the unique positive radial solution of (5.19). In particular, if η∞ = 0 (resp., η0 = ∞), then relation
(5.6) (resp., (5.7)) is automatically satisfied. In addition, for c, ~R > 0, we set

D
~
R
c := {u ∈ Dc :∥ ∇u ∥2<

~
R} and m

~
R
c := inf

D
~
R
c

I.

For the case (ii), we assume that there exists κ ∈ [0,+∞) such that F is of the form

F(u) = F̄(u) +
κ

6
|u|6

for some F̄ : R ↦ R. We set f̄ = ∇F̄ , H̄(u) = ⟨f̄(u),u⟩− 2F̄(u), h̄ = ∇H̄, h := ∇H, and consider the
following assumptions:

(B0)  f̄ and h̄ are continuous and there exists C̄ > 0 such that |h̄| ≤ C̄(|u| + |u|5).

(B1)  η := lim sup
t→0

F̄(t)
|t|p̄

< +∞.

(B2)  If κ = 0, then lim|t|→+∞
F̄(t)
|t|p̄

= +∞; if κ ∈ (0,+∞), then lim inf
|t|→+∞

F̄(t)
|t|p̄

> 0.

(B3)  lim|t|→+∞
F̄(t)

|t|6
= 0.

(B4)  p̄ ⋅ H̄(u) ≤ ⟨h̄(u),u⟩.

(B5)  8
3 F̄ ≤ H̄ ≤ 4F̄ .

⎧⎪⎨⎪⎩ ⎫⎪⎬⎪⎭



We also need hypotheses about the radii c, namely

8

b
ηC

p̄

p̄
cp̄(1−γp̄) < 1.

(5.8)

In what follows, if f1, f2 : R ↦ R, then we write f1 ⪯ f2 if and only if f1 ≤ f2 and for every ϵ > 0 there
exists t ∈ R, |t| < ϵ such that f1(t) < f2(t).

Remark 5.1  We observe that limt→∞
F(t)

|t|p̄
> 0 if condition (B2) holds. Moreover, if F, H satisfy (B1) –(B5),

then F̄ , H̄ ≥ 0. If (B0) and (B5) hold, then I and P are of class C 1.

The main results of this chapter are the following.

Theorem 5.1  ⏎ Assume that conditions (A0), (A2), (A3) hold and

c2 < 2( aS

6K0
)

3
2

,

(5.9)

where K0 is defined in (5.12). If cn → c, ~Rn → R1 (where R1 > 0 is defined in Lemma 5.1), and un ∈ D
~
Rn
cn

are such that I(un) → mR1
c , then there exist u ∈ Sc ∩DR1

c  and λu > 0 such that un → u up to translations
and up to subsequences, I(u) = mR1

c < 0, u has a constant sign, is nowhere zero, and (λu,u) is a solution of
problem (5.1).

Remark 5.2  In view of Theorem 5.1, we give the existence of local minimizers in the case that the nonlinearity f
is L2-subcritical at the origin. In this case, we do not distinguish between nonlinear terms that have L2-
subcritical, L2-critical, or L2-supcritical growth at infinity. In fact, one of the purposes of this chapter is to
understand what reasonably minimal hypotheses we need both for the various steps and for the main results.

The following result establishes the existence of global minimizers with negative if the nonlinearity f is L2-
subcritical at the origin and L2-critical at infinity.

Theorem 5.2  ⏎  Assume that conditions (A0) –(A3), (5.6) and (5.7) hold. Then there exists a solution
(λ,u) ∈ (0,∞) × Sc of problem (5.1) such that 0 > I(u) =infDc

I =infSc
I. Furthermore, if f is locally

Lipschitz continuous or F is even, then every minimizer of I|Dc
 has a constant sign and, up to a translation,

is radial and radially monotone.

Theorem 5.3  ⏎ Assume that (B0) –(B5) and (5.8) hold and



(5.10)

if κ ∈ (0,∞).

(i) Then there exists u ∈P ∩Dc such that I(u) =infP∩Dc
I . In addition, u is a radial, nonnegative,

and radially nonincreasing function of class C2 , provided that F is of the form

F(u) = F̂(u) + β|u|ζ,

(5.11)

where F̂ : R ↦ [0,∞) is even, p̄ ≤ ζ < 6 and β ≥ 0.

(ii) If, moreover, (B4,⪯) holds, then there exist λ ∈ (0,∞) and u ∈P ∩ Sc such that (λ,u) is a
ground state solution of problem (5.1).

Remark 5.3  In view of Theorem 5.3(ii), we observe that the obtained ground state u of equation (5.5) belongs to
∂Dc = Sc. This means that u is a ground state solution of equation (5.1), too.

In what follows, for 1 ≤ p ≤ ∞, the norm in Lp(R3) is denoted by ∥ ⋅ ∥p for simplicity. We assume that the
Hilbert space H 1(R3) is endowed with the standard norm ∥ u ∥2= ∫

R3(|∇u|2 + u2)dx.

5.2 Reaction L2-subcritical at the origin and L2-critical at infinity

In this section, we discuss the existence of solutions to problem (5.1) in the case that the nonlinearity f is L2-
subcritical at the origin. Let us start with the proof of the existence of negative-energy solutions by giving a
proper estimate below of the energy functional I on Dc. In view of (A0), we see that if F(ξ) > 0 for some ξ > 0

(which occurs if condition (A3) holds), then

K0:= sup
0≠t∈R

F(t)

t2 + t6
> 0

(5.12)

is well defined. Here, we point out that whenever we mention K0, we implicitly assume that F > 0 somewhere
and K0 < +∞. So from (5.12) and the definition of S , for u ∈ Dc,

infP∩Dc
I < aκ− 1

2

6
(bκ− 1

2S 3 +√(bκ− 1
2S 3)2 + 4aS 3)

+ bκ− 1
2

24
(bκ− 1

2S 3 +√(bκ− 1
2S 3)2 + 4aS 3)

2

,

I(u) ≥
a

2
∥ ∇u ∥22 +

b

4
∥ ∇u ∥42 −K0(∥ u ∥22 + ∥ u ∥66)

≥
a

2
∥ ∇u ∥22 +

b

4
∥ ∇u ∥42 −K0c

2 −K0S
−3 ∥ ∇u ∥62

≥
a

2
∥ ∇u ∥22 −K0c

2 −K0S
−3 ∥ ∇u ∥62,



(5.13)

which implies that I|Dc
 is bounded below on bounded subsets in H 1(R3).

Define the mapping g : (0,+∞) × (0,+∞) ↦ R by

g(c, t) :=
a

2
−K0c

2t−2 −K0S
−3t4.

It follows that

I(u) ≥ g(c, ∥ ∇u ∥2) ∥ ∇u ∥22 for all u ∈ Dc.

(5.14)

Lemma 5.1  ⏎ The following properties hold:

(i) For every c > 0 , the function t ↦ g(c, t)t2 has a unique critical point, which is a global maximizer.

(ii) If (5.9) holds, then there exist 0 < R1 < R2 such that g(c,R1) = g(c,R2) = 0, g(c, t) > 0 for
t ∈ (R1,R2) , and g(c, t) < 0 for t ∈ (0,R1) ∪ (R2, +∞).

(iii) If t > 0 and c1 ≥ c2 > 0 , then for every s ∈ [t c2
c1
, t] , we have g(c2, s) ≥ g(c1, t).

(iv) If c satisfies (5.9) , then there exists ϵ > 0 such that (5.13) is verified by every c′ ∈ (c− ϵ, c+ ϵ) and
the functions c′ ∈ (c− ϵ, c+ ϵ) ↦ Ri(c

′) ∈ (0 +∞), i ∈ {1, 2} with Ri defined in (ii) , are invertible
and of class C1.

Proof. It follows from the geometry of g(c, t) and straightforward computation that (i) and (ii) hold true. We also
remark that g(c2, t) ≥ g(c1, t) for all t > 0. Furthermore,

g(c2,
c2

c1
t)− g(c1, t) =

K0

S 3
[1 − ( c2

c1
)

4

]t4 ≥ 0.

Then by (i) and the regularity of g(c2, ⋅), property (iii) holds true. Finally, by the regularity of g, ∂g(c,R1) > 0, 
∂tg(c,R2) < 0 and the implicit function theorem, we obtain that (iv) holds true. □

We remark that if u ∈ H 1(R3)∖{0} and s > 0, then s ∗ u := s
3
2 u(s⋅) satisfies

∥ s ∗ u ∥2=∥ u ∥2 and ∥ ∇(s ∗ u) ∥2= s ∥ ∇u ∥2.

The following property establishes that the infimum of I on D
~
R
c  is negative.

Lemma 5.2  ⏎ Assume that (A0) and (A3) hold. Then m
~
R
c ∈ (−∞, 0) for every c, ~R > 0.

Proof. We first observe that the estimate given in (5.13) implies m
~
R
c > −∞. Next, for all 

u ∈ Dc ∩ L∞(R3)∖{0} and s > 0,

I(s ∗ u) = s2( a

2
∥ ∇u ∥22 +s2

b

4
∥ ∇u ∥42 −

1

(s
3
2 )p̄

∫
R3

F(s
3
2 u)dx).

From (A3), we have F(s
3
2 u) > 0 a.e. in supp u for sufficiently small s > 0. So, using Fatou's lemma and (A3)

again, we observe that



lim
s→0+

1

(s
3
2 )p̄

∫
R3

F(s
3
2 u)dx = +∞.

This means that I(s ∗ u) < 0 for sufficiently small s > 0. Since s ∗ u ∈ D
~
R
c  for small s > 0, we deduce that 

m
~
R
c ∈ (−∞, 0) for every c, ~R > 0. □

Next, we claim that mR1
c  cannot be achieved on ∂DR1

c . Indeed, it follows from Lemma 5.1(ii) and Lemma 5.2
that there exists ϵ > 0 such that for any s ∈ [R1 − ϵ,R1],

0 ≥ g(c, s) ≥
mR1

c

2R2
1

.

Then combining (5.14) and Lemma 5.2, we have for any u ∈ Dc, it holds that R1 − ϵ ≤∥ ∇u ∥2≤ R1 and

I(u) ≥ g(c, ∥ ∇u ∥2) ∥ ∇u ∥22≥ R2
1

mR1
c

2R2
1

> mR1
c .

We now establish a very useful subadditivity property of mR1
c .

Lemma 5.3  ⏎ Assume that conditions (A0), (A3) and (5.9) hold. Then for every c̄ ∈ (0, c) there holds

mR1
c ≤ mR1

c̄
+mR1

√c2−c̄2
.

Furthermore, the above inequality is strict if at least one between mR1
c  and mR1

√c2−c̄2
 is achieved.

Proof. We first show that for any σ ∈ [1, c
c̄
],

mR1
σc̄ = σ2mR1

c̄

(5.15)

and the inequality is strict if mR1
c  is achieved and σ > 1. By relation (5.14), Lemma 5.2 and the definition of 

mR1
c , one has that for every ϵ > 0 small enough, there exists u ∈ DR1

c  such that

g(c̄, ∥ ∇u ∥2) ∥ ∇u ∥22≤ I(u) ≤ mR1
c + ϵ < 0.

(5.16)

On the other hand, if ∥ ∇u ∥2≥ R1 ⋅
c̄
c

, then combining Lemma 5.1(iii) with c1 = c, c2 = c̄, t = R1 and 
s =∥ ∇u ∥2, we infer that

g(c̄, ∥ ∇u ∥2) ≥ g(c,R1) = 0.

This contradicts relation (5.16). Hence u ∈ D
c̄⋅

R1
c

c̄
.

Define v(⋅) := u( ⋅

σ
2
3
) ∈ D

R1
σc̄  and

mR1

σc̄
≤ I(v) = σ2( a

2σ
4
2

∥ ∇u ∥22 +
b

4σ
2
3

∥ ∇u ∥42 −∫
R3

F(u)dx) ≤ σ2I(u) ≤ σ2(mR1
c + ϵ),

which implies (5.15) by the arbitrariness of ϵ.



Now, if mR1
c̄  is achieved and σ > 1, we can take u ∈ DR1

c̄  as the minimizer and similar to the above argument,
we have

mR1

σc̄
< σ2I(u) = σ2mR1

c̄
.

(5.17)

When c̄2 > c2 − c̄2, we get

mR1
c

(1)

≤
c2

c̄2
mR1

c = m
R1
c̄ +

c2 − c̄2

c̄2
m

R1
c̄

(2)

≤ m
R1
c̄ +m

R1

√c2−c̄2
.

Here, the inequality (1) (resp., (2)) is strict if mR1
c̄  (resp., mR1

√c2−c̄2
) is achieved. Similarly, when c̄2 < c2 − c̄2,

we get

mR0
c

(3)

≤
c2

c2 − c̄2
m

R1

√c2−c̄2
= m

R1

√c2−c̄2
+

c̄2

c2 − c̄2
m

R1

√c2−c̄2

(4)

≤ m
R1

√c2−c̄2
+m

R1
c̄ .

Here, the inequality (3) (resp., (4)) is strict if mR1

√c2−c̄2
 (resp., mR1

c̄ ) is achieved. In particular, if c̄2 = c2 − c̄2

(that is, √2c̄ = c), by relation (5.15), it holds that mR1

√2c̄
= 2mR1

c̄
, while the inequality being strict if mR1

c̄
 is

achieved follows from (5.17). Thus, the proof of Lemma 5.3 is completed. □

The following property gives the relative compactness in Lp(R3) of minimizing sequences.

Lemma 5.4  ⏎  Assume that (A0), (A2), (A3) and (5.9) hold. If cn → c, ~
Rn → R1 and {un} ⊂ H 1(R3)

satisfies un ∈ D
~
Rn
cn

 for every n ∈ N, I(un) → mR1
c , then there exist {yn} ⊂ R3 and ~u ∈ Dc∖{0} such that

∥ ∇~u ∥2≤ R1 and un(⋅ + yn) → ~u in Lp(R3) for any p ∈ [2, 6).

Proof. We observe that since {un} is bounded in H 1(R3), in view of the interpolation inequality and the Sobolev
embedding, it is enough to verify the statement for p = 2. Hence suppose by contradiction that

lim
n→+∞

sup
y∈R3

∫
B(y,1)

|un|
2 dx = 0.

Then by Lemma I.1 in Lions [100], we know that for any q ∈ (2, 6), limn→+∞∥ un ∥q= 0.
Now, we fix q ∈ (2, 6) and ϵ > 0. By (C1) and (5.12), there exists C = C(q, ϵ,K0) such that for every t ∈ R,

F(t) ≤ ϵt2 + C|t|q +K0t
6.

Since g(c,R1) = 0 for ϵ ≪ 1, by Lemma 5.2, it holds that

which is a contradiction. Thus, there exists {yn} ⊂ R3 such that

0 > mR1
c = lim

n→+∞
I(un) ≥ lim sup

n→+∞
( a

2
∥ ∇un ∥22 +

b

4
∥ ∇un ∥42 −ϵ ∥ un ∥22 −C ∥ un ∥qq −K0 ∥ UN ∥66)

≥ ( a

2
−

K0R
4
1

S 3
)lim sup

n→+∞
∥ ∇un ∥22 +lim sup

n→+∞
∥ ∇un ∥42 −ϵc2

≥
K0c

2

R2
1

lim sup
n→+∞

∥ ∇un ∥22 +
b

4
lim sup
n→+∞

∥ ∇un ∥42 −ϵc2 ≥ −ϵc2,



lim sup
n→+∞

∫
B(0,1)

|un(⋅ + yn)|
2 dx > 0.

This means that there exists ~u ∈ Dc∖{0} with ∥ ∇~u ∥2≤ R1 such that vn(x) := un(x+ yn) − ~u(x). So, up to a
subsequence, we have vn ⇀ 0 in H 1(R3) and vn(x) → 0 for a.e. x ∈ R3.

Denote α1:= ∥ ~u ∥2 and assume by contradiction that α2:= limn→+∞∥ vn ∥2> 0 along a subsequence. In
view of (C0) and the Young's inequality, for every δ > 0, there exists Cδ > 0 such that for all t, s ∈ R,

Then using the Brezis-Lieb lemma in [14] and the weak convergence in H 1(R3), we obtain that

lim
n→+∞

(∥ un ∥22 − ∥ vn ∥22) =∥ ~u ∥22,

lim
n→+∞

(∥ ∇un ∥22 − ∥ ∇vn ∥22) =∥ ∇~u ∥22

and

lim
n→+∞

(I(un) − J(vn)) = J(~u),

where

J(u) :=
a

2
∥ ∇u ∥22 +

bA

4
∥ ∇u| ∥22 −∫

R3

F(u)dx,

and A:= limn→+∞∥ ∇un ∥22. In particular, we have α2
2 ≤ c2 − α2

1 and ∥ ∇vn ∥< R1 for n ≫ 1.
Next, we define for every n,

Then ~vn ∈ DR1
α2

. Using (A0), we obtain by straightforward computation that

lim
n→+∞

[J(vn) − J(~vn)] = 0.

Thus, by Lemma 5.3 and the fact that I(t), J(t) are continuous, we conclude that mR1
c  is nonincreasing in c. So,

up to a subsequence,

This means that mR1
α1

 is achieved at ~u and using Lemma 5.8 again, we obtain

mR1
α1

+mR1
α2

> m
R1

√α2
1+α2

2

.

|F(t+ s) − F(t)| ≤ ∫
1

0
|f(t+ τs)||s|dτ ≤ C ∫

1

0
(|t+ τs| + |t+ τs|5)|s|dτ

≤ C (|t| + |s| + |t|5 + |s|5)|s| ≤ δ(t2 + t6) + Cδ(s
2 + s6).

~vn :={
vn if ∥ vn ∥2≤ α2,

α2
vn

∥vn∥2
if ∥ vn ∥2> α2.

mR1
c = lim

n→+∞
I(un) = J(~u)+ lim

n→+∞
J(~vn) ≥ I(~u)+ lim

n→+∞
I(~vn) ≥ mR1

α1
+mR1

α2

≥ m
R1

√α2
1+α2

2

≥ mR1
c .



This is impossible. So, the proof of Lemma 5.4 is completed. □

5.2.1 Proof of Theorem 5.1: existence and asymptotics

Suppose that {cn} ⊂ (0,+∞), { ~
Rn} ⊂ (0,+∞), and {un} ⊂ H 1(R3) satisfies un ∈ D

~
Rn
cn

 for every n ∈ N, 
I(un) → mR1

c . Then in view of Lemma 5.4, there exists ~u ∈ Dc∖{0} with ∥ ∇~u ∥2≤ R1 such that replacing 
un(⋅ + yn) with un, we can assume that, up to a subsequence, un ⇀ ~u in H 1(R3) and un → ~u and a.e. in R3.
Moreover, I(~u) ≥ mR1

c .
Let vn := un − ~u. By weak convergence, we have

lim
n→+∞

(∥ ∇un ∥22 − ∥ ∇vn ∥22) =∥ ∇~u ∥22> 0,

which implies that ∥ ∇vn ∥2< R1 for n ≫ 1. Furthermore, by Theorem 2 of Brezis and Lieb [14], we have

mR1
c = lim

n→+∞
I(un) ≥ lim

n→+∞
J(vn) + J(~u) ≥ lim

n→+∞
I(vn) +mR1

c .

Combining g(c,R1) = 0, relation (5.12) and limn→+∞∥ vn ∥2= 0, we obtain

This means that limn→+∞∥ ∇vn ∥2= 0, that is, un → ~u in H 1(R3). Then it follows from Lemma 5.2 that 
I(~u) =limn→+∞ I(un) = mR1

c < 0 and ∥ ∇~u ∥2< R1. So, there exists λ~u ∈ R such that

−(a+ b∫
R3

|∇~u|2 dx)Δ~u+ λ~u
~u = f(~u) in R3.

In particular, if λ~u ≤ 0, then by the Pohozaev identity, we have

a∫
R3

|∇~u|2 dx+ b(∫
R3

|∇~u|2 dx)
2

= 6∫
R3

F(~u)dx− 3λ~u ∫
R3

|~u|2 dx ≥ 6∫
R3

F(~u)dx,

which yields that

0 > I(~u) ≥
a

3
∫
R3

|∇~u|2 dx+
b

12
(∫

R3

|∇~u|2 dx)
2

.

This is a contradiction. Thus, λ~u > 0. We also have ~u ∈ Sc.
We now claim that ~u has a constant sign. Denote ~u±:= max {±~u, 0} and c±:= ∥ ~u± ∥2. Then 

±~u± ∈ DR1
c±

⊂ DR1
c . If ∥ ~u+ ∥2 ⋅ ∥ ~u− ∥2> 0, then in virtue of Lemma 5.3 and c2 = c2+ + c2−,

mR1
c = I(~u) ≥ I(~u+) + I(−~u−) ≥ mR1

c+
+mR1

c−
≥ mR1

c .

Thus, mR1
c+

 is achieved at ~u+ and mR1
c−

 is achieved at −~u−. Then using Lemma 5.3 again, we obtain 
mR1

c+
+mR1

c−
> mR1

c . This is impossible and the claim is true. In addition, since

0 ≥ lim
n→+∞

I(vn) ≥ lim
n→+∞

[ a
2

∥ ∇vn ∥22 −K0(∥ vn ∥22 + ∥ vn ∥66)]

≥ ( a

2
−

K0R
4
1

S 3
) lim

n→+∞
∥ ∇vn ∥22=

K0c
2

R2
1

lim
n→+∞

∥ ∇vn ∥22≥ 0.



−(a+ b∫
R3

|∇~u|2 dx)Δ~u+ (λ~u+ max {−
f(~u)
~u

, 0})~u =max {
f(~u)
~u

, 0}~u,

by the maximum principle in Gilbarg and Trudinger [63], it holds that ~u does not vanish. The proof of Theorem
5.1 is now complete. □

5.2.2 Global minimizers with negative energy

This section is devoted to the proof of Theorem 5.2. We start with some auxiliary properties.

Lemma 5.5  ⏎  Assume that conditions (A0) –(A2) and (5.6) hold. Then I|Dc
 is coercive and bounded from

below.

Proof. By (A1) and (A2), for every ϵ > 0 there exists Cϵ > 0 such that for any u ∈ H 1(R3),

F(u) ≤ Cϵu
2 + (ϵ+ η∞)|u|p̄.

Combining Lemma B.1 and (5.6), we obtain that for every u ∈ Dc,

We conclude that Lemma 5.5 holds true for sufficiently small ϵ. □
We now recall that for u ∈ H 1(R3)∖{0} and s > 0, we define s ∗ u(x) := s

3
2 u(sx). In particular, we know

that ∥ u ∥2=∥ s ∗ u ∥22.

Lemma 5.6  ⏎ Assume that conditions (A0), (A3) and (5.7) hold. Then infDc
I < 0.

Proof. Given u ∈ L∞(R3) ∩Dc∖{0}, we have

I(s ∗ u) =
as2

2
∥ ∇u ∥22 +s4

b

4
∥ ∇u ∥42 −∫

R3

F(s
3
2 u)

(s 3
2 )

p̄
dx .

In view of (A3), it holds that F(s
3
2 u) ≥ 0 and

I(s ∗ u) ≤ s2
a

2
∥ ∇u ∥22 +

b

4
∥ ∇u ∥42 −∫

R3

F(s
3
2 u)

(s 3
2 )

p̄
dx

for sufficiently small ϵ > 0. Hence if η∞ = +∞, then

lim
s→0+

∫
R3

F(s
3
2 u)

(s 3
2 )

p̄
dx = +∞.

If η0 < +∞, then

I(u) ≥
a

2
∥ ∇u ∥22 +

b

4
∥ ∇u ∥42 −Cϵ ∥ u ∥22 +(ϵ+ η∞) ∥ u ∥p̄p̄

≥
b

4
∥ ∇u ∥42 −Cϵc

2 − (ϵ+ η∞)cp̄(1−γp̄)C
p̄
p̄ ∥ ∇u ∥42

= ( b

4
− (ϵ+ η∞)cp̄(1−γp̄)C

p̄

p̄
) ∥ ∇u ∥42 −Cϵc

2.

⎛⎜⎝ ⎞⎟⎠⎡⎢⎣ ⎤⎥⎦



lim sup
s→0+

a

2
∥ ∇u ∥22 +

b

4
∥ ∇u ∥42 −∫

R3

F(s
3
2 u)

(s 3
2 )

p̄
dx ≤

a

2
∥ ∇u ∥22 +

b

4
∥ ∇u ∥42 −η0 ∥ u ∥p̄

p̄
.

So the statement holds true if u ∈ Dc and

a

2
∥ ∇u ∥22 +

b

4
∥ ∇u ∥42< η0 ∥ u ∥p̄

p̄
.

(5.18)

By [91], let ω ∈ H 1(R3) ∩ L∞(R3) be the unique positive radial solution of the problem

−(a+ b∫
R3

|∇v|2 dx)Δv+ v = |v|p̄−2v in R3.

(5.19)

If we fix u(x) := ω ( x
t
) for some t > 0, then it follows from (5.7) that u ∈ Dc and relation (5.18) holds true if

1

√2η0
< t <min ( c2

∥ ω ∥22
)

1
3

, 1 .

(5.20)

This completes the proof of Lemma 5.6. □

Lemma 5.7  ⏎ Let d1, d2 > 0 and suppose that (A0) –(A2) hold. Then

(i) m(√d2
1 + d2

2) ≤ m(d1) +m(d2);

(ii) if m(d1) or m(d2) are attained at a nontrivial function, then

m(√d2
1 + d2

2) < m(d1) +m(d2).

Proof. (i) Fix ϵ > 0. Then there exist ud1 ∈ Dd1 ∩ C∞
0 (R3) and ud2 ∈ Dd2 ∩ C∞

0 (R3) such that 
I(ud1) ≤ m(d1) + ϵ and I(ud2) ≤ m(d2) + ϵ. Moreover, we assume that the supports of ud1  and ud2  are
disjoint. Hence

I(ud1 + ud2) ≤ I(ud1) + I(ud2)

and

∥ ud1 + ud2 ∥
2
2=∥ ud1 ∥

2
2 + ∥ ud2 ∥

2
2≤ d2

1 + d2
2.

This implies that

m(√d2
1 + d2

2) ≤ I(ud1 + ud2) ≤ m(d1) +m(d2) + 2ϵ.

⎛⎜⎝ ⎞⎟⎠⎧⎪⎨⎪⎩ ⎫⎪⎬⎪⎭



(ii) Without loss of generality, we assume that m(ud1) is achieved. Then we let u ∈ Dd1∖{0} such that 
I(u) = m(d1). On the other hand, we let ϵ > 0 and v ∈ Dd2  such that

I(v) ≤ m(d2) +
d2
2

d2
1 + d2

2

ϵ < m(d2) +
d2
2

d2
1

ϵ.

Then for every s ≥ 1, we obtain

(5.21)

If d1 ≥ d2, then it follows from (5.21) that

m(d1) = m( d1

d2
d2) <

d2
1

d2
2

(m(d2) +
d2
2

d2
1

+
d2
2

d2
1

ϵ) =
d2
1

d2
2

m(d2) + ϵ,

while if d1 < d2, then it follows from (5.21) that

m(√d2
1 + d2

2) = m √ d2
1 + d2

2

d2
2

d2 ≤
d2
1 + d2

2

d2
2

(m(d2) +
d2
2

d2
1 + d2

2

ϵ) =
d2
1 + d2

2

d2
2

m(d2) + ϵ.

Thus by the arbitrariness of ϵ, we see that

(5.22)

Furthermore, arguing as in (5.21), we find that m(√sd1) < sm(d1) for every s > 1. Then in view of (5.22), if
d1 ≥ d2, then

m(√d2
1 + d2

2) <
d2
1 + d2

2

d2
1

m(d1) = m(d1) +
d2
2

d2
1

m(d1) ≤ m(d1) +m(d2).

If d1 < d2, then

m(√d2
1 + d2

2) ≤
d2
1 + d2

2

d2
2

m(d2) =
d2
1

d2
2

m(d2) +m(d2) < m(d1) +m(d2).

This completes the proof of Lemma 5.7(ii). □

m(√sd2) ≤ I(v(⋅/s1/3)) = s [ a

2s
2
3

∥ ∇v ∥22 +
b

4s
1
3

∥ ∇v ∥42 −∫
R3

F(v)dx] ≤ sI(v)

≤ s[m(d2) +
d2
2

d2
1 + d2

2

ϵ] < s[m(d2) +
d2
2

d2
1

ϵ].

⎛

⎝

⎞

⎠

m(d1) ≤
d2
1

d2
2

m(d2) if d1 ≥ d2,

m(√d2
1 + d2

2) ≤
d2
1 + d2

2

d2
2

m(d2) if d1 < d2.



Lemma 5.8  ⏎ Assume that conditions (A0) –(A3), (5.6) and (5.7) hold. Then every minimizing sequence for
I|Dc

 is relatively compact in Lp(R3), up to translations, for all 2 < p < 6.

Proof. Suppose that {un} ⊂ Dc satisfies limn→+∞ I(un) = m(c) =infDc
I. Then by Lemma 5.5, the sequence 

{un} is bounded. Moreover, if

lim
n→+∞

max
y∈R3

∫
B(y,1)

u2
n dx = 0,

then by Lemma I.1 in [100], we obtain that un → 0 in Lp̄(R3), whence ∫
R3 F(un)dx → 0 from (A1) and (A2).

In addition, up to subsequence, un ⇀ 0 in H 1(R3) and un → 0 a.e. in R3. Therefore, lim inf
n→+∞

I(un) ≥ 0, which

contradicts Lemma 5.6. Thus, there exist u ∈ D∖{0} and yn ∈ R3 such that, up to a subsequence,

vn := un(⋅ − yn) − u ⇀ 0 inH 1(R3)

and vn → 0 a.e. in R3. From Theorem 1 of Brezis and Lieb [14], we get

lim
n→+∞

[J(un) − J(vn)] = J(u),

where

J(u) :=
a

2
∥ ∇u ∥22 +

bK

4
∥ ∇u ∥22 −∫

R3

F(u)dx

and K:= limn→+∞∥ ∇un ∥22. If

lim
n→+∞

max
y∈R3

∫
B(y,1)

v2n dx = 0,

then using Lemma I.1 in [100] again, the statement holds true. If not, as before, there exist v ∈ H 1(R3)∖{0} and
zn ∈ R3 such that, up to a subsequence, wn → 0 a.e. in R3,

wn := vn(⋅ − zn) − v ⇀ 0 inH 1(R3),

lim
n→+∞

[J(vn) − J(wn)] = J(v), and lim
n→+∞

[∥ un ∥22 − ∥ wn ∥22] =∥ u ∥22 + ∥ v ∥22.

Then

lim inf
n→+∞

∥ un ∥22 − ∥ u ∥22 − ∥ v ∥22= lim inf
n→+∞

∥ wn ∥22=: d2 ≥ 0.

If d > 0, we let w̄n := d
∥wn∥2

wn ∈ Sd. It follows that

lim
n→+∞

[J(wn) − J(w̄n)] = 0.

Using now Lemma 5.7(i), we obtain

m(c) = lim
n→+∞

I(un) ≥ J(u) + J(v)+ lim
n→+∞

J(wn) = J(u) + J(v)+ lim
n→+∞

J(w̄n)

≥ m(c1) +m(c2) +m(d) ≥ m(√c21 + c22 + d2) ≥ m(c),



where c1:= ∥ u ∥2 and c2:= ∥ v ∥2. This implies that the above inequalities are in fact equalities. In particular,
since m(c1) and m(c2) are achieved, by Lemma 5.7(ii), we know that

m(c) ≥ m(c1) +m(c2) +m(d) > m(√c21 + c22 + d2) ≥ m(c).

This is impossible.
If d = 0, then wn → 0 in L2(R3) and by (A1) and (A2), ∫R3 F(wn)dx → 0 as n → +∞. Thus, 

lim inf
n→+∞

J(wn) ≥ 0. It follows that

m(c) = lim
n→+∞

I(un) ≥ J(u) + J(v)+ lim
n→+∞

J(wn) ≥ m(c1) +m(c2) ≥ m(√c21 + c22) ≥ m(c).

We can get a contradiction as before. The proof of Lemma 5.8 is now complete. □

Lemma 5.9  ⏎ Assume that conditions (A0) –(A3), (5.6) and (5.7) hold. Then infDc
I is achieved.

Proof. Suppose that {un} ⊂ Dc satisfies limn→+∞ I(un) =infDc
I. In view of Lemmas 5.5 and 5.8, there exists 

u ∈ D such that, up to a subsequence and translations, un ⇀ u in H 1(R3) and un → u in Lp(R3)(2 < p < 6),
and un → u a.e. in R3 as n → +∞, which yields

inf
Dc

I = lim
n→∞

I(un) ≥ I(u) ≥inf
Dc

I.

We conclude that infDc
I is achieved. □

Proof of Theorem 5.2. From Lemmas 5.6, 5.9, we see that there exists u ∈ Dc such that I(u) =infDc
I < 0.

Then it follows from Proposition A.1 of Mederski and Schino [114] that there exists λ ≥ 0 such that

−(a+ b∫
R3

|∇u|2 dx)Δu+ λu = f(u).

Assume by contradiction that λ = 0. By bootstrap regularity, u ∈ W
2,p
loc (R

3) for every p < ∞. Then u satisfies
the following Pohozaev identity

a∫
R3

|∇u|2 dx+ b(∫
R3

|∇u|2 dx)
2

= 6∫
R3

F(u)dx,

which yields that

0 > I(u) =
a

3
∥ ∇u ∥22 +

b

12
∥ ∇u ∥42.

This contradiction implies that (λ,u) ∈ (0,+∞) ×H 1(R3) solves problem (5.1). If f is locally Lipschitz
continuous, we can argue as in the proof of Theorem 1.4 in Jeanjean and Lu [79], otherwise, the result follows
from the properties of the Schwarz rearrangements. □

5.3 Reaction L2-critical at the origin and L2-supercritical at infinity



In this section, we establish the existence of ground state solutions for problems (5.1) and (5.5) in the case that
the nonlinearity f is L2-critical at the origin and L2-supercritical at infinity and we also give the relation between
these ground states. First of all, by Lemma 2.1 of Bieganowski and Mederski [11], we have the following result.

Lemma 5.10  ⏎  Let f1, f2 ∈ C(R) and suppose that there exists C > 0 such that
|f1(u)| + |f2(u)| ≤ C(|u|2 + |u|6) for every u ∈ H 1(R3). Then f1 ⪯ f2 if and only if f1 ≤ f2 and

∫
R3

[f1(u) − f2(u)]dx < 0

for every u ∈ H 1(R3)∖{0}.

In what follows, we always assume that condition (B0) holds. Our purpose is to establish the relation between
the energy functional I and P ∩Dc.

Lemma 5.11  ⏎ Assume that conditions (B1) –(B3) and (B5) hold. Then

inf {∥ ∇u ∥22: u ∈P ∩Dc} > 0.

Proof. From (B1) –(B3), (B5) and Lemma B.1 (Gagliardo–Nirenberg inequality), we infer that for every ϵ > 0,
there exists Cϵ > 0 such that for every u ∈P ∩Dc,

which implies that

a ∥ ∇u ∥22≤ 6(CϵC
6
6 ∥ ∇u ∥62 +(ϵ+ η)C p̄

p̄
c

4
3 ∥ ∇u ∥42).

We conclude that inf {∥ ∇u ∥22: u ∈P ∩Dc} > 0. □

Now, recall that for u ∈ H 1(R3)∖{0} and s > 0, we define the maps (s ∗ u)(x) := s
3
2 u(sx) and 

ψ(s) := I(s ∗ u).

Lemma 5.12  ⏎ Assume that conditions (B1) –(B5) hold and let u ∈ H 1(R3)∖{0} be such that

η <
b ∥ ∇u ∥42

8 ∥ u ∥p̄
p̄

.

(5.23)

Then there exist s1 = s1(u) > 0 and s2 = s2(u) ≥ s1 such that every s ∈ [s1, s2] is a global maximizer for ψ
and ψ is increasing on (0, s1) and decreasing on (s2, +∞). Moreover, s ∗ u ∈P if and only if s ∈ [s1, s2], 
P(s ∗ u) > 0 if and only if s ∈ (0, s1), and P(s ∗ u) < 0 if and only if s > s2. If (B4,⪯) holds, then s1 = s2.

Proof. From (B1), we see that

ψ(s) =
as2

2
∫
R3

|∇u|2 dx+
bs4

4
(∫

R3

|∇u|2 dx)
2

− ∫
R3

F(s
3
2 u)

s3
dx → 0

a ∥ ∇u ∥22 +b ∥ ∇u ∥42 =
3

2
∫
R3

H(u)dx ≤ 6(Cϵ ∥ u ∥66 +(ϵ+ η) ∥ u ∥p̄p̄)

≤ 6(CϵC
6
6 ∥ ∇u ∥62 +(ϵ+ η)C p̄

p̄ c
4
3 ∥ ∇u ∥42),



as s → 0+ and by (B2), one has lims→∞ ψ(s) = −∞. On the other hand, it follows from (B1) and (B3) that for
every ϵ > 0, there exists Cϵ > 0 such that

F(u) ≤ (ϵ+ η)|u|p̄ + Cϵ|u|
6.

Thus by (5.23), we have

ψ(s) ≥
as2

2
∫
R3

|∇u|2 dx+
bs4

4
(∫

R3

|∇u|2 dx)
2

− s4(η+ ϵ) ∫
R3

|u|p̄ dx− Cϵs
6 ∫

R3

|u|6 dx > 0

for sufficiently small ϵ and s. Thus, there exists an interval [s1, s2] ⊂ (0,+∞) such that ψ|[a,b] =max ψ.
Furthermore,

ψ′(s) = as∫
R3

|∇u|2 dx+ bs3(∫
R3

|∇u|2 dx)
2

−
3

2
∫
R3

H(s3/2u)

s5
dx

and the function

s ∈ (0,+∞) ↦ ∫
R3

H(s3/2u)

s5
dx

is nondecreasing (resp. increasing) by (B4) (resp. (B4,⪯) and Lemma 5.10) and tends to +∞ as s → +∞ by 
(B2) and (B5). This implies that ψ′(s) > 0 if s ∈ (0, s1) and ψ′(s) < 0 if s > s2 and that s1 = s2 if (B4,⪯)

holds.
Finally, we obtain

sψ′(s) = as2 ∫
R3

|∇u|2 dx+ bs4(∫
R3

|∇u|2 dx)
2

−
3

2
∫
R3

H(s3/2u)

s3
dx = P(s ∗ u).

We conclude that s ∗ u ∈P if and only if s ∈ [s1, s2], P(s ∗ u) > 0 if and only if s ∈ (0, s1), and 
P(s ∗ u) < 0 if and only if s > s2. The proof of Lemma 5.12 is completed. □

Remark 5.4  We observe that (5.8) implies (5.23) provided that u ∈ Dc. Indeed, it follows from(5.8) and the
Gagliardo–Nirenberg inequality that

η ∥ u ∥p̄
p̄
≤ η ⋅ C p̄

p̄
∥ ∇u ∥42∥ u ∥

p̄(1−γp̄)
2 ≤ ηC p̄

p̄
cp̄(1−γp̄) ∥ ∇u ∥42<

b

8
∥ ∇u ∥42.

Lemma 5.13  ⏎ Assume that conditions (B1) –(B5) and (5.8) hold. Then I is coercive on P ∩Dc.

Proof. For all u ∈P, by (B5), it holds that

I(u) = I(u) −
1

4
P(u) =

a

4
∫
R3

|∇u|2 dx+ ∫
R3

3

8
H(u) −G(u)dx ≥ 0.

Thus, I is nonnegative on P ∩Dc.
In the following, suppose that {un} ⊂P ∩Dc satisfies limn→+∞∥ ∇un ∥2= +∞. Then we define

sn:= ∥ ∇un ∥−1
2 > 0 and vn := sn ∗ un.



Note that when sn → 0, ∥ vn ∥2=∥ u ∥2≤ c and ∥ ∇vn ∥22= 1, which yields that {vn} is bounded in H 1(R3). If
we assume that

lim sup
n→+∞

max
y∈R3

∫
B(y,1)

|vn|
2 dx > 0,

then there exist {yn} ⊂ R
3 and v ∈ H 1(R3) such that, up to a subsequence, vn(⋅ + yn) ⇀ v ≠ 0 in H 1(R3) and

vn(⋅ + yn) → v a.e. in R3. Thus, by (B2),

This contradiction implies that

lim
n→+∞

max
y∈R3

∫
B(y,1)

|vn|
2 dx = 0.

Then from Lemma I.1 in Lions [100], we deduce that vn → 0 in Lp̄(R3). Since s−1
n ∗ vn = un ∈P, it follows

from Lemma 5.12 that for every s > 0,

I(un) = I(s−1
n ∗ vn) ≥ I(s ∗ vn) =

as2

2
+

bs4

4
− s3 ∫

R3

F(s
3
2 vn(s⋅))dx.

Since

lim
n→+∞

∫
R3
F(s3/2vn(s⋅))dx = 0,

we obtain that lim inf
n→+∞

I(un) ≥
as2

2 + bs4

4  for every s > 0, that is, limn→+∞ I(un) = +∞. The proof of Lemma

5.13 is now complete. □

Lemma 5.14  ⏎ Assume that conditions (B1) –(B5) and (5.8) hold. Then ρ:= infP∩Dc
I > 0.

Proof. From the Gagliardo–Nirenberg inequality and relation (5.8), we obtain that for every ϵ > 0 there exists 
Cϵ > 0 such that

Choosing

δ :=
1

( 8
b
CϵC

6
6 )

1
4

and ϵ :=
b

8
⋅

1

C p̄
p̄
cp̄(1−γp̄)

,

0 ≤
I(un)

∥ ∇un ∥42
≤

a

2 ∥ ∇un ∥22
+

b

4
− ∫

R3

F(un)

∥ ∇un ∥42
dx =

a

2 ∥ ∇un ∥22
+

b

4
− s7n ∫

R3

F(un(snx))dx

=
a

2 ∥ ∇un ∥22
+

b

4
− s7n ∫

R3

F(s
− 3

2
n vn)dx =

a

2 ∥ ∇un ∥22
+

b

4
− ∫

R3

F(s
− 3

2
n vn)

|s
− 3

2
n vn|p̄

|vn|
p̄ dx

=
a

2 ∥ ∇un ∥22
+

b

4
− ∫

R3

F(s
− 3

2
n vn(x+ yn))

|s
− 3

2
n vn(x+ yn)|p̄

|vn(x+ yn)|
p̄ dx → −∞.

∫
R3

F(u)dx ≤ CϵC
6
6 ∥ ∇u ∥62 +(ϵ+ η)C p̄

p̄ c
p̄(1−γp̄) ∥ ∇u ∥42

≤ (CϵC
6
6 ∥ ∇u ∥42 +ϵC

p̄
p̄ c

p̄(1−γp̄) +
b

8
) ∥ ∇u ∥42.



and since ∥ ∇u ∥2≤ δ, we obtain

∫
R3

F(u)dx ≤
3b

8
∥ ∇u ∥42,

which yields that I(u) ≥ b
8 ∥ ∇u ∥42. Then taking u ∈P ∩Dc such that ∥ ∇u ∥2≤ δ, we obtain 

I(u) ≥ b
8 ∥ ∇u ∥42.

Define

s :=
δ

∥ ∇u ∥42
and v := s ∗ u.

Obviously, ∥ v ∥2=∥ u ∥2≤ c and ∥ ∇v ∥2= δ. From Lemma 5.12, we get

I(u) ≥ I(v) ≥
b

8
∥ ∇v ∥42=

b

8
⋅ δ4 > 0.

The proof of Lemma 5.14 is completed. □

Lemma 5.15  ⏎  Assume that κ ∈ (0,+∞), conditions (B1) –(B5), (5.8) hold, and there exist p̄ ≤ p ≤ 6, 
p̄ ≤ q < 6 such that

lim inf
|u|→0

F̄(u)

|u|p
> 0 and lim inf

|u|→∞

F̄(u)

|u|q
> 0

(5.24)

with max {p, q}/2− min {p, q} < −1. Then

(5.25)

Proof. Consider the Kirchhoff equation

−(a+ b ∫
R3

|∇u|2 dx)Δu = u5 in R3.

(5.26)

By straightforward computation, the function Φϵ(x) = Kϕϵ =: K (3ϵ2)
1
4

(ϵ2+|x|2)
1
2

, where ϵ > 0, K > 0 and 

K 2 = 1
2 (bS

3
2 +√b2S 3 + 4a) is a positive ground state solution of problem (5.26). Here, the best Sobolev

constant S  is achieved by ϕϵ. Since Φϵ ∉ L2(R3), let 0 ≤ φ ∈ C∞
0 (R3) radial such that φ ≡ 1 in B1 and φ ≡ 0

in R3∖B2, where Br stands for the closed ball centered at 0 of radius r. For every ϵ > 0, define

uκ
ϵ := κ− 1

4 φΦϵ and vκϵ :=
c

∥ uκ
ϵ ∥2

uκ
ϵ ∈ Dc.

ρ < aκ
− 1

2

3 ( 1
2 (bκ

− 1
2S 3 +√(bκ− 1

2S 3)2 + 4aS 3))

+ bκ
− 1

2

12 ( 1
2 (bκ

− 1
2S 3 +√(bκ− 1

2S 3)2 + 4aS 3))
2

.



By Struwe [141, p. 179], we obtain that

∥ ∇(φΦϵ) ∥
2
2= K 2

S
3
2 +O(ϵ),

∥ φΦϵ ∥
2
6= K

1
3S

1
2 +O(ϵ2),

∥ φΦϵ ∥
2
2= Ĉϵ+O(ϵ2),

where Ĉ depends only on φ.
We now show that

∫
R3

|φΦϵ|
iχ{φΦϵ≥1} dx ≥

~
Cϵ3−

1
2 i

for some positive constant ~C and sufficiently small ϵ > 0, where i ∈ {p, q} and χΓ stands for the characteristic
function of Γ. Indeed, suppose that |x|2 ≤ K 2(3ϵ2)

1
2 − ϵ2. If ϵ is sufficiently small, then x ∈ B1 and 

φ(x)Φϵ(x) = Φϵ(x) ≥ 1. It follows that

∫
R3

|φΦϵ|
iχ{φΦϵ}≥1 dx ≥ ∫

{|x|≤(K 2(3ϵ2)
1
2 −ϵ2)

1
2}

|Φϵ|
i dx =

~
Cϵ3−

1
2 i.

Next, we define sϵ > 0 such that sϵ ∗ vκϵ ∈P. Based on the argument of Lemma 5.6, for every δ > 0, there
exists Cδ > 0 not depending on ϵ and κ such that

Then by using (5.8), we obtain that

s4ϵ ≥
a ∥ ∇vκϵ ∥22
Cδκ ∥ vκϵ ∥66

=
a

Cδκ
⋅
∥ ∇(φΦϵ) ∥22 ⋅ ∥ uκ

ϵ ∥42
∥ φΦϵ ∥

6
6

.

In addition, F̄(u) > 0 for u ≠ 0. Then taking ϵ sufficiently small, we get

where

as2ϵ ∥ ∇vκϵ ∥22 +bs4ϵ ∥ ∇vκϵ ∥42 ≤ 6(s4ϵ(η+ δ) ∥ vκϵ ∥p̄p̄ +s6ϵCδκ ∥ vκϵ ∥66)

≤ 6(s4ϵ(η+ δ)C p̄
p̄ c

4
3 ∥ ∇vκϵ ∥42 +s6ϵCδκ ∥ vκϵ ∥66).

ρ ≤ I(sϵ ∗ v
κ
ϵ ) ≤ −∫

R3

F̄(sϵ ∗ v
κ
ϵ )dx

+ max
s>0

[ as
2

2
∫
R3

|∇vκϵ |
2 dx+

bs4

4
(∫

R3

|∇vκϵ |
2 dx)

2

−
s6

6
κ ∫

R3

|vκϵ |
6 dx]

≤ −∫
R3

F̄(sϵ ∗ v
κ
ϵ )dx+

a2

2
t∗ ∥ ∇vκϵ ∥22 +

b

4
t2∗ ∥ ∇vκϵ ∥42 −

κ

6
t3∗ ∥ vκϵ ∥66

= −∫
R3

F̄(sϵ ∗ v
κ
ϵ )dx+

aκ− 1
2

3
( 1

2
(bκ− 1

2S
3 +√(bκ− 1

2S 3)2 + 4aS 3))

+
bκ− 1

2

12
( 1

2
(bκ− 1

2S
3 +√(bκ− 1

2S 3)2 + 4aS 3))
2

+O(ϵ),



t∗ :=
b ∥ ∇vκϵ ∥42 +√b2 ∥ ∇vκϵ ∥82 +4aκ ∥ vκϵ ∥66 ⋅ ∥ ∇vκϵ ∥22

2κ ∥ vκϵ ∥66
.

Now we estimate ∫
R3 F̄(sϵ ∗ v

κ
ϵ )dx as ϵ → 0+. Combining (5.24), (B2) and (B3), we find that there exists 

C > 0 such that F̄(u) ≥ C|u|p if |u| ≤ 1 and F̄(u) ≥ C|u|q if |u| > 1. Hence in virtue of p, q < 6, we obtain

Here, C ′,C ′′,C ′′′ > 0 are constants and 0 <
3+ max{p,q}

2 − min{p,q}
2

2 < 1. Then the following properties hold

O(ϵ) − C ′′′ϵ
3+

max{p,q}
2 −

min{p,q}
2

2 < 0

for sufficiently small ϵ and ρ is chosen so that

ρ < κ− 1
2 [ a

3
( 1

2
(bκ− 1

2S
3 +√(bκ− 1

2S 3)2 + 4aS 3))+
b

12
( 1

2
(bκ− 1

2S
3 +√(bκ− 1

2S 3)2 + 4aS 3))
2

].

The proof of Lemma 5.15 is completed. □

Comparing with (5.24), we give other sufficient conditions for (5.25) to hold.

Lemma 5.16  ⏎ Assume that conditions (B1) –(B5) hold and κ ∈ (0,∞). Then

(i) If η = 0 and limt→0
F̄(t)
t6

= ∞ , then there exists c0 > 0 such that (5.25) is satisfied provided that
c > c0.

(ii) If relation (5.8) holds and limt→+∞
F̄(t)

|t|p̄
= +∞ , then there exists κ0 > 0 such that (5.25) is

satisfied provided that κ < κ0.

Proof. (i) We only need to show that ρ → 0 as c → +∞. By contradiction, suppose that cn → +∞. We take 
u ∈ L∞(R3) such that ∥ u ∥2= 1. In particular, we also assume that cn > 1. Denote un := cnu satisfying 

∥ un ∥2= cn. Then in view of Lemma 5.12, there exists sn > 0 such that vn := s
3
2
n un(sn⋅) ∈P. Note that 

∥ vn ∥2=∥ un ∥2. Then

∫
R3

F̄(sϵ ∗ v
κ
ϵ ) dx ≥ Cs

3( p

2 −1)
ϵ ∫

R3

|vκϵ |
pχ

{|(sκϵ )
3
2 vκϵ |≤1}

dx+ Cs
3( q

2 −1)
ϵ ∫

R3

|vκϵ |
qχ

{|(sκϵ )
3
2 vκϵ |>1}

dx

≥ C ′ ∥ φΦϵ ∥
3( p

2 −1)−p

2 ∫
R3

|φΦϵ|
pχ

{|(sκϵ )
3
2 vκϵ |≤1}

dx

+C ′ ∥ φΦϵ ∥
3( q

2 −1)−q

2 ∫
R3

|φΦϵ|
qχ

{|(sκϵ )
3
2 vκϵ |>1}

dx

≥ C ′ ∥ φΦϵ ∥
( 3

2 −1)p−N

2 ∫
R3

|φΦϵ|
pχ

{|(sκϵ )
3
2 vκϵ |≤1}

χ{φΦϵ≥1} dx

+C ′ ∥ φΦϵ ∥
( 3

2 −1)q−N

2 ∫
R3

|φΦϵ|
qχ

{|(sκϵ )
3
2 vκϵ |>1}

χ{φΦϵ≥1} dx

≥ C ′ min {∥ φΦϵ ∥
( 3

2 −1)p−N

2 , ∥ φΦϵ ∥
( 3

2 −1)q−N

2 } ⋅ ∫
R3

|φΦϵ|
min{p,q}χ{φΦϵ≥1} dx

≥ C ′′ ∥ φΦϵ ∥
1
2
max{p,q}−3

2 ϵ3−
1
2 min{p,q}

≥ C ′′ ϵ3−
min{p,q}

2

(Ĉϵ)
3
2 −

max{p,q}
4 +O(ϵ3−

max{p,q}
2 )

≥ C ′′′ϵ
3+

max{p,q}
2 −

min{p,q}
2

2 .



Thus, it is enough for us to prove that sncn → 0. We observe that

and

a

(sncn)2
∥ ∇u ∥22 +b ∥ ∇u ∥42=

3

2
s−7
n c−4

n ∫
R3

H(s
3
2
n cnu)dx =

3

2
c

2
3
n ∫

R3

H(s
3
2
n cnu)

|s
3
2
n cnu|p̄

|u|p̄ dx,

which implies that

lim
n→+∞

∫
R3

H(s
3
2
n cnu)

|s
3
2
n cnu|p̄

dx = 0.

This means that s
3
2
n cn → 0.

In what follows, we fix ϵ > 0. In view of (B5) and limt→0
F(t)

t6
= ∞, there holds

H(s) ≥
4

3
F(s) ≥ ϵ−1s6

for |s| small enough. Then considering u ∈ L∞(R3), for n large enough, we have

which implies that sncn → 0 as n → +∞.
(ii) Take any u ∈ Dc∖{0} and observe that (5.23) holds. Based on Lemma 5.12 with κ = 0, there exists ~s > 0

such that ~s ∗ u ∈P,

c ≤ I(~s ∗ u) ≤max
s>0

I(s ∗ u) ≤max
s>0

( as2

2
∥ ∇u ∥22 +

bs4

4
∥ ∇u ∥42 −∫

R3

F̄(s
3
2 u)

s3
dx),

(5.27)

and the latter expression of (5.27) is finite. Thus we choose κ0 > 0 sufficiently small such that

κ− 1
2 [ a

3
( 1

2
(bκ− 1

2S
3+√(bκ− 1

2S 3)2+4aS 3))+ b

12
( 1

2
(bκ− 1

2S
3+√(bκ− 1

2S 3)2 + 4aS 3))
2

]

is greater than the right-hand side of (5.27). The proof is now complete. □

0 <inf {I(w) : w ∈P, ∥ w ∥2≤ cn} ≤ I(vn) ≤
a

2
∥ ∇vn ∥22 +

b

4
∥ ∇vn ∥42

=
a

2
(sncn)

2 ∥ ∇u ∥22 +
b

4
(sncn)

4 ∥ ∇u ∥42.

a(sncn)
2 ∥ ∇u ∥22 +b(sncn)

4 ∥ ∇u ∥42 = a ∥ ∇vn ∥22 +b ∥ ∇vn ∥42=
3

2
∫
R3

H(vn)dx

=
3

2
s−3
n ∫

R3

H(s
3
2
n cnu)dx

a

(sncn)2
∥ ∇u ∥22 +b ∥ ∇u ∥42 =

3

2
s−7
n c−4

n ∫
R3

H(s
3
2
n cnu)dx ≥ ϵ−1 3

2
s−7
n c−4

n |s
3
2
n cn|

6 ∥ u ∥66

= ϵ−1 3

2
(sncn)

2 ∥ u ∥66,



Remark 5.5  We now provide explicit examples of nonlinearities that satisfy the assumptions of Lemma 5.16. Let
ϵ > 0 be small enough. If f̄(u) =min {|u|4−ϵ, |u|

8
3 }u and κ is not sufficiently small, then we can use Lemma

5.16(i) provided that c is large enough, but not (ii). On the other hand, if F is of the form (5.11) and
f̄(u) =min {|u|4, |u|

8
3 +ϵ}u, then if c is not large enough, we can use Lemma 5.16(ii) provided that κ is small

enough, but not (i).

Lemma 5.17  ⏎ Assume that conditions (B1) –(B5) and (5.8) hold and either κ = 0 or κ ∈ (0,∞) and relation
(5.25) is satisfied. Then ρ is achieved.

Proof. Suppose that {un} ⊂P ∩Dc satisfies limn→+∞ I(un) = ρ. Then it follows from Lemma 5.13 that 
{||un||} is bounded. Moreover, by Theorem 1.4 in Mederski [113], we find {~ui}∞i=0 ⊂ H 1(R3) and 
{yin}

∞
i=0 ⊂ R3 for any n ≥ 1 such that y0n = 0, limn→+∞ |yin − y

j
n| = 0 if i ≠ j, for every G : R3 ↦ R of class

C1, there holds, up to a subsequence,

un(⋅ + yin) ⇀
~ui inH 1(R3)as n → +∞,

lim
n→+∞

∫
R3

|∇un|
2 dx =

i

∑
j=0

∫
R3

|∇~uj|
2 dx+ lim

n→+∞
∫
R3

|∇vin|
2 dx,

lim sup
n→+∞

∫
R3

G(un)dx =
∞

∑
i=0

∫
R3

G(~ui)dx,

where

vin(x) := un(x) −
i

∑
j=0

~uj(x− yin).

Define A := {i ≥ 0 : ~ui ≠ 0}. Now we let κ ∈ (0,∞) such that relation (5.25) is satisfied. We claim that 
A ≠ ∅. Assume by contradiction that ~ui = 0 for every i ≥ 0. Then combining (B1), (B3), and (B5), it holds
that

lim
u→0

H̄(u)

u2
= lim

|u|→∞

H̄(u)

u6
= 0

and

This means that

a ∫
R3

|∇un|
2 dx+ b(∫

R3

|∇un|
2 dx)

2

≤ S −3κ(∫
R3

|∇un|
2 dx)

3

+ o(1).

In addition, in view of Lemma 5.11, we know that limn→+∞ ∫
R3 |∇un|2 dx > 0. Then

a ∫
R3

|∇un|
2 dx+ b(∫

R3

|∇un|
2 dx)

2

=
3

2
∫
R3

H(un)dx =
3

2
∫
R3

H̄(un)dx+ κ ∫
R3

u6
n dx

= κ ∫
R3

u6
n dx+ o(1).



which contradicts the assumption (5.8). Thus, A ≠ ∅.
Next, we claim that for every i ∈ A , there holds either un(⋅ + yin) →

~ui in D1,2(R3) or

a ∫
R3

|∇~ui|
2 dx+ b(∫

R3

|∇~ui|
2 dx)

2

<
3

2
∫
R3

H(~ui)dx.

Assume by contradiction that there exists i ∈ A  such that, up to a subsequence, υ:= limn→∞ ∫
R3 |∇vn|2 dx > 0

and

a ∫
R3

|∇~ui|
2 dx+ b(∫

R3

|∇~ui|
2 dx)

2

≥
3

2
∫
R3

H(~ui)dx,

(5.28)

where vn := un(⋅ + yin) −
~ui. Using Vitali's convergence theorem, there holds

(5.29)

as n → +∞. Then passing to a subsequence, we obtain

Combining with (5.28), we obtain

a ∫
R3

|∇vn|
2 dx+ b(∫

R3
|∇vn|

2 dx)
2

≤
3

2
∫
R3
H(vn)dx+ o(1).

(5.30)

Now we define R̄n > 0 such that vn(R̄n⋅) ∈P. We show that R̄n → 1 as n → +∞. In particular, if

3

2
∫
R3

H(vn)dx < a ∫
R3

|∇vn|
2 dx+ b(∫

R3

|∇vn|
2 dx)

2

ρ = lim
n→+∞

I(un) = lim
n→+∞

(I(un) −
1

6
P(un))

≥κ−1
2 [ a

3
( 1

2
(bκ− 1

2S
3+√(bκ− 1

2S 3)2+4aS 3))+ b

12
( 1

2
(bκ− 1

2S
3+√(bκ− 1

2S 3)2+4aS 3))
2

],

∫
R3

[H(un) −H(vn)]dx = ∫
R3

∫
1

0
−

d

ds
H(un − s~ui)dsdx = ∫

R3

∫
1

0
h(un − s~ui)~ui dsdx

→ ∫
1

0
∫
R3

h(~ui − s~ui)~ui dxds = ∫
R3

∫
1

0
−

d

ds
H(~ui − s~ui)dsdx

= ∫
R3

H(~ui)dx

a(∫
R3

|∇vn|
2 dx+ ∫

R3

|∇~ui|
2 dx)+ b(∫

R3

|∇vn|
2 dx)

2

+ b(∫
R3

|∇~ui|
2 dx)

2

+2b ∫
R3

|∇vn|
2 dx ⋅ ∫

R3

|∇~ui|
2 dx =

3

2
(∫

R3

H(vn)dx+ ∫
R3

H(~ui)dx)+ o(1).



holds for all n, then by (5.30) and since υ > 0, we infer that R̄n → 1 as n → +∞. If, passing to a subsequence,

a ∫
R3

|∇vn|
2 dx+ b(∫

R3

|∇vn|
2 dx)

2

≤
3

2
∫
R3

H(vn)dx

holds, then we deduce that R̄n ≥ 1. We observe that

lim
n→+∞

(∥ un ∥22 − ∥ vn ∥22) =∥ ~ui ∥
2
2> 0.

Then vn ∈ Dc and vn(R̄n⋅) ∈P ∩Dc for a.e. n. Thus using (5.29), the Brezis-Lieb lemma and (B5), we obtain
that

which yields that R̄n → 1. Hence

On the other hand, using the fact that

I(un) = J(vn) + J(~ui) + o(1)

and

I(~ui) ≥ I(~ui) −
1

4
P(~ui) +

1

4
P(~ui) ≥ ∫

R3

3

8
H(~ui) − P(~ui)dx ≥ 0,

where

J(u) :=
a

2
∥ ∇u ∥22 +

bA

4
∥ ∇u ∥22 −∫

R3

F(u)dx, A:= lim
n→+∞

∥ ∇un ∥22,

we deduce that

ρ ≤ I(vn(R̄n⋅)) = I(vn(R̄n⋅)) −
1

4
P(vn(R̄n⋅))

=
1

R̄n

⋅
a

4
∫
R3

|∇vn|
2 dx+

1

R̄3
n

⋅ ∫
R3

3

8
H(vn) −G(vn)dx

≤
a

4
∫
R3

|∇vn|
2 dx+ ∫

R3

3

8
H(vn) −G(vn)dx

≤
a

4
∫
R3

|∇un|
2 dx+ ∫

R3

3

8
H(un) −G(un)dx+ o(1)

= I(un) −
1

4
P(un) + o(1) = I(un) + o(1) = ρ+ o(1),

a ∫
R3

|∇vn|
2 dx+ b(∫

R3

|∇vn|
2 dx)

2

=
3

2
∫
R3

H(vn)dx+ o(1) = κ ∫
R3

v6n dx+ o(1)

≤ S −3κ(∫
R3

|∇vn|
2 dx)

3

+ o(1).

ρ = lim
n→+∞

I(un) ≥ I(~ui)+ lim
n→∞

I(vn)

≥κ− 1
2 [ a

3
( 1

2
(bκ− 1

2S
3+√(bκ− 1

2S 3)2+4aS 3))+ b

12
( 1

2
(bκ− 1

2S
3+√(bκ− 1

2S 3)2+4aS 3))
2

].



This is impossible. Thus, for every i ∈ A , there holds either un(⋅ + yin) →
~ui in D1,2(R3) or

a ∫
R3

|∇~ui|
2 dx+ b(∫

R3

|∇~ui|
2 dx)

2

<
3

2
∫
R3

H(~ui)dx.

Let i ∈ A . Based on the above conclusion, if

a ∫
R3

|∇~ui|
2 dx+ b(∫

R3

|∇~ui|
2 dx)

2

<
3

2
∫
R3

H(~ui)dx,

then there exists R̄ > 1 such that ~ui(R̄⋅) ∈P and ~ui(R̄⋅) ∈ Dc. So by Fatou's lemma and (B5), we deduce that

which is a contradiction. Hence un(⋅ + yin) →
~u in D1,2(R3). Then combining the Brezis-Lieb lemma and the

interpolation inequality, there holds

and ∫
R3 H(un)dx → ∫

R3 H(~ui)dx as n → ∞ for some Č > 0 and τ = 6−p̄

4 . This means that ~ui ∈P ∩Dc.
Moreover I(~ui) = c. When we consider the case κ = 0, similar to the above argument, we easily get the
conclusion of Lemma 5.17. □

Lemma 5.18  ⏎ Assume that conditions (B1) –(B5) and (5.8) hold, F is of the form (5.11), and either κ = 0 or
κ ∈ (0,+∞) and (5.25) holds. Then ρ is achieved by a nonnegative and radially nonincreasing function.

Proof. Let ~u ∈P ∩Dc such that I(~u) = ρ is given by Lemma 5.17. Let u be the Schwarz rearrangement of |~u|.
In addition, let s1 = s1(u) be defined by Lemma 5.12. In virtue of the properties of the Schwarz rearrangement,
we have

P(1 ∗ u) = P(u) ≤ P(~u) = 0,

which along with Lemma 5.12 yields that s1 ≤ 1. This means that P(s1 ∗ ~u) ≥ 0.
Define ς := 3

2
(ζ − 2) ≥ 4.

It follows that

ρ ≤ I(~ui(R̄⋅)) = I(~u(R̄⋅)) −
1

4
P(~ui(R̄⋅)) =

1

R̄
⋅
a

4
∥ ∇~ui ∥

2
2 +

1

R3
∫
R3

3

8
H(~ui) − F(~ui)dx

< lim inf
n→∞

[ a
4

∥ ∇un ∥22 +∫
R3

3

8
H(un) − F(un)dx]

= lim inf
n→∞

[I(un) −
1

4
P(un)] = lim inf

n→∞
I(un) = ρ,

∫
R3

H(un − ~u)dx ≤ Č (∥ un − ~u ∥p̄p̄ + ∥ un − ~u ∥66)

≤ Č (∥ un − ~u ∥2τ2 ∥ un − ~u ∥
6(1−τ)
6 + ∥ un − ~u ∥66) → 0

1



which implies that I(s1 ∗ u) = c. This completes the proof. □

The following lemma concerns the sign of the Lagrange multiplier when the corresponding constraint is given
by an inequality and the critical point of the critical point of restricted functional is the minimizer.

Lemma 5.19  ⏎  Let H  be a real Hilbert space and f,ϕ,ψ ∈ C 1(H ). Suppose that for every
x ∈ ϕ−1(0) ∩ ψ−1(0), the mapping

(ϕ′(x),ψ′(x)) :H ↦ R
2

is surjective. If x̄ ∈H  minimizes f over

{x ∈H : ϕ(x) ≤ 0 and ψ(x) = 0},

then there exist λ ∈ [0,+∞) and σ ∈ R such that

f ′(x̄) + λϕ(x̄) + σψ(x̄) = 0.

Proof. We argue similarly as in the case m = n = 1 provided by Proposition A.1 in [114]. □

Lemma 5.20  ⏎ Assume that conditions (B1) –(B3), (B4,⪯) and (5.8) hold. Then the following properties hold.

(i) Let u ∈P ∩Dc such that I(u) = ρ and u is radial. Then u is of class C2.

(ii) If, in addition, F is of the form (5.11) and u is nonnegative, then u ∈ ∂Dc.

Proof. (i) In view of Lemma 5.19, we set f = I, ϕ(u) =∥ v ∥22 −c2, ψ(u) = P(u), u ∈H = H 1(R3). Then
there exist λ ∈ [0,+∞) and σ ∈ R such that

−a(1 − 2σ)Δu− b(1 − 4σ)(∫
R3

|∇u|2 dx)Δu+ λu = ∂F(u) − σ
3

2
∂H(u)

(5.31)

and u satisfies the Nehari identity

ρ ≤ I(s1 ∗ u) = I(s1 ∗ u) −
1

ς
P(s1 ∗ u)

= s21(
a

2
−

a

ς
) ∫

R3

|∇u|2 dx+ s41(
b

4
−

b

ς
)(∫

R3

|∇u|2 dx)
2

+
1

s31
∫
R3

3

4ς
Ĥ(s

3
2
1 u) − F(s

3
2
1 u)dx−

1

s31
β [1 −

1

ς
(ζ − 2)] ∫

R3

|s
3
2
1 u|

ζ dx

≤ s21(
a

2
−

a

ς
) ∫

R3

|∇~u|2 dx+ s41(
b

4
−

b

ς
)(∫

R3

|∇~u|2 dx)
2

+
1

s31
∫
R3

3

4ς
Ĥ(s

3
2
1
~u) − F(s

3
2
1
~u)dx−

1

s31
β [1 −

1

ς
(ζ − 2)] ∫

R3

|s
3
2
1
~u|ζ dx

= I(s1 ∗ ~u) −
1

ς
P(s1 ∗ ~u) ≤ I(s1 ∗ ~u) ≤ I(~u) = ρ,



(5.32)

Then if σ = 1
4 , then using (B4,⪯), (B5) and (5.32), we obtain that

which is a contradiction. Thus, σ ≠ 1
4  and u satisfies the Pohozaev identity

(5.33)

Combining (5.32) and (5.33), one has

This and the fact that u ∈P imply that

(1 − 4σ) ∫
R3

H(u)dx+
4aσ

3
∫
R3

|∇u|2 dx+ ∫
R3

σ3( 1

2
⟨h(u),u⟩−H(u))−H(u)dx = 0,

which yields

σ∫
R3

⟨h(u),u⟩− p̄H(u) +
4a

3
|∇u|2 dx = 0.

Then by (B4,⪯), we have σ = 0. Moreover, by Theorem 2.3 of Brezis and Lieb [15], we deduce that u is of
class C2.

(ii) First of all, we claim that u ∈ ∂Dc. Assume by contradiction that ∥ u ∥2< c. Then λ = 0 and by relations
(5.32), (5.33), we infer that

∫
R3

[⟨f(u),u⟩− 6F(u)]dx = 0.

(5.34)

In virtue of (B5),

a(1 − 2σ) ∫
R3

|∇u|2 dx +b(1 − 4σ)(∫
R3

|∇u|2 dx)
2

+ λ ∫
R3

u2 dx

+∫
R3

σ
3

2
⟨h(u),u⟩− ⟨f(u),u⟩dx = 0.

0 ≥ ∫
R3

3

8
⟨h(u),u⟩− ⟨f(u),u⟩dx = ∫

R3

3

8
⟨h(u),u⟩−H(u) − 2F(u)dx

> ∫
R3

3

4
H(u) − 2F(u)dx ≥ 0,

a(1 − 2σ) ∫
R3

|∇u|2 dx +b(1 − 4σ)(∫
R3

|∇u|2 dx)
2

+ 3λ ∫
R3

u2 dx

+6 ∫
R3

σ ⋅
3

2
H(u) − F(u)dx = 0.

a(1 − 2σ) ∫
R3

|∇u|2 dx +b(1 − 4σ)(∫
R3

|∇u|2 dx)
2

+
3

2
∫
R3

σ3( 1

2
⟨h(u),u⟩−H(u))

−H(u)dx = 0.



6F(u(x)) = ⟨f(u(x)),u(x)⟩

(5.35)

for every x ∈ R
3. Since F̂  satisfies (B5), there holds 6F̂(u(x)) ≥ f(u(x))u(x). On the other hand, we observe

that 6β|u(x)|ζ ≥ βζ|u(x)|ζ by ζ < 6. Thus, it follows from (5.35) that the above inequality is actually equality.
Since ζ < 6, we have β = 0 or |u(x)|ζ = 0 for every x ∈ R

3. This means that

6F̂(u(x)) = f(u(x))u(x)

for every x ∈ R3. Now since u ∈ H 1(R3) ∩ C 2, there exists an open interval I ⊂ R such that 0 ∈ Ī  and 
6F̂(t) = f(t)t for t ∈ Ī . Then F̂(t) = κ

6
t6 for t ∈ Ī  and u solves

−(a+ b ∫
R3

|∇u|2 dx)Δu = κu5.

Since u ≥ 0, then up to a scaling and translations, u is an Aubin-Talenti function, which is not L2-integrable. So 
u ∈ ∂Dc. □

Proof of Theorem 5.3. The statement (i) of Theorem 5.3 follows from Lemmas 5.17 and 5.18. For Theorem
5.3(ii), using Lemma 5.20(i), we obtain that u is of class C2. Combining Lemma 5.19, there exist λ ∈ [0,∞) and 
σ ∈ R such that (5.31) holds, which along with the proof of Lemma 5.20(i) implies that σ = 0. Moreover, by
Lemma 5.20(ii) and the maximum principle [50, Lemma IX.V.1], the conclusion of Theorem 5.3(ii) holds true. □

5.4 Historical comments

The Kirchhoff equation (5.1) is related to the stationary analogue of the problem

(5.36)

Kirchhoff [88] introduced problem (5.36) as an extension of the D'Alembert wave equation

ρ
∂ 2u

∂t2
−( ρ0

h
+

E

2L
∫

L

0

∂u

∂x

2

dx) ∂ 2u

∂x2
= f(x,u)

for free vibrations of elastic strings, where ρ denotes the mass density, u denotes the lateral displacement, ρ0 is
the initial axial tension, h denotes the cross section area, E is the Young modulus, L denotes the length of the
string and f stands for the external force. Kirchhoff's model takes into account the changes in the length of the
string produced by transverse vibrations. Some early classical studies of Kirchhoff equations can be seen in
Bernstein [10] and Pohozaev [128].

Equation (5.36) received much attention only after Lions [99] introduced an abstract framework to the
problem. Some interesting results can be found in [7, 22, 38]. In [7], Arosio et al. studied the Cauchy–Dirichlet
type problem related to (5.36) in the Hadamard sense as a special case of an abstract second-order Cauchy
problem in a Hilbert space. Cavalcanti et al. [22] considered the question of the existence and uniqueness of

{utt − (a+ b ∫Ω |∇u|2 dx)Δu = f(x,u), (x, t) ∈ Ω × (0,+∞),

u(x, t) = 0, (x, t) ∈ ∂Ω × [0,+∞).∣ ∣



regular global solutions for the Kirchhoff–Carrier equation subject to nonlinear boundary dissipation without
restriction on the initial data and obtained uniform decay rates by assuming a nonlinear feedback acting on the
boundary. D'Ancona and Spagnolo [38] proved the existence of a global classical periodic solution for the
degenerate Kirchhoff equation. They also explained the Kirchhoff equation as an example of a quasi-linear
hyperbolic Cauchy problem that describes the transverse oscillations of a stretched string. In particular, problem
(5.36) with a = 0 models a string with zero initial tension. This is called the degenerate Kirchhoff equation, see
Iturriaga and Massa [77] and Pucci and Rǎdulescu [129].

5.5 Final Remark, perspectives, and open problems

This chapter deals with the study of normalized solutions for Kirchhoff-type equations with non-homogeneous
nonlinearities exhibiting a double-behavior growth, for instance f(u) ∼ μ1|u|

p−2u near zero and 
f(u) ∼ μ2|u|

2−2u near infinity, with p, q in different ranges.
Why the case of a double-behavior reaction is important? Because this specific interplay between the growth

of the reaction near origin and at infinity relative to the L2-critical exponent is a central technical feature, which
creates a competition between two different variational geometries. A major effort consists in handling the lack
of compactness due to the Sobolev supercritical growth at infinity (which is still subcritical in the Sobolev sense)
through the interplay with the mass constraint and the Kirchhoff term.

The content of this chapter is based on the results established in [19]. Related properties can be found in
Autuori, Colasuonno and Pucci [8] (for polyharmonic systems), Bieganowski, Mederski and Schino [12] (for
polyharmonic equations and curl-curl problems), Cai and Rǎdulescu [17, 18] (for (p, q)-equations), Chen, Jin,
Rǎdulescu and Zhou [25] (for Choquard equations), Jeanjean, Zhang and Zhong [81, 82] (for Schrödinger
equations), and Liu and Rǎdulescu [101] (for quasilinear problems with nonlocal reaction).

The main perspectives generated by the analysis developed in this chapter are the following:

The open problems inspired by the analysis carried out in this chapter are primarily in the directions of critical
exponents, generalized operators, stability analysis, transition from generic to explicit results, extension to
different domains, and asymptotic analysis.

Existence and multiplicity properties: It is highlighted a generic class of nonlinearities for which the
problem admits multiple normalized solutions.

(i)

Unification of scattering regimes: The double-behavior of the nonlinearity creates a competition between
a focusing effect at small masses and a defocusing effect at large masses, leading to richer structure. This
nonstandard behavior of the reaction term allows to handle cases where the associated energy functional
is:

– coercive, due to the growth near zero (in the L2-subcritical case);

– non-coercive, due to the growth near infinity (in the L2-supercritical case).

(ii)

Interaction with the Kirchhoff term: The study clarifies how the nonlocal term (∫
R3 |∇u|2dx)Δu

interacts with mass-preserving constraints. This acts as an additional feedback that influences the
geometry of the energy functional, often making the compactness analysis (Palais-Smale condition) more
delicate, especially at critical frequencies λ.

(iii)



The first problem proposes to refine this analysis for the Sobolev criticality.

Open Problem 1.  ⏎  Study problem (5.1) when the growth at infinity of the nonlinearity reaches the
Sobolev critical exponent. In this case, the compactness loss is more severe. Can one establish existence and
multiplicity properties for generic reaction terms in this case? What are the possible blow-up scenarios?

The second open problem proposes to generalize the nonlocal structure.

Open Problem 2.

(i) Study problem (5.1) for more general nonlocal terms, for instance of the type M(∫
R3 |∇u|2dx)Δu with

a wider class of functions M.
(ii) What about fractional operators like

(a+ b ∫ ∫ |u(x) − u(y)|2/|x− y|N+2s)(−Δ)su?

A major research direction concerns dynamics and stability properties of the normalized ground state
solutions. This is important because the Kirchhoff term makes the spectral analysis of the linearized operator
around such solutions highly non-standard.

Open Problem 3.  Study orbital stability/instability of solutions to problem (5.1).

The analysis developed in this chapter proves that most nonlinearities (in a topological sense) yield
multiplicity of solutions. The following open problem proposes the transition from generic to explicit results.

Open Problem 4.  ⏎ Can we find verifiable, explicit criteria on f (beyond the double-behavior asymptotics)
that guarantee multiplicity of solutions to problem (5.1)?

Next, we propose to develop this analysis in the case of bounded domains.

Open Problem 5.  The entire Euclidean space offers translation invariance. The lack of translation
invariance complicates the topological arguments for multiplicity.

(i) How do the results translate to bounded or exterior domains with Dirichlet/Neumann conditions?
(ii) In the case of bounded domains and for the pure mass-supercritical case, study the existence of a

mountain-pass solution for any prescribed mass. Also, solving the pure supercritical case on bounded
domains remains a significant challenge.

A very interesting open problem is concerned with the limiting case when the coefficient of the nonlocal term
converges to zero, recovering the standard semilinear Schrödinger equation.



Pohozaev Manifold Constraint:

Fibering Map Analysis:

Strict Subadditivity:

Jeanjean Mountain Pass Technique:

Cazenave-Lions Method:

Open Problem 6.  What is the behavior of the solutions found in this chapter as the Kirchhoff parameter b
goes to 0? Does one recover the results in the semilinear case, and is the convergence singular?

5.6 Glossary

It is a variational tool that encodes a necessary condition (Pohozaev identity)
satisfied by all solutions. This method transforms an indefinite variational problem into a coercive
minimization problem.

It is a powerful technique used to construct and analyze constraint manifolds like the
Nehari and Pohozaev manifolds. This method transforms the search for critical points in an infinite-
dimensional space into a scalar optimization along parameterized rays.

For normalized solutions of Kirchhoff equations, this is the key compactness condition.
Once strict subadditivity is established, the concentration-compactness technique yields existence of ground
states and, with additional topological arguments, multiple normalized solutions.

It is a groundbreaking method in critical point theory, specifically
designed to find nontrivial solutions of nonlinear elliptic problems with strong lack of compactness,
particularly those with indefinite nonlinearities. This technique is a sophisticated variant of the classical
mountain pass theorem of Ambrosetti and Rabinowitz.

It is also known as the concentration-compactness method via minimizing sequences
and is a fundamental technique for proving existence of ground states for elliptic equations. This method is
particularly effective for problems with scaling invariance and lack of compactness.





Part III

Concentration Phenomena



6
Fractional p-Kirchhoff equations

DOI: 10.1201/9781003797159-6

Part III of this volume deals with concentration properties of solutions for several classes of nonlinear
systems with Kirchhoff nonlocal term.

Why concentration properties of solutions?

Because this study gets to the heart of one of the main analytical challenges for the Kirchhoff equation.
One of the reasons is that concentration properties of solutions are crucial for Kirchhoff problems because
they determine whether the energy functional associated with the equation satisfies the Palais-Smale
compactness condition. This property is the cornerstone of applying powerful variational methods to
establish the existence of weak solutions.

In this chapter, we investigate the existence and concentration of positive solutions for the following
class of fractional p-Kirchhoff problems:

where ε is a small positive parameter, a and b are positive constants, s ∈ (0, 1) and p ∈ (1, ∞) are such
that sp ∈ ( 3

2 , 3), (−Δ)sp is the fractional p-Laplacian operator, f : R → R is a superlinear continuous
function with subcritical growth and V : R

3 → R is a continuous potential having a local minimum. We
also prove a multiplicity result and relate the number of positive solutions with the topology of the set
where the potential V attains its minimum values. Finally, it is established an existence result when 
f(u) = uq−1 + γur−1, where γ > 0 is sufficiently small, and the powers q and r satisfy 2p < q < p∗

s ≤ r.
The main results extend and complement concentration properties known for simpler cases (like the
classical Schrödinger equation or the fractional Laplacian) to this much more general and complex setting.
The problem studied in this chapter models both nonlocal continuum mechanics with long-range
interactions and patterns arising in fractional quantum mechanics and anomalous diffusion.

The analysis developed in what follows features two distinct nonlocal effects that interact:

{
(εspa + ε2sp−3b[u]ps,p)(−Δ)spu + V (x)up−1 = f(u) in R3,

u ∈ W s,p(R3), u > 0 in R3,

Fractional p-Laplacian (−Δ)sp: this operator is itself nonlocal, as it depends on values of the
function across the entire space, not just local gradients. The fractional p-Laplace operator is
degenerate when p > 2 and singular when 1 < p < 2. This affects the regularity theory and the
linearization around solutions.

(i)

https://doi.org/10.1201/9781003797159-6


Additionally, the presence of the potential V creates concentration properties of solutions. This potential
represents a heterogeneous external field; for instance, an electrostatic potential in a quantum dot, or a
density trap in Bose-Einstein condensates. The concentration result (as ε → 0) describes the localization
of states (like electrons or bosons) in low-potential regions, which is a fundamental phenomenon in
quantum mechanics and condensed matter physics.

A hierarchy of the basic abstract tools used in this chapter is now described.

all adapted to the intricate nonlocal structure of the Kirchhoff problem.

6.1 Statement of the problem

Consider the following fractional p-Kirchhoff equation

(Pϵ)

where ϵ > 0 is a small parameter, a, b > 0 are constants, s ∈ (0, 1) and p ∈ (1, ∞) are such that 
sp ∈ ( 3

2 , 3), (−Δ)sp is the fractional p-Laplacian operator which, up to normalization factors, may be
defined for every function u ∈ C∞

c (R
3) as

(−Δ)spu(x) = 2 lim
r→0

∫
R3∖Br(x)

|u(x) − u(y)|p−2(u(x) − u(y))

|x − y|3+sp
dy (x ∈ R

3),

and W s,p(R3) is the fractional Sobolev space of functions u ∈ Lp(R3) such that

[u]ps,p := ∫
R3

∫
R3

|u(x) − u(y)|p

|x − y|3+sp
dxdy < ∞

endowed with the natural norm

Kirchhoff term (a + b[u]ps,p): this term accounts for nonlocal elasticity effects and it multiplies the
main differential operator and depends on the global Gagliardo seminorm [u]ps,p of the solution. In
such a way it is introduced a second layer of nonlocality, in the sense that the coefficient of the
equation itself depends on the overall energy of the solution.

(ii)

Foundation: fractional Sobolev spaces and embeddings;(a)

Existence framework: mountain pass theory, maximum principle, Ljusternik-Schnirelmann category
theory, and Nehari manifold analysis;

(b)

Localization technique: penalization method with tail estimates;(c)

Qualitative properties: fractional regularity and decay estimates,(d)

{
(ϵspa + ϵ2sp−3b[u]ps,p)(−Δ)spu + V (x)up−1 = f(u) in R3,

u ∈ W s,p(R3), u > 0 in R3,



∥ u ∥p
s,p= [u]ps,p + |u|pp.

Assume that V ∈ C 0(R3, R) satisfies the following assumptions:

(V1)  there exists V1 > 0 such that V1:= infx∈R3 V (x);

(V2)  there exists an open bounded set Λ ⊂ R3 such that

0 < V0:= inf
Λ

V <min
∂Λ

V .

We suppose that f ∈ C 0(R, R) vanishes in (−∞, 0), and fulfills the following conditions:

(f1)  f(t) = o(t2p−1) as t → 0+,

(f2)  there exists ν ∈ (2p, p∗
s), with p∗

s = 3p
3−sp

, such that

lim
t→∞

f(t)

tν−1
= 0,

(f3)  there exists ϑ ∈ (2p, p∗
s) such that 0 < ϑF(t) := ϑ∫

t

0
f(τ)dτ ≤ tf(t) for all t > 0,

(f4)  the map t ↦
f(t)

t2p−1
 is increasing in (0, ∞).

We emphasize that under the control of the fractional parameter s ∈ (0, 1), the condition sp ∈ ( 3
2 , 3)

forces p ∈ ( 3
2 , ∞). In particular, the restriction sp ∈ ( 3

2 , 3) implies that 2p < p∗
s, therefore condition (f3)

makes sense. A typical example of function which satisfies (f1) –(f4) is given by f(t) = ∑k
i=1 αit

ri−1

with αi ≥ 0 not all null and 2p < ri < p∗
s for all i ∈ {1, … , k}.

The following result establishes a connection between the global maximum points of solutions and the
infimum of the potential V on Λ.

Theorem 6.1  ⏎  Assume that conditions (V1) –(V2) and (f1) –(f4) are fulfilled. Then, there exists
ϵ0 > 0 such that, for all ϵ ∈ (0, ϵ0), problem (Pϵ) has a positive solution uϵ. Moreover, if ηϵ denotes a
global maximum point of uϵ, then limϵ→0 V (ηϵ) = V0, and there exists C > 0 such that

uϵ(x) ≤
Cϵ3+sp

ϵ3+sp + |x − ηϵ|3+sp
∀x ∈ R

3.

The proof of Theorem 6.1 relies on suitable variational arguments. We first adapt in a suitable way a
penalization argument which consists in modifying the nonlinearity f outside Λ, considering an auxiliary
problem and then we check that, for ϵ > 0 small enough, the solutions of the modified problem are
solutions of the original one. In order to achieve this purpose, we look for critical points of the
corresponding energy functional Iϵ. The main difficulties that arise in the study of Iϵ are related to the
presence of the Kirchhoff term [u]ps,p(−Δ)sp and the lack of compactness caused by the unboundedness of



the domain R3. Indeed, in general, it is not trivial to prove that the weak limits of bounded Palais-Smale
sequences are critical points of Iϵ when we consider Kirchhoff problems. Moreover, the non–Hilbertian
structure of the fractional Sobolev spaces W s,p(R3) when p ≠ 2 makes this analysis rather tough. To
circumvent these difficulties, we develop some arguments which take care of the nonlocal character of the
leading operator (−Δ)sp and that allow us to recover the compactness of the functional Iϵ; see Lemma
6.4. After that, we show that the solution of the modified problem is also a solution of the original one by
combining a Moser iteration argument [120] with the Hölder continuity result established for (−Δ)sp.
Finally, we establish a decay estimate for the solutions of problem (Pϵ).

In the second part of this chapter, we deal with the multiplicity of positive solutions to problem (Pϵ). In
this case, we replace (V2) by the following assumption:

(V ′
2 )  V0 = V1 and M = {x ∈ Λ : V (x) = V0} ≠ ∅.

We recall that if Y is a given closed set of a topological space X, we denote by catY (X) the Ljusternik-
Schnirelmann category of Y in X, that is, the least number of closed and contractible sets in X which cover
Y; see Willem [153] for more details.

Theorem 6.2  ⏎ Assume that conditions (V1) –(V ′
2 ) and (f1) –(f4) hold. Then, for any δ > 0 such

that

Mδ = {x ∈ R
3 : dist(x,M) ≤ δ} ⊂ Λ,

there exists ϵδ > 0 such that, for any ϵ ∈ (0, ϵδ), problem (Pϵ) has at least catMδ
(M) positive

solutions. Furthermore, if uϵ denotes one of these positive solutions and ηϵ ∈ R3 is a global maximum
point of uϵ, then

lim
ϵ→0

V (ηϵ) = V0.

In order to prove Theorem 6.2, we need to use some suitable variational and topological arguments.
More precisely, to obtain multiple solutions, we study the modified functional Iϵ on the associated Nehari
manifold Nϵ. Anyway, due to the fact that f is only continuous, the Nehari manifold Nϵ is not
differentiable and some well-known arguments for C1-Nehari manifolds do not work in our situation.
Next, we use a technique in which the main ingredient is to make fine comparisons between the category
of some sublevel sets of the modified functional Iϵ and the category of the set M.

In the last part of this chapter, we consider the case when the nonlinearity f has a critical or supercritical
growth. More precisely, we study the following nonlocal problem

{
(ϵspa + ϵ2sp−3b[u]ps,p)(−Δ)spu + V (x)up−1 = uq−1 + γur−1 in R3,

u ∈ W s,p(R3), u > 0 in R3,



(6.1)

where ϵ, γ > 0 and the powers q and r are such that 2p < q < p∗
s ≤ r.

Theorem 6.3  ⏎ Assume that conditions (V1) –(V2) hold. Then, there exists γ0 > 0 such that, for any
γ ∈ (0, γ0), there exists ϵγ > 0 such that, for any ϵ ∈ (0, ϵγ), problem (6.1) has a positive solution uϵ.
Moreover, if ηϵ denotes a global maximum point of uϵ, then limϵ→0 V (ηϵ) = V0.

Remark 6.1  If we assume (V1) –(V ′
2 ), then the conclusion of Theorem 6.2 holds true for ϵ and γ

sufficiently small.

Differently from the study of (Pϵ), an additional difficulty arises in the analysis of problem (6.1).
Indeed, when r > p∗

s, equation (6.1) becomes supercritical, and we cannot directly apply variational
techniques because the corresponding energy functional is not well-defined on the fractional Sobolev
space W s,p(R

3). To overcome this hitch, we truncate the nonlinearity involving the critical or supercritical
power, and we consider a new subcritical problem for which it is possible to apply the existence result
given by Theorem 6.1. Then, after proving a priori bound (independent of γ) for the solution of the
truncated problem, we use a suitable Moser iteration argument [120] to prove that, if γ is small enough,
this solution also satisfies the original problem (6.1).

Notations:  If A ⊂ R
3, we denote by Ac = R

3 ∖ A. We use the notation |u|Lq(A) to indicate the Lq(A)-
norm of a function u : R

3 → R, and by |u|q its Lq(R
3)-norm. We write Br(x) to denote the ball centered

at x ∈ R
3 with radius r > 0, and, when x = 0, we put Br = Br(0) and B c

r :=B c
r(0).

6.2 The modified problem

6.2.1 Work space stuff

We define Ds,p(R3) as the closure of C∞
c (R3) with respect to

[u]ps,p := ∫
R3

∫
R3

|u(x) − u(y)|p

|x − y|3+sp
dxdy.

Let us denote by W s,p(R
3) the set of functions u ∈ Lp(R

3) such that [u]s,p < ∞, endowed with the
natural norm

∥ u ∥p
s,p :=[u]ps,p + |u|pp.

We have the following well-known embeddings, see the monograph by Molica Bisci, Rǎdulescu and
Servadei [119].



Theorem 6.4  ⏎  Let s ∈ (0, 1) and p ∈ [1, ∞) be such that sp < 3. Then there exists a constant
C∗ := C∗(s, p) > 0 such that, for any u ∈ Ds,p(R3), we have

|u|pp∗
s

≤ C∗[u]ps,p.

Moreover, W s,p(R3) is continuously embedded in Lq(R3) for any q ∈ [p, p∗
s], and compactly in Lq

loc(R3)

for any q ∈ [1, p∗
s).

We will often use the following vanishing-Lions type result (see Lemma 2.2 of Ambrosio and Isernia
[4]).

Lemma 6.1  ⏎  Let s ∈ (0, 1) and p ∈ (1, ∞) be such that sp < 3, and r ∈ [p, p∗
s). If {un}n∈N is a

bounded sequence in W s,p(R3) and if

lim
n→∞

sup
y∈R3

∫
BR(y)

|un|rdx = 0,

where R > 0, then un → 0 in Lσ(R3) for all σ ∈ (p, p∗
s).

We also recall the following useful technical result (see Lemma 2.3 of Ambrosio and Isernia [4]).

Lemma 6.2  ⏎ Let u ∈ W s,p(R3) and let ϕ ∈ C∞
c (R3) be such that 0 ≤ ϕ ≤ 1, ϕ = 1 in B1 and ϕ = 0

in B c
2. Set ϕr(x) = ϕ(x/r). Then,

[uϕr − u]s,p → 0 and |uϕr − u|p → 0.

In order to study problem (Pϵ), we use the change of variable x ↦ ϵx and we look for solutions to

(P̂ε)

Now, we introduce a penalized function. First of all, without loss of generality, we may assume that

0 ∈ Λ and V (0) = V0.

Let K > 2p and a0 > 0 be such that

f(a0) =
V1

K
a
p−1
0

(6.2)

and we define

{
(a + b[u]ps,p)(−Δ)spu + V (ϵx)up−1 = f(u) in R3,

u ∈ W s,p(R3), u > 0 in R3.

~
f(t) :={

f(t) if t ≤ a0,
V1

K
tp−1 if t > a0,



and

Then g satisfies the following properties:

(g1)  lim
t→0+

g(x, t)

t2p−1
= 0 uniformly with respect to x ∈ R3,

(g2)  g(x, t) ≤ f(t) for all x ∈ R3, t > 0,
(g3)

(i) 0 < ϑG(x, t) ≤ g(x, t)t for all x ∈ Λ and t > 0,
(ii) 0 ≤ pG(x, t) ≤ g(x, t)t ≤ V1

K
tp for all x ∈ Λc and t > 0,

(g4)  for each x ∈ Λ the function 
g(x, t)

t2p−1
 is increasing in (0, ∞), and for each x ∈ Λc the function 

g(x, t)

t2p−1
 is increasing in (0, a0).

We remark that if uϵ is a solution of the problem

(6.3)

with uϵ(x) ≤ a0 for all x ∈ Λc
ϵ, where Λϵ := {x ∈ R3 ϵx ∈ Λ}, then g(ϵx,uϵ) = f(uϵ). Therefore, 

vϵ(x) = uϵ(x/ϵ) is a solution of problem (Pϵ).
For any ϵ > 0, we consider the following fractional space

Hϵ := {u ∈ W s,p(R
3) : ∫

R3

V (ϵx)|u|p dx < ∞}

endowed with the norm

∥ u ∥p
ϵ :=a[u]ps,p + ∫

R3

V (ϵx)|u|p dx.

In order to study problem (6.3), we look for critical points of the C1-functional Iϵ : Hϵ → R defined
by

Iϵ(u) =
1

p
∥ u ∥p

ϵ +
b

2p
[u]2p

s,p − ∫
R3

G(ϵx,u)dx.

For any u,φ ∈ Hϵ the differential of Iϵ is given by

g(x, t) :={χΛ(x)f(t) + (1 − χΛ(x))
~
f(t) if t > 0,

0 if t ≤ 0.

{
(a + b[u]ps,p)(−Δ)spu + V (ϵx)up−1 = g(ϵx,u) in R3,

u ∈ W s,p(R3), u > 0 in R3,



We denote by Nϵ the Nehari manifold associated with Iϵ, that is,

N := {u ∈ Hϵ ∖ {0} ⟨I ′
ϵ(u),u⟩ = 0},

and we define

cϵ:= inf
u∈N

Iϵ(u).

Next, we show that Iϵ has a mountain pass geometry in the sense described by Ambrosetti and
Rabinowitz [1].

Lemma 6.3  ⏎ The functional Iϵ satisfies the following conditions:

(i)  there exist α, ρ > 0 such that Iϵ(u) ≥ α with ∥ u ∥ϵ= ρ;

(ii)  there exists e ∈ Hϵ with ∥ e ∥ϵ> ρ and Iϵ(e) < 0.

Proof. (i) Using assumptions (g1), (g2), (f1) and (f2), for any given ζ > 0 there exists a positive
constant Cζ such that

|g(x, t)| ≤ ζ|t|p−1 + Cζ|t|
ν−1.

Thus, using Sobolev embeddings we have

Iϵ(u) =
1

p
∥ u ∥p

ϵ +
b

2p
[u]2p

s,p − ∫
R3

G(ϵx,u)dx ≥
1

p
∥ u ∥p

ϵ −Cζ ∥ u ∥p
ϵ −C̄ζ ∥ u ∥ν

ϵ .

Consequently, we can choose α, ρ such that Iϵ(u) ≥ α and ∥ u ∥ϵ= ρ.
(ii) Let u ∈ C∞

c (R
3) be such that u ≥ 0, u ≢ 0 and supp(u) ⊂ Λϵ. In view of (g3) –(i) and 

ϑ ∈ (2p, p∗
s), we can see that, for some constants C1,C2 > 0 and for any t > 0

Iϵ(tu) ≤
tp

p
∥ u ∥p

ϵ +
bt2p

2p
[u]2p

s,p − C1t
ϑ ∫

Λϵ

uϑ dx + C2 → −∞ as t → ∞,

which completes the proof. □

Invoking the mountain-pass theorem without (PS)-condition (see Willem [153]), we deduce the
existence of a Palais-Smale sequence {un}n∈N ⊂ Hϵ such that

Iϵ(un) = cϵ + o(1) and I ′
ϵ (un) = o(1),

(6.4)

where

⟨I ′
ϵ (u),φ⟩ = a ∫

R3 ∫R3

|u(x)−u(y)|p−2(u(x)−u(y))(φ(x)−φ(y))
|x−y|3+sp dxdy

+b[u]ps,p ∫R3 ∫R3

|u(x)−u(y)|p−2(u(x)−u(y))(φ(x)−φ(y))
|x−y|3+sp dxdy

+ ∫
R3 V (ϵx)|u|p−2uφ dx − ∫

R3 g(ϵx,u)φ dx.



cϵ:= inf
γ∈Γϵ

max
t∈[0,1]

Iϵ(γ(t)) and Γϵ := {γ ∈ C 0([0, 1],Hϵ) : γ(0) = 0,Iϵ(γ(1)) ≤ 0}.

(6.5)

We use the following equivalent characterization of cϵ, which is more appropriate for our purpose:

cϵ = inf
u∈Hϵ∖{0}

max
t≥0

Iϵ(tu).

Moreover, from the monotonicity of g, it is easy to check that for all u ∈ Hϵ ∖ {0} there exists a unique 
t0 = t0(u) > 0 such that

Iϵ(t0u) =max
t≥0

Iϵ(tu).

Lemma 6.4  ⏎ The functional Iϵ fulfills the Palais-Smale condition at any level c ∈ R.

Proof. Let {un}n∈N be a sequence satisfying (6.4). Let us prove that {un}n∈N is bounded in Hϵ. Using 
(g3), we obtain that

Thanks to ϑ > 2p and K > 2p > 3, we deduce that {un}n∈N is bounded in Hϵ. From Theorem 6.4 we
may assume that un ⇀ u in Hϵ.

Now, we prove that for any η > 0 there exists R = R(η) > 0 such that

lim sup
n→∞

∫
B c

R

(a∫
R3

|un(x) − un(y)|p

|x − y|3+sp
dy + V (ϵx)|un|p) dx < η.

(6.6)

For any R > 0, let ψR ∈ C∞(R
3) be such that ψR = 0 in BR, ψR = 1 in B c

2R, 0 ≤ ψR ≤ 1, and 
|∇ψR| ≤ C

R
, where C is a constant independent of R. Since {ψRun}n∈N is bounded in Hϵ, it follows that 

⟨I ′
ϵ (un),ψRun⟩ = on(1), that is

cϵ + o(1) = Iϵ(un) − 1
ϑ
⟨I ′

ϵ (un),un⟩

= ( 1
p

− 1
ϑ
) ∥ un ∥p

ϵ +b( 1
2p − 1

ϑ
)[un]2p

s,p + 1
ϑ
∫Λc

ϵ
[g(ϵx,un)un − ϑG(ϵx,un)]dx

+ 1
ϑ
∫Λϵ

[g(ϵx,un)un − ϑG(ϵx,un)]dx

≥ ( 1
p

− 1
ϑ
) ∥ un ∥p

ϵ + 1
ϑ
∫Λc

ϵ
[g(ϵx,un)un − ϑG(ϵx,un)]dx

≥ ( 1
p

− 1
ϑ
) ∥ un ∥p

ϵ −
(ϑ−p)
ϑp

1
K
∫Λc

ϵ
V (ϵx)|un|p dx

≥ ( 1
p

− 1
ϑ
) (1 − 1

K
) ∥ un ∥p

ϵ .



Take R > 0 such that Λϵ ⊂ BR. By the definition of ψR and (g3) –(ii) we get

(6.7)

Let us note that, from the boundedness of {un}n∈N in Hϵ, we can suppose that 
a + b[un]ps,p → ℓ ∈ (0, ∞). Now, using the Hölder's inequality and the boundedness of {un}n∈N in Hϵ we
have

(6.8)

On the other hand, by the definition of ψR, and using polar coordinates and the boundedness of {un}n∈N

in Hϵ, we obtain

(a + b[un]ps,p)∫
R3

∫
R3

|un(x) − un(y)|p

|x − y|3+sp
ψR(x)dxdy + ∫

R3

V (ϵx)|un|pψR dx

= o(1) + ∫
R3

g(ϵx,un)ψRun dx

−(a + b[un]ps,p)∫
R3

∫
R3

|un(x) − un(y)|p−2(un(x) − un(y))(ψR(x) − ψR(y))

|x − y|3+sp
un(y)dxdy.

a∫
R3

∫
R3

|un(x) − un(y)|p

|x − y|3+sp
ψR dxdy + (1 −

1

K
) ∫

R3

V (ϵx)|un|pψR dx ≤ o(1)−

(a + b[un]ps,p)∫
R3

∫
R3

|un(x) − un(y)|p−2(un(x) − un(y))(ψR(x) − ψR(y))

|x − y|3+sp
un(y)dxdy.

∫
R3

∫
R3

|un(x) − un(y)|p−2(un(x) − un(y))(ψR(x) − ψR(y))

|x − y|3+sp
un(y)dxdy

≤ C(∫
R3

∫
R3

|ψR(x) − ψR(y)|p

|x − y|3+sp
|un(y)|p dxdy)

1
p

.∣ ∣∫
R3

∫
R3

|ψR(x) − ψR(y)|p

|x − y|3+sp
|un(x)|pdxdy

=∫
R3

∫
|y−x|>R

|ψR(x) − ψR(y)|p

|x − y|3+sp
|un(x)|pdxdy+∫

R3

∫
|y−x|≤R

|ψR(x) − ψR(y)|p

|x − y|3+sp
|un(x)|pdxdy

≤ C ∫
R3

|un(x)|p(∫
|y−x|>R

dy

|x − y|3+sp
)dx+

C

Rp
∫

R3

|un(x)|p(∫
|y−x|≤R

dy

|x − y|3+sp−p
)dx

≤ C ∫
R3

|un(x)|p(∫
|z|>R

dz

|z|3+sp
)dx +

C

Rp
∫

R3

|un(x)|p(∫
|z|≤R

dz

|z|3+sp−p
)dx

≤ C ∫
R3

|un(x)|pdx(∫
∞

R

dρ

ρsp+1
) +

C

Rp
∫

R3

|un(x)|pdx(∫
R

0

dρ

ρsp−p+1
)

≤
C

Rsp
∫

R3

|un(x)|pdx +
C

Rp
R−sp+p ∫

R3

|un(x)|pdx

≤
C

Rsp
∫

R3

|un(x)|pdx ≤
C

Rsp
→ 0 as R → ∞.



Gathering the last relation together with (6.7) and (6.8), we infer that (6.6) is satisfied. In particular, by
Fatou's lemma we have

∫
B c

R

(a∫
R3

|u(x) − u(y)|p

|x − y|3+sp
dy + V (ϵx)|u|p) dx < η.

(6.9)

Moreover, from (6.6) and (6.9), we deduce that

un → u in Lσ(R
3) for any σ ∈ [p, p∗

s).

(6.10)

Indeed, for any η > 0 there exists R = R(η) > 0 such that, for any n large enough, we have

that is un → u in Lp(R
3). Then, by interpolation, it follows that (6.10) is verified.

Now, from the boundedness of {un}n∈N and the growth assumptions on g we get

which together with (6.10) implies that

lim
n→0

∫
R3

(g(ϵx,un)un − g(ϵx,u)u)(un − u)dx = 0.

(6.11)

In what follows, we prove that ∥ un − u ∥ϵ→ 0 as n → ∞. Let φ ∈ Hϵ be fixed and denote by 
Bφ : Hϵ → R the linear functional on Hϵ defined as

Bφ(v) := ∫
R3

∫
R3

|φ(x) − φ(y)|p−2(φ(x) − φ(y))(v(x) − v(y))

|x − y|3+sp
dxdy

for all v ∈ Hϵ. Moreover, by Hölder's inequality, it is clear that Bφ is continuous on Hϵ.

|un − u|pp = |un − u|p
Lp(BR) + |un − u|p

Lp(B c
R)

≤ η + |un − u|p
Lp(B c

R)

≤ η +
1

V1
∫
B c

R

V (ϵx)|un − u|p dx

≤ η + C ∫
B c

R

(a∫
R3

|(un(x) − u(x)) − (un(y) − u(y))|p

|x − y|3+sp
dy + V (ϵx)|un − u|p) dx

≤ κη,

∫
R3

(g(ϵx,un)un − g(ϵx,u)u)(un − u)dx

≤ (|un|p−1
p + |u|p−1

p )|un − u|p + C (|un|ν−1
ν + |u|ν−1

ν )|un − u|ν

≤ C|un − u|p + C|un − u|ν∣ ∣



It follows from un ⇀ u in Hϵ that

lim
n→∞

((a + b[un]ps,p) − (a + b[u]ps,p))Bu(un − u) = 0,

(6.12)

where we used the fact that (a + b[un]ps,p) − (a + b[u]ps,p) is bounded in R.
On the other hand, by un ⇀ u in Hϵ, I

′
ϵ (un) → 0, and (6.10), we know that 

⟨I ′
ϵ (un) −I ′

ϵ (u),un − u⟩ → 0 as n → ∞. Then, by (6.11) and (6.12), we obtain

It follows that

lim
n→∞

((a + b[un]ps,p)(Bun
(un − u) − Bu(un − u)) + ∫

R3

V (ϵx)(|un|p−2un − |u|p−2u)(un − u)dx) = 0.

Since (|z|p−2z − |w|p−2w)(z − w) ≥ 0 for all z,w ∈ R, we can see that

(a + b[un]ps,p)(Bun
(un − u) − Bu(un − u)) ≥ 0,

and by (V1) we also have

V (ϵx)(|un|p−2un − |u|p−2u)(un − u) ≥ 0.

Therefore, we deduce that

(6.13)

In what follows, we shall apply Simon's inequalities, see Appendix B. We first suppose that p ≥ 2.
Then, by (6.13) and (B.1), we obtain

o(1) = ⟨I ′
ϵ (un) −I ′

ϵ (u),un − u⟩

= (a + b[un]ps,p)Bun
(un − u) − (a + b[un]ps,p)Bu(un − u)

+((a+b[un]ps,p) − (a+b[u]ps,p))Bu(un − u)+∫
R3

V (ϵx)(|un|p−2un − |u|p−2u)(un − u)dx

−∫
R3

(g(ϵx,un)un − g(ϵx,u)u)(un − u)dx

= (a + b[un]ps,p)(Bun
(un − u) − Bu(un − u))

+∫
R3

V (ϵx)(|un|p−2un − |u|p−2u)(un − u)dx + o(1).

lim
n→∞

(a + b[un]ps,p)(Bun
(un − u) − Bu(un − u)) = 0,

lim
n→∞

∫
R3

V (ϵx)(|un|p−2un − |u|p−2u)(un − u)dx = 0.



In a similar way, by (V1) and (6.13), we get

∫
R3

V (ϵx)|un − u|p dx ≤ cp ∫
R3

V (ϵx)(|un|p−2un − |u|p−2u)(un − u)dx = o(1).

In conclusion, ∥ un − u ∥ϵ→ 0 as n → ∞.
Now, we consider the case when 1 < p < 2. Since un ⇀ u in Hϵ, there exists κ > 0 such that 

∥ un ∥ϵ≤ κ for all n ∈ N. Hence, by (6.13), (B.1) and Hölder's inequality we can see that

where we used the following inequality

(a + b)
2−p

2 ≤ a
2−p

2 + b
2−p

2 ∀a, b ≥ 0, 1 < p < 2.

In a similar way, we obtain that

∫
R3

V (ϵx)|un − u|p dx ≤ C ′′
p(∫

R3

V (ϵx)(|un|p−2un − |u|p−2u)(un − u)dx)
p

2

= o(1).

Then we can infer that ∥ un − u ∥ϵ→ 0 as n → ∞. This ends the proof of lemma. □

As a byproduct of Lemma 6.3, Lemma 6.4 and mountain pass theorem [1], we deduce that for all ϵ > 0

there exists uϵ ∈ Hϵ such that Iϵ(uϵ) = cϵ and I ′
ϵ (uϵ) = 0, that is uϵ is a weak solution to (6.3).

Let u−:= min {u, 0}. Using ⟨I ′
ϵ (u),u−⟩ = 0, g(x, t) = 0 for t ≤ 0, and

|x − y|p−2(x − y)(x− − y−) ≥ |x− − y−|p ∀x, y ∈ R,

we can infer

[un − u]ps,p = ∫
R3

∫
R3

|un(x) − un(y) − u(x) + u(y)|p|x − y|−(3+sp) dxdy

≤ cp ∫
R3

∫
R3

[|un(x) − un(y)|p−2(un(x) − un(y)) − |u(x) − u(y)|p−2(u(x) − u(y))]

×(un(x) − un(y) − u(x) + u(y))|x − y|−(3+sp) dxdy

= cp[Bun
(un − u) − Bu(un − u)] = o(1).

[un − u]ps,p ≤ Cp(Bun
(un − u) − Bu(un − u))

p

2 ([un]ps,p + [u]ps,p)
2−p

2

≤ Cp(Bun
(un − u) − Bu(un − u))

p

2 ([un]
p(2−p)

2
s,p + [u]

p(2−p)

2
s,p )

≤ C ′
p(Bun

(un − u) − Bu(un − u))
p

2 = o(1),

∥ u− ∥p
ϵ ≤ a∫

R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(u−(x) − u−(y))

|x − y|N+sp
dxdy

+∫
R3

V (ϵx)|u|p−2uu− dx

+b[u]ps,p ∫
R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(u−(x) − u−(y))

|x − y|N+sp
dxdy = 0,



which implies that u− = 0, that is u ≥ 0 in R3. By a Moser iteration argument [120], we obtain that 
u ∈ L∞(R3) ∩ C 0(RN) (see Lemma 6.8 below). By the maximum principle, we infer that u > 0 in R3. □

6.2.2 The limiting problem

Let us consider the following family of autonomous problems, where μ is a positive parameter,

(6.14)

The energy functional associated with problem (6.14) is given by

Eμ(u) =
1

p
a[u]ps,p +

b

2p
[u]2p

s,p + μ|u|pp − ∫
R3

F(u)dx

which is well defined on the space Hμ := W s,p(R
N) endowed with the norm

∥ u ∥p
μ :=a[u]ps,p + μ|u|pp.

Then Eμ ∈ C 1(Hμ, R) and for any u,φ ∈ Hμ

We denote by Nμ the Nehari manifold associated with Eμ, that is,

Nμ := {u ∈ Hμ ∖ {0} : ⟨E ′
μ(u),u⟩ = 0},

and

dμ:= inf
u∈Nμ

Eμ(u).

Arguing as in Lemma 6.3, we obtain that Eμ has a mountain-pass geometry and

dμ = inf
γ∈Γμ

max
t∈[0,1]

Eμ(γ(t)) = inf
u∈Hμ∖{0}

max
t≥0

Eμ(tu),

where

Γμ := {γ ∈ C 0([0, 1],Hμ) : γ(0) = 0,Eμ(γ(1)) ≤ 0}.

{
(a + b[u]ps,p)(−Δ)spu + μup−1 = f(u) in R3,

u ∈ W s,p(R3), u > 0 in R3.

⟨E ′
μ(u),φ⟩ = a∫

R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(φ(x) − φ(y))

|x − y|3+sp
dxdy

+b[u]ps,p ∫
R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(φ(x) − φ(y))

|x − y|3+sp
dxdy

+μ∫
R3

|u|p−2uφ dx − ∫
R3

f(u)φ dx.



Lemma 6.5  ⏎ Let {un}n∈N ⊂ Hμ be a (PS)c sequence for Eμ such that un ⇀ 0. Then we have either

(a)  un → 0 in Hμ , or

(b)  there is a sequence {yn}n∈N ⊂ R3 and constant R,β > 0 such that

lim inf
n→∞

∫
BR(yn)

|un|p dx ≥ β.

Proof. Assume that (b) is not true. Then, by Lemma 6.1 we deduce that

un → 0 in Lσ(R
3) for all σ ∈ (p, p∗

s).

(6.15)

From (6.15) and (f1) –(f2) we can infer that

∫
R3

F(un)dx = ∫
R3

f(un)un dx = o(1) as n → ∞.

On the other hand, arguing as in Lemma 6.4, we know that {un}n∈N is bounded in Hμ, and we may
assume that un ⇀ u in Hμ. Taking into account that ⟨E ′

μ(un),un⟩ = 0, we get

∥ un ∥p
μ +b[un]2p

s,p = ∫
R3

f(un)un dx = o(1),

which implies that ∥ un ∥μ→ 0 as n → ∞, that is (a) holds true. □

Now, we prove the following existence result for problem (6.14).

Theorem 6.5  ⏎ For all μ > 0, problem (6.14) admits a positive ground state solution.

Proof. Using the mountain-pass theorem without (PS)-condition, there exists a Palais-Smale sequence 
{un}n∈N ⊂ Hμ for Eμ at the level dμ. Arguing as in Lemma 6.4, we know that {un}n∈N is bounded in 
Hμ, so we may assume that

Moreover, by Lemma 6.5, it follows that u is nontrivial. Now, for any φ ∈ C∞
c (R3) we have

(6.16)

where Bp:= limn→∞ [un]ps,p. By Fatou's lemma we have

un ⇀ u inHμ,

un → u in Lσ
loc(R

3) for all σ ∈ [1, p∗
s).

a∫
R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(φ(x) − φ(y))

|x − y|3+sp
dxdy + μ∫

R3

|u|p−2uφ dx+

bBp ∫
R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(φ(x) − φ(y))

|x − y|3+sp
dxdy − ∫

R3

f(u)φ dx = 0,



[u]ps,p ≤ Bp.

(6.17)

Our aim is to prove that the equality holds in (6.17). Assume by contradiction that [u]ps,p < Bp. Taking 
φ = u in (6.16) we have that ⟨E ′

μ(u),u⟩ < 0. From assumptions (f1) and (f2) we can see that 
⟨E ′

μ(t1u), t1u⟩ < 0 for some 0 < t1 ≪ 1. Thus, there exists τ ∈ (t1, 1) such that ⟨E ′
μ(τu), τu⟩ = 0. Now,

using τ ∈ (0, 1), the fact that t ↦ 1
2p f(t)t − F(t) is increasing for any t ≥ 0, and Fatou's lemma we can

infer that

(6.18)

which gives a contradiction. Hence [u]ps,p = Bp. Therefore, by (6.16), we deduce that E ′
μ(u) = 0, that is 

Eμ admits a nontrivial critical point u ∈ Hμ. By the maximum principle, we deduce that u > 0 in R3.
Finally, proceeding as in (6.18) with τ = 1, we conclude that u is a ground state solution of problem
(6.14).

Let u−:= min {u, 0}. Using ⟨E ′
μ(u),u−⟩ = 0, f(t) = 0 for t ≤ 0, and

|x − y|p−2(x − y)(x− − y−) ≥ |x− − y−|p ∀x, y ∈ R,

we can infer

which implies that u− = 0, that is u ≥ 0. By a Moser iteration argument [120], we obtain that 
u ∈ L∞(R

3) (see Lemma 6.8 below). From the maximum principle, we can infer that u > 0 in R3. □

Remark 6.2  ⏎ We conjecture that if s ∈ (0, 1) and p ∈ (1, ∞) are such that sp < 3, f(u) = uq−1 with
q ∈ (p, p∗

s), then it is possible to obtain an existence result for problem (6.14) if b > 0 is small enough.
The idea is to apply the Struwe-Jeanjean monotonicity trick by considering the truncated functionals
E

k
b,λ : H s

rad(R
3) → R, with k ∈ N, λ ∈ [λ0, 1], defined by

E
k
b,λ(u) =

∥ u ∥p
μ

p
+

b

2p
χ(

∥ u ∥p
μ

kp
)[u]2p

s,p − λ∫
RN

F(u)dx,

dμ ≤ Eμ(τu) −
1

2p
⟨E ′

μ(τu), τu⟩ < Eμ(u) −
1

2p
⟨E ′

μ(u),u⟩

≤ lim inf
n→∞

(Eμ(un) −
1

2p
⟨E ′

μ(un),un⟩) = dμ,

∥ u− ∥p
μ ≤ a∫

R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(u−(x) − u−(y))

|x − y|N+sp
dxdy

+μ∫
R3

|u|p−2uu− dx+b[u]ps,p∫
R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(u−(x) − u−(y))

|x − y|N+sp
dxdy

= ∫
R3

f(u)u− dx = 0,



where χ is a cut-off function with support in the ball B2. Then, once proved that there exists a sequence
{λj}j∈N ⊂ [λ0, 1], λj → 1, and {uj}j∈N ⊂ H s

rad(R3) such that each uj is a critical point of E k
b,λj

, one has

to show that for all k > 0 large, there exists b0 > 0 such that, for all b ∈ (0, b0), ∥ uj ∥μ≤ k for all j ∈ N.
After that, arguing as in Ambrosio [2], the existence result for problem (6.14) follows.

We conclude this section by proving a very interesting relation between the levels cϵ and dV0 .

Lemma 6.6  ⏎ We have lim sup
ϵ→0

cϵ ≤ dV0 .

Proof. Let ω be a positive ground state of problem (6.14) given by Theorem 6.5 with μ = V0. For any 
ϵ > 0 let ψϵ(x) := ψ(ϵx) where ψ ∈ C∞

c (R
3) is such that

and consider the function ωϵ(x) = ψϵ(x)ω(x). For simplicity, let us assume that supp(ψ) ⊂ B2 ⊂ Λ.
By Lemma 6.2 and the dominated convergence theorem we can infer that, as ϵ → 0,

ωϵ → ω ∈ W s,p(R
3) and EV0(ωϵ) → EV0(ω) = dV0 .

(6.19)

Now, for each ϵ > 0 there exists tϵ > 0 such that

Iϵ(tϵωϵ) =max
t≥0

Iϵ(tωϵ).

Hence, ⟨I ′
ϵ (tϵωϵ),ωϵ⟩ = 0 and we have

tpϵ ∥ ωϵ ∥p
ϵ +b t2p

ϵ [ωϵ]
2p
s,p = ∫

R3

f(tϵωϵ)tϵωϵ dx,

which implies that

a

t
p
ϵ

[ωϵ]
p
s,p +

1

t
p
ϵ

∫
R3

V (ϵx)|ωϵ|
p dx + b[ωϵ]

2p
s,p = ∫

R3

f(tϵωϵ)

(tϵωϵ)2p−1
ω2p
ϵ dx.

(6.20)

By the growth assumptions on f it follows that tϵ → t0 > 0. Our aim is to prove that t0 = 1. Taking the
limit as ϵ → 0 in (6.20) and using (6.19) we get

a

t
p
0

[ω]ps,p +
1

t
p
0

∫
R3

V0|ω|p dx + b[ω]2p
s,p = ∫

R3

f(t0ω)

(t0ω)2p−1
ω2p dx.

From the above relation, ω ∈ NV0  and (f4) we deduce that t0 = 1. On the other hand, we can note that

⎧⎪⎨⎪⎩ψ(x) = 1 if x ∈ B1,

ψ(x) = 0 if x ∈ B c
2,

0 ≤ ψ ≤ 1,



cϵ ≤max
t≥0

Iϵ(tωϵ) = Iϵ(tϵωϵ) = EV0(tϵωϵ) +
t
p
ϵ

p
∫

R3

(V (ϵx) − V0)ωp
ϵ dx.

Hence, using (6.19), since tϵ → 1 and V (ϵx) is bounded on the support of ωϵ, we conclude the proof. □

6.2.3 Proof of Theorem 6.1

For ϵ > 0, let uϵ be the mountain pass solution of problem (6.3). For any ϵn → 0+ we denote by

un := uϵn , In :=Iϵn , Hn :=Hϵn and cn := cϵn .

Then, un satisfies

(a + b[un]ps,p)(−Δ)spun + V (ϵx)up−1
n = g(ϵx,un) in R

3.

Lemma 6.7  ⏎ Let ϵn → 0 and {un}n∈N ⊂ Hn be such that In(un) = cϵn  and I ′
n(un) = 0. Then there

exists {~yϵn}n∈N ⊂ R
3 such that the translated sequence

~un(x) := un(x + ~yϵn)

has a subsequence which converges in W s,p(R
3). Moreover, up to a subsequence, 

{yϵn}n∈N := {ϵn~yϵn}n∈N is such that yϵn → y0 for some y0 ∈ Λ such that V (y0) = V0.
Proof. Using ⟨I ′

n(un),un⟩ = 0 and assumptions (g1) and (g2), we deduce that there is κ > 0 such that

∥ un ∥ϵn≥ κ > 0 for any n ∈ N.

Taking into account In(un) = cn, ⟨I ′
n(un),un⟩ = 0 and Lemma 6.6, we can argue as in the proof of

Lemma 2.3 to deduce that {un}n∈N is bounded in Hn.
Now, proceeding as in the proof of Lemma 6.5, we prove that there are a sequence {~yϵn}n∈N ⊂ R3 and

constants R,β > 0 such that

lim inf
n→∞

∫
BR(~yϵn)

|un|pdx ≥ β.

Hereafter, we denote by {~yn}n∈N the sequence {~yϵn}n∈N. Set ~un(x) := un(x + ~yn). Then {~un}n∈N is
bounded in W s,p(R3), and we may assume that

~un ⇀ ~u weakly in W s,p(R
3).

(6.21)

Moreover, ~u ≠ 0 in view of

∫
BR

|~u|pdx ≥ β.

(6.22)



Now, we set yn := ϵn
~yn. Let us begin by proving that {yn}n∈N is bounded in R. To this end, it is

enough to show the following claim.

Claim 1. limn→∞ dist(yn, Λ) = 0.

Indeed, if the claim does not hold, there is δ > 0 and a subsequence of {yn}n∈N, still denoted by itself,
such that

dist(yn, Λ) ≥ δ ∀n ∈ N.

Then we can find r > 0 such that Br(yn) ⊂ Λc for all n ∈ N. Since ~u ≥ 0 and C∞
c (R

3) is dense in 
W s,p(R

3), we can find a sequence {ψj}j∈N ⊂ C∞
c (R

3) such that ψj ≥ 0 and ψj → ~u in W s,p(R
3). Fixed

j ∈ N and using ψ = ψj as test function in ⟨I ′
n(un),ψ⟩ = 0 we get

(6.23)

where ξ̃n := ϵnx + ϵn~yn. Taking into account that un ≥ 0, ψj ≥ 0 and the definition of g, we can see that

(6.24)

Gathering (6.23) and (6.24) we have

(6.25)

From (6.21) and the facts that ψj as compact support in R3 and ϵn → 0 we can see that

–

–

a∫
R3

∫
R3

|~un(x) − ~un(y)|p−2(~un(x) − ~un(y))(ψj(x) − ψj(y))

|x − y|3+sp
dxdy

+b[~un]ps,p ∫
R3

∫
R3

|~un(x) − ~un(y)|p−2(~un(x) − ~un(y))(ψj(x) − ψj(y))

|x − y|3+sp
dxdy

+∫
R3

V (ξ̃n)|~un|p−2 ~unψj dx = ∫
R3

g(ξ̃n, ~un)ψj dx,

∫
R3

g(ξ̃n, ~un)ψj dx = ∫
B r

ϵn

g(ξ̃n, ~un)ψj dx + ∫
B

c
r
ϵn

g(ξ̃n, ~un)ψj dx

≤ ∫
B r

ϵn

V1

K
|~un|p−2 ~unψj dx + ∫

B
c
r
ϵn

f( ~un)ψj dx.

a∫
R3

∫
R3

|~un(x) − ~un(y)|p−2(~un(x) − ~un(y))(ψj(x) − ψj(y))

|x − y|3+sp
dxdy

+b[~un]ps,p ∫
R3

∫
R3

|~un(x) − ~un(y)|p−2(~un(x) − ~un(y))(ψj(x) − ψj(y))

|x − y|3+sp
dxdy

+V1 (1 −
1

K
) ∫

R3

|~un|p−2 ~unψj dx ≤ ∫
B

c
r
ϵn

f(~un)ψj dx.



and

∫
B

c
r
ϵn

f(~un)ψj dx → 0 as n → ∞.

The above limits together with (6.25) and [~un]ps,p → Bp imply that

Taking the limit as j → ∞ we have

a[~u]ps,p + bBp[~u]ps,p + V1 (1 −
1

K
)|~u|pp ≤ 0.

This gives a contradiction in view of (6.22). Hence there exists a subsequence {yn}n∈N such that 
yn → y0 ∈ Λ.

Claim 2. y0 ∈ Λ.

Using the definition of g and (6.23) we can see that

Taking the limit as n → ∞ we get

∫
R3

∫
R3

|~un(x) − ~un(y)|p−2(~un(x) − ~un(y))(ψj(x) − ψj(y))

|x − y|3+sp
dxdy

→ ∫
R3

∫
R3

|~u(x) − ~u(y)|p−2(~u(x) − ~u(y))(ψj(x) − ψj(y))

|x − y|3+sp
dxdy as n → ∞

a∫
R3

∫
R3

|~u(x) − ~u(y)|p−2(~u(x) − ~u(y))(ψj(x) − ψj(y))

|x − y|3+sp
dxdy

+bBp ∫
R3

∫
R3

|~u(x) − ~u(y)|p−2(~u(x) − ~u(y))(ψj(x) − ψj(y))

|x − y|3+sp
dxdy

+V1 (1 −
1

K
) ∫

R3

|~u|p−2 ~uψj dx ≤ 0.

–

a∫
R3

∫
R3

|~un(x) − ~un(y)|p−2(~un(x) − ~un(y))(ψj(x) − ψj(y))

|x − y|3+sp
dxdy

+b[~un]ps,p ∫
R3

∫
R3

|~un(x) − ~un(y)|p−2(~un(x) − ~un(y))(ψj(x) − ψj(y))

|x − y|3+sp
dxdy

+∫
R3

V (ξ̃n)|~un|p−2 ~unψj dx ≤ ∫
R3

f(~un)ψj dx.

a∫
R3

∫
R3

|~u(x) − ~u(y)|p−2(~u(x) − ~u(y))(ψj(x) − ψj(y))

|x − y|3+sp
dxdy

+b[~u]ps,p ∫
R3

∫
R3

|~u(x) − ~u(y)|p−2(~u(x) − ~u(y))(ψj(x) − ψj(y))

|x − y|3+sp
dxdy

+∫
R3

V (y0)|~u|p−2 ~uψj dx ≤ ∫
R3

f(~u)ψj dx.



Passing to the limit as j → ∞, we obtain

a[~u]ps,p + bBp[~u]ps,p + V (y0)|~u|pp ≤ ∫
R3

f(~u)~u dx.

Using Fatou's lemma we have [~u]ps,p = [u]ps,p ≤ Bp, which combined with the above inequality yields

a[~u]ps,p + b[~u]2p
s,p + V (y0)|~u|pp ≤ ∫

R3

f(~u)~u dx.

Hence, there exists τ ∈ (0, 1) such that τ~u ∈ NV (y0). Let dV (y0) be the mountain pass level associated with
EV (y0). By Lemma 6.6 we can see that

dV (y0) ≤ EV (y0)(τ~u) ≤ lim inf
n→∞

In(un) = lim inf
n→∞

cn ≤ dV0 .

Thereby, dV (y0) ≤ dV0 , and this implies that V (y0) ≤ V0 = V (0). This together with the definition of V0

yields that V (y0) = V0. From assumption (V2) we have that y0 ∉ ∂Λ, thus y0 ∈ Λ.

Claim 3. ~un → ~u in W s,p(R3) as n → ∞.

Consider the set Λ̃n = Λ
ϵn

− ~yn and define the functions

Introduce the following functions:

In the light of (f3), K > 2p > ϑp

ϑ−p
, and (g3), we can see that the above functions are nonnegative.

By (6.21) and Claim 2, we can deduce that ~un(x) → ~u(x) a.e. x ∈ R3 and ϵn~yn → y0 ∈ Λ, from which
we can infer that χ̃1

n(x) → 1, h1
n(x) → h1(x), h2

n(x) → 0 and h3
n(x) → h3(x) a.e. x ∈ R3.

Now, using Lemma 6.6, the invariance of R3 by translation and Fatou's lemma we can deduce that

χ̃1
n(x) :={ and χ̃2

n(x) := 1 − χ̃1
n(x).

1 if x ∈ Λ̃n

0 if x ∈ Λ̃c
n

h1
n(x) := ( 1

p
−

1

ϑ
)V (ξ̃n)|~un|pχ̃1

n(x), h1(x) := ( 1

p
−

1

ϑ
)V (y0)|~u|p,

h2
n(x) := [( 1

p
−

1

ϑ
)V (ξ̃n)|~un(x)|p +

1

ϑ
g(ξ̃n, ~un(x))~un(x) − G(ξ̃n, ~un(x))]χ̃2

n(x)

≥ [( 1

p
−

1

ϑ
) −

1

K
]V (ξ̃n)|~un|pχ̃2

n(x),

h3
n(x) :=( 1

ϑ
g(ξ̃n, ~un(x))~un(x)−G(ξ̃n, ~un(x)))χ̃1

n(x)=[ 1

ϑ
f(~un(x))~un(x)−F(~un(x))]χ̃1

n(x),

h3(x) := [ 1

ϑ
f(~u(x))~u(x) − F(~u(x))].



Therefore,

lim
n→∞

[~un]ps,p = [~u]ps,p

(6.26)

and h1
n → h1, h2

n → 0, and h3
n → h3 in L1(R3). Hence we can infer that

lim
n→∞

∫
R3

V (ξ̃n)|~un|p dx = ∫
R3

V (y0)|~u|p dx

and thus

lim
n→∞

|~un|pp = |~u|pp.

(6.27)

Combining (6.26) with (6.27), and using the Brezis-Lieb lemma [14] we get

∥ ~un − ~u ∥p
s,p→ 0 as n → ∞.

This completes the proof. □

Lemma 6.8  ⏎ Let {~un}n∈N be the sequence given in Lemma 6.7. Then, ~un ∈ L∞(R3) and there exists
C > 0 such that

|~un|∞ ≤ C ∀n ∈ N.

Moreover,

~un(x) → 0 as |x| → ∞ uniformly in n ∈ N.

(6.28)

Proof. For any L > 0, let ~uL,n:= min {~un,L}. Let σ > 1 and define the function

ℓ(~un) := ℓL,σ(~un) = ~un
~u
p(σ−1)
L,n ∈ Hϵ.

dV0 ≥ lim sup
n→∞

cn = lim sup
n→∞

(In(un) −
1

ϑ
⟨I ′

n(un),un⟩)

= lim sup
n→∞

[( 1

p
−

1

ϑ
)a[~un]ps,p + ( 1

2p
−

1

ϑ
)b[~un]2p

s,p + ∫
R3

(h1
n(x) + h2

n(x) + h3
n(x))dx]

≥ lim inf
n→∞

[( 1

p
−

1

ϑ
)a[~un]ps,p + ( 1

2p
−

1

ϑ
)b[~un]2p

s,p + ∫
R3

(h1
n(x) + h2

n(x) + h3
n(x))dx]

≥ ( 1

p
−

1

ϑ
)a[~u]ps,p + ( 1

2p
−

1

ϑ
)b[~u]2p

s,p + ∫
R3

(h1(x) + h3(x))dx ≥ dV0
.



We note that ℓ  is increasing, so for any a, b ∈ R it holds (a − b)(ℓ(a) − ℓ(b)) ≥ 0. We introduce the
functions

Q(t) :=
|t|p

p
and L (t) := ∫

t

0
(ℓ′(τ))

1
p dτ.

Let us point out that

L (~un) ≥
1

σ
~un

~uσ−1
L,n .

Hence, from Theorem 6.4 and the above inequality we get

[L (~un)]ps,p ≥ C−1
∗ |L (~un)|

p
p∗
s

≥ C−1
∗

1

σp
|~un

~uσ−1
L,n |

p
p∗
s
.

(6.29)

On the other hand, for any a, b ∈ R, it holds

Q
′(a − b)(ℓ(a) − ℓ(b)) ≥ |L (a) −L (b)|p.

Indeed, when a > b we have

where in the last inequality we used the Jensen inequality. A similar argument works when a ≤ b.
Therefore, we deduce that

(6.30)

Using ℓ(~un) as test function in (6.3) we get

(6.31)

Q
′(a − b)(ℓ(a) − ℓ(b)) = (a − b)p−1(ℓ(a) − ℓ(b)) = (a − b)p−1 ∫

a

b

ℓ′(τ)dτ

= (a − b)p−1 ∫
a

b

(L ′(τ))p dτ ≥ (∫
a

b

L
′(τ)dτ)

p

= (L (a) −L (b))p,

|L (~un)(x) −L (~un)(y)|p

≤ |~un(x) − ~un(y)|p−2(~un(x) − ~un(y))(~un(x)~u
p(σ−1)
L,n (x) − ~un(y)~u

p(σ−1)
L,n (y)).

a∫
R3

∫
R3

|~un(x) − ~un(y)|p−2(~un(x) − ~un(y))(~un(x)~u
p(σ−1)
L,n (x) − ~un(y)~u

p(σ−1)
L,n (y))

|x − y|3+sp
dxdy

+b[~un]ps,p ∫
R3

∫
R3

|~un(x) − ~un(y)|p−2(~un(x) − ~un(y))(~un(x)~u
p(σ−1)
L,n (x) − ~un(y)~u

p(σ−1)
L,n (y))

|x − y|3+sp
dxdy

+∫
R3

V (ξ̃n)|~un|p~u
p(σ−1)
L,n dx = ∫

R3

g(ξ̃n, ~un)~un
~u
p(σ−1)
L,n dx,



where ξ̃n := ϵnx + ϵn
~yn. Putting together (6.30) and (6.31) we get

(6.32)

From (6.29) and (6.32) we can infer that

(6.33)

Using the growth assumptions on g we have that for all ζ > 0 there exists Cζ > 0 such that

|g(x, t)| ≤ ζ|t|p−1 + Cζ|t|
p∗
s−1 for all x ∈ R

3 and t ∈ R,

which together with (6.33) implies

Choosing ζ sufficiently small we deduce that

|~un
~uσ−1
L,n |pp∗

s
≤ Cσp ∫

R3

|~un|p
∗
s ~u

p(σ−1)
L,n dx.

(6.34)

Now, let σ =
p∗
s

p
 and fix R > 0. Using the fact that 0 ≤ ~uL,n ≤ ~un and the Hölder's inequality, we

obtain

a[L (~un)]ps,p + ∫
R3

V (ξ̃n)|~un|p~u
p(σ−1)
L,n dx

≤ a∫
R3

∫
R3

|~un(x) − ~un(y)|p−2(~un(x) − ~un(y))(~un(x)~u
p(σ−1)
L,n (x) − ~un(y)~u

p(σ−1)
L,n (y))

|x − y|3+sp
dxdy

+b[~un]ps,p ∫
R3

∫
R3

|~un(x) − ~un(y)|p−2(~un(x) − ~un(y))(~un(x)~u
p(σ−1)
L,n (x) − ~un(y)~u

p(σ−1)
L,n (y))

|x − y|3+sp
dxdy

+∫
R3

V (ξ̃n)|~un|p~u
p(σ−1)
L,n dx = ∫

R3

g(ξ̃n, ~un)~un
~u
p(σ−1)
L,n dx.

|~un
~uσ−1
L,n |

p
p∗
s

≤ σpC∗[L (~un)]ps,p ≤
σpC∗

a
∫

R3

g(ξ̃n, ~un)~un
~u
p(σ−1)
L,n dx

≤ σpC ∫
R3

g(ξ̃n, ~un)~un
~up(σ−1)
L,n dx.

|~un
~uσ−1
L,n |pp∗

s
≤ Cσp(∫

R3

ζ|~un|p~u
p(σ−1)
L,n dx + ∫

R3

Cζ|~un|p
∗
s ~u

p(σ−1)
L,n dx).



Since {~un}n∈N strongly converges in Lp∗
s(R3), we can see that for any R sufficiently large

(∫
{~un>R}

~up
n dx)

p∗
s−p

p

≤
1

2Cσp
,

and thus we deduce

(6.35)

Putting together (6.34) and (6.35) we have

and letting L → ∞ we deduce that ~un ∈ L
(p∗
s)2

p (R
3).

Now, taking the limit as L → ∞ in (6.34) we have

|~un|
σp
σp∗

s
≤ Cσp ∫

R3

~u
p∗
s+p(σ−1)

n dx

which implies

(∫
R3

~u
σp∗

s
n dx)

1
p∗
s(σ−1)

≤ (Cσ)
1

σ−1 (∫
R3

~u
p∗
s+p(σ−1)

n dx)
1

p(σ−1)

.

For m ≥ 1 we define σm+1 inductively so that p∗
s + p(σm+1 − 1) = p∗

sσm and σ1 =
p∗
s

p
. Then we have

(∫
R3

~u
p∗
sσm+1

n dx)
1

p∗
s(σm+1−1)

≤ (Cσm+1)
1

σm+1−1 (∫
R3

~u
p∗
sσm

n dx)
1

p∗
s(σm−1)

.

Set

Dm := (∫
R3

~u
p∗
sσm

n dx)
1

p∗
s(σm−1)

.

Using an iteration argument, we can find C0 > 0 independent of m such that

∫
R3

~up∗
s

n
~up(σ−1)
L,n dx = ∫

R3

~up∗
s−p

n (~un
~u

p∗
s−p

p

L,n )p dx

= ∫
{~un>R}

~up∗
s−p

n (~un
~u

p∗
s−p

p

L,n )p dx + ∫
{~un<R}

~up∗
s−p

n (~un
~u

p∗
s−p

p

L,n )p dx

≤ (∫
{~un>R}

~up
n dx)

p∗
s−p

p

(∫
R3

(~un
~u

p
∗
s−p

p

L,n )p
∗
s dx)

p

p∗
s

+ Rp∗
s−p ∫

{~un<R}

~u
p∗
s

n dx.

∫
R3

~u
p∗
s

n
~u
p(σ−1)
L,n dx ≤

1

2Cσp
(∫

R3

(~un
~u

p∗
s−p

p

L,n )p
∗
s dx)

p

p∗
s

+ Rp∗
s−p ∫

R3

~u
p∗
s

n dx.

|~un
~uσ−1
L,n |pp∗

s
≤ CσpRp∗

s−p ∫
R3

~u
p∗
s

n dx < ∞,



Dm+1 ≤
m

∏
k=1

(Cσk+1)
1

σk+1−1D1 ≤ C0D1.

Taking the limit as m → ∞ we get |~un|∞ ≤ C for all n ∈ N.
Now, we note that ~un is a solution to

(−Δ)sp
~un = [g(ϵnx + ϵn

~yn, ~un) − V (ϵnx + ϵn
~yn)~up−1

n ](a + b[~un]ps,p)−1 =: hn in R
3.

Moreover, hn ∈ L∞(R
3) and |hn|∞ ≤ C for all n ∈ N. Indeed, this last inequality is a consequence of the

growth assumptions on g, |~un|∞ ≤ C and a ≤ a + b[~un]ps,p ≤ C for all n ∈ N. Then, using Corollary 5.5
in [75] we can deduce that ~un ∈ C 0,α(R

3) for some α > 0. From this fact and (6.21) we infer that (6.28)
holds true. □

Corollary 6.1  There exists n0 ∈ N such that

un(x) < a0 ∀n ≥ n0 and ∀x ∈ Λc
ϵn

.

Hence, un is a solution of problem (P̂ϵn).

Proof. By Lemma 6.7 we can find {~yn}n∈N ⊂ R
3 such that ~un = un(⋅ + ~yn) → ~u in W s,p(R

3) and 
yn = ϵn

~yn → y0 for some y0 ∈ Λ such that V (y0) = V0.
Now, if we choose r > 0 such that Br(y0) ⊂ B2r(y0) ⊂ Λ, then B r

ϵn
( y0

ϵn
) ⊂ Λϵn . Hence, there exists

n1 ∈ N such that for any y ∈ B r
ϵn

(~yn) we have

y −
y0

ϵn
≤ |y − ~yn| + ~yn −

y0

ϵn
<

2r

ϵn
∀n ≥ n1,

and consequently

Λc
ϵn

⊂ B
c
r
ϵn

(~yn) for any n ≥ n1.

In the light of Lemma 6.8, there exists R > 0 such that

~un(x) < a0 for |x| ≥ R and ∀n ∈ N,

which yields

un(x) = ~un(x − ~yn) < a0 for x ∈ B c
R(~yn) and ∀n ∈ N.

On the other hand, there exists n2 ∈ N such that

B
c
r
ϵn

(~yn) ⊂ B
c
R(~yn) ∀n ≥ n2.

Hence, choosing n0 =max {n1,n2}, we can infer that

Λc
ϵn

⊂ B
c
r
ϵn

(~yn) ⊂ B
c
R(~yn) ∀n ≥ n0,

and then ∣ ∣ ∣ ∣



un(x) < a0 ∀x ∈ Λc
ϵn

and ∀n ≥ n0.

The proof is now complete. □

Proof of Theorem 6.1 Let uϵ be a nonnegative solution of problem (6.3). Then, there exists ϵ0 > 0 such
that

uϵ(x) < a0 ∀x ∈ Λc
ϵ and ∀ϵ ∈ (0, ϵ0),

that is uϵ is a solution of problem (P̂ϵ) for ϵ ∈ (0, ϵ0). Consider vϵ(x) := uϵ(x/ϵ) for any ϵ ∈ (0, ϵ0) and
note that vϵ is a solution to (Pϵ). Let ηϵ be a global maximum point of vϵ. It is easy to see that there exists 
τ0 > 0 such that vϵ(ηϵ) ≥ τ0 for any ϵ > 0. Set zϵ := ηϵ

ϵ
− ~yϵ. Then zϵ is a global maximum point of 

~uϵ(x) = uϵ(x + ~yϵ) and ~uϵ(zϵ) ≥ τ0 for any ϵ > 0. We claim that

lim
ϵ→0

V (ηϵ) = V0.

If the above limit is not true, then there exist ϵn → 0 and δ > 0 such that

V (ηϵn) ≥ V0 + δ ∀n ∈ N.

(6.36)

By Lemma 6.8, we know that ~uϵn(x) → 0 as |x| → ∞ uniformly in n ∈ N. Therefore, {zϵn}n∈N is
bounded. Moreover, for some subsequence, there is y0 ∈ Λ such that ϵn~yϵn → y0 and V (y0) = V0.
Therefore, ηϵn = ϵnzϵn + ϵn

~yϵn → y0 which combined with the continuity of V yields V (ηϵn) → V0. This
contradicts (6.36). Accordingly, V (ηϵ) → V0 as ϵ → 0.

Next, we provide a decay estimate for vϵ. Using (6.28) and (g1), there exists R1 > 0 such that

g(ϵx, ~uϵ(x)) ≤
V1

2
~uϵ(x)p−1 ∀x ∈ B c

R1
.

Therefore,

(6.37)

where A1 > 0 is such that a + b[uϵ]
p
s,p ≤ a + bA

p
1, for any ϵ ∈ (0, ϵ0). Applying Lemma 7.1 in [42], we

can find a continuous positive function w and a positive constant C such that

0 < w(x) ≤
C

1 + |x|3+sp

(−Δ)sp
~uϵ +

V1

2(a + bA
p
1)

~up−1
ϵ ≤ (−Δ)sp

~uϵ +
V1

2(a + b[~uϵ]
p
s,p)

~up−1
ϵ

=
1

a + b[~uϵ]
p
s,p
[g(ϵx + ϵ~yϵ, ~uϵ) − (V (ϵx + ϵ~yϵ) −

V1

2
)~up−1

ϵ ]

≤
1

a + b[~uϵ]
p
s,p
[g(ϵx + ϵ~yϵ, ~uϵ) −

V1

2
~up−1
ϵ ] ≤ 0 inB c

R1
,



(6.38)

and

(−Δ)spw +
V1

2(a + bA
p
1)
wp−1 ≥ 0 inB c

R2
,

(6.39)

for some R2 > 0. Thanks to the continuity of ~uϵ and w, there exists C1 > 0 such that

ψϵ := ~uϵ − C1w ≤ 0 for |x| = R3,

where R3:= max {R1,R2}.
Taking ϕ =max {ψϵ, 0} ∈ W

s,p
0 (B c

R
) as test function in (6.37) and using (6.39) with ~w = C1w, we

can deduce that

(6.40)

where

Gϵ(x, y) := |~uϵ(x) − ~uϵ(y)|p−2(~uϵ(x) − ~uϵ(y)) − | ~w(x) − ~w(y)|p−2( ~w(x) − ~w(y)).

Therefore, if we prove that

∫
R3

∫
R3

Gϵ(x, y)

|x − y|N+sp
(ϕ(x) − ϕ(y))dxdy ≥ 0,

(6.41)

it follows from (6.40) that

0 ≥
V1

2(a + bA
p
1)
∫

{~uϵ≥ ~w}
[~up−1

ϵ − ~wp−1](~uϵ − ~w)dx ≥ 0

which yields that

{x ∈ R
3 : |x| ≥ R3 and ~uϵ(x) ≥ ~w} = ∅.

To achieve our purpose, we first note that for all c, d ∈ R it holds

|d|p−2d − |c|p−2c = (p − 1)(d − c)∫
1

0
|c + t(d − c)|p−2dt.

0 ≥ ∫
R3

∫
R3

|~uϵ(x) − ~uϵ(y)|p−2(~uϵ(x) − ~uϵ(y))(ϕ(x) − ϕ(y))

|x − y|3+sp
dxdy +

V1

2(a + bA
p
1)
∫

R3

~up−1
ϵ ϕ dx

≥ ∫
R3

∫
R3

Gϵ(x, y)

|x − y|3+sp
(ϕ(x) − ϕ(y))dxdy +

V1

2(a + bA
p
1)
∫

R3

[~up−1
ϵ − ~wp−1]ϕ dx,



Taking d = ~uϵ(x) − ~uϵ(y) and c = ~w(x) − ~w(y) we can see that

|d|p−2d − |c|p−2c = (p − 1)(d − c)I(x, y),

where I(x, y) ≥ 0 stands for the integral. Now, recalling that

(x − y)(x+ − y+) ≥ |x+ − y+|2 for all x, y ∈ R,

we have

which gives (|d|p−2d − |c|p−2c)(ϕ(x) − ϕ(y)) ≥ 0, that is (6.41) holds true.
Therefore, ψϵ ≤ 0 in B c

R3
, which implies that ~uϵ ≤ C1w in B c

R3
, that is ~uϵ(x) ≤ C(1 + |x|3+sp)−1 in 

B
c
R3

. Consequently,

and this ends the proof of Theorem 6.1. □

6.3 Multiplicity of solutions

In this section we deal with the multiplicity of positive solutions to problem (Pϵ). To achieve this result,
we need some auxiliary properties.

6.3.1 The generalized Nehari method

Let us denote by

Nϵ := {u ∈ Hϵ : ⟨I ′
ϵ (u),u⟩ = 0}

the Nehari manifold associated with problem (6.3), and define

H
+
ϵ := {u ∈ Hϵ : |supp(u+) ∩ Λϵ| > 0} ⊂ Hϵ.

Let Sϵ be the unit sphere of Hϵ and set S+
ϵ := Sϵ ∩H +

ϵ . By the definition of S+
ϵ  and using the fact that 

H +
ϵ  is open in Hϵ, it follows that S+

ϵ  is an incomplete C1-manifold of codimension 1, modeled on Hϵ

and contained in the open H +
ϵ . Thus, Hϵ = TuS+

ϵ ⊕ Ru for each u ∈ S+
ϵ , where

(d − c)(ϕ(x) − ϕ(y)) = [(~uϵ − ~w)(x) − (~uϵ − ~w)(y)][(~uϵ − ~w)+(x) − (~uϵ − ~w)+(y)]

≥ |(~uϵ − ~w)+(x) − (~uϵ − ~w)+(y)|2,

vϵ(x) = uϵ (
x

ϵ
) = ~uϵ (

x

ϵ
− ~yϵ) ≤ C1w(

x

ϵ
− ~yϵ)

≤
C

1 + | x
ϵ

− ~yϵ|3+sp
=

Cϵ3+sp

ϵ3+sp + |x − ϵ~yϵ|3+sp

≤
Cϵ3+sp

ϵ3+sp + |x − ηϵ|3+sp



TuS
+
ϵ := {v ∈ Hϵ : Bu(v) + ∫

R3

V (ϵx)|u|p−2uv dx = 0}

and

Bu(v) = ∫
R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(v(x) − v(y))

|x − y|3+sp
dxdy.

The next result is fundamental to overcome the non-differentiability of the Nehari manifold N  and the
incompleteness of S+

ϵ .

Lemma 6.9  ⏎ Assume that (V1) –(V ′
2 ) and (f1) –(f4) hold. Then, the following properties hold.

(i)  For each u ∈ H +
ϵ  , let hu : R+ → R be defined by hu(t) :=Iϵ(tu) . Then there exists a

unique tu > 0 such that h′
u(t) > 0 for all t ∈ (0, tu) and h′

u(t) < 0 for all t ∈ (tu, ∞).

(ii)  There exists τ > 0 independent of u such that tu ≥ τ  for any u ∈ S+
ϵ  . Moreover, for each

compact set K ⊂ S+
ϵ  there is a constant CK > 0 such that tu ≤ CK for any u ∈ K.

(iii)  The map m̂ϵ : H +
ϵ → N  given by m̂ϵ(u) = tuu is continuous and mϵ := m̂ϵ|S

+
ϵ
 is a

homeomorphism between S+
ϵ  and N  . Moreover, m−1

ϵ (u) = u
∥u∥ϵ

.

(iv)  If there is a sequence {un}n∈N ⊂ S+
ϵ  such that dist(un, ∂S+

ϵ ) → 0 , then ∥ mϵ(un) ∥ϵ→ ∞

and Iϵ(mϵ(un)) → ∞.

Proof. (i) We know that hu ∈ C 1(R+, R), and by Lemma 6.3, we have that hu(0) = 0, hu(t) > 0 for 
t > 0 small enough and hu(t) < 0 for t > 0 sufficiently large. Then there exists a global maximum point 
tu > 0 for hu such that h′

u(tu) = 0, that is tuu ∈ N .
Now, we aim to prove the uniqueness of a such tu. Assume by contradiction that there exist t1 > t2 > 0

such that h′
u(t1) = h′

u(t2) = 0, or equivalently

(6.42)

(6.43)

Dividing both members of relation (6.42) by t2p−1
1  we get

∥ u ∥p
ϵ

t
p
1

+ b[u]2p
s,p = ∫

R3

g(ϵx, t1u)

(t1u)2p−1
u2pdx,

and similarly, dividing both members of (6.43) by t2p−1
2 , we obtain

t
p−1
1 ∥ u ∥p

ϵ +bt
2p−1
1 [u]2p

s,p = ∫
R3

g(ϵx, t1u)u dx,

t
p−1
2 ∥ u ∥p

ϵ +bt
2p−1
2 [u]2p

s,p = ∫
R3

g(ϵx, t2u)u dx.



∥ u ∥p
ϵ

t
p
2

+ b[u]2p
s,p = ∫

R3

g(ϵx, t2u)

(t2u)2p−1
u2pdx.

Subtracting the above identities, and taking into account the definition of g we can see that

Accordingly, in view of t1 > t2, we have

Since u ≠ 0 and K > 1, we get a contradiction.
(ii) Let u ∈ S+

ϵ . By (i) there exists tu > 0 such that h′
u(tu) = 0, or equivalently

tp−1
u ≤ tp−1

u ∥ u ∥p
ϵ +bt2p−1

u [u]2p
s,p = ∫

R3

g(ϵx, tuu)u dx.

From (g1) –(g2) and Theorem 6.4, for all ξ > 0, we obtain

and choosing ξ sufficiently small, we can find τ > 0, independent of u, such that tu ≥ τ .
Now, let K ⊂ S+

ϵ  be a compact set, and assume by contradiction that there exists a sequence 
{un}n∈N ⊂ K such that tn := tun

→ ∞. Therefore, there exists u ∈ K such that un → u in Hϵ. From the
proof of (ii) in Lemma 6.3 we get

Iϵ(tnun) → −∞.

( 1

t
p
1

−
1

t
p
2

) ∥ u ∥p
ϵ = ∫

R3

[ g(ϵx, t1u)

(t1u)2p−1
−

g(ϵx, t2u)

(t2u)2p−1
]u2pdx

≥ ∫
Λc
ϵ∩{t2u>a0}

[ g(ϵx, t1u)

(t1u)2p−1
−

g(ϵx, t2u)

(t2u)2p−1
]u2pdx

+∫
Λc
ϵ∩{t2u≤a0<t1u}

[ g(ϵx, t1u)

(t1u)2p−1
−

g(ϵx, t2u)

(t2u)2p−1
]u2pdx

+∫
Λc
ϵ∩{t1u<a0}

[ g(ϵx, t1u)

(t1u)2p−1
−

g(ϵx, t2u)

(t2u)2p−1
]u2pdx

≥
1

K
( 1

t
p
1

−
1

t
p
2

) ∫
Λc
ϵ∩{t2u>a0}

V0u
pdx

+∫
Λc
ϵ∩{t2u≤a0<t1u}

[ V0

K

1

(t1u)p
−

f(t2u)

(t2u)2p−1
]u2pdx.

∥ u ∥p
ϵ ≤

1

K
∫

Λc
ϵ∩{t2u>a0}

V0u
pdx +

tp1t
p
2

t
p
2 − t

p
1

∫
Λc
ϵ∩{t2u≤a0<t1u}

[ V0

K

1

(t1u)p
−

f(t2u)

(t2u)2p−1
]u2pdx

=
1

K
∫

Λc
ϵ∩{t2u>a0}

V0u
pdx −

tp2

t
p
1 − t

p
2

∫
Λc
ϵ∩{t2u≤a0<t1u}

V0

K
updx

+
tp1

t
p
1 − t

p
2

∫
Λc
ϵ∩{t2u≤a0<t1u}

f(t2u)

(t2u)p−1
updx ≤

1

K
∫

Λc
ϵ

V0u
pdx ≤

1

K
∥ u ∥p

ϵ .

tp−1
u ≤ ∫

R3

g(ϵx, tuu)u dx ≤ ξtp−1
u C1 + Cξt

ν−1
u C2,



(6.44)

On the other hand, fixed v ∈ N , by ⟨I ′
ϵ (v), v⟩ = 0 and (g3), we can infer

Taking into account that {tun
un}n∈N ⊂ N , K > 2p > 3, ϑ > 2p, from the above inequality and (6.44),

we obtain a contradiction.
(iii) Firstly, we note that m̂ϵ, mϵ and m−1

ϵ  are well defined. Indeed, by (i), for each u ∈ H +
ϵ  there

exists a unique mϵ(u) ∈ N . On the other hand, if u ∈ N  then u ∈ H +
ϵ . Otherwise, if u ∉ H +

ϵ , we get

|supp(u+) ∩ Λϵ| = 0,

which together with (g3) –(ii) yields

(6.45)

and this leads to a contradiction because K > 1. Consequently, m−1
ϵ (u) = u

∥u∥ϵ
∈ S+

ϵ , m−1
ϵ  is well

defined and continuous. From u ∈ S+
ϵ , we can see that

m−1
ϵ (mϵ(u)) = m−1

ϵ (tuu) =
tuu

∥ tuu ∥ϵ

=
u

∥ u ∥ϵ

= u

which implies that mϵ is a bijection.
Next, we prove that m̂ϵ is a continuous function. Let {un}n∈N ⊂ H

+
ϵ  and u ∈ H +

ϵ  such that un → u

in Hϵ. Since m̂(tu) = m̂(u) for all t > 0, we may assume that ∥ un ∥ϵ=∥ u ∥ϵ= 1 for all n ∈ N. By (ii)
there exists t0 > 0 such that tn := tun

→ t0. Since tnun ∈ N , we have

tpn ∥ un ∥p
ϵ +bt2p

n [un]2p
s,p = ∫

R3

g(ϵx, tnun)tnun dx.

Letting n → ∞, we obtain

tp0 ∥ u ∥p
ϵ +bt2p

0 [u]2p
s,p = ∫

R3

g(ϵx, t0u)t0u dx,

Iϵ(v) = Iϵ(v) −
1

ϑ
⟨I ′

ϵ (v), v⟩

≥ ( ϑ − p

pϑ
) ∥ v ∥p

ϵ +( ϑ − 2p

2pϑ
)b[v]2p

s,p +
1

ϑ
∫

Λc
ϵ

[g(ϵx, v)v − ϑG(ϵx, v)]dx

≥ ( ϑ − p

pϑ
) ∥ v ∥p

ϵ −( ϑ − p

pϑ
) 1

K
∫

Λc
ϵ

V (ϵx)vpdx ≥ (1 −
1

K
)( ϑ − p

pϑ
) ∥ v ∥p

ϵ .

∥ u ∥p
ϵ ≤ ∫

R3

g(ϵx,u)u dx = ∫
Λc
ϵ

g(ϵx,u)u dx + ∫
Λϵ

g(ϵx,u)u dx

= ∫
Λc
ϵ

g(ϵx,u+)u+ dx ≤
1

K
∫

Λc
ϵ

V (ϵx)|u|pdx ≤
1

K
∥ u ∥p

ϵ



which implies that t0u ∈ N . By (i), we deduce that tu = t0, and this shows that m̂ϵ(un) → m̂ϵ(u) in 
H +

ϵ . Therefore, m̂ϵ and mϵ are continuous functions.
(iv) Let {un}n∈N ⊂ S+

ϵ  be such that dist(un, ∂S+
ϵ ) → 0. Observing that for each r ∈ [p, p∗

s] and n ∈ N

it holds

|u+
n |Lr(Λϵ) ≤ inf

v∈∂S+
ϵ

|un − v|Lr(Λϵ) ≤ Cr inf
v∈∂S+

ϵ

∥ un − v ∥ϵ,

then by (g1), (g2), (g3) –(ii), we obtain

from which we find

lim sup
n→∞

∫
R3

G(ϵx, tun)dx ≤
tp

K
∀t > 0.

(6.46)

Taking in mind the definition of mϵ(un) and using (6.46), we have

This implies that for all t > 0

lim inf
n→∞

{ 1

p
∥ mϵ(un) ∥p

ϵ +
b

2p
[mϵ(un)]2p

s,p} ≥ lim inf
n→∞

Iϵ(mϵ(un)) ≥ (K − p

pK
)tp,

and recalling that K > 2p > p, from the arbitrariness of t, we get Iϵ(mϵ(un)) = ∞ and 
∥ mϵ(un) ∥ϵ→ ∞ as n → ∞. □

Let us define the maps

ψ̂ϵ : H +
ϵ → R and ψϵ : S

+
ϵ → R,

by ψ̂ϵ(u) :=Iϵ(m̂ϵ(u)) and ψϵ := ψ̂ϵ|S
+
ϵ
.

The next result is a consequence of Lemma 6.9 and Corollary 2.3 of Szulkin and Weth [144].

Proposition 6.1  ⏎  Assume that (V1) –(V ′
2 ) and (f1) –(f4) are satisfied. Then the following properties

hold.

(a)  ψ̂ϵ ∈ C 1(H +
ϵ , R) and

∫
R3 G(ϵx, tun)dx = ∫Λc

ϵ
G(ϵx, tun)dx + ∫Λϵ

G(ϵx, tun)dx

≤ tp

K
∫Λc

ϵ
V (ϵx)|un|pdx + ∫Λϵ

F(tun)dx

≤ tp

K
∥ un ∥p

ϵ +C1t
2p ∫Λϵ

(u+
n )2pdx + C2t

ν ∫Λϵ
(u+

n )νdx

≤ tp

K
+ C ′

1t
2pdist(un, ∂S+

ϵ )2p + C′
2tνdist(un, ∂S+

ϵ )ν

lim inf
n→∞

Iϵ(mϵ(un)) ≥ lim inf
n→∞

Iϵ(tun)

≥ lim inf
n→∞

[ t
p

p
∥ un ∥p

ϵ +
bt2p

2p
[un]2p

s,p] −
tp

K
≥ (K − p

pK
)tp.



⟨ψ̂′
ϵ(u), v⟩ =

∥ m̂ϵ(u) ∥ϵ

∥ u ∥ϵ

⟨I ′
ϵ (m̂ϵ(u)), v⟩ ∀u ∈ H +

ϵ , ∀v ∈ Hϵ.

(b)  ψϵ ∈ C 1(S
+
ϵ , R) and

⟨ψ′
ϵ(u), v⟩ =∥ mϵ(u) ∥ϵ ⟨I ′

ϵ (mϵ(u)), v⟩, ∀v ∈ TuS
+
ϵ .

(c)  If {un}n∈N is a (PS)d sequence for ψϵ, then {mϵ(un)}n∈N is a (PS)d sequence for Iϵ . If
{un}n∈N ⊂ N  is a bounded (PS)d sequence for Iϵ , then {m−1

ϵ (un)}n∈N is a (PS)d sequence
for ψϵ.

(d)  u is a critical point of ψϵ if and only if mϵ(u) is a critical point for Iϵ . Moreover, the
corresponding critical values coincide and

inf
u∈S

+
ϵ

ψϵ(u) = inf
u∈N

Iϵ(u).

Remark 6.3  As in Szulkin and Weth [144], we can see that the infimum of Iϵ over N  has the following
minimax characterization:

Now, we prove the following result.

Corollary 6.2  ⏎ Let d ∈ R. Then ψϵ satisfies the (PS)d condition on S+
ϵ .

Proof. Let {un}n∈N ⊂ S+
ϵ  be a (PS) sequence for ψϵ at the level d. Then

ψϵ(un) → d and ψ′
ϵ(un) → 0 in (Tun

S
+
ϵ )′.

By Proposition 6.1-(c) it follows that {mϵ(un)}n∈N is a (PS)d sequence for Iϵ in Hϵ. Then, by Lemma
6.4, we can see that Iϵ fulfills the (PS)d condition in Hϵ, so there exists u ∈ S+

ϵ  such that, up to a
subsequence,

mϵ(un) → mϵ(u) inHϵ.

Applying Lemma 6.9-(iii), we conclude that un → u in S+
ϵ . □

Now, we deal with the autonomous problem (6.14). We denote by H +
μ  the open subset of Hμ defined

as

H
+
μ := {u ∈ Hμ : |supp(u+)| > 0},

and S+
μ := Sμ ∩H +

μ , where Sμ is the unit sphere of Hμ. We note that S+
μ  is an incomplete C1-manifold

of codimension 1 modeled on Hμ and contained in H +
μ . Thus, Hμ = TuS+

μ ⊕ Ru for each u ∈ S+
μ ,

where TuS+
μ := {u ∈ Hμ : Bu(v) + μ ∫

R3 |u|p−2uv dx = 0}.
Arguing as before, we can see that the following results hold.

Lemma 6.10  ⏎ Assume that (f1) –(f4) hold. Then the following properties hold.

cϵ = inf
u∈N

Iϵ(u) = inf
u∈H +

ϵ

max
t>0

Iϵ(tu) = inf
u∈S

+
ϵ

max
t>0

Iϵ(tu).



(i)  For each u ∈ H +
μ  , let h : R+ → R be defined by hu(t) := Eμ(tu) . Then there exists a

unique tu > 0 such that h′
u(t) > 0 for all t ∈ (0, tu) and h′

u(t) < 0 for all t ∈ (tu, ∞).

(ii)  There exists τ > 0 independent of u such that tu ≥ τ  for any u ∈ S+
μ  . Moreover, for each

compact set K ⊂ S+
μ  there is a constant CK > 0 such that tu ≤ CK for any u ∈ K.

(iii)  The map m̂μ : H +
μ → Nμ given by m̂μ(u) = tuu is continuous and mμ := m̂μ|S

+
μ
 is a

homeomorphism between S+
μ  and Nμ . Moreover, m−1

μ (u) = u
∥u∥μ

.

(iv)  If there is a sequence {un}n∈N ⊂ S+
μ  such that dist(un, ∂S+

μ ) → 0 , then ∥ mμ(un) ∥μ→ ∞

and Eμ(mμ(un)) → ∞.

Let us define the maps

ψ̂μ : H +
μ → R and ψμ : S

+
μ → R,

by ψ̂μ(u) := Eμ(m̂0(u)) and ψμ := ψ̂μ|S
+
μ
.

Proposition 6.2  ⏎ Assume that (f1) –(f4) are satisfied. Then,

(a)  ψ̂μ ∈ C 1(H +
μ , R) and

⟨ψ̂′
μ(u), v⟩ =

∥ m̂μ(u) ∥μ

∥ u ∥μ

⟨E ′
μ(m̂μ(u)), v⟩ ∀u ∈ H +

μ , ∀v ∈ Hμ.

(b)  ψμ ∈ C 1(S
+
μ , R) and

⟨ψ′
μ(u), v⟩ =∥ mμ(u) ∥μ ⟨E ′

μ(mμ(u)), v⟩, ∀v ∈ TuS
+
μ .

(c)  If {un}n∈N is a (PS)d sequence for ψμ, then {mμ(un)}n∈N is a (PS)d sequence for Eμ . If
{un}n∈N ⊂ Nμ is a bounded (PS)d sequence for Eμ , then {m−1

μ (un)}n∈N is a (PS)d sequence
for ψμ.

(d)  u is a critical point of ψμ if and only if mμ(u) is a critical point for Eμ . Moreover, the
corresponding critical values coincide and

inf
u∈S

+
μ

ψμ(u) = inf
u∈Nμ

Eμ(u).

Remark 6.4  As in Szulkin and Weth [144], we can see that the infimum of Eμ over Nμ has the following
minimax characterization:

Next, we give a compactness result for the autonomous problem which we will use later.

Lemma 6.11  ⏎  Let {un}n∈N ⊂ Nμ be a sequence such that Eμ(un) → dμ. Then, {un}n∈N has a
convergent subsequence in Hμ.

dμ = inf
u∈Nμ

Eμ(u) = inf
u∈H +

μ

max
t>0

Eμ(tu) = inf
u∈S

+
μ

max
t>0

Eμ(tu).



Proof. Since {un}n∈N ⊂ Nμ and Eμ(un) → dμ, we can apply Lemma 6.10-(iii), Proposition 6.2-(d) and
the definition of dμ to infer that

vn := m−1(un) =
un

∥ un ∥μ

∈ S
+
μ ∀n ∈ N

and

ψμ(vn) = Eμ(un) → dμ = inf
v∈S

+
μ

ψμ(v).

Let us introduce the map F : S
+

μ → R ∪ {∞} defined by setting

We note that

Hence, invoking the Ekeland variational principle to F , we can find {v̂n}n∈N ⊂ S+
μ  such that {v̂n}n∈N

is a (PS)dμ  sequence for ψμ on S+
μ  and ∥ v̂n − vn ∥μ= on(1). Then, using Proposition 6.2, Theorem 6.5

and arguing as in the proof of Corollary 6.2, we obtain the conclusion. □

Remark 6.5  By Lemma 6.6, (V1) and (V ′
2 ), we obtain that limϵ→0 cϵ = dV0 .

6.3.2 The barycenter map

In this subsection, our main purpose is to apply the Ljusternik-Schnirelmann category theory to prove a
multiplicity result for problem (6.3). We begin with some technical results.

Lemma 6.12  ⏎  Let ϵn → 0 and {un}n∈N ⊂ Nϵn  be such that Iϵn(un) → dV0 . Then there exists
{~yn}n∈N ⊂ R3 such that the translated sequence

~un(x) := un(x + ~yn)

has a subsequence which converges in HV0 . Moreover, up to a subsequence, the sequence
{yn}n∈N := {ϵn~yn}n∈N is such that yn → y0 ∈ M .

Proof. Since ⟨I ′
ϵn

(un),un⟩ = 0 and Iϵn(un) → dV0 , it is easy to see that {un}n∈N is bounded. Let us
observe that ∥ un ∥ϵn↛ 0 since dV0 > 0. Therefore, arguing as in Lemma 6.5, we can find a sequence 
{~yn}n∈N ⊂ R3 and constants R,α > 0 such that

–

F(u) :={
ψμ(u) if u ∈ S+

μ ,

∞ if u ∈ ∂S+
μ .

(S
+

μ , δμ), where δμ(u, v):= ∥ u − v ∥μ, is a complete metric space;(i)–

F ∈ C(S
+

μ , R ∪ {∞}), by Lemma 6.10-(iv);(ii)–

F  is bounded below, by Proposition 6.2-(d).(iii)



lim inf
n→∞

∫
BR(~yn)

|un|pdx ≥ α.

Set ~un(x) := un(x + ~yn). Then, {~un}n∈N is bounded in HV0
 and we can assume that

~un ⇀ ~u weakly inHV0 ,

for some ~u ≠ 0. Let {tn}n∈N ⊂ (0, +∞) be such that ~vn := tn~un ∈ NV0
 (see Lemma 6.10-(i)), and set 

yn := ϵn~yn. Then, from un ∈ Nϵn  and (g2), we can see that

(6.47)

which gives

EV0
(~vn) → dV0

and {~vn}n∈N ⊂ NV0
.

(6.48)

In particular, relation (6.48) implies that {~vn}n∈N is bounded in HV0 , so we may assume that ~vn ⇀ ~v.
Obviously, {tn}n∈N is bounded and we have tn → t0 ≥ 0. If t0 = 0, from the boundedness of {~un}n∈N,
we get ∥ ~vn ∥V0= tn ∥ ~un ∥V0→ 0, that is EV0(

~vn) → 0 in contrast with the fact dV0 > 0. Then, t0 > 0.
From the uniqueness of the weak limit we have ~v = t0

~u and ~u ≠ 0. By Lemma 6.11, we deduce that

~vn → ~v inHV0
,

(6.49)

which implies that ~un =
~vn
tn

→
~v

t0
= ~u in HV0 , and

EV0(
~v) = dV0 and ⟨E ′

V0
(~v), ~v⟩ = 0.

Next, we show that {yn}n∈N has a subsequence such that yn → y0 ∈ M . Assume by contradiction that 
{yn}n∈N is not bounded, that is there exists a subsequence, still denoted by {yn}n∈N, such that 
|yn| → +∞. Take R > 0 such that Λ ⊂ BR. We may suppose that |yn| > 2R for n large enough, so, for
any x ∈ BR/ϵn , we get |ϵnx + yn| ≥ |yn| − |ϵnx| > R. Then, we deduce that

Since ~un → ~u in HV0 , from the dominated convergence theorem we can see that

dV0 ≤ EV0(
~vn) ≤ a

p
[~vn]ps,p + 1

p
∫

R3 V (ϵnx + yn)|~vn|p dx + b
2p [~vn]2p

s,p − ∫
R3 F(~vn)dx

≤ at
p
n

p
[un]ps,p + t

p
n

p
∫

R3 V (ϵnx)|un|p dx + b
2p [un]2p

s,p − ∫
R3 G(ϵnx, tnun)dx

= Iϵn(tnun) ≤ Iϵn(un) = dV0 + o(1),

∥ ~un ∥p
V0

≤∥ ~un ∥p
V0

+b[~un]2p
s,p = ∫

R3 g(ϵnx + yn, ~un)~un dx

≤ ∫
BR/ϵn

~
f(~un)~un dx + ∫

B c
R/ϵn

f(~un)~un dx.



∫
B

c
R/ϵn

f(~un)~un dx = o(1).

Recalling that ~
f(~un)~un ≤ V0

K
|~un|p, we get

∥ ~un ∥p
V0

≤
1

K
∫
BR/ϵn

V0|~un|p dx + o(1),

which yields

(1 −
1

K
) ∥ ~un ∥p

V0
≤ o(1).

Then we obtain a contradiction thanks to ~un → ~u ≠ 0. Thus, {yn}n∈N is bounded and, up to a
subsequence, we may assume that yn → y0. If y0 ∉ Λ, then there exists r > 0 such that 
yn ∈ Br/2(y0) ⊂ Λ

c
 for any n large enough. Reasoning as before, we get a contradiction. Hence, y ∈ Λ.

Next, we prove that V (y0) = V0. Assume by contradiction that V (y0) > V0. Taking into account (6.49),
Fatou's lemma and the invariance of R3 by translations, we have

which gives a contradiction. □

Now, we aim to relate the number of positive solutions of problem (6.3) to the topology of the set M.
For this reason, we take δ > 0 such that

Mδ = {x ∈ R
3 : dist(x,M) ≤ δ} ⊂ Λ,

and we consider η ∈ C∞
c (R+, [0, 1]) such that η(t) = 1 if 0 ≤ t ≤ δ

2
 and η(t) = 0 if t ≥ δ.

For any y ∈ M , we define

Ψϵ,y(x) := η(|ϵx − y|)w( ϵx − y

ϵ
)

where w ∈ HV0
 is a positive ground state solution to the autonomous problem (6.14) (whose existence is

guaranteed by Theorem 6.5). Let tϵ > 0 be the unique number such that

max
t≥0

Iϵ(tΨϵ,y) = Iϵ(tϵΨϵ,y).

Finally, we consider the map Φϵ : M → N  defined by setting

Φϵ(y) := tϵΨϵ,y.

Lemma 6.13  ⏎ The functional Φϵ satisfies

lim
ϵ→0

Iϵ(Φϵ(y)) = dV0 uniformly in y ∈ M.

–

––

dV0 = EV0(
~v) < lim inf

n→∞
[ 1
p

[~vn]ps,p + 1
p
∫

R3 V (ϵnx + yn)|~vn|p dx + b
2p [~vn]2p

s,p − ∫
R3 F(~vn)dx]

≤ lim inf
n→∞

Iϵn(tnun) ≤ lim inf
n→∞

Iϵn(un) = dV0



Proof. Assume by contradiction that there exist δ0 > 0, {yn}n∈N ⊂ M  and ϵn → 0 such that

|Iϵn(Φϵn(yn)) − dV0
| ≥ δ0.

(6.50)

Let us observe that, by using the change of variable z =
ϵnx − yn

ϵn
, if z ∈ B δ

ϵn

, it follows that ϵnz ∈ Bδ

and then ϵnz + yn ∈ Bδ(yn) ⊂ Mδ ⊂ Λ. Then, recalling that G = F  in Λ and η(t) = 0 for t ≥ δ, we
have

Now, we verify that the sequence {tϵn}n∈N satisfies tϵn → 1 as ϵn → 0. By the definition of tϵn , it
follows that ⟨I ′

ϵn
(Φϵn(yn)), Φϵn(yn)⟩ = 0, which gives

1

t
p
ϵn

∥ Ψϵn,yn ∥p
ϵn

+b[Ψϵn,yn ]2p
s,p = ∫

R3

[
f(tϵnη(|ϵnz|)w(z))

(tϵnη(|ϵnz|)w(z))2p−1
](η(|ϵnz|)w(z))2p dz,

(6.51)

where we used the fact that g = f on Λ. Since η = 1 in B δ
2

⊂ B δ
ϵn

 for all n large enough, from (6.51) it

follows that

1

t
p
ϵn

∥ Ψϵn,yn ∥p
ϵn

+b[Ψϵn,yn ]2p
s,p ≥ ∫

B δ
2

[ f(tϵnw(z))

(tϵnw(z))2p−1
]|w(z)|2p dz.

Since w is continuous, we can find a vector ẑ ∈ R3 such that

w(ẑ) = min
z∈B̄ δ

2

w(z) > 0.

Then, by (f4), we deduce that

1

t
p
ϵn

∥ Ψϵn,yn ∥p
ϵn

+b[Ψϵn,yn ]2p
s,p ≥ [

f(tϵnw(ẑ))

(tϵnw(ẑ))2p−1
]|w(ẑ)|2p|B δ

2
|.

(6.52)

Now, assume by contradiction that tϵn → ∞. Let us observe that Lemma 6.2 yields

∥ Ψϵn,yn ∥ϵn→∥ w ∥V0∈ (0, ∞).

(6.53)

Iϵn(Φϵn(yn)) =
t
p
ϵn

p
∥ Ψϵn,yn ∥p

ϵn +b
t

2p
ϵn

2p [Ψϵn,yn ]2p
s,p − ∫

R3 G(ϵnx, tϵnΨϵn,yn)dx

= t
p
ϵn

p
([η(|ϵnz|)w]ps,p + ∫

R3 V (ϵnz + yn)(η(|ϵnz|)w(z))p dz)

+b
t

2p
ϵn

2p [η(|ϵnz|)w]2p
s,p − ∫

R3 F(tϵnη(|ϵnz|)w(z))dz.



From tϵn → ∞ and (6.53), it follows that

1

t
p
ϵn

∥ Ψϵn,yn ∥p
ϵn

+b[Ψϵn,yn ]2p
s,p → b[w]2p

s,p.

(6.54)

On the other hand, by (f3), we have

lim
n→∞

f(tϵnw(ẑ))

(tϵnw(ẑ))2p−1
= ∞.

(6.55)

Putting together (6.52), (6.54) and (6.55) we get a contradiction. Therefore, {tϵn}n∈N is bounded and, up
to a subsequence, we may assume that tϵn → t0 for some t0 ≥ 0. Indeed, from (6.51), (6.53), (f1) –(f2)

we can see that t0 > 0. Hence, letting n → ∞ in (6.51), we deduce from (6.53) and the dominated
convergence theorem that

1

t
p
0

∥ w ∥p
V0

+b[w]2p
s,p = ∫

R3

f(t0w)

(t0w)2p−1
w2p dx.

(6.56)

Since w ∈ NV0 , we can see that

∥ w ∥p
V0

+b[w]2p
s,p = ∫

R3

f(w)w dx.

(6.57)

In the light of (6.56), (6.57) and (f4), we deduce that t0 = 1. Accordingly, taking the limit as n → ∞ in
(6.51), we obtain

lim
n→∞

Iϵn(Φϵn,yn) = EV0(w) = dV0 ,

which contradicts (6.50). The proof is now complete. □

At this point, we are in the position to define the barycenter map. For any δ > 0 given by Lemma 6.13,
we take ρ = ρ(δ) > 0 such that Mδ ⊂ Bρ, and we consider Υ : R3 → R3 given by

We define the barycenter map βϵ : N → R3 as follows

Υ(x) :={
x if |x| < ρ,
ρx

|x|
if |x| ≥ ρ.



βϵ(u) :=
∫

R3 Υ(ϵx)|u(x)|p dx

∫
R3 |u(x)|p dx

.

Arguing as in Lemma 3.14 of Ambrosio and Isernia [4] we can prove the following result.

Lemma 6.14  ⏎ The function βϵ satisfies the following limit

lim
ϵ→0

βϵ(Φϵ(y)) = y uniformly in y ∈ M.

Now, we introduce the following subset of N :

Ñϵ := {u ∈ N : Iϵ(u) ≤ dV0 + h1(ϵ)},

where h1(ϵ):= supy∈M |Iϵ(Φϵ(y)) − dV0 | → 0 as ϵ → 0 by Lemma 6.13. By the definition of h1(ϵ), it
follows that, for all y ∈ M  and ϵ > 0, Φϵ(y) ∈ Ñϵ and Ñϵ ≠ ∅. Moreover, as in Lemma 3.15 in [4], we
can see that the following lemma holds true.

Lemma 6.15  ⏎ For any δ > 0 there holds

lim
ϵ→0

sup
u∈Ñϵ

dist(βϵ(u),Mδ) = 0.

Before proving the multiplicity result for the modified problem (6.3), we recall the following useful
abstract result whose proof can be found in Benci and Cerami [9].

Lemma 6.16  ⏎ Let I, I1 and I2 be closed sets with I1 ⊂ I2, and let π : I → I2 and ψ : I1 → I be two
continuous maps such that π ∘ ψ is homotopically equivalent to the embedding j : I1 → I2. Then
catI(I) ≥ catI2(I1).

Theorem 6.6  ⏎ Assume that (V1) –(V ′
2 ) and (f1) –(f4) hold. Then, given δ > 0 there exists ϵ̄δ > 0 such

that, for any ϵ ∈ (0, ϵ̄δ), problem (6.3) has at least catMδ
(M) positive solutions.

Proof. For any ϵ > 0, we consider the map αϵ : M → S+
ϵ  defined as αϵ(y) = m−1

ϵ (Φϵ(y)). By Lemma
6.13, we have

lim
ϵ→0

ψϵ(αϵ(y)) =lim
ϵ→0

Iϵ(Φϵ(y)) = dV0 uniformly in y ∈ M.

(6.58)

Set

S̃
+
ϵ := {w ∈ S

+
ϵ : ψϵ(w) ≤ dV0

+ h1(ϵ)},

where h1(ϵ):= supy∈M |ψϵ(αϵ(y)) − dV0 | → 0 as ϵ → 0 by (6.58). Since ψϵ(αϵ(y)) ∈ S̃ +
ϵ  we deduce

that S̃ +
ϵ ≠ ∅ for all ϵ > 0. From Lemma 6.13, Lemma 6.9-(iii), Lemma 6.15 and Lemma 6.14, we can

find ϵ̄ = ϵ̄δ > 0 such that the following diagram is well defined for any ϵ ∈ (0, ϵ̄).



M
Φϵ

→ Φϵ(M)
m−1

ϵ

→ αϵ(M)
mϵ

→ Φϵ(M)
βϵ

→ Mδ.

In view of Lemma 6.14, and decreasing ϵ̄ if necessary, we can see that βϵ(Φϵ(y)) = y + θ(ϵ, y) for all 
y ∈ M , for some function θ(ϵ, y) such that |θ(ϵ, y)| < δ

2
 uniformly in y ∈ M  and for all ϵ ∈ (0, ϵ̄). Then,

we can see that H(t, y) := y + (1 − t)θ(ϵ, y) with (t, y) ∈ [0, 1] × M , is a homotopy between 
βϵ ∘ Φϵ = (βϵ ∘ mϵ) ∘ (m−1

ϵ ∘ Φϵ) and the inclusion map id : M → Mδ. This fact together with Lemma
6.16 implies that

catαϵ(M)αϵ(M) ≥ catMδ
(M).

(6.59)

Therefore, by Corollary 6.2 and Corollary 28 in [144], with c = cϵ ≤ dV0 + h1(ϵ) = d and K = αϵ(M),
we can see that Ψϵ has at least catαϵ(M)αϵ(M) critical points on S̃ +

ϵ . Taking into account Proposition 6.1-
(d) and (6.59), we can infer that Iϵ admits at least catMδ

(M) critical points in Ñϵ. □

6.3.3 Proof of Theorem 6.2

Take δ > 0 such that Mδ ⊂ Λ. We begin by proving that there exists ~ϵδ > 0 such that for any ϵ ∈ (0, ~ϵδ)

and any solution uϵ ∈ Ñϵ of (6.3), it holds

|uϵ|L∞(Λc
ϵ) < a0.

(6.60)

Suppose by contradiction that for some subsequence {ϵn}n∈N such that ϵn → 0, we can find uϵn ∈ Ñϵn

such that I ′
ϵn

(uϵn) = 0 and

|uϵn |L∞(Λc
ϵn

) ≥ a0.

(6.61)

Since Iϵn(uϵn) ≤ dV0 + h1(ϵn) and h1(ϵn) → 0, we can proceed as in the first part of the proof of
Lemma 6.7, to deduce that Iϵn(uϵn) → dV0 . Then, by Lemma 6.12, we can find {~yn}n∈N ⊂ R3 such that 
~un = uϵn(⋅ + ~yn) → ~u in W s,p(R3) and ϵn~yn → y0 ∈ M .

Now, if we choose r > 0 such that Br(y0) ⊂ B2r(y0) ⊂ Λ, we can see that B r
ϵn

( y0

ϵn
) ⊂ Λϵn . In

particular, for any y ∈ B r
ϵn

(~yn) it holds

y −
y0

ϵn
≤ |y − ~yn| + ~yn −

y0

ϵn
<

1

ϵn
(r + o(1)) <

2r

ϵn
for n sufficiently large.

Therefore, for any n big enough we have Λc
ϵn

⊂ B
c
r
ϵn

(~yn). On the other hand, using (6.28), we know that

~un(x) → 0 as |x| → ∞

uniformly in n ∈ N. Hence, there exists R > 0 such that∣ ∣ ∣ ∣



~un(x) < a0 for all |x| ≥ R,n ∈ N.

Consequently, uϵn(x) < a0 for any x ∈ B c
R

(~yn) and n ∈ N.
Since there exists ν ∈ N such that for any n ≥ ν, we have

Λc
ϵn

⊂ B
c
r
ϵn

(~yn) ⊂ B
c
R(~yn),

we deduce that uϵn(x) < a0 for any x ∈ Λc
ϵn

 and n ≥ ν, which is in contrast with relation (6.61).
Let ϵ̄δ > 0 given by Theorem 6.6 and we fix ϵ ∈ (0, ϵδ), where ϵδ:= min {~ϵδ, ϵ̄δ}. In view of Theorem

6.6, we know that the problem (6.3) admits at least catMδ
(M) nontrivial solutions. Let us denote by uϵ one

of these solutions. Since uϵ ∈ Ñϵ satisfies (6.60), by the definition of g it follows that uϵ is a solution of (
P̂ϵ). Then û(x) := u(x/ϵ) is a solution to (Pϵ), and we can conclude that (Pϵ) has at least catMδ

(M)

solutions.
Finally, we study the behavior of the maximum points of solutions to problem (P̂ϵ). Take ϵn → 0+ and

consider a sequence {un}n∈N ⊂ Hϵn  of solutions to (P̂ϵ). Let us observe that (g1) implies that we can find
γ > 0 such that

g(ϵx, t)t ≤
V0

K
tp for any x ∈ R

3, t ≤ γ.

(6.62)

Arguing as before, we can find R > 0 such that

|un|L∞(Bc
R(~yn)) < γ.

(6.63)

Moreover, up to extract a subsequence, we may assume that

|un|L∞(BR(~yn)) ≥ γ.

(6.64)

Indeed, if (6.64) does not hold, in view of (6.63) we can see that |un|∞ < γ. Then, thanks to 
⟨I ′

ϵn
(un),un⟩ = 0 and (6.62), we get

∥ un ∥p
ϵn

≤ ∫
R3

g(ϵnx,un)un dx ≤
V0

K
∫

R3

|un|p dx

which yields ∥ un ∥ϵn= 0, and this is an absurd. Accordingly, relation (6.64) holds true.
Taking into account (6.63) and (6.64) we can deduce that the maximum points pn ∈ R

3 of un belong to 
BR(~yn). Therefore, pn = ~yn + qn for some qn ∈ BR. Hence, ηn := ϵn

~yn + ϵnqn is the maximum point
of ûn(x) = un(x/ϵn). Since |qn| < R for any n ∈ N and ϵn~yn → y0 ∈ M  (in view of Lemma 6.12), by
the continuity of V, we can infer that



lim
n→∞

V (ηϵn) = V (y0) = V0,

which ends the proof of theorem. □

6.4 Critical and supercritical fractional Kirchhoff problems

This section is devoted to the existence of positive solutions to

After rescaling, we study the following Kirchhoff problem

(6.65)

where γ > 0 and the powers q and r are such that 2p < q < p∗
s ≤ r.

In what follows, we truncate the nonlinearity ϕ(u) := uq−1 + γur−1 in a suitable way.
Let K > 0 be a real number, whose value will be fixed later, and we set

Then ϕγ satisfies the following properties:

(ϕ1)  lim
t→0

ϕγ(t)

t2p−1
= 0;

(ϕ2)  lim
t→∞

ϕγ(t)

tν−1
= 0 for some ν ∈ (q, p∗

s);

(ϕ3)  0 < qΦγ(t) ≤ tϕγ(t) for all t > 0, where Φγ(t) = ∫ t

0 ϕγ(τ)dτ;

(ϕ4)  t ↦
ϕγ(t)

t2p−1
 is increasing in (0, ∞).

Moreover

ϕγ(t) ≤ (1 + γK r−q)tq−1 for all t ≥ 0.

(6.66)

Therefore, we consider the following truncated problem

{
(ϵspa + ϵ2sp−3b[u]ps,p)(−Δ)spu + V (x)up−1 = uq−1 + γur−1 in R

3,

u ∈ W s,p(R
3), u > 0 in R

3.

{
(a + b[u]ps,p)(−Δ)spu + V (ϵx)up−1 = uq−1 + γur−1 in R3,

u ∈ W s,p(R3), u > 0 in R3,

ϕγ(t) :=

⎧⎪⎨⎪⎩0 if t < 0,

tq−1 + γtr−1 if 0 ≤ t < K,

(1 + γK r−q)tq−1 if t ≥ K.



(6.67)

We remark that weak solutions of (6.67) are critical points of the energy functional Iϵ,γ : Hϵ → R

defined by

Iϵ,γ(u) =
1

p
∥ u ∥p

ϵ +
b

2p
[u]2p

s,p − ∫
R3

Φγ(u)dx.

We also consider the autonomous functional

EV0,γ(u) =
1

p
∥ u ∥p

V0
+

b

2p
[u]2p

s,p − ∫
R3

Φγ(u)dx.

Using Theorem 6.1, we know that for any γ ≥ 0 there exists ϵ̄(γ) > 0 such that, for any ϵ ∈ (0, ϵ̄(γ)),
problem (6.67) admits a positive solution uϵ,γ.

Now, we prove that it is possible to estimate the Hϵ-norm of these solutions uniformly with respect to γ.

Lemma 6.17  ⏎ There exists C̄ > 0 such that ∥ uϵ,γ ∥ϵ≤ C̄ for any ϵ > 0 sufficiently small and uniformly
in γ.

Proof. A simple inspection of the proof of Theorem 6.1 shows that any solution uϵ,γ of problem (6.67)
satisfies the following inequality

Iϵ,γ(uϵ,γ) ≤ dV0,γ + hγ(ϵ),

where dV0,γ is the mountain pass level related to the functional EV0,γ, and hγ(ϵ) → 0 as ϵ → 0. Then,
decreasing ϵ̄(γ) if necessary, we may suppose that

Iϵ,γ(uϵ,γ) ≤ dV0,γ + 1 for any ϵ ∈ (0, ϵ̄(γ)).

(6.68)

Using the fact that dV0,γ ≤ dV0,0 for any γ ≥ 0, we deduce that

Iϵ,γ(uϵ,γ) ≤ dV0,0 + 1 for any ϵ ∈ (0, ϵ̄(γ)).

(6.69)

From (ϕ3) and q > 2p, we infer that

{
(a + b[u]ps,p)(−Δ)spu + V (ϵx)up−1 = ϕγ(u) in R

3,

u ∈ W s,p(R
3), u > 0 in R

3.

1



(6.70)

Putting together relations (6.69) and (6.70), we have

∥ uϵ,γ ∥ϵ≤ [( p q

q − p
)(dV0,0 + 1)]

1
p

for any ϵ ∈ (0, ϵ̄(γ)).

The proof is now complete. □

Next, we claim that uϵ,γ is a solution of the original problem (6.65). To do this, we will show that we
can find K0 > 0 such that for any K ≥ K0, there exists γ0 = γ0(K) > 0 such that

|uϵ,γ|∞ ≤ K for all γ ∈ [0, γ0].

(6.71)

In order to achieve our purpose, we use the Moser iteration technique [120]. For simplicity, we set 
u := uϵ,γ. For any L > 0, we define uL:= min {u,L} ≥ 0, where σ > 1 will be chosen later, and let 
wL = uuσ−1

L . Taking up(σ−1)
L u in (6.67), we can see that

(6.72)

Using (6.29) and (6.30) with ~un and ~uL,n replaced by u and uL respectively, we can note that

(6.73)

Iϵ,γ(uϵ,γ) = Iϵ,γ(uϵ,γ) −
1

q
⟨I ′

ϵ,γ(uϵ,γ),uϵ,γ⟩

= ( 1

p
−

1

q
) ∥ uϵ,γ ∥p

ϵ +( 1

2p
−

1

q
)[uϵ,γ]2p

s,p + ∫
R3

1

q
ϕγ(uϵ,γ)uϵ,γ − Φγ(uϵ,γ)dx

≥ ( 1

p
−

1

q
) ∥ uϵ,γ ∥p

ϵ .

a∫
R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(u(x)u
p(σ−1)
L (x) − u(y)u

p(σ−1)
L (y))

|x − y|3+sp
dxdy

+b[u]ps,p ∫
R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(u(x)u
p(σ−1)
L (x) − u(y)u

p(σ−1)
L (y))

|x − y|3+sp
dxdy

= ∫
R3

ϕγ(u)up(σ−1)
L

u dx − ∫
R3

V (ϵx)|u|pup(σ−1)
L

dx.

a
C−1

∗

σp
|wL|pp∗

s
≤ a[L (u)]ps,p

≤ a∫
R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(u(x)u
p(σ−1)
L (x) − u(y)u

p(σ−1)
L (y))

|x − y|3+sp
dxdy

+b[u]ps,p ∫
R3

∫
R3

|u(x) − u(y)|p−2(u(x) − u(y))(u(x)u
p(σ−1)
L (x) − u(y)u

p(σ−1)
L (y))

|x − y|3+sp
dxdy.



On the other hand, by (6.66) and (V1), we obtain

∫
R3

ϕγ(u)u
p(σ−1)
L u dx − ∫

R3

V (ϵx)|u|pu
p(σ−1)
L dx ≤ (1 + γK r−q)∫

R3

uqu
p(σ−1)
L dx.

(6.74)

Putting together (6.72), (6.73) and (6.74) we get

|wL|pp∗
s

≤
σp

a
C∗(1 + γK r−q)∫

R3

uqu
p(σ−1)
L dx.

(6.75)

Now, by Hölder's inequality, we have

∫
R3

uqu
p(σ−1)
L dx ≤ |u|q−p

p∗
s

|wL|
p

pp∗
s

p∗
s−(q−p)

which together with (6.75) yields

|wL|pp∗
s

≤
σp

a
C∗(1 + γK r−q)|u|q−p

p∗
s

|wL|
p

pp∗
s

p∗
s−(q−p)

.

(6.76)

Set

Cγ,K :=
C∗

a
(1 + γK r−q) and α∗ := α∗(s, p, q) =

pp∗
s

p∗
s − (q − p)

so that (6.76) becomes

|wL|pp∗
s

≤ σpCγ,K|u|q−p
p∗
s

|wL|pα∗ .

(6.77)

On the other hand, by Theorem 6.4 and Lemma 6.17 we know that

|u|pp∗
s

≤ C∗ ∥ u ∥p
ϵ≤ C∗C̄

p,

which together with (6.77) gives

|wL|pp∗
s

≤ σpCγ,KM1|wL|pα∗ ,

(6.78)

where M1 := (C∗C̄
p)

q−p

p .
Now, we observe that if uσ ∈ Lα∗

(R3), by the definition of wL, uL ≤ u, and (6.78), it follows that



|wL|
p
p∗
s

≤ σpCγ,KM1|u|pσσα∗ < ∞.

(6.79)

Passing to the limit as L → +∞ in (6.79) and using Fatou's lemma we have

|u|p∗
sσ ≤ (Cγ,KM1)

1
pσ σ

1
σ |u|σα∗

(6.80)

whenever uσα∗

∈ L1(R
3).

Now, we set σ :=
p∗
s

α∗ > 1, and we observe that, being u ∈ Lp∗
s(R

3), the above inequality holds for this
choice of σ. Then, using the fact that σ2α∗ = p∗

sσ, it follows that (6.80) holds with σ replaced by σ2.
Therefore, we can see that

|u|p∗
sσ

2 ≤ (Cγ,KM1)
1

pσ2 σ
2

σ2 |u|σ2α∗ ≤ (Cγ,KM1)
1
p

( 1
σ

+ 1

σ2 )
σ

1
σ

+ 2

σ2 |u|σα∗ .

Iterating this process and recalling that σα∗ := p∗
s, we can infer that for every m ∈ N

|u|p∗
sσ

m ≤ (Cγ,KM1)
∑m

j=1
1

pσj σ∑m
j=1 jσ

−j

|u|p∗
s
.

(6.81)

Taking the limit in (6.81) as m → +∞ and using Lemma 6.17, we get

|u|∞ ≤ (Cγ,KM1)δ1σδ2M2,

(6.82)

where M2 := C
1
p

∗ C̄ and

δ1 :=
1

p

∞

∑
j=1

1

σj
< ∞ and δ2 :=

∞

∑
j=1

j

σj
< ∞.

Next, we find some suitable values of K and γ such that the following inequality holds

(Cγ,KM1)δ1σδ2M2 ≤ K,

or equivalently

1 + γK r−q ≤ (KM −1
1 )

1
δ1 ( C∗M1

a
)

−1

σ
−

δ2
δ1 .

Take K > 0 such that

(KM −1
1 )

1
δ1 ( C∗M1

a
)

−1

σ
−

δ2
δ1 − 1 > 0,



and fix γ0 > 0 such that

γ ≤ γ0 ≤ [(KM −1
1 )

1
δ1 ( C∗M1

a
)

−1

σ
−

δ2
δ1 − 1] 1

K r−q
.

Therefore, thanks to (6.82), we can infer that

|u|∞ ≤ K for all γ ∈ [0, γ0],

that is u = uϵ,γ is a solution of (6.65). This ends the proof of Theorem 6.3. □
Finally, we point out that, by assuming q > 2p (since we aim to use Theorem 6.1), the combined effect

of concave-convex type growth 1 < q < 2p, r ≥ p∗
s has been excluded. Anyway, when ϵ = 1, s ∈ (0, 1)

and p ∈ (1, ∞) are such that sp < 3, the potential V is constant, and p < q < p∗
s ≤ r, we suspect that it is

possible to obtain an existence result to (6.65) with b > 0 sufficiently small. Indeed, one can truncate the
nonlinearity ϕ(u) as before, and taking into account Remark 6.2, we can deduce an existence result for
problem (6.67), provided that b > 0 is small enough. Combining this fact with a Moser iteration argument,
the desired existence result for problem (6.65) follows.

6.5 Historical comments

When a = ϵ = 1, b = 0 and p = 2, equation (Pϵ) becomes a fractional Schrödinger equation of the type

(−Δ)su + V (x)u = f(x,u) in R
3

(6.83)

introduced by Laskin [90] in the study of fractional quantum mechanics. Equation (6.83) has been widely
considered in these last years, and several existence and multiplicity results to (6.83) have been
established by applying suitable techniques and assuming different conditions on the potential V and on
the nonlinearity f. On the other hand, when s = ϵ = 1 and p = 2, problem (Pϵ) reduces to a classical
Kirchhoff equation of the type

−(a + b∫
R3

|∇u|2 dx)Δu + V (x)u = f(x,u) in R
3,

(6.84)

which is related to the stationary analogue of the Kirchhoff equation

ρutt − ( p0

h
+

E

2L
∫

L

0
|ux|2dx)uxx = 0

(6.85)



proposed by Kirchhoff [88] as an extension of the classical D'Alembert's wave equation for describing the
transversal oscillations of a stretched string. The parameters appearing in problem (6.85) have the
following meaning: L is the length of the string, h is the area of the cross-section, E is the young modulus
(elastic modulus) of the material, ρ is the mass density, and p0 is the initial tension. We notice that
nonlocal boundary value problems like (6.84) model several physical and biological systems where u
describes a process which depends on the average of itself, as for example, the population density.

Concerning perturbed Kirchhoff problems, He and Zou [70] proved a multiplicity result for the
following Kirchhoff equation

−(aε2 + bε∫
R3

|∇u|2dx)Δu + V (x)u = g(u) in R
3,

(6.86)

provided that ϵ > 0 is sufficiently small, under the following condition on V introduced by Rabinowitz
[133]:

V∞ = lim inf
|x|→∞

V (x) > inf
x∈R3

V (x), where V∞ ≤ ∞,

and g is a subcritical nonlinearity. We refer to Figueiredo and Santos Junior [54] applied the generalized
Nehari manifold method and Ljusternik-Schnirelmann theory to deduce a multiplicity result for a class of
Kirchhoff equations requiring that the potential V fulfills (V1) –(V2). Later, He, Li and Peng [72] obtained
the existence and multiplicity of solutions to (6.86), when (V1) –(V2) are in force, and g(u) = f(u) + u5,
where f ∈ C 1 is a subcritical nonlinearity which does not satisfy the Ambrosetti-Rabinowitz condition
[1].

In the nonlocal framework, Fiscella and Valdinoci [57] proposed a stationary fractional Kirchhoff
variational model in a bounded domain Ω ⊂ RN  with homogeneous Dirichlet boundary conditions and
involving a critical nonlinearity

(6.87)

where M : R+ → R+ is an increasing continuous positive Kirchhoff function whose typical example is
given by M(t) = a + bt, with a > 0 and b ≥ 0, f is a superlinear function with subcritical growth at
infinity, and λ > 0 is a parameter. This model takes care of the nonlocal aspect of the tension arising from
nonlocal measurements of the fractional length of the string.

On the other hand, a great attention has been devoted to the study of fractional Kirchhoff problems
involving the fractional p-Laplace operator (−Δ)sp. For instance, Pucci, Xiang and Zhang [131] obtained a
multiplicity result for a nonhomogeneous fractional Kirchhoff-Schrödinger equation assuming that the

{
M (∫

RN |(−Δ)
s
2 u|2dx)(−Δ)su = λf(x,u) + |u|Φ−2u in Ω,

u = 0 in R
N ∖ Ω,



potential V satisfies a Bartsch-Wang type condition. Fiscella and Pucci [56] dealt with stationary fractional
Kirchhoff p-Laplacian equations involving a Hardy potential and different critical nonlinearities.

6.6 Final Remark, perspectives, and open problems

This chapter deals with the study of concentration properties of solutions for the fractional p-Kirchhoff
equation in the three-dimensional case. Why the concentration analysis in this case is important and
innovative? There are at least three reasons for this study, as follows.

The content of this chapter is based on the results established in [6]. This study was extended by Liu,
Rǎdulescu and Yuan [108] in the context of fractional Kirchhoff equations with discontinuous reaction and
by Sun, Fu and Liang [143] in the two-dimensional case (fractional p-Kirchhoff problems with critical
exponential growth).

The main perspectives generated by the analysis developed in this chapter are the following:

Some open problems inspired by the model studied in this chapter are the following.

Open Problem 1.  ⏎

Problem complexity: the analysis of this class of Kirchhoff equations tackles a triply nonlocal
problem (fractional + Kirchhoff + potential well) on the whole space.

(i)

Methodological innovation: the study provides a blueprint for asymptotic analysis via the limit
problem strategy and uniform estimates.

(ii)

Theoretical impact: the study highlights new theoretical ideas based on potential-induced
concentration, distinct from critical exponent bubbling.

(iii)

Physical perspective: The Kirchhoff term introduces a nonlocal dependence of the elasticity on the
total strain energy [u]ps,p, making the equation relevant to problems arising in may applied fields,
such as fractional elasticity theory, nonlocal continuum mechanics, phase transition in
heterogeneous media with long-range interactions, or pattern formation where the medium's
properties depend on the overall deformation.

(i)

Analytical perspective: This study shows how competing effects (Kirchhoff nonlocality, fractional
diffusion, critical growth) interact. By summarizing, their effects are the following:

– the Kirchhoff term can prevent concentration phenomena in certain regimes;

– the existence of positive solutions depends on a threshold in the parameter γ associated with
the critical/supercritical reaction term;

– compactness recovery is possible below certain energy levels linked to the best fractional
Sobolev constant.

(ii)



(i) Study what happens as b → 0, which corresponds to the case of degenerate fractional p-Kirchhoff
equations.

(ii) Study the case of singular Kirchhoff nonlocal terms of the form M(t) = a + bt−α, where 
α > 0).

The next research direction is concerned with the analysis of sign-changing solutions.

Open Problem 2.  This chapter deals with positive solutions. What about the existence of nodal
solutions and their concentration properties? Does the nonlocal Kirchhoff term affect the number of
sign-changing solutions?

Consider the following fractional p-Kirchhoff equation with Hardy potential:

(6.88)

Open Problem 3.  ⏎ Study the concentration properties of solutions to problem (6.88) in relationship
with the interplay between Kirchhoff term, Hardy singularity, and critical nonlinearity.

Another interesting direction is about related problems in relationship with the fractional order s and the
fractional p-Laplace operator.

Open Problem 4.  Study the asymptotic analysis as s → 0+ and s → 1−. In the second case, does
the solution converge to a solution of the classical p-Kirchhoff equation?

The anisotropic case associated with variable exponents complicates the functional setting.

Open Problem 5.  Study problem (Pϵ) in the case of the fractional p(x)-Laplace operator (if the
constant p is replaced by a variable function p(x)).

Finally, we propose the following new research direction concerning problem (Pϵ) in the framework of
fractional double-phase operators.

Open Problem 6.  Replace (−Δ)sp with the nonhomogeneous fractional operator (−Δ)sp + (−Δ)sq,
where 1 < p < q.

{
(ϵspa + ϵ2sp−3b|x|−sp[u]ps,p)(−Δ)spu + V (x)up−1 = f(u) in R3,

u ∈ W s,p(R3), u > 0 in R3.



Fractional p-Kirchhoff Equation:

Morse Theory:

Ljusternik–Schnirelmann Theory:

Moser Iteration:

6.7 Glossary

This is a prototypical equation for studying doubly nonlocal
nonlinear phenomena. It stands at the intersection of nonlocal calculus of variations, nonlinear elliptic
PDEs, and mathematical modeling of complex materials.

This is a refined method at the interplay between the topology of a manifold and the
critical points of a function defined on it. In PDEs, it is used to study the multiplicity, stability, and
bifurcation of solutions to variational problems.

It is a powerful method to generate critical points, which
complements the Morse theory by providing existence and multiplicity without needing
nondegeneracy or detailed local analysis.

It is a fundamental tool to prove boundedness and L∞ estimates for solutions of elliptic
equations.
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Magnetic Kirchhoff equations with critical growth
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Why magnetic Kirchhoff equations? Because moving from Kirchhoff to magnetic Kirchhoff equations shifts
the focus from classical elasticity to quantum mechanics, introduces the deep physical principle of gauge
invariance, and creates a much more challenging and interesting set of mathematical problems centered on
new types of functional spaces and concentration phenomena. Introducing the magnetic field in the study of
Kirchhoff equations creates a host of new analytical difficulties, such as:

In this chapter, we study the following nonlinear magnetic Kirchhoff equation with critical growth

where ϵ > 0 is a parameter, a, b > 0 are constants, V : R3 → R and A : R3 → R3 are continuous
potentials, and f : R → R is a nonlinear term with subcritical growth. Under a local assumption on the
potential V, combining variational methods, penalization techniques and the Ljusternik-Schnirelmann
theory, we establish multiplicity and concentration properties of solutions to the above problem for ε small.
A feature of the analysis developed in this chapter is that the function f is assumed to be only continuous,
which allows to consider larger classes of nonlinearities in the reaction.

The study developed in what follows allows to handle the simultaneous effects of:

Loss of compactness: the standard embedding property is no longer compact in the magnetic case
and new techniques like the magnetic concentration-compactness principle are needed to overcome
this.

(i)

Concentration properties: the magnetic field can influence the precise location and shape of the
concentration of solutions.

(ii)

Interaction of nonlocalities: the problem features a fascinating interplay between the Kirchhoff
nonlocality and the magnetic nonlocality.

(iii)

⎧
⎨⎩

−(aϵ2 + bϵ[u]2
A/ϵ)ΔA/ϵu + V (x)u = f(|u|2)u + |u|4u in R3,

u ∈ H 1(R3, C),

nonlocal Kirchhoff coefficient affecting the principal part;(i)

magnetic field breaking Euclidean symmetry;(ii)

critical exponent causing lack of compactness;(iii)

https://doi.org/10.1201/9781003797159-7


A hierarchy of the basic variational tools used in this chapter is now described:

All adapted to the intricate nonlocal structure of the Kirchhoff problem.

7.1 Statement of the problem

We are concerned with multiplicity properties and concentration phenomena for the following nonlinear
magnetic Kirchhoff equation with critical growth

(7.1)

where ϵ > 0 is a parameter, a, b > 0 are constants, V : R3 → R is a continuous function, the magnetic
potential A : R3 → R3 is Hölder's continuous with exponent α ∈ (0, 1], and −ΔAu is the magnetic Laplace
operator with the following form

−ΔAu := ( 1

i
∇ − A(x))2u = −Δu −

2

i
A(x) ⋅ ∇u + |A(x)|2u −

1

i
u div(A(x)),

while the definition of [u]2
A

 will be given in the next section.
The main purpose in this chapter is to investigate the qualitative properties of solutions to problem (7.1)

by combining a local assumption on V and adapting the penalization method and the Ljusternik-
Schnirelmann category theory.

We make the following assumptions on the potential V:

(V1)  There exists V0 > 0 such that V (x) ≥ V0 for all x ∈ R3;

(V2)  There exists a bounded open set Λ ⊂ R3 such that

V0 =min
x∈Λ

V (x) <min
x∈∂Λ

V (x).

Observe that

competing nonlinearities: the interaction between the subcritical term and the critical nonlinearity
creates a delicate balance in the energy estimates;

(iv)

magnetic concentration-compactness: adapting Lions' concentration-compactness principle to the
magnetic setting is a key tools, as the magnetic field affects how mass can concentrate or vanish at
infinity.

(v)

mountain pass theorem, as the primary tool to prove the existence of nontrivial solutions;(a)

Palais-Smale condition, as the central analytical challenge (the critical growth directly threatens the
compactness).

(b)

⎧
⎨⎩

−(aϵ2 + bϵ[u]2
A/ϵ)ΔA/ϵu + V (x)u = f(|u|2)u + |u|4u in R3,

u ∈ H 1(R3, C),



M := {x ∈ Λ : V (x) = V0} ≠ ∅.

Assume that f ∈ C(R, R) is a nonlinearity satisfying:

(f1)  f(t) = 0 if t ≤ 0, and limt→0+
f(t)
t

= 0;

(f2)  There exist σ, q ∈ (4, 6) and μ > 0 such that

f(t) ≥ μt
σ−2

2 ∀t > 0, and lim
t→+∞

f(t)

t
q−2

2

= 0;

(f3)  There is a positive constant 4 < θ < 6 such that

0 <
θ

2
F(t) ≤ tf(t), ∀ t > 0, where F(t) = ∫

t

0
f(s)ds;

(f4)  The mapping t ↦ f(t)
t

 is strictly increasing in (0, ∞).

The main result in this chapter establishes the following multiplicity and concentration property of
solutions.

Theorem 7.1  ⏎ Assume that V satisfies (V1), (V2) and f satisfies (f1) –(f4). Then, for any δ > 0 such
that

Mδ := {x ∈ R3 : dist(x,M) < δ} ⊂ Λ,

there exists εδ > 0 such that, for any 0 < ε < εδ, problem (7.1) has at least catMδ
(M) nontrivial

solutions. Moreover, for every sequence {εn} such that εn → 0+ as n → +∞, if we denote by uεn  one
of these solutions of problem (7.1) for ε = εn and ηεn ∈ R3 is the global maximum point of |uεn |, then

lim
εn→0+

V (ηεn) = V0.

Due to the presence of the magnetic field A(x), problem (7.1) cannot be changed into a pure real-valued
problem, hence we must deal directly with a complex-valued problem. This fact creates several new
difficulties in employing the methods to deal with our problem. On the other hand, due to the presence of
the nonlocal term, it is possible that the weak limit of a bounded Palais-Smale sequence of the Kirchhoff
equation is not a solution of this problem. Moreover, since the problem we deal with has critical growth, we
need more refined estimates to overcome the lack of compactness.

7.2 Abstract setting

For u : R3 → C, let us denote by



∇Au := (∇

i
− A)u.

Consider the function spaces

D1
A(R3, C) := {u ∈ L6(R3, C) : |∇Au| ∈ L2(R3, R)},

and

H 1
A(R3, C) := {u ∈ D1

A(R3, C) : u ∈ L2(R3, C)}.

Then D1
A

(R3, C) and H 1
A

(R3, C) are Hilbert spaces endowed with the scalar products

⟨u, v⟩D := Re∫
R3

∇Au∇Avdx, for any u, v ∈ D1
A(R3, C),

⟨u, v⟩H := Re∫
R3

(∇Au∇Av + u–v)dx, for any u, v ∈ H 1
A(R3, C),

where Re and the bar denote the real part of a complex number and the complex conjugation, respectively.
Let ∥ u ∥D and ∥ u ∥A denote the norms induced by inner products ⟨u, v⟩D and ⟨u, v⟩A, and ⟨u,u⟩D = [u]2

A

.
On H 1

A
(R3, C), we will frequently use the following diamagnetic inequality of Lieb and Loss [98,

Theorem 7.21]

|∇Au(x)| ≥ |∇|u(x)||.

(7.2)

Moreover, making a simple change of variables, since ΔAε
= ϵ2ΔA/ϵ and [u]2

Aε
= 1

ϵ
[u]2

A/ϵ, we observe
that problem (7.1) is equivalent to

−(a + b[u]2
Aε
)ΔAε

u + Vε(x)u = f(|u|2)u + |u|4u in R3,

(7.3)

where Aε(x) = A(εx) and Vε(x) = V (εx).
Let Dε and Hε be the Hilbert spaces obtained as the closure of C∞

c (RN , C) with respect to the scalar
products

⟨u, v⟩Dϵ
:= Re∫

R3

a∇Aε
u∇Aε

vdx

and

⟨u, v⟩ϵ := Re∫
R3

(a∇Aε
u∇Aε

v + Vε(x)u–v)dx

–

–

–

–



respectively, where a > 0. We denote by ∥ ⋅ ∥Dε
 and ∥ ⋅ ∥ε the norms induced by inner products ⟨⋅, ⋅⟩Dϵ

 and 
⟨⋅, ⋅⟩ϵ.

The diamagnetic inequality (7.2) implies that, if u ∈ H 1
Aε

(R3, C), then |u| ∈ H 1(R3, R) and 
∥ u ∥≤ C ∥ u ∥ε. Therefore, the embedding Hε ↪ Lr(R3, C) is continuous for 2 ≤ r ≤ 6 and the
embedding Hε ↪ Lr

loc(R3, C) is compact for 1 ≤ r < 6.
For compact supported functions in H 1(R3, R), we have the following property.

Lemma 7.1  ⏎ If u ∈ H 1(R3, R) and u has compact support, then ω := eiA(0)⋅xu ∈ Hε.

Proof. Assume that supp(u) ⊂ BR(0). Since V is continuous, we have

∫
R3

Vε(x)|ω|2dx = ∫
BR(0)

Vε(x)|ω|2dx ≤ C ∥ u ∥2
2< +∞.

Moreover, since V and A are continuous, we obtain

and we conclude the proof. □

7.3 The modified problem

To study problem (7.1), or equivalently, equation (7.3), we modify in a suitable way the nonlinearity f so
that, for ε > 0 small enough, the solutions of such modified problem are also solutions of the original one.
More precisely, choosing K > 2, there exists a unique number a0 > 0 verifying f(a0) + a2

0 = V0/K by 
(f4), where V0 is given in (V1). Consider the function

and introduce the penalized nonlinearity g : R3 × R → R by setting

g(x, t) := χΛ(x)(f(t) + (t+)2) + (1 − χΛ(x))
~
f(t),

(7.4)

where χΛ is the characteristic function on Λ and G(x, t) := ∫
t

0
g(x, s)ds.

In view of (f1) –(f4), we observe that g is a Carathéodory function satisfying the following properties:

(g1) g(x, t) = 0 for each t ≤ 0;

∫
R3

|∇Aε
ω|2dx = ∫

R3

|∇ω|2dx + ∫
R3

|Aε(x)|2|ω|2dx + 2Re∫
R3

iAε(x)ω∇ωdx

≤ 2∫
R3

|∇ω|2dx + 2∫
R3

|Aε(x)|2|ω|2dx

≤ C [∫
R3

|∇u|2dx + ∫
R3

|u|2dx] < +∞

–

~
f(t) := {f(t) + (t+)2, t ≤ a0,

V0/K, t > a0,



(g2) lim
t→0+

g(x,t)
t

= 0 uniformly in x ∈ R3;

(g3) g(x, t) ≤ f(t) + t2 for all t ≥ 0 and any x ∈ R3;

(g4)  0 < θG(x, t) ≤ 2g(x, t)t for each x ∈ Λ and t > 0;

(g5) 0 < G(x, t) ≤ g(x, t)t ≤ V0t/K, for each x ∈ Λc, t > 0;

(g6)  for each x ∈ Λ, the function t ↦
g(x,t)

t
 is strictly increasing in t ∈ (0, +∞) and for each x ∈ Λc, the

function t ↦
g(x,t)

t
 is strictly increasing in (0, a0).

Next, we consider the modified problem

−(a + b[u]2
Aε
)ΔAε

u + Vε(x)u = g(εx, |u|2)u in R3.

(7.5)

Note that, if u is a nontrivial solution of problem (7.5) with

|u(x)|2 ≤ a0 for all x ∈ Λc
ε, Λε := {x ∈ R3 : εx ∈ Λ},

then u is a nontrivial solution of problem (7.3).
The energy functional associated to problem (7.5) is

Jε(u) :=
a

2
[u]2

Aε
+

1

2
∫

R3

Vε(x)|u|2dx +
b

4
[u]4

Aε
−

1

2
∫

R3

G(εx, |u|2)dx

for all u ∈ Hε. Then Jε ∈ C 1(Hε, R) and its critical points are weak solutions of the modified problem
(7.5).

We denote by Nε the Nehari manifold of Jε, that is,

Nε := {u ∈ Hε∖{0} : J ′
ε(u)[u] = 0},

and define the number cε by

cε = inf
u∈Nε

Jε(u).

Let H+
ε  be an open subset Hε given by

H+
ε = {u ∈ Hε : |supp(u) ∩ Λε| > 0},

and S+
ε = Sε ∩ H+

ε , where Sε is the unit sphere of Hε. Note that S+
ε  is a non-complete C 1,1-manifold of

codimension 1, modeled on Hε and contained in H+
ε . Therefore, Hε = TuS

+
ε ⨁ Ru for each u ∈ TuS

+
ε ,

where TuS
+
ε = {v ∈ Hε : ⟨u, v⟩ϵ = 0}.

Now we show that the functional Jε satisfies the mountain pass geometry.

Lemma 7.2  ⏎ For any fixed ε > 0, the functional Jε satisfies the following properties:

(i) there exist β, r > 0 such that Jε(u) ≥ β if ∥ u ∥ε= r;



(ii) there exists e ∈ Hε with ∥ e ∥ε> r such that Jε(e) < 0.

Proof. (i) By (g2), (g3) and (f2), for any ζ > 0 small, there exists Cζ > 0 such that

G(εx, |u|2) ≤ ζ|u|4 + Cζ|u|6 for all x ∈ R3.

By the Sobolev embedding it follows that

Hence we can choose some β, r > 0 such that Jε(u) ≥ β if ∥ u ∥ε= r small.
(ii) For each u ∈ Hε ∖ {0} with supp(u) ⊂ Λε. By the definition of g and (f3), we have

hence Jε(tu) → −∞ as t → +∞ and the conclusion follows. □

Since f is only continuous, the next results are important because they allow to overcome the non-
differentiability of Nε and the incompleteness of S+

ε .

Lemma 7.3  ⏎ Assume that (V1) –(V2) and (f1) –(f4) are satisfied, then the following properties hold:

(A1) For any u ∈ H+
ε  , let gu : R+ → R be given by gu(t) = Jε(tu) . Then there exists a unique

tu > 0 such that g′
u(t) > 0 in (0, tu) and g′

u(t) < 0 in (tu, ∞).

(A2) There exists τ > 0 independent on u such that tu ≥ τ  for all u ∈ S+
ε  . Moreover, for each

compact W ⊂ S+
ε  there is CW  such that tu ≤ CW  , for all u ∈ W .

(A3) The map m̂ε : H+
ε → Nε given by m̂ε(u) = tuu is continuous and mε = m̂ε|S+

ε
 is a

homeomorphism between S+
ε  and Nε . Moreover, m−1

ε (u) = u
∥u∥ε

.

(A4) If there is a sequence {un} ⊂ S+
ε  such that dist(un, ∂S+

ε ) → 0 , then ∥ mε(un) ∥ε→ ∞ and
Jε(mε(un)) → ∞.

Proof. (A1)  Arguing as in the proof of Lemma 7.2, we have gu(0) = 0, gu(t) > 0 for t > 0 small and 
gu(t) < 0 for t > 0 large. Therefore, maxt≥0 gu(t) is achieved at a global maximum point t = tu

verifying g′
u(tu) = 0 and tuu ∈ Nε.

Now, we show that tu is unique. Arguing by contradiction, suppose that there exist t1 > t2 > 0 such
that g′

u(t1) = g′
u(t2) = 0. Then, for i = 1,2,

tia[u]2
Aε

+ ti ∫
R3

Vε(x)|u|2dx + t3
i b[u]4

Aε
= ∫

R3

g(εx, t2
i |u|2)ti|u|2dx.

Jε(u) ≥
a

2
[u]2

Aε
+

1

2
∫

R3

Vε(x)|u|2dx +
b

4
[u]4

Aε
−

ζ

2
∫

R3

|u|4dx −
Cζ

2
∫

R3

|u|6dx

≥
1

2
∥ un ∥2

ε −C1ζ ∥ un ∥4
ε −C2Cζ ∥ un ∥6

ε.

Jε(tu) =
t2

2
∥ u ∥2

ε +
bt4

4
[u]4

Aε
−

1

2
∫

Λε

F(t2|u|2)dx −
t6

6
∫

Λε

|u|6dx,

≤
t2

2
∥ u ∥2

ε +
bt4

4
[u]4

Aε
−

t6

6
∫

Λε

|u|6dx,



Hence,

a[u]2
Aε

+ ∫
R3 Vε(x)|u|2dx

t2
i

+ b[u]4
Aε

= ∫
R3

g(εx, t2
i |u|2)|u|2

t2
i

dx,

which implies that

Since t1 > t2 > 0, we have

which is a contradiction. Therefore, maxt≥0 gu(t) is achieved at a unique t = tu so that g′
u(t) = 0 and 

tuu ∈ Nε.

(A2) For ∀ u ∈ S+
ε , by (A1), there exists a unique tu > 0 such that

tu + t3
ub[u]4

Aε
= ∫

R3

g(εx, t2
u|u|2)tu|u|2dx.

From (g2), the Sobolev embeddings and q > 4, we get

tu ≤ ζt3
u ∫

R3

|u|4dx + Cζt
q−1
u ∫

R3

|u|qdx + t5
u ∫

R3

|u|6dx ≤ C1ζt
3
u + C2Cζt

q−1
u + C3t

5
u,

which implies that tu ≥ τ  for some τ > 0. If W ⊂ S+
ε  is compact, suppose by contradiction that there is 

{un} ⊂ W  with tn := tun
→ ∞. Since the set W  is compact, there exists a u ∈ W  such that un → u in

Hε. Moreover, using the proof of Lemma 7.2(ii), we have that Jε(tnun) → −∞.

On the other hand, let vn := tnun ∈ Nε, from the definition of g and (g4), (g5) and 4 < θ < 6, it
yields that

( 1

t2
1

−
1

t2
2

)(a[u]2
Aε

+ ∫
R3

Vε(x)|u|2dx) = ∫
R3

(
g(εx, t2

1|u|2)

t2
1|u|2

−
g(εx, t2

2|u|2)

t2
2|u|2

)|u|4dx

≧ ∫
Λc
ε∩{t2

2|u|2≤a0≤t2
1|u|2}

(
g(εx, t2

1|u|2)

t2
1|u|2

−
g(εx, t2

2|u|2)

t2
2|u|2

)|u|4dx

+∫
Λc
ε∩{a0≤t2

2|u|2}
(
g(εx, t2

1|u|2)

t2
1|u|2

−
g(εx, t2

2|u|2)

t2
2|u|2

)|u|4dx

= ∫
Λc
ε∩{t2

2|u|2≤a0≤t2
1|u|2}

( V0

K

1

t2
1|u|2

−
f(t2

2|u|2) + t4
2|u|4

t2
2|u|2

)|u|4dx

+
1

K
( 1

t2
1

−
1

t2
2

) ∫
Λc
ε∩{a0≤t2

2|u|2}
V0|u|2dx.

(a[u]2
Aε

+ ∫
R3

Vε(x)|u|2dx)

≤
t2

1t
2
2

t2
2 − t2

1

∫
Λc
ε∩{t2

2|u|2≤a0≤t2
1|u|2}

( V0

K

1

t2
1|u|2

−
f(t2

2|u|2) + t4
2|u|4

t2
2|u|2

)|u|4dx

+
1

K
∫

Λc
ε∩{a0≤t2

2|u|2}
V0|u|2dx ≤

1

K
∫

Λc
ε

V0|u|2dx ≤
1

K
∥ u ∥2

ε,



Thus, substituting vn := tnun and ∥ vn ∥ε= tn, we obtain

0 < ( 1

2
−

1

θ
)(1 −

1

K
) ≤

Jε(vn)

t2
n

≤ 0

as n → ∞, which yields a contradiction. This proves (A2).

(A3)  We first observe that m̂ε, mε and m−1
ε  are well defined. Indeed, by (A2), for each u ∈ H+

ε ,
there is a unique m̂ε(u) ∈ Nε. On the other hand, if u ∈ Nε, then u ∈ H+

ε . Otherwise, we have 
|supp(u) ∩ Λε| = 0 and by (g5), it follows that

which is impossible since K > 2 and u ≠ 0. Therefore, m−1
ε (u) = u

∥u∥ε
∈ S+

ε  is well defined and

continuous. From

m−1
ε (mε(u)) = m−1

ε (tuu) =
tuu

tu ∥ u ∥ε

= u, ∀ u ∈ S+
ε ,

we conclude that mε is a bijection. We now prove that m̂ε : H+
ε → Nε is continuous. Let {un} ⊂ H+

ε

and u ∈ H+
ε  be such that un → u in Hε. By (A2), there is a t0 > 0 such that tn := tun

→ t0. Using 
tnun ∈ Nε, we obtain

t2
na[un]2

Aε
+ t2

n ∫
R3

Vε(x)|un|2dx + t4
nb[un]4

Aε
= ∫

R3

g(εx, t2
n|un|2)t2

n|un|2dx, ∀ n ∈ N,

and passing to the limit as n → ∞ in the last inequality, we obtain

t2
0a[u]2

Aε
+ t2

0 ∫
R3

Vε(x)|u|2dx + t4
0b[u]4

Aε
= ∫

R3

g(εx, t2
0|u|2)t2

0|u|2dx.

We obtain that t0u ∈ Nε and tu = t0. This proves m̂ε(un) → m̂ε(u) in H+
ε . Thus, m̂ε and mε are

continuous functions and (A3) is proved.

(A4)  Let {un} ⊂ S+
ε  be a subsequence such that dist(un, ∂S+

ε ) → 0, then for each v ∈ ∂S+
ε  and 

n ∈ N , we have |un| = |un − v| a.e. in Λε. Therefore, by (V1), (V2) and the Sobolev embedding, for any
t ∈ [2, 6], there exists a constant Ct > 0 such that

Jε(vn) = Jε(vn) −
1

θ
J ′
ε(vn)[vn] ≥ ( 1

2
−

1

θ
) ∥ vn ∥2

ε +( 1

4
−

1

θ
)b[vn]4

Aε

+∫
Λc
ε

( 1

θ
g(εx, |vn|2)|vn|2 −

1

2
G(εx, |vn|2))dx

≥ ( 1

2
−

1

θ
)(∥ vn ∥2

ε −
1

K
∫

R3

V (εx)|vn|2dx) ≥ ( 1

2
−

1

θ
)(1 −

1

K
) ∥ vn ∥2

ε.

∥ u ∥2
ε +b[u]4

Aε
= ∫

R3

g(εx, |u|2)|u|2dx = ∫
Λc
ε

g(εx, |u|2)|u|2dx

≤
1

K
∫

R3

V (εx)|u|2dx ≤
1

K
∥ u ∥2

ε,



for all n ∈ N . By (g2), (g3) and (g5), for each t > 0, we have

Therefore,

lim sup
n→∞

∫
R3

G(εx, t2|un|2)dx ≤
t2

K
, ∀ t > 0.

On the other hand, from the definition of mε and the last inequality, for all t > 0, we have

lim inf
n→∞

Jε(mε(un)) ≥ lim inf
n→∞

Jε(tun) ≥ lim inf
n→∞

t2

2
∥ un ∥2

ε −
t2

K
=

K − 2

2K
t2,

which implies

lim inf
n→∞

{ 1

2
∥ mε(un) ∥2

ε +
b

4
[mε(un)]4

Aε
} ≥ lim inf

n→∞
Jε(mε(un)) ≥

K − 2

2K
t2, ∀ t > 0.

From the arbitrary of t > 0, it is easy to see that ∥ mε(un) ∥ε→ ∞ and Jε(mε(un)) → ∞ as n → ∞. We
conclude the proof of Lemma 7.3. □

Now we define the function

Ψ̂ε : H+
ε → R,

by Ψ̂ε(u) = Jε(m̂ε(u)) and we denote Ψε := (Ψ̂ε)|S+
ε

.
From Lemma 7.3, arguing as in Corollary 10 of Szulkin and Weth [144], we obtain the following

property.

Lemma 7.4  ⏎ Assume that (V1) –(V2) and (f1) –(f4) are satisfied, then

(B1)  Ψ̂ε ∈ C 1(H+
ε , R) and

Ψ̂′
ε(u)v =

∥ m̂ε(u) ∥ϵ

∥ u ∥ϵ

J ′
ε(m̂ε(u))[v], ∀ u ∈ H+

ε and ∀ v ∈ Hε.

(B2)  Ψε ∈ C 1(S+
ε , R) and

Ψ′
ε(u)v =∥ mε(u) ∥ϵ J

′
ε(m̂ε(u))[v], ∀ v ∈ TuS

+
ε .

∥ un ∥Lt(Λε) ≤ inf
v∈∂S+

ε

∥ un − v ∥Lt(Λε)≤ Ct( inf
v∈∂S+

ε

∫
Λε

(|∇Aε
un − v|2 + Vε(x)|un − v|2)dx) 1

2

≤ Ct dist(un, ∂S+
ε )

∫
RN

G(εx, t2|un|2)dx ≤ ∫
Λε

(F(t2|un|2) +
t6|un|6

6
)dx +

t2

K
∫

Λc
ε

V (εx)|un|2dx

≤ C1t
4 ∫

Λε

|un|4dx + C2t
q ∫

Λε

|un|qdx +
t6

6
∫

Λε

|un|6dx +
t2

K
∥ un ∥2

ε

≤C3t
4dist(un, ∂S+

ε )4+C4t
qdist(un, ∂S+

ε )q+C5t
6dist(un, ∂S+

ε )6 +
t2

K
.



(B3)  If {un} is a (PS)c sequence of Ψε , then {mε(un)} is a (PS)c sequence of Jε, If {un} ⊂ Nε

is a bounded (PS)c sequence of Jε, then {m−1
ε (un)} is a (PS)c sequence of Ψε.

(B4)  u is a critical point of Ψε if and only if mε(u) is a critical point of Jε. Moreover, the
corresponding critical values coincide and

inf
S+
ε

Ψε. =inf
Nε

Jε.

As in Szulkin and Weth [144], we have the following variational characterization of the infimum of Jε

over Nε:

cε = inf
u∈Nε

Jε(u) = inf
u∈H+

ε

sup
t>0

Jε(tu) = inf
u∈S+

ε

sup
t>0

Jε(tu).

(7.6)

The following result is important to prove the (PS)c condition for the functional Jε.

Lemma 7.5  ⏎ Let c > 0 and {un} is a (PS)c sequence for Jϵ, then {un} is bounded in Hϵ.

Proof. Assume that {un} ⊂ Hϵ is a (PS)c sequence for Jϵ, that is, Jϵ(un) → c and J ′
ϵ(un) → 0. By (g4), 

(g5) and 4 < θ < 6, we have

Since K > 2, from the last inequality, we obtain that {un} is bounded in Hε. □

Define

c0 =
abS 3

4
+

S 6

24
((b2 + 4aS−3)3/2 + b3),

(7.7)

where S is the best constant for the Sobolev embedding D1,2(R3, R) ↪ L6(R3, R).
The following lemma provides a range of levels in which the functional Jϵ verifies the Palais-Smale

condition.

Lemma 7.6  ⏎ The functional Jϵ satisfies the (PS)c condition for any c ∈ (0, c0).

c + o(1) + o(1) ∥ un ∥ε = Jε(un) −
1

θ
J ′
ε(un)[un] = ( 1

2
−

1

θ
) ∥ un ∥2

ε +( 1

4
−

1

θ
)b[un]4

Aε

+∫
R3

( 1

θ
g(εx, |un|2)|un|2 −

1

2
G(εx, |un|2))dx

≥ ( 1

2
−

1

θ
) ∥ un ∥2

ε +∫
Λc
ε

( 1

θ
g(εx, |un|2)|un|2 −

1

2
G(εx, |un|2))dx

≥ ( 1

2
−

1

θ
) ∥ un ∥2

ε −
1

2
∫

Λc
ε

G(εx, |un|2)dx

≥ ( 1

2
−

1

θ
) ∥ un ∥2

ε −
1

2K
∫

R3

V (εx)|un|2dx ≥ ( 1

2
−

1

θ
−

1

2K
) ∥ un ∥2

ε.



Proof. Let (un) ⊂ Hϵ be a (PS)c for Jϵ. By Lemma 7.5, (un) is bounded in Hϵ. Thus, up to a subsequence, 
un ⇀ u in Hϵ and un → u in Lr

loc(R3, C) for all 1 ≤ r < 6 as n → +∞.

Step 1. For the fixed ϵ > 0, let R > 0 be such that Λϵ ⊂ BR/2(0). We show that for any given ζ > 0,
for R large enough,

lim sup
n→∞

∫
Bc

R(0)
(a|∇Aϵ

un|2 + Vϵ(x)|un|2)dx ≤ ζ.

(7.8)

Let ϕR ∈ C∞(R3, R) be a cut-off function such that

ϕR = 0 x ∈ BR/2(0), ϕR = 1 x ∈ Bc
R(0), 0 ≤ ϕR ≤ 1, and |∇ϕR| ≤ C/R

where C > 0 is a constant independent of R. Since the sequence (ϕRun) is bounded in Hϵ, we have

J ′
ϵ(un)[ϕRun] = o(1).

Therefore,

Since ∇Aϵ
(ϕRun) = iun∇ϕR + ϕR∇Aϵ

un, using (g5), we have

By the definition of ϕR, the Hölder's inequality and the boundedness of (un) in Hε, we obtain

(1 −
1

K
)∫

R3

(a|∇Aε
un|2 + Vε(x)|un|2)ϕRdx ≤

C

R
∥ un ∥2∥ ∇Aε

un ∥2 +o(1) ≤
C1

R
+ o(1)

and so relation (7.8) holds.

Step 2. For any R > 0, the following limit holds:

lim sup
n→∞

∫
BR(0)

(a|∇Aϵ
un|2 + Vϵ(x)|un|2)dx = ∫

BR(0)
(a|∇Aϵ

u|2 + Vϵ(x)|u|2)dx.

(7.9)

Let ϕρ ∈ C∞(R3, R) be a cut-off function such that

aRe∫
R3

∇Aϵ
un∇Aϵ

(ϕRun)dx + ∫
R3

Vϵ(x)|un|2ϕRdx + b[un]2
Aϵ

Re∫
R3

∇Aϵ
un∇Aϵ

(ϕRun)dx

= ∫
R3

g(ϵx, |un|2)|un|2ϕRdx + o(1).

––

–––

∫
R3

(a|∇Aϵ
un|2 + Vϵ(x)|un|2)ϕRdx

≤ ∫
R3

g(ϵx, |un|2)|un|2ϕRdx − (a + b[un]2
Aϵ
)Re∫

R3

iun∇Aϵ
un∇ϕRdx + o(1)

≤
1

K
∫

R3

Vϵ(x)|un|2ϕRdx + C Re∫
R3

iun∇Aϵ
un∇ϕRdx + o(1).

–∣–∣



ϕρ = 1 x ∈ Bρ(0), ϕρ = 0 x ∈ Bc
2ρ(0), 0 ≤ ϕρ ≤ 1, and |∇ϕρ| ≤ C/ρ

where C > 0 is a constant independent of ρ. Let

Pn(x) = M(un)|∇Aε
un − ∇Aε

u|2 + Vϵ(x)|un − u|2

where M(un) = a + b ∫
R3 |∇Aε

un|2dx. For the fixed R > 0, choosing ρ > R > 0, we have

(7.10)

where

J 1
n,ρ = M(un) ∫

R3

|∇Aε
un|2ϕρ(x)dx + ∫

R3

Vϵ(x)|un|2ϕρ(x)dx − ∫
R3

g(ϵx, |un|2)|un|2ϕρdx,

J 2
n,ρ = M(un)Re∫

R3

∇Aϵ
un∇Aϵ

uϕρ(x)dx + Re∫
R3

Vϵ(x)unuϕρ(x)dx − Re∫
R3

g(ϵx, |un|2)unuϕρ(x)dx,

J 3
n,ρ = −M(un)Re∫

R3

(∇Aϵ
un − ∇Aϵ

u)∇Aϵ
uϕρ(x)dx − Re∫

R3

Vϵ(x)(un − u)uϕρ(x)dx,

and

J 4
n,ρ = Re∫

R3

g(ϵx, |un|2)un(un − u)ϕρ(x)dx.

We obtain

J 1
n,ρ = J ′

ϵ(un)[ϕρun] − M(un)Re ∫
R3

iun∇Aϵ
un∇ϕρdx

and

J 2
n,ρ = J ′

ϵ(un)[ϕρu] − M(un)Re∫
R3

iu∇Aϵ
un∇ϕρdx.

Then

lim
ρ→∞

limsup
n→∞

J 1
n,ρ = 0, lim

ρ→∞
limsup
n→∞

J 2
n,ρ = 0.

On the other hand, since the sequence {un} is bounded in Hϵ, we assume that ∫
R3 |∇Aε

un|2dx → l2.
Then

∫
BR

Pn(x)dx ≤ ∫
R3

Pn(x)ϕρ(x)dx

= M(un) ∫
R3

|∇Aε
un − ∇Aε

u|2ϕρ(x)dx + ∫
R3

Vϵ(x)|un − u|2ϕρ(x)dx

= J 1
n,ρ − J 2

n,ρ + J 3
n,ρ + J 4

n,ρ,

–––

––

–

–

–∣ ∣ ∣ ∣



hence

lim
ρ→∞

limsup
n→∞

J 3
n,ρ = 0.

Now we prove that

lim
ρ→∞

limsup
n→∞

J 4
n,ρ = 0.

(7.11)

First we show

lim
n→∞

∫
Λε

|un|6dx = ∫
Λε

|u|6dx.

(7.12)

Using the boundedness of (un) in Dϵ and the diamagnetic inequality (7.2), we may assume that

|∇|un||2 ⇀ μ and |un|6 ⇀ ν

(7.13)

in the sense of measures. By the concentration-compactness principle, we can find an at most countable
index I, sequences (xi) ⊂ R3, (μi), (νi) ⊂ (0, ∞) such that

(7.14)

for any i ∈ I, where δxi
 is the Dirac mass at the point xi.

Let us show that (xi)i∈I ∩ Λε = ∅. Assume, by contradiction, that xi ∈ Λε for some i ∈ I. For any 
ρ > 0, we define ψρ(x) = ψ( x−xi

ρ
) where ψ ∈ C∞

0 (R3, [0, 1]) is such that ψ = 1 in B1, ψ = 0 in 
R3 ∖ B2 and ∥ ∇ψ ∥L∞(R3,R)≤ 2. We suppose that ρ > 0 is such that supp(ψρ) ⊂ Λε. Since {ψρun} is
bounded in Hε, we can see that J ′

ε(un)[ψρun] = on(1), that is,

J 3
n,ρ = −(a + bl2)Re∫

R3

(∇Aϵ
un − ∇Aϵ

u)∇Aϵ
(uϕρ(x))dx − Re∫

R3

Vϵ(x)(un − u)(uϕρ(x))dx

+(a + bl2)Re∫
R3

(∇Aϵ
un − ∇Aϵ

u)iu∇ϕρdx + o(1)

= −(a + bl2)⟨un − u,uϕρ(x)⟩ϵ + (a + bl2)Re∫
R3

(∇Aϵ
un − ∇Aϵ

u)iu∇ϕρdx + o(1),

––

–

–∣ ∣∣ ∣μ ≥ |∇|u||2 +∑
i∈I

μiδxi
,

ν = |u|6 +∑
i∈I

νiδxi
and Sν

1/3
i ≤ μi



Using the diamagnetic inequality (7.2) again, it follows that

(7.15)

Due to the fact that f has the subcritical growth and ψρ has the compact support, we have that

lim
ρ→0

lim
n→∞

∫
R3

f(|un|2)|un|2ψρdx =lim
ρ→0

∫
R3

f(|u|2)|u|2ψρdx = 0.

(7.16)

Now, we show that

lim
ρ→0

limsup
n→∞

∫
R3

iun∇Aε
un∇ψρdx = 0.

(7.17)

Because of the boundedness of {un} in Hε, using the Hölder's inequality, the strong convergence of (|un|)

in L2
loc(R3, R), |u| ∈ L6(R3, R), |∇ψρ| ≤ Cρ−1 and |B2ρ(xi)| ∼ ρ3, we have that

which shows that relation (7.17) holds.

Then, taking into account (7.13), (7.15), (7.16) and (7.17), we can conclude that νi ≥ aμi + bμ2
i .

Together with the inequality Sν 1/3
i ≤ μi in (7.3), we have

μi ≥
S 3

2
(b + √b2 + 4aS−3).

(7.18)

Now, from (f3), (g4) and (g5), we have

(a + b[un]2
Aε
)∫

R3

|∇Aε
un|2ψρdx + (a + b[un]2

Aε
)Re∫

R3

iun∇Aε
un∇ψρdx + ∫

R3

Vϵ(x)|un|2ψρdx

= ∫
R3

g(εx, |un|2)|un|2ψρdx + o(1) = ∫
RN

f(|un|2)|un|2ψρdx + ∫
RN

|un|6ψρdx + o(1).

–

(a + b ∫
R3

|∇|un||2ψρdx)∫
R3

|∇|un||2ψρdx + (a + b[un]2
Aε
)Re∫

R3

iun∇Aε
un∇ψρdx

≤ ∫
RN

f(|un|2)|un|2ψρdx + ∫
RN

|un|6ψρdx + o(1).

–∣–∣0 ≤lim
ρ→0

limsup
n→∞

∫
R3

iun∇Aε
un∇ψρdx ≤lim

ρ→0
limsup
n→∞

∫
R3

|un∇ψρ||∇Aε
un|dx

≤lim
ρ→0

lim
n→∞

(∫
B2ρ(xi)

|un∇ψρ|2dx)1/2[un]Aε
≤ C lim

ρ→0
(∫

B2ρ(xi)

|u|2dx)1/2 = 0∣–∣––1



From the above arguments, (7.14) and (7.18), we have

which gives a contradiction. This means that relation (7.12) holds.

Next, we observe that

J 4
n,ρ ≤ ∫

(R3∖Λε)∩B2ρ(0)
g(ϵx, |un|2)un(un − u) dx + ∫

Λε∩B2ρ(0)
g(ϵx, |un|2)un(un − u) dx.

By the Sobolev compact embedding Hε ↪ Lr
loc(R3, C) for 1 ≤ r < 6, and (g5), we have

∫
(R3∖Λε)∩B2ρ(0)

g(ϵx, |un|2)un(un − u) dx → 0, as n → ∞.

Moreover, using the Sobolev compact embedding Hε ↪ Lr
loc(R3, C) for 1 ≤ r < 6, again, and (7.12),

we have,

∫
Λε∩B2ρ(0)

g(ϵx, |un|2)un(un − u) dx → 0, as n → ∞.

Thus, (7.11) holds. Moreover, by (7.10), it follows that

0 ≤ lim sup
n→∞

∫
BR

Pn(x)dx ≤ lim sup
n→∞

(|J 1
n,ρ| + |J 2

n,ρ| + |J 3
n,ρ| + |J 4

n,ρ|) = 0.

Then,

lim sup
n→∞

∫
BR

Pn(x)dx = 0.

c = Jε(un) −
1

4
J ′
ε(un)[un] + o(1)

=
1

4
∥ un ∥2

ε +∫
R3

( 1

4
g(εx, |un|2)|un|2 −

1

2
G(εx, |un|2))dx + o(1)

≥
1

4
∥ un ∥2

ε +∫
Λc
ε

( 1

4
g(εx, |un|2)|un|2 −

1

2
G(εx, |un|2))dx +

1

12
∫

Λε

|un|6dx + o(1)

≥
1

4
(∫

Λε

aψρ|∇|un||2dx + ∫
Λc
ε

Vε(x)|un|2)−
1

2
∫

Λc
ε

G(εx, |un|2)dx +
1

12
∫

Λε

|un|6dx + o(1)

≥
a

4
∫

Λε

ψρ|∇|un||2dx + ( 1

4
−

1

2K
) ∫

Λc
ε

Vε(x)|un|2dx +
1

12
∫

Λε

ψρ|un|6dx + o(1)

≥
a

4
∫

Λε

ψρ|∇|un||2dx +
1

12
∫

Λε

ψρ|un|6dx + o(1).

c ≥
1

4
∑

{i∈I:xi∈Λε}

aψρ(xi)μi +
1

12
∑

{i∈I:xi∈Λε}

ψρ(xi)νi ≥
a

4
μi +

1

12
νi

≥
aS

4
⋅
bS 2 + √b2S 4 + 4aS

2
+

1

12
( bS

2 + √b2S 4 + 4aS

2
)3 = c0,∣ ∣ ∣–∣ ∣–∣∣–∣∣–∣



Thus, relation (7.9) holds.

Step 3. From (7.8) and (7.9), we have

Passing to the limit as ζ → 0 we have R → ∞, which implies that

∥ u ∥2
ε≤ lim inf

n→∞
∥ un ∥2

ε≤ lim sup
n→∞

∥ un ∥2
ε≤∥ u ∥2

ε.

Then un → u in Hϵ and we complete the proof. □
Since f is only assumed to be continuous, the following result is required for the multiplicity property in

the next section.

Corollary 7.1  ⏎ The functional Ψε satisfies the (PS)c condition on S+
ε  at any level c ∈ (0, c0).

Proof. Let {un} ⊂ S+
ε  be a (PS)c sequence for Ψε. Then Ψε(un) → c and ∥ Ψ′

ε(un) ∥∗→ 0, where ∥ ⋅ ∥∗

is the norm in the dual space (Tun
S+
ε )∗. By Lemma 7.4 (B3), we know that {mε(un)} is a (PS)c sequence

for Jε in Hε. From Lemma 7.6, we know that there exists a u ∈ S+
ε  such that, up to a subsequence, 

mε(un) → mε(u) in Hε. By Lemma 7.3 (A3), we obtain

un → u in S+
ε ,

and the proof is complete. □

7.4 Multiple solutions of the modified problem

7.4.1 The autonomous problem

For our purpose, we need to study the following limit problem

−(a + b ∫
R3

|∇u|2dx)Δu + V0u = f(|u|2)u + |u|4u, u : R3 → R,

(7.19)

whose associated C1-functional, defined in H 1(R3, R), is

IV0
(u) :=

1

2
∫

R3

(a|∇u|2 + V0u
2)dx +

b

4
(∫

R3

|∇u|2dx)2 −
1

2
∫

R3

F(u2)dx −
1

6
∫

R3

(u+)6dx.

Let

∥ u ∥2
ε ≤ lim inf

n→∞
∥ un ∥2

ε≤ lim sup
n→∞

∥ un ∥2
ε

≤ lim sup
n→∞

{∫
BR(0)

(a|∇Aϵ
un|2 + Vϵ(x)|un|2)dx+∫

Bc
R(0)

(a|∇Aϵ
un|2+Vϵ(x)|un|2)dx}

≤ ∫
BR(0)

(a|∇Aϵ
u|2 + Vϵ(x)|u|2)dx + ζ.



N0 := {u ∈ H 1(R3, R) ∖ {0} : I ′
V0

(u)[u] = 0}

and

cV0 := inf
u∈N0

IV0(u).

By (f1) and (f4), for each u ∈ H 1(R3, R)∖{0}, there is a unique t(u) > 0 such that

IV0(t(u)u) =max
t≥0

IV0(tu) and t(u)u ∈ NV0 .

Then, using the assumptions on f, arguing as in Willem [153, Lemma 4.1 and Theorem 4.2] we have that

0 < cV0 = inf
u∈H 1(R3,R)∖{0}

max
t≥0

IV0(tu).

Now, we estimate the ground state energy cV0  and show that cV0 ∈ (0, c0).

Lemma 7.7  Assume that (f1) –(f4) hold, then 0 < cV0 < c0.

Proof. For δ > 0, the function ωδ : R3 → R defined by

ωδ(x) = 31/4 δ1/4

(δ + |x|2)1/2

is a family of functions on which S is attained. Let ϕ ∈ C∞
0 (R3, [0, 1]) be a cut-off function with

ϕ = 1 x ∈ Bρ/2(0), ϕ = 0 x ∈ Bc
ρ(0),

then we define the test function by vδ = ωδ/ ∥ ωδ ∥6, where uδ = ϕvδ. Since

IV0
(tvδ) :=

t2

2
∫

R3

(a|∇vδ|
2 + V0v

2
δ)dx +

bt4

4
(∫

R3

|∇vδ|
2dx)2 −

1

2
∫

R3

F(t2v2
δ)dx −

t6

6
∫

R3

v6
δdx,

under the conditions (f1) –(f4), we obtain that for small δ > 0, we have maxt>0 IV0(tvδ) < c0. Thus, since 
0 < cV0 < c0, we conclude the proof. □

Let H0 := H 1(R3, R) and define by H+
0  the open set of H0 given by

H+
0 = {u ∈ H0 : |supp(u+)| > 0},

and S+
0 = S0 ∩ H+

0 , where S0 be the unit sphere of H0.
Then S+

0  is a non-complete C 1,1-manifold of codimension 1, modeled on H0 and contained in H+
0 .

Therefore, H0 = TuS
+
0 ⨁ Ru for each u ∈ TuS

+
0 , where TuS

+
0 = {v ∈ H0 : ⟨u, v⟩0 = 0}.

Arguing as in the proof of Lemma 7.3, we have the following property.

Lemma 7.8  ⏎  Let V0 be given in (V1) and suppose that (f1) –(f4) are satisfied, then the following
properties hold:

(a1)  For any u ∈ H+
0  , let gu : R+ → R be given by gu(t) = IV0(tu) . Then there exists a unique

tu > 0 such that g′
u(t) > 0 in (0, tu) and g′

u(t) < 0 in (tu, ∞).



(a2)  There is a τ > 0 independent on u such that tu > τ  for all u ∈ S+
0  . Moreover, for each

compact W ⊂ S+
0  there is CW  such that tu ≤ CW  , for all u ∈ W .

(a3)  The map m̂ : H+
0 → N0 given by m̂(u) = tuu is continuous and m0 = m̂0|S+

0
 is a

homeomorphism between S+
0  and N0 . Moreover, m−1(u) = u

∥u∥0
.

(a4)  If there is a sequence {un} ⊂ S+
0  such that dist(un, ∂S+

0 ) → 0 , then ∥ m(un) ∥0→ ∞ and
IV0(m(un)) → ∞.

We consider the functional defined by

Ψ̂0(u) = IV0(m̂(u)) and Ψ0 := Ψ̂0|S0 .

Arguing as in Willem [153]Proposition 9 and Corollary 10, we have the following property.

Lemma 7.9  ⏎ Let V0 be given in (V1) and suppose that (f1) –(f4) are satisfied, then

(b1)  Ψ̂0 ∈ C 1(H+
0 , R) and

Ψ̂′
0(u)v =

∥ m̂(u) ∥0

∥ u ∥0
I ′
V0

(m̂(u))[v], ∀ u ∈ H+
0 and ∀v ∈ H0.

(b2)  Ψ0 ∈ C 1(S+
0 , R) and

Ψ′
0(u)v =∥ m(u) ∥0 I

′
V0

(m̂(u))[v], ∀v ∈ TuS
+
0 .

(b3)  If {un} is a (PS)c sequence of Ψ0 , then {m(un)} is a (PS)c sequence of IV0  . If {un} ⊂ N0

is a bounded (PS)c sequence of IV0  , then {m−1(un)} is a (PS)c sequence of Ψ0.

(b4)  u is a critical point of Ψ0 if and only if m(u) is a critical point of IV0  . Moreover, the
corresponding critical values coincide and infS+

0
Ψ0 =infN0 IV0 .

We have the following variational characterization of the infimum of IV0  over N0:

cV0
= inf

u∈N0

IV0
(u) = inf

u∈H+
0

sup
t>0

IV0
(tu) = inf

u∈S+
0

sup
t>0

IV0
(tu).

(7.20)

The next result is useful in later arguments.

Lemma 7.10  ⏎ Let {un} ⊂ H0 be a (PS)cV0
 sequence for IV0

, then problem (7.19) has a positive ground
state solution.

Proof. By (f3), it follows that

cV0 + o(1) + o(1) ∥ un ∥= IV0(un) −
1

4
⟨I ′

V0
(un),un⟩ ≥

1

4
∥ un ∥2.



Thus, (un) is bounded in H 1(R3, R). We can assume that there exists u ∈ H 1(R3, R) such that un ⇀ u in 
H 1(R3, R), un → u in L2

loc(R3, R) and un → u a.e. in x ∈ R3.
Now we show that (un) is non-vanishing. Otherwise, assume that (un) is vanishing, then Lions'

concentration-compactness principle implies that un → 0 in Lr(R3, R) for any 2 < r < 6. By the compact
embedding and (f1) –(f2), we have ∫

R3 F(u2
n)dx → 0 and ∫

R3 f(u2
n)u2

ndx → 0 as n → ∞. Moreover,
using the former limits, it follows that

cV0 =
1

2
∫

R3

(a|∇un|2 + V0u
2
n)dx +

b

4
(∫

R3

|∇un|2dx)2 −
1

6
∫

R3

(u+
n )6dx + o(1),

(7.21)

and

∫
R3

(a|∇un|2 + V0u
2
n)dx + b(∫

R3

|∇un|2dx)2 = ∫
R3

(u+
n )6dx + o(1).

(7.22)

Suppose that

lim
n→∞

∫
R3

(u+
n )6dx = l ≥ 0.

If l = 0, then relations (7.21) and (7.22) imply that cV0 = 0, which contradicts with cV0 > 0. Then l > 0,
using the definition of S, we have

a∫
R3

|∇un|2dx + b(∫
R3

|∇un|2dx)2 ≤ ∫
R3

(u+
n )6dx + o(1) ≤ S−3(∫

R3

|∇un|2dx)3 + o(1).

(7.23)

If ∫
R3 |∇un|2dx → 0, then

∫
R3

(u+
n )6dx ≤ S−3(∫

R3

|∇un|2dx)3 → 0,

which contradicts with l > 0. Thus ∫
R3 |∇un|2dx ↛ 0. By (7.23), we have

∫
R3

|∇un|2dx ≥
S 3

2
(b + √b2 + 4aS−3) + o(1).

(7.24)

Using (7.23) again, it follows that

(∫
R3

|∇un|2dx)2 ≥ aS 3 +
bS 6

2
(b + √b2 + 4aS−3) + o(1).



(7.25)

From (7.24) and (7.25), we can obtain

which contradicts with cV0
< c0. Thus, {un} is non-vanishing, that is, there exist R, η > 0, and {~yn} ⊂ R3

such that

lim
n→∞

∫
BR(~yn)

u2
ndx ≥ η.

(7.26)

By the invariance of the translation of IV0 , we may assume that {~yn} is bounded, so u ≠ 0.
Now we claim that I ′

V0
(u) = 0. Assume that there exists ι ≥ 0 such that ∫

R3 |∇un|2dx → ι2. Since 
I ′
V0

(un) → 0, then u is a solution of the following equation

−(a + bι2)Δu + V0u = f(|u|2)u + (u+)5, u ∈ H 1(R3, R).

(7.27)

It suffices to show that ι2 = ∫
R3 |∇u|2dx. From the weakly lower semi-continuous of the norm, it is easy to

obtain that ι2 ≥ ∫
R3 |∇u|2dx. Then, by (7.27), we have ⟨I ′

V0
(u),u⟩ ≤ 0. By (f4), there exists t ≤ 1 such

that tu ∈ N0. By (7.27) again, it follows that

Thus, t = 1 and

cV0
=

1

3
∫

R3

(a|∇un|2 + V0u
2
n)dx +

b

12
(∫

R3

|∇un|2dx)2 + o(1)

≥
a

3
∫

R3

|∇un|2dx +
b

12
(∫

R3

|∇un|2dx)2 + o(1) ≥ c0 + o(1)

cV0
≤ IV0

(tu) −
1

4
I ′
V0

(tu)[tu]

=
1

4
∫

R3

(a|∇tu|2 + V0(tu)2)dx + ∫
R3

( 1

4
f(|tu|2)|tu|2 −

1

2
F(|tu|2))dx +

1

12
∫

R3

(tu+)6dx

≤
1

4
∫

R3

(a|∇u|2 + V0u
2)dx + ∫

R3

( 1

4
f(|u|2)|u|2 −

1

2
F(|u|2))dx +

1

12
∫

R3

(u+)6dx

≤
1

4
∫

R3

(a|∇un|2 + V0u
2
n)dx + ∫

R3

( 1

4
f(|un|2)|un|2 −

1

2
F(|un|2))dx +

1

12
∫

R3

(u+
n )6dx + o(1)

= IV0
(un) −

1

4
I ′
V0

(un)[un] + o(1) = cV0
+ o(1).

lim
n→∞

1

4
∫

R3

(a|∇un|2 + V0u
2
n)dx + ∫

R3

( 1

4
f(|un|2)|un|2 −

1

2
F(|un|2))dx +

1

12
∫

R3

(u+
n )6dx

=
1

4
∫

R3

(a|∇u|2 + V0u
2)dx + ∫

R3

( 1

4
f(|u|2)|u|2 −

1

2
F(|u|2))dx +

1

12
∫

R3

(u+)6dx.



Then ι2 = ∫
R3 |∇u|2dx and un → ω in H 1(R3, R). Therefore, I ′

V0
(u) = 0 and IV0(u) = cV0 . Then u is a

ground state of problem. From the assumption of f, u ≥ 0. Moreover, using the standard argument, we
obtain that u(x) > 0 for x ∈ RN . The proof is complete. □

Arguing as in the proof of Lemma 2.3 in Zhang and Zou [161], there exists a positive radial ground state
solution of problem (7.19), which implies that this solution decays exponentially at infinity with its gradient;
moreover, this ground state solution is of class C 2(R3, R) ∩ L∞(R3, R).

Lemma 7.11  ⏎ Let {un} ⊂ N0 be such that I0(un) → cV0 . Then {un} has a convergent subsequence in
H0.

Proof. Since {un} ⊂ N0, from Lemma 7.8 (a3), Lemma 7.9 (b4) and the definition of cV0 , we have

vn = m−1(un) =
un

∥ un ∥0
∈ S+

0 , ∀n ∈ N,

and

Ψ0(vn) = I0(un) → cV0 = inf
u∈S+

0

Ψ0(u).

Although S+
0  is not a complete C1 manifold, we still can apply the Ekeland variational principle to the

functional E0 : H → R ∪ {∞} defined by E0(u) := Ψ̂0(u) if u ∈ S+
0  and E0(u) := ∞ if u ∈ ∂S+

0 , where 
H = S+

0  is the complete metric space equipped with the metric d(u, v):= ∥ u − v ∥0. In fact, by Lemma
7.8(a4), E0 ∈ C(H, R ∪ {∞}), and from Lemma 7.9(b4), E0 is bounded below. Therefore, there exists a
sequence {~vn} ⊂ S+

0  such that {~vn} is a (PS)cV0
 sequence for Ψ0 on S+

0  and

∥ ~vn − vn ∥0= o(1).

Arguing as in Lemma 7.10 and Lemma 7.9, we conclude the proof. □

Now, we establish the relationship between cϵ and cV0
.

Lemma 7.12  The numbers cϵ and cV0
 satisfy the following inequality

lim
ϵ→0

cϵ = cV0 < c0.

Proof. Let η ∈ C∞
c (R3, [0, 1]) be a cut-off function such that η = 1 in Bρ/2 and supp(η) = Bρ ⊂ Λ for

some ρ > 0. Let us define ωϵ(x) := ηϵ(x)ω(x)eiA(0)⋅x, where ηϵ(x) = η(ϵx) for ϵ > 0, ω is a positive and
radial ground state solution of problem (7.19). We observe that |ωϵ| = ηϵω and ωϵ ∈ Hε in view of Lemma
7.1. Arguing as in the proof of Lemma 4.6 in Ji and Rǎdulescu [83], we obtain

lim
ϵ→0

∥ ωϵ ∥2
ϵ=∥ ω ∥2

V0
,

(7.28)

lim
ϵ→0

[ωϵ]
2
Aε

= ∫
R3

|∇ω|2dx,

–



(7.29)

and

lim
ϵ→0

∫
R3

|∇ωϵ|
6dx = ∫

R3

|∇ω|6dx.

(7.30)

Let tϵ > 0 be the unique number such that

Jϵ(tϵωϵ) =max
t≥0

Jϵ(tωϵ).

Then tϵ satisfies

where we use supp(η) ⊂ Λ and the definition of g(x, t). Moreover, combining the facts that η = 1 in Bρ/2,
u is a positive continuous function and hypothesis (f4), we have

for all 0 < ϵ < 1 and where γ =min {ω(z) : |z| ≤ ρ/2}.
If tϵ → +∞ as ϵ → 0, by (f4), we deduce that [ωϵ]

4
Aε

→ +∞ which contradicts (7.29). Therefore, up to
a subsequence, we may assume that tϵ → t0 ≥ 0 as ϵ → 0.

If tϵ → 0, using the fact that f is increasing, the Lebesgue dominated convergence theorem and relation
(7.30), we obtain

a[ωϵ]
2
Aε

+ ∫
R3

Vε(x)|ωϵ|
2dx + bt2

ϵ [ωϵ]
4
Aε

= ∫
R3

f(t2
ϵ |ωϵ|

2)|ωϵ|
2dx + ∫

R3

t4
ϵ |ωϵ|

6dx → 0, as ϵ → 0,

which contradicts (7.28). Thus, we have t0 > 0 and

t2
0 ∫

R3

(a|∇ω|2 + V0ω
2)dx + bt4

0(∫
R3

|∇ω|2dx)2 = ∫
R2

f(t2
0ω

2)t2
0ω

2dx + ∫
R3

t6
0|ω|6dx,

t2
ϵ(a[ωϵ]

2
Aε

+ ∫
R3

Vε(x)|ωϵ|
2dx)+ bt4

ϵ [ωϵ]
4
Aε

= ∫
R3

g(ϵx, t2
ϵ |ωϵ|

2)t2
ϵ |ωϵ|

2dx

= ∫
R3

f(t2
ϵ |ωϵ|

2)t2
ϵ |ωϵ|

2dx + ∫
R3

t6
ϵ |ωϵ|

6dx,

1

t2
ϵ

(a[ωϵ]
2
Aε

+ ∫
R3

Vε(x)|ωϵ|
2dx)+ b[ωϵ]

4
Aε

=
1

t2
ϵ

∫
R3

f(t2
ϵ |ωϵ|

2)|ωϵ|
2dx + ∫

R3

t2
ϵ |ωϵ|

6dx

≥
1

t2
ϵ

∫
R3

f(t2
ϵη

2(|ϵx|)ω2(x))η2(|ϵx|)ω2(x)dz

≥
1

t2
ϵ

∫
Bρ/(2ϵ)(0)

f(t2
ϵω

2(z))ω2(z)dz

≥
1

t2
ϵ

∫
Bρ/2(0)

f(t2
ϵω

2(z))ω2(z)dz

≥
f(t2

ϵγ
2)

t2
ϵ

∫
Bρ/2(0)

ω2(z)dz



so that t0ω ∈ NV0 . Since ω ∈ NV0 , we obtain that t0 = 1 and so, using the Lebesgue dominated
convergence theorem, we get

lim
ϵ→0

∫
R3

F(|tϵωϵ|
2)dx = ∫

R2

F(ω2)dx.

Hence

lim
ϵ→0

Jϵ(tϵωϵ) = IV0(u) = cV0 .

Since cϵ ≤maxt≥0 Jϵ(tωϵ) = Jϵ(tϵωϵ), we can conclude that limsupϵ→0 cϵ ≤ cV0 . Moreover, by (7.6),
(7.20) and IV0(|u|) ≤ Jϵ(u) for any u ∈ Hε, we have cV0 ≤ cϵ. Then cV0 ≤ lim inf

ϵ→0
cϵ. Combining with the

previous arguments, we conclude that limϵ→0 cϵ = cV0
< c0. The proof is now complete. □

Remark 7.1  From Lemma 7.8 and Lemma 7.6, we see that for ϵ > 0 small, problem (7.5) has a ground
state solution uϵ such that Jε(uϵ) = cϵ and J ′

ε(uϵ) = 0.

7.4.2 Auxiliary asymptotic properties

In what follows, we prove a multiplicity result for the modified problem (7.5) using the Ljusternik-
Schnirelmann category theory. We first provide some useful preliminaries.

Let δ > 0 be such that Mδ ⊂ Λ, ω ∈ H 1(R3, R) be a positive ground state solution of the limit problem
(7.19), and η ∈ C∞(R+, [0, 1]) be a nonincreasing cut-off function defined in [0, +∞) such that η(t) = 1 if
0 ≤ t ≤ δ/2 and η(t) = 0 if t ≥ δ.

For any y ∈ M , let us introduce the function

Ψε,y(x) := η(|εx − y|)ω( εx − y

ε
) exp(iτy(

εx − y

ε
)),

where

τy(x) :=
3

∑
i

Ai(y)xi.

Let tε > 0 be the unique positive number such that

max
t≥0

Jε(tΨε,y) = Jε(tεΨε,y).

Note that tεΨε,y ∈ Nε.
Let us define Φε : M → Nε as

Φε(y) := tεΨε,y.

By construction, Φε(y) has compact support for any y ∈ M .
Moreover, arguing as in Lemma 7.8, the energy of the above functions has the following behavior as 

ε → 0+.



Lemma 7.13  ⏎ The limit

lim
ε→0+

Jε(Φε(y)) = cV0

holds uniformly in y ∈ M .

Now we define the barycenter map.
Let ρ > 0 be such that Mδ ⊂ Bρ and consider Υ : R3 → R3 defined by setting

The barycenter map βε : Nε → R3 is defined by

βε(u) :=
1

∥ u ∥4
4

∫
R3

Υ(εx)|u(x)|4dx.

We have the following asymptotic property.

Lemma 7.14  ⏎ The limit

lim
ε→0+

βε(Φε(y)) = y

holds uniformly in y ∈ M .

Proof. Assume by contradiction that there exist κ > 0, {yn} ⊂ M  and εn → 0 such that

|βεn(Φεn(yn)) − yn| ≥ κ.

(7.31)

Using the change of variable z = (εnx − yn)/εn, we can see that

βεn(Φεn(yn)) = yn +
∫R3(Υ(εnz + yn) − yn)η4(|εnz|)ω4(z)dz

∫
R3 η4(|εnz|)ω4(z)dz

.

Taking into account that {yn} ⊂ M ⊂ Mδ ⊂ Bρ and applying the Lebesgue dominated convergence
theorem, we obtain

|βεn(Φεn(yn)) − yn| = o(1),

which contradicts relation (7.31). The proof is now complete. □

Now, we prove a useful compactness property.

Proposition 7.1  ⏎  Let εn → 0+ and (un) ⊂ Nεn  be such that Jεn(un) → cV0 . Then there exists
(~yn) ⊂ RN  such that the sequence {|vn|} ⊂ H 1(R3, R), where vn(x) := un(x + ~yn), has a convergent
subsequence in H 1(R3, R). Moreover, up to a subsequence, yn := εn

~yn → y ∈ M  as n → +∞.

Υ(x) := {x, if |x| < ρ,

ρx/|x|, if |x| ≥ ρ.



Proof. Since J ′
εn

(un)[un] = 0 and Jεn(un) → cV0 , arguing as in the proof of Lemma 7.5, we have that there
exists C > 0 such that ∥ un ∥εn≤ C for all n ∈ N.

Arguing as in the proof of Lemma 7.10 and recalling that cV0 > 0, we have that there exist a sequence 
{~yn} ⊂ R3 and constants R, β > 0 such that

lim inf
n→∞

∫
BR(~yn)

|un|2dx ≥ β.

(7.32)

Now, let us consider the sequence {|vn|} ⊂ H 1(R3, R), where vn(x) := un(x + ~yn). By the diamagnetic
inequality (7.2), we get that {|vn|} is bounded in H 1(R3, R), and using (7.32), we may assume that 
|vn| ⇀ v in H 1(R3, R) for some v ≠ 0.

Let now tn > 0 be such that ~vn := tn|vn| ∈ NV0 , and set yn := εn
~yn.

Using the diamagnetic inequality (7.2) again, we have

cV0 ≤ I0(~vn) ≤max
t≥0

Jεn(tun) = Jεn(un) = cV0 + o(1),

which yields I0(~vn) → cV0
 as n → +∞.

Since the sequences {|vn|} and {~vn} are bounded in H 1(R3, R) and |vn| ↛ 0 in H 1(R3, R), then {tn} is
also bounded and so, up to a subsequence, we may assume that tn → t0 ≥ 0.

We claim that t0 > 0. Indeed, if t0 = 0, then, since {|vn|} is bounded, we have ~vn → 0 in H 1(R3, R),
that is, I0(~vn) → 0, which contradicts cV0

> 0.
Thus, up to a subsequence, we may assume that ~vn ⇀ ~v := t0v ≠ 0 in H 1(R3, R), and, by Lemma 7.11,

we can deduce that ~vn → ~v in H 1(R3, R), which gives |vn| → v in H 1(R3, R).
Now we show the final part, namely that {yn} has a subsequence such that yn → y ∈ M . Assume by

contradiction that {yn} is not bounded and so, up to a subsequence, |yn| → +∞ as n → +∞. Choose 
R > 0 such that Λ ⊂ BR(0). Then for n large enough, we have |yn| > 2R, and, for any x ∈ BR/εn(0),

|εnx + yn| ≥ |yn| − εn|x| > R.

Since un ∈ Nεn , using (V1) and the diamagnetic inequality (7.2), we get that

(7.33)

Since |vn| → v in H 1(R3, R) and ~
f(t) ≤ V0/K, we can see that (7.33) yields

∫
R3

(a|∇|vn||2 + V0|vn|2)dx ≤ a[vn]2
Aε

+ ∫
R3

V (εnx + yn)|vn|2dx + b[vn]4
Aε

≤ ∫
R3

g(εnx + yn, |vn|2)|vn|2dx ≤ ∫
BR/εn(0)

~
f(|vn|2)|vn|2dx

+∫
Bc

R/εn
(0)

f(|vn|2)|vn|2dx + ∫
Bc

R/εn
(0)

|vn|6dx.



min {1,V0(1 −
1

K
)}∫

R3

(|∇|vn||2 + |vn|2)dx = o(1),

that is |vn| → 0 in H 1(R3, R), which contradicts to v ≢ 0.
Therefore, we may assume that yn → y0 ∈ R3. Assume by contradiction that y0 ∉ Λ. Then there exists 

r > 0 such that for every n large enough we have that |yn − y0| < r and B2r(y0) ⊂ Λ
c
. Then, if 

x ∈ Br/εn(0), we have that |εnx + yn − y0| < 2r so that εnx + yn ∈ Λ
c
 and so, arguing as before, we

reach a contradiction. Thus, y0 ∈ Λ.
To prove that V (y0) = V0, we suppose by contradiction that V (y0) > V0. Using the Fatou's lemma, the

change of variable z = x + ~yn and maxt≥0 Jεn(tun) = Jεn(un), we obtain

which is impossible and the proof is complete. □

Let now

~
Nε := {u ∈ Nε : Jε(u) ≤ cV0 + h(ε)},

where h : R+ → R+, h(ε) → 0 as ε → 0+.
Fixing y ∈ M , by Lemma 7.13, |Jε(Φε(y)) − cV0 | → 0 as ε → 0+, we get that ~

Nε ≠ ∅ for any ε > 0

small enough.
We have the following relation between ~

Nε and the barycenter map.

Lemma 7.15  ⏎ We have

lim
ε→0+

sup
u∈

~
Nε

dist(βε(u),Mδ) = 0.

Proof. Let εn → 0+ as n → +∞. For any n ∈ N, there exists un ∈
~

Nεn  such that

sup
u∈

~
Nεn

inf
y∈Mδ

|βεn(u) − y| = inf
y∈Mδ

|βεn(un) − y| + o(1).

Therefore, it is enough to prove that there exists {yn} ⊂ Mδ such that

lim
n→∞

|βεn(un) − yn| = 0.

By the diamagnetic inequality (7.2), we can see that IV0(t|un|) ≤ Jεn(tun) for any t ≥ 0. Therefore,
recalling that {un} ⊂

~
Nεn ⊂ Nεn , we can deduce that

cV0 ≤max
t≥0

IV0(t|un|) ≤max
t≥0

Jεn(tun) = Jεn(un) ≤ cV0 + h(εn)

–

–

–

–

cV0 = I0(~v) <
1

2
∫

R3

(a|∇~v|2 + V (y0)|~v|2)dx +
b

4
(∫

R3

|∇~v|2dx)2 −
1

2
∫

R3

F(|~v|2)dx

≤ lim inf
n→∞

( 1

2
∫

R3

(a|∇~vn|2 + V (εnx + yn)|~vn|2)dx +
b

4
(∫

R3

|∇~vn|2dx)2 −
1

2
∫

R3

F(|~vn|2)dx)

= lim inf
n→∞

( t
2
n

2
∫

R3

(a|∇|un||2 + V (εnz)|un|2)dx +
t4
nb

4
(∫

R3

|∇un|2dx)2 −
1

2
∫

R3

F(|tnun|2)dx)

≤ lim inf
n→∞

Jεn(tnun) ≤ lim inf
n→∞

Jεn(un) = cV0



(7.34)

which implies that Jεn(un) → cV0  as n → +∞. Then Proposition 7.1 implies that there exists {~yn} ⊂ R3

such that yn = εn
~yn ∈ Mδ for n large enough.

Thus, making the change of variable z = x − ~yn, we get

βεn(un) = yn +
∫

R3(Υ(εnz + yn) − yn)|un(z + ~yn)|4dz

∫
R3 |un(z + ~yn)|4dz

.

Since, up to a subsequence, |un|(⋅ + ~yn) converges strongly in H 1(R3, R) and εnz + yn → y ∈ M  for any 
z ∈ R3, we conclude. □

7.4.3 Multiplicity of solutions for the modified problem

The following result establishes a relation between the topology of M and the number of solutions of the
modified problem (7.5).

Theorem 7.2  ⏎  For any δ > 0 such that Mδ ⊂ Λ, there exists ~εδ > 0 such that, for any ε ∈ (0, ~εδ),
problem (7.5) has at least catMδ

(M) nontrivial solutions.

Proof. For any ϵ > 0, we define the function πϵ : M → S+
ε  by

πϵ(y) = m−1
ε (Φϵ(y)), ∀y ∈ M.

By Lemma 7.13 and Lemma 7.4 (B4), we obtain

lim
ϵ→0

Ψϵ(πϵ(y)) =lim
ϵ→0

Jϵ(Φϵ(y)) = cV0
, uniformly in y ∈ M.

Hence, there is a number ϵ̂ > 0 such that the set ~
S+
ε := {u ∈ S+

ε : Ψε(u) ≤ cV0 + h(ε)} is nonempty, for
all ϵ ∈ (0, ϵ̂), since πϵ(M) ⊂

~
S+
ε . Here h is given in the definition of ~

Nε.
Given δ > 0, by Lemma 7.13, Lemma 7.3 (A3), Lemma 7.14, and Lemma 7.15, we can find ~εδ > 0 such

that for any ε ∈ (0, ~εδ), the following diagram

M Φε(M) πϵ(M) Φε(M) Mδ

is well defined and continuous. From Lemma 7.14, we can choose a function Θ(ϵ, z) with |Θ(ϵ, z)| < δ
2

uniformly in z ∈ M , for all ϵ ∈ (0, ϵ̂) such that βε(Φε(z)) = z + Θ(ϵ, z) for all z ∈ M . Define 
H(t, z) = z + (1 − t)Θ(ϵ, z). Then H : [0, 1] × M → Mδ is continuous. Clearly, H(0, z) = βε(Φε(z)), 
H(1, z) = z for all z ∈ M . That is, H(t, z) is a homotopy between βε ∘ Φε = (βε ∘ mε) ∘ πϵ and the
embedding ι : M → Mδ. Thus, this fact implies that

catπϵ(M)(πϵ(M)) ≥ catMδ
(M).

(7.35)

Φε

−→
m−1

ε

−→
mε

−→
βε

−→



By Corollary 7.1 and the abstract category theorem [144], Ψε has at least catπϵ(M)(πϵ(M)) critical points on
S+
ε . Therefore, from Lemma 7.4 (B4) and (7.35), we have that Jε has at least catMδ

(M) critical points in 
~

Nε which implies that problem (7.5) has at least catMδ
(M) solutions. □

7.5 Proof of Theorem 7.1

The idea is to show that the solutions uε obtained in Theorem 7.2 satisfy

|uε(x)|2 ≤ a0 for x ∈ Λc
ε

for ε small. The key ingredient is the following result.

Lemma 7.16  ⏎  Let εn → 0+ and un ∈
~

Nεn  be a solution of problem (7.5) for ε = εn. Then
Jεn(un) → cV0 . Moreover, there exists {~yn} ⊂ RN  such that, if vn(x) := un(x + ~yn), we have that {|vn|} is
bounded in L∞(RN , R) and

lim
|x|→+∞

|vn(x)| = 0 uniformly in n ∈ N.

We use the Moser iteration method to prove the above lemma. For our problem (7.5), there is more one
nonlocal term and the nonlinear term has the critical growth for problem. The proof follows as in Ji and
Rǎdulescu [83, Lemma 5.1], just after making some appropriate changes.

Proof of Theorem 7.1. Let δ > 0 be such that Mδ ⊂ Λ. We want to show that there exists ε̂δ > 0 such that
for any ε ∈ (0, ε̂δ) and any uε ∈

~
Nε solution of problem (7.5), it holds

∥ uε ∥2
L∞(Λc

ε)
≤ a0.

(7.36)

We argue by contradiction and assume that there is a sequence εn → 0 such that for every n there exists 
un ∈

~
Nεn  which satisfies J ′

εn
(un) = 0 and

∥ un ∥2
L∞(Λc

εn
)> a0.

(7.37)

Arguing as in Lemma 7.16, we have that Jεn(un) → cV0 , and therefore we can use Proposition 7.1 to obtain
a sequence {~yn} ⊂ R3 such that yn := εn

~yn → y0 for some y0 ∈ M . Then, we can find r > 0, such that 
Br(yn) ⊂ Λ, and so Br/εn(~yn) ⊂ Λεn  for all n large enough.

Using Lemma 7.16, there exists R > 0 such that |vn|2 ≤ a0 in Bc
R(0) and n large enough, where 

vn = un(⋅ + ~yn). Hence |un|2 ≤ a0 in Bc
R(~yn) and n large enough. Moreover, if n is so large that r/εn > R

, then Λc
εn

⊂ Bc
r/εn

(~yn) ⊂ Bc
R(~yn), which gives |un|2 ≤ a for any x ∈ Λc

εn
. This contradicts relation (7.37)

and proves the claim.



Let now εδ:= min {ε̂δ, ~εδ}, where ~εδ > 0 is given by Theorem 7.2. Then we have at least catMδ
(M)

nontrivial solutions for problem (7.5). If uε ∈
~

Nε is one of these solutions, then, by (7.36) and the definition
of g, we conclude that uε is also a solution to problem (7.3).

Finally, we study the behavior of the maximum points of |ûε|, where ûε(x) := uε(x/ε) is a solution to
problem (7.1), as ε → 0+.

Take εn → 0+ and the sequence {un} where each un is a solution of (7.5) for ε = εn. From the definition
of g, there exists γ ∈ (0, a0) such that

g(εx, t2)t2 ≤
V0

K
t2, for all x ∈ RN , |t| ≤ γ.

Arguing as above we can take R > 0 such that, for n large enough,

∥ un ∥L∞(Bc
R(~yn))< γ.

(7.38)

Up to a subsequence, we may also assume that for n large enough

∥ un ∥L∞(BR(~yn))≥ γ.

(7.39)

Indeed, if (7.39) does not hold, up to a subsequence, if necessary, we have ∥ un ∥∞< γ. Thus, since 
J ′
εn

(uεn) = 0, using (g5) and the diamagnetic inequality (7.2) that

Since K > 2, we obtain ∥ un ∥= 0, which is a contradiction.
Taking into account (7.38) and (7.39), we can infer that the global maximum points pn of |uεn | belongs to 

BR(~yn), that is pn = qn + ~yn for some qn ∈ BR. Recalling that the associated solution of problem (7.1) is 
ûn(x) = un(x/εn), we can see that a maximum point ηεn  of |ûn| is ηεn = εn

~yn + εnqn. Since qn ∈ BR, 
εn

~yn → y0 and V (y0) = V0, the continuity of V allows to conclude that

lim
n→∞

V (ηεn) = V0.

The proof is now complete. □

7.6 Historical comments

For problem (7.1), there is a vast literature concerning the existence and concentration of solutions for the
case without magnetic potential, that is, if A ≡ 0. The first result in this direction was given by Floer and

∫
R3

(a|∇|un||2 + V0|un|2)dx + b(∫
R3

|∇|un||2dx)2 ≤ ∫
R3

g(εnx, |un|2)|un|2dx

≤
V0

K
∫

R3

|un|2dx.



Weinstein in [58], where the case N = 1 and f = iR is considered. In [43], del Pino and Felmer studied the
following problem

where Ω is a possibly unbounded domain in RN , N ≥ 3. By introducing a penalization method, they found
solutions of the above problem that concentrate around the local minimum of V. More precisely, the authors
assumed that there exists a bounded open set Λ ⊂ Ω such that

inf
x∈Λ

V (x) <min
x∈∂Λ

V (x),

(7.40)

and the nonlinearity f satisfies the subcritical growth condition. In [70], He and Zou considered the
following fractional Schrödinger equation

ϵ2s(−Δ)su + V (x)u = f(u) + u2∗
s−1 in RN ,

where V satisfies the local assumption (7.40), and f is subcritical. By using the Nehari manifold method and
the Ljusternik-Schnirelmann category theory, the authors obtained the multiplicity of positive solutions. We
notice that f is only continuous in [70], hence the Nehari manifold is only a topological manifold. Thus, the
critical point theory in C1 manifold cannot be applied in this framework. To overcome this difficulty, He and
Zou [70] applied the method developed by Szulkin and Weth [144]. There are also many results about the
existence, multiplicity and concentration of solutions for Kirchhoff equations, that is, provided that A = 0

and a, b > 0. In [127], Perera and Zhang studied the existence of solutions for Kirchhoff equation by using
the Yang index and critical groups. Later on, He and Zou [70] studied the existence, multiplicity and
concentration properties of positive solutions for problem (7.1) without critical term and magnetic field by
using the Nehari manifold method, the penalization technique and the Ljusternik-Schnirelmann category
theory. We notice that the nonlinear term f is a C1 function in this paper, which allows to apply the critical
point theory in C1 manifolds. Next, He and Zou [71] applied the method introduced by Szulkin and Weth
[144] and studied multiplicity and concentration behavior of positive solutions for a fractional Kirchhoff
equation where the nonlinear term f is only continuous.

The first result involving the magnetic field was obtained by Esteban and Lions [49]. They used the
concentration-compactness principle and minimization arguments to obtain solutions for ε > 0 fixed and 
N = 2,3. In particular, related with the content of this chapter, we also refer to Ji and Rǎdulescu [83] who
used Nehari manifold analysis, penalization techniques and the Ljusternik-Schnirelmann category theory to
study multiplicity and concentration results for a magnetic Schrödinger equation in which the subcritical
nonlinearity f ∈ C(R, R). Multiplicity and concentrating phenomena for magnetic Kirchhoff equations with
subcritical growth and continuous reaction were studied by Ji and Rǎdulescu [85], while the supercritical
case was studied by Gao and Tan [61].

{−ε2Δu + V (x)u = f(u) in Ω,

u = 0 on ∂Ω,u > 0 in Ω,



7.7 Final remarks, perspectives, and open problems

This chapter deals with the study of concentration properties of solutions for the magnetic Kirchhoff
equation with critical growth in the three-dimensional case.

Why magnetic Kirchhoff equations with critical growth?

Because this is a triply nontrivial problem, by combining three basic concepts, as basic features of equations
of this type:

The most promising immediate perspectives associated with the analysis developed in this chapter seem
to be the following direction:

The content of this chapter is based on the results established in [84]. This study was complemented by
Deng and Luo [44] in the context of magnetic Kirchhoff equations with competing potentials and by Liu
and Qian [105] for fractional Choquard-Kirchhoff equations with magnetic field.

Some open problems generated by the model studied in this chapter are the following.

Open Problem 1.  ⏎  Study the concentration of solutions to the magnetic Kirchhoff equation with
Ginzburg-Landau nonlinearity

Magnetic: it breaks translation invariance;(a)

Kirchhoff: it couples local and nonlocal behavior;(b)

Critical growth: it creates concentration phenomena.(c)

Fractional magnetic Kirchhoff problems: the analysis of the same equation after replacing the
magnetic Laplace operator (−Δ)Au with the fractional magnetic Laplacian (−Δ)s

A
u. In this case,

study concentration properties for s ∈ (0, 1) with critical growth 2∗
s = 2N/(N − 2s).

(i)

Variable order magnetic Kirchhoff equations: the study of problems driven by the magnetic p(x)-
Laplacian defined as −div(|∇Au|p(x)−2∇Au).

(ii)

Double-phase problems driven by the operator

−div(|∇Au|p−2∇Au + a(x)|∇Au|q−2∇Au),

where a ≥ 0 is a suitable modulating potential.

(iii)

Higher-order magnetic Kirchhoff equations: the analysis of a related Kirchhoff problem driven by
the biharmonic magnetic operator Δ2

Au.
(iv)

⎧
⎨⎩

−(aϵ2 + bϵ[u]2
A/ϵ)ΔA/ϵu + V (x)u = 1

ϵ2 u(1 − |u|2) in R3,

u ∈ H 1(R3, C).



Magnetic Laplace Operator:

Magnetic Field in Kirchhoff Equations:

Another interesting direction is concerned with general nonlinearities which do not fulfill the Ambrosetti-
Rabinowitz condition (f3).

Open Problem 2.  Study concentration properties of solutions to problem (7.1) with Berestycki-Lions
nonlinearity.

The following open problem is concerned with the critical case with Hardy nonlinearity. Interesting issues
in this case are the magnetic Hardy inequalities and the concentration-compactness with magnetic Hardy
potentials.

Open Problem 3.  ⏎ Study the multiplicity and concentration of solutions to the following magnetic
Kirchhoff equation with Hardy singular potential

The next problem is concerned with the study of the magnetic Kirchhoff equation for other unbounded
domains.

Open Problem 4.  Study concentration properties of solutions to problem (7.1) in the case of exterior
domains or cylindrical domains. How does concentration occur without boundary constraints?

What about the case of domains with corners or cracks? Does concentration still occur at specific
geometric points?

Finally, we propose a thorough analysis in the framework of evolution equations with magnetic potential.
In this case, the nonlocal term complicates stability analysis.

Open Problem 5.  ⏎  Study orbital stability of concentrating solutions for time-dependent magnetic
Kirchhoff equations and describe the gradient flow structure with magnetic field. Establish blow-up
properties versus concentration phenomena in the time-dependent setting.

7.8 Glossary

This is a fundamental operator in mathematical physics that generalizes the
classical Laplacian to include the effects of magnetic fields.

It creates a rich mathematical structure with deep physical
interpretations, mainly in the context of quantum mechanics, continuum mechanics, and Ginzburg-

⎧
⎨⎩

−(aϵ2 + bϵ[u]2
A/ϵ)ΔA/ϵu + V (x)u = f(|u|2)u +

|u|2∗−2u

|x|α
in RN ,

u ∈ H 1(RN , C).



Magnetic Kirchhoff Equation:

Diamagnetic Inequality:

Magnetic Sobolev Space:

Landau superconductivity theory.

It is a complex-valued, nonlocal elliptic equation that combines quantum
mechanics (magnetic Laplacian) with continuum mechanics (Kirchhoff nonlocality).

This is a fundamental result that relates the gradient of a function's magnitude to
its magnetic gradient. The inequality shows that the magnetic gradient norm dominates the ordinary
gradient norm of the magnitude.

This function space generalizes standard Sobolev spaces to accommodate the
magnetic gradient ∇A. Current relevant research directions include magnetic Strichartz estimates,
magnetic Bourgain spaces, and magnetic modulation spaces.



8
Fractional Kirchhoff equations with
discontinuous reaction

DOI: 10.1201/9781003797159-8

Why Kirchhoff equations with discontinuous reaction? This study is important since it shifts the
problem from the smooth world of standard critical point theory to the more complex terrain of
nonsmooth analysis, specifically for applications where the response is not continuous or the
forcing term is not a function but a multivalued map. The key feature of this analysis is that it
combines three major analytical complexities (nonlocality, nondifferentiability and potential-
driven localization) into a single challenging problem. This triple interaction implies the
following challenge layers:

This chapter is concerned with the analysis of concentration properties of solutions to the
following fractional Kirchhoff equation with discontinuous nonlinearity

where ϵ,β > 0 are small parameters, α ∈ ( 3
4 , 1) and a, b are positive constants, (−Δ)α is the

fractional Laplacian operator, H is the Heaviside function, V is a positive continuous potential,
and f is a superlinear continuous function with subcritical growth. The main result in this chapter
deals with the existence and multiplicity of solutions, as well as with concentration properties of
solutions for small values of two positive parameters. The main feature is that the reaction term is
allowed to be discontinuous with respect to the unknown function, which naturally arises in the
applied sciences. For instance, equations of this type can model various physical processes in

The operator is nonlocal in two ways, making compactness hard to obtain.(i)

The discontinuous reaction implies that the associated energy is not differentiable (only
locally Lipschitz), so standard critical point theory fails.

(ii)

In order to establish concentration of solutions and to prove localization, one must show
decay outside a prescribed set and rule out energy leaking to infinity.

(iii)

{
(ϵ2αa + ϵ4α−3b ∫

R3 |(−Δ)
α
2 u|2dx)(−Δ)αu + V (x)u = H(u − β)f(u) in R3,

u ∈ H α(R3), u > 0 in R3,

https://doi.org/10.1201/9781003797159-8


continuum mechanics, phase transition, and materials science where long-range interactions
(fractional diffusion), nonlocal elasticity (Kirchhoff term), and discontinuous responses (stick-slip
friction) are present.

The problem simultaneously combines three layers of nonlocality, which are given by the
fractional Laplace operator, the Kirchhoff term, and a nonsmooth nonlinearity that introduces a
multivalued structure. The analysis often involves comparing the original problem with a limit or
auxiliary local problem (where ϵ is effectively set to 1 or the Kirchhoff term is simplified) to gain
information about the concentration profile. This allows to provide a unified treatment for a
complex model featuring multiple nonlocal effects and nonsmoothness.

8.1 Statement of the problem

Consider the following fractional Kirchhoff equation:

(K)

where α ∈ (0, 1) and a, b are positive constants, ϵ,β > 0 are positive parameters, H is the
Heaviside function given by

The operator (−Δ)α is the fractional Laplacian defined as F −1(|ξ|2αF(u)), where F  denotes
the Fourier transform on R3. The potential V : R3 → R is a continuous function satisfying the
following conditions introduced by Rabinowitz in [133]:

(V0)  there exist V0,V∞ > 0 such that

V0:= inf
x∈R3

V (x) < lim inf
|y|→∞

V (y) = V∞,

and f : R → R is a continuous function fulfilling the following hypotheses:

(f1)  f(t) = 0 for all t < 0 and f(t) = o(t3) as t → 0+.

(f2)  There exists 4 < p < 2∗
α − 1 such that

{
(ϵ2αa + ϵ4α−3b ∫

R3 |(−Δ)
α
2 u|2dx)(−Δ)αu + V (x)u = H(u − β)f(u) in R3,

u ∈ H α(R3), u > 0 in R3,

H(t) := {1, if t > 0,

0, if t ≤ 0.



lim
t→∞

f(t)

tp
= 0,

where α ∈ ( 3
4 , 1), 2∗

α = 6
3−2α  is the fractional critical exponent.

(f3)  The function t →
f(t)

t3  is increasing in (0, ∞).

(f4)  f(t) ≥ γtσ for all t > 0 with some γ > 0 and σ ∈ (3, p − 1).

Conditions (f1)–(f3) imply that

F(t) ≥ 0, 4F(t) ≤ f(t)t, ∀t ∈ R,

(8.1)

where F(t) = ∫ t

0 f(s)ds.
In order to study problem (K), we use the change of variable x ↦ ϵx and we look for solutions

to

(Kε)

Despite the challenges posed by the discontinuous reaction term (the Heaviside function), the
main result in this chapter not only guarantees the existence of positive solutions, but it also
describes their shape by establishing that they concentrate as the parameters become small.

Theorem 8.1  Assume that conditions (V0) and (f1) − (f4) hold. Then, there exist ϵ∗,β∗ > 0

such that problem (Kϵ) has a positive solution uϵ,β for all ϵ ∈ (0, ϵ∗) and β ∈ (0,β∗).
Moreover, there exists a maximum point xϵ,β ∈ R

3 of uϵ,β such that

lim
(ϵ,β)→(0,0)

V (ϵxϵ,β) = V0.

For such a xϵ,β, the function vϵ(x) ≡ uϵ(x + xϵ,β) converges to a positive ground state
solution of the autonomous Kirchhoff equation

(a + b∫
R3

|(−Δ)
α
2 u|2dx)(−Δ)αu + V0u = f(u), u ∈ H α(R

3).

{
(a + b ∫

R3 |(−Δ)
α
2 u|2dx)(−Δ)αu + V (ϵx)u = H(u − β)f(u) in R

3,

u ∈ H α(R
3), u > 0 in R

3.



We observe that the associated energy functional is only locally Lipschitz due to the effect of
the Heaviside function, so that we are not able to use variational methods for C1-functionals.
Next, we establish a relationship between the mountain pass level and infimum of the energy
functional on the Nehari manifold. Then, we use the Fatou lemma to prove the existence of
positive ground state solutions for the corresponding limit equation. However, the Nehari
manifold method does not work for locally Lipschitz continuous functionals, and so some new
technique need to be developed to obtain fine estimates to the mountain pass levels. Finally, with
the presence of the Kirchhoff term, the main obstacle arises in getting the compactness of the
corresponding locally Lipschitz continuous energy functional. Precisely, this does not hold in
general, namely, it is not clear that for any φ ∈ C∞

0 (RN),

∫
R3

|(−Δ)
α
2 un|2dx ∫

RN

(−Δ)
α
2 un(−Δ)

α
2 φdx → ∫

R3

|(−Δ)
α
2 u|2dx ∫

RN

(−Δ)
α
2 u(−Δ)

α
2 φdx,

where {un}n∈N is a (PS)-sequence of the energy functional satisfying un ⇀ u in H α(R3). Then,
it is not certain that weak limits are critical points of energy functional. For this reason, it is
necessary to give a specific profile decomposition of the Kirchhoff term (∫

R3 |(−Δ)
α
2 un|2dx)2

which enables us to establish refined energy estimate to the mountain pass level. Finally, the
above information together with the mountain pass geometry behaviors of energy functional
helps us to obtain the compactness.

8.2 Variational setting

In what follows, we outline the variational framework for problem (K) and recall some
preliminary results. For details, we refer to the monograph by Molica Bisci, Rǎdulescu and
Servadei [119]. For any α ∈ (0, 1), the fractional Sobolev space H α(R

3) is defined by

H α(R
3) := {u ∈ L2(R

3) :
|u(x) − u(y)|

|x − y|
3+2α

2

∈ L2(R
3 × R

3)}.

We have

∫
R3

∫
R3

|u(x) − u(y)|2

|x − y|3+2α
dxdy = C−1

α ∫
R3

|(−Δ)
α
2 u|2dx,

where

Cα =
1

2
(∫

R3

1 − cos ζ1

|ζ|3+2α
dζ)

−1

.



We endow the space H α(R3) with the norm

∥ u ∥H α(R3) :=(∫
R3

|u|2dx + ∫
R3

|(−Δ)
α
2 u|2dx)

1/2

.

The function space H α(R3) is also the completion of C∞
0 (R3) with ∥ ⋅ ∥H α(R3) and it is

continuously embedded into Lq(R3) for q ∈ [2, 2∗
α]. The homogeneous space Dα,2(R3) is

Dα,2(R
3) := {u ∈ L2∗

α(R
3) :

|u(x) − u(y)|

|x − y|
3+2α

2

∈ L2(R
3 × R

3)},

and it is also the completion of C∞
0 (R

3) with respect to the norm

∥ u ∥Dα,2 :=(∫
R3

|(−Δ)
α
2 u|2dx)

1/2

.

Let

E := {u ∈ H α(R
3) : ∫

R3

V (x)u2dx < ∞}

be the Hilbert space equipped with the inner product

⟨u, v⟩E := a∫
R3

(−Δ)
α
2 u(−Δ)

α
2 v dx + ∫

R3

V (x)uv dx,

and the corresponding induced norm

∥ u ∥ :=(∫
R3

a|(−Δ)
α
2 u|2dx + ∫

R3

V (x)u2dx)
1/2

.

We now recall some definitions and basic results on the critical point theory of locally
Lipschitz continuous functionals as developed by Chang [23], Clarke [37], and Motreanu and
Rǎdulescu [121].

Let E be a real Banach space. A functional I : E → R is locally Lipschitz continuous, 
I ∈ Liploc(E, R) for short, if given u ∈ E there is an open neighborhood V := Vu ⊂ E and
some constant K = KV > 0 such that

|I(v2) − I(v1)| ≤ K ∥ v2 − v1 ∥, vi ∈ V , i = 1, 2.

The directional derivative of I at u in the direction of v ∈ E is defined by



I 0(u; v) =lim
h→0

sup
λ↓0

I(u + h + λv) − I(u + h)

λ
.

So I 0(u; ⋅) is continuous, convex and its subdifferential at z ∈ E is given by

∂I 0(u; z) = {μ ∈ E ∗ : I 0(u; v) ≥ I 0(u; z) + ⟨μ, v − z⟩, v ∈ E},

where ⟨⋅, ⋅⟩ is the duality pairing between E* and E. The generalized gradient of I at u is the set

∂I(u) = {μ ∈ E ∗ : ⟨μ, v⟩ ≤ I 0(u; v), v ∈ E}.

Since I 0(u; 0) = 0, ∂I(u) is the subdifferential of I 0(u; 0). A few definitions and properties
will be recalled below. ∂I(u) ⊂ E ∗ is convex, non-empty and weak*-compact,

λI(u) =min {∥ μ ∥E ∗ : μ ∈ ∂I(u)},

and

∂I(u) = {I ′(u)}, if I ∈ C 1(E, R).

A critical point of I is an element u0 ∈ E such that 0 ∈ ∂I(u0) and a critical value of I is a real
number c such that I(u0) = c for some critical point u0 ∈ E.

By a solution for (Kϵ), we understand a function u ∈ W
2α,

p+1

p

loc (R
3) ∩ H α(R

3) verifying

(K̄)

where fH(t) = H(t − β)f(t), –fH(t) = lim sup
δ→0+

–
fH(t + δ) and f

–H
(t) = lim inf

δ→0+
fH(t − δ).

Now we recall the following mountain pass theorem for locally Lipschitz functionals, which
was established in Rǎdulescu [134].

Theorem 8.2  ⏎ Let I ∈ Liploc(E, R) with I(0) = 0 and satisfying:

{
(a + b ∫

R3 |(−Δ)
α
2 u|2dx)(−Δ)αu + V (ϵx)u ∈ [f

–H
(u(x)),

–
fH(u(x))]a.e. in R3

u ∈ H α(R
3),u > 0 in R

3



(i) There exist r > 0 and ρ > 0 such that I(u) ≥ ρ for ∥ u ∥= r,u ∈ E.

(ii) There is e ∈ E ∖ Br(0) with I(e) < 0.

Set

c:= inf
γ∈Γ

max
s∈[0,1]

I(γ(s)) > 0,

where

Γ := {γ ∈ C([0, 1],E) γ(0) = 0, I(γ(1)) < 0}.

Then c ≥ ρ and there is a sequence {un} ⊂ E verifying I(un) → c and I ′(un) → 0 in E ′.

For the next two auxiliary properties, we refer to Chang [23] and Clarke [37].

Lemma 8.1  ⏎ Let {un} ⊂ E and {ρn} ⊂ E ∗ with ρn ∈ ∂I(un). If un → u in E and ρn ⇀ ρ in
E ∗, then ρ0 ∈ ∂I(u).

Lemma 8.2  Let R > 0 and Ψ(u) = ∫
R3 G(u)dx and ΨR(v) = ∫

BR(0) G(v)dx, where

G(t) = ∫ t

0 g(s)ds. Then, Ψ ∈ Liploc(L
p+1(R

3), R), ΨR ∈ Liploc(L
p+1(BR(0)), R), 

∂Ψ(u) ∈ L
p+1
p (R3) and ∂ΨR(u) ∈ L

p+1
p (BR(0)). Moreover, if ρ ∈ ∂Ψ(u) and ζ ∈ ∂ΨR(v), then

ρ(x) ∈ [g
–

(u(x)), –g(u(x))] a. e. in R
3

and

ζ(x) ∈ [g
–

(v(x)), –g(v(x))] a. e. in BR(0).

The following Lions-type lemma in fractional Sobolev spaces is due to Secchi [135].

Lemma 8.3  ⏎ Assume that {un}n∈N is bounded in H α(R3) and

lim
n→∞

sup
y∈R3

∫
Br(y)

|un|2dx = 0,

for some r > 0. Then un → 0 in Ls(R3) for all s ∈ (2, 2∗
α).

8.3 Existence of solutions to problem (Kϵ) if ϵ = 1

The energy functional associated with problem (Kϵ) if ϵ = 1 is Iβ : E → R defined as

Iβ(u) =
1

2
∥ u ∥2 +

b

4
(∫

R3

|(−Δ)
α
2 u|2dx)

2

− ∫
R3

FH(u)dx, u ∈ E,



with FH(u) = ∫ u

0 fH(s)ds. We remark that Iβ ∈ Liploc(H α(R3), R).
We now verify the functional Iβ satisfies the mountain pass geometry.

Lemma 8.4  ⏎ The following properties hold.

(i) There exist r > 0 and ρ > 0 such that Iβ(u) ≥ ρ for ∥ u ∥= r,u ∈ E.

(ii) There is v ∈ E ∖ Br(0) with Iβ(v) < 0.

Proof. (i) Observe from the definition of H that for any β > 0, there exists Cβ > 0 such that

fH(t) ≤ Cβt
p, for all t ∈ R.

(8.1)

So from Sobolev's imbedding inequality, we infer that

Iβ(u) ≥
1

2
∥ u ∥2 −

Cβ

p + 1
∫

R3

|u|p+1dx ≥
1

2
∥ u ∥2 −C ∥ u ∥p+1.

Hence there exist r, ρ > 0, independent of β, such that for ∥ u ∥= r, Iβ(u) ≥ ρ > 0.
(ii) Take e ∈ C∞

0 (R3) ∖ {0} with e > 0 and Θ := |{x : e(x) > β}| > 0, then by (f4) one has

which implies that

Iβ(te) → −∞, as t → +∞.

(8.2)

So, take t0 > 0 large enough, then v = t0e satisfies v ∈ E ∖ Br(0) with Iβ(v) < 0. □

Combining Lemma 8.4 with Theorem 8.2, there exists a sequence {un} ⊂ E satisfying

Iβ(un) → c and λIβ(un) → 0,

(8.3)

where c is the mountain pass level of the functional Iβ.

Iβ(te) =
t2

2
∥ e ∥2 +

bt4

4
(∫

R3

|(−Δ)
α
2 e|2dx)

2

− ∫
R3

FH(te)dx

≤
t2

2
∥ e ∥2 +

bt4

4
(∫

R3

|(−Δ)
α
2 e|2dx)

2

− ∫
{te(x)>β}

F(te) − F(β)dx

≤
t2

2
∥ e ∥2 +

bt4

4
(∫

R3

|(−Δ)
α
2 e|2dx)

2

−
γtσ+1

σ + 1
∫

Θ

|e|σ+1dx + F(β) ⋅ |supp{e(x)}|,



Lemma 8.5  ⏎ The sequence {un} is bounded in E.

Proof. Set

A(u) :=
1

2
∥ u ∥2 +

b

4
(∫

R3

|(−Δ)
α
2 u|2dx)

2

, B(u) := ∫
R3

FH(u)dx.

Let {wn} ⊂ H α(R3)∗ be such that λIβ(un) =∥ ωn ∥E ∗  and ωn = A′(un) − ρn, where 
{ρn} ⊂ ∂B(un). Then

∥ un ∥2 +b(∫
R3

|(−Δ)
α
2 un|2dx)

2

= ⟨ωn + ρn,un⟩.

(8.4)

Since ρn ∈ [f
–H

(un(x)),
–
fH(un(x))] a.e. in R3, then by (8.1) we have

⟨ρn,un⟩ ≥ ∫
R3

f
–H

(un)undx ≥ ∫
{un>β}

f(un)undx ≥ 4 ∫
{un>β}

F(un)dx.

It then follows from (8.4) that

(8.5)

which concludes the proof. □

Recalling (8.3) and Lemma 8.5, there exists a subsequence of {un} (still denoted by {un})
such that

un ⇀ u0 in E, un → u0 in Ls
loc(R

3), s ∈ (2, 2∗
α).

(8.6)

Lemma 8.6  ⏎ Let {ρn} ⊂ ∂B(un) with ρn ⇀ ρ0 in L
p+1
p (R3). Then

ρ0(x) ∈ [f
–H

(u(x)),
–
fH(u(x))] a. e in R

3.

Proof. Since un ⇀ u in E, we have un → u in Lp+1
loc

(R3). Hence, for any φ ∈ C∞
0 (R3), we

obtain

cβ + o(1) = Iβ(un) −
1

4
⟨ωn,un⟩ =

1

4
∥ un ∥2 +

1

4
⟨ρn,un⟩ − ∫

{un>β}

FH(un)dx

≥
1

4
∥ un ∥2,



∫
R3

unφdx → ∫
R3

uφdx, ∫
R3

ρnφdx → ∫
R3

ρ0φdx.

Recalling Lemma 8.1, we obtain

ρ0(x) ∈ [f
–H

(u(x)),
–
fH(u(x))] a. e. in R

3.

The proof is now complete. □

Lemma 8.7  ⏎  Let {un} ⊂ E be the sequence defined in (8.3). Then there exist a sequence
{yn} ⊂ R3 and constants R, τ > 0 such that

lim inf
n→∞

∫
BR(yn)

u2
ndx ≥ τ > 0.

(8.7)

Proof. Suppose by contradiction that (8.7) does not hold. Then it follows from Lemma 8.3 that 
un → 0 in Ls(R

3) for s ∈ (2, 2∗
α). By (8.1) and (8.4), there exists {ρn} ⊂ ∂B(un) with 

ρn ∈ [f
–H

(un(x)),
–
fH(un(x))] a.e in R3 such that

∥ un ∥2≤ ∫
R3

ρnundx ≤ ∫
R3

–
fH(un)undx ≤ ∫

{un≥β}

f(un)undx → 0.

(8.8)

This implies that un → 0 in E. Furthermore, Iβ(un) → 0 as n → ∞, which contradicts cβ > 0.
The proof is complete. □

Let c∞ be the mountain pass level associated with the functional I∞ : H α(R
3) → R defined

by

I∞(u) =
1

2
∫

R3

(a|(−Δ)
α
2 u|2 + V∞u2)dx +

b

4
(∫

R3

|(−Δ)
α
2 u|2dx)

2

− ∫
R3

F(u)dx.

(8.9)

Lemma 8.8  ⏎  Assume that there exists β1 > 0 small such that (1 + β2)cβ < c∞ for fixed
β ∈ (0,β1), then u0 ≠ 0.

Proof. Suppose on the contrary that u0 = 0. By Sobolev embeddings together with Lemma 8.7,
we obtain {yn} is unbounded. Thus, up to subsequence, |yn| → +∞.



Set vn(x) := un(x + yn). We observe that {vn} is bounded in H α(R3). Recalling Lemma 8.7,
up to subsequence, there exists v ∈ E ∖ {0} such that for s ∈ [1, 2∗

α)

vn ⇀ v in E, vn → v in Ls
loc(R

3).

(8.10)

For any R > 0, let φR ∈ C∞
0 (R

3) be such that φR(x) = 1 in BR and φR(x) = 0 in 
R

3 ∖ {B2R}, with 0 ≤ φR ≤ 1 and |∇φR| ≤ C
R

, where C is a constant independent of R. Since
the sequence {(φRvn)(⋅ − yn)} is bounded in E, we obtain

(8.11)

Using the fact that ρn ∈ [f
–H

(un(x)),
–
fH(un(x))] a.e in R3, we have

∫
R3

ρn(φRvn)(⋅ − yn)dx ≤ ∫
R3

–
fH(vn)vnφRdx ≤ ∫

R3

f(vn)vnφRdx.

(8.12)

It follows from (8.10) that

∫
R3

f(vn)vnφRdx = ∫
R3

f(v)vφRdx + o(1).

(8.13)

Observe that

(8.14)

Using the Hölder's inequality, the boundedness of {un} in E and |∇φR| ≤ C
R

, we have

(a + b ∥ un ∥2
D2,α) ∫

R3

(−Δ)
α
2 un(−Δ)

α
2 (φRvn)(⋅ − yn)dx + ∫

R3

V (x)un(φRvn)(⋅ − yn)dx

= ∫
R3

ρn(φRvn)(⋅ − yn)dx + o(1), v ∈ E.

∫
R3

(−Δ)
α
2 un(−Δ)

α
2 (φRvn)(⋅ − yn)dx = Cα ∫

R3

∫
R3

[vn(x) − vn(y)]2φR(x)

|x − y|3+2α
dxdy

+Cα ∫
R3

∫
R3

[vn(x) − vn(y)][φR(x) − φR(y)]

|x − y|3+2α
vn(y)dxdy.



(8.15)

where we have used polar coordinate transformation in the third inequality. Taking into account
relations (8.11)–(8.15), by Fatou's lemma we infer that

(8.16)

Let R → +∞ in (8.16), then

(a + b ∥ v ∥2
D2,α) ∫

R3

|(−Δ)
α
2 v|2dx + ∫

R3

V∞v2dx ≤ ∫
R3

f(v)vdx.

(8.17)

Since v ≠ 0, there exists t ∈ (0, 1) such that tv ∈ N , where N  is the Nehari manifold
associated with I∞ given by

N := {u ∈ E ∖ {0} : I ′
∞(u)u = 0}.

As a consequence, using (f3) and Fatou's lemma, we have

(8.18)

∫
R3

∫
R3

[vn(x) − vn(y)][φR(x) − φR(y)]

|x − y|3+2α
vn(y)dxdy

≤∥ vn ∥2
D2,α (∫

R3

∫
R3

[φR(x) − φR(y)]2

|x − y|3+2α
v2
n(y)dxdy)1/2

≤∥ vn ∥2
D2,α (

C

R2
∫

R3

∫
|x−y|≤4R

1

|x − y|1+2α
v2
n(y)dxdy)1/2

≤
C

R
∥ vn ∥2

D2,α (∫
R3

v2
n(y)dy ∫

4R

0

1

r2α−1
dr)1/2 ≤

C

Rα
,

(a +b ∥ v ∥2
D2,α)Cα ∫

R3

∫
R3

[v(x) − v(y)]2φR(x)

|x − y|3+2α
dxdy + ∫

R3

V∞v2φRdx

≤ ∫
R3

f(v)vφRdx +
C

Rα
.

I∞(tv) −
1

4
I ′

∞(tv)tv =
t2

4
∫

R3

[(|(−Δ)
α
2 v|2 + V∞v2]dx + ∫

R3

[ 1

4
f(tv)tv − F(tv)]dx

≤ lim inf
n→∞

( 1

4
∥ un ∥2 +∫

R3

( 1

4
f(un)un − F(un))dx).



Recalling the definitions of f
–H

 and –fH , we deduce from (f1) that there exists β1 > 0 such that 

f(t) ≤ V0t
3 for t ∈ (0,β1) and then by (8.5) and cβ < c∞, we have for large n

(8.19)

for any fixed β ∈ (0,β1). Putting (8.19) into (8.18), setting c∞ =infu∈N I(u) and using (8.18),
we obtain

which is a contradiction. Therefore, u0 ≥ 0 and u0 ≠ 0. □

The next result establishes the existence of mountain pass solutions to problem (Kϵ) with ϵ = 1

, that is, there exists u0 ∈ E satisfying

Iβ(u0) = cβ and 0 ∈ ∂Iβ(u0),

where cβ is the mountain pass level associated with Iβ.

Lemma 8.9  ⏎ Assume that there exists β1 > 0 such that (1 + β2)cβ < c∞ for fixed β ∈ (0,β1).
Then problem (Kϵ) with ϵ = 1 has a nontrivial solution u0 ∈ E, and the set
Λ := {x ∈ R

3 : u0(x) = β} has null measure. Moreover,

Iβ(u0) =max
t≥0

Iβ(tu0).

Proof. In view of Lemma 8.8, u0 given in (8.6) is nonzero. Hence, there exists B > 0 such that 
∥ un ∥2

Dα,2→ B as n → ∞, where {un} has been defined in (8.3). Indeed, we need to prove that 

u0 ∈ W
2α, p+1

p

loc (R3) ∩ H α(R3) and u0 solves

∫
R3

f(un)undx = ∫
{un≤β}

f(un)undx + ∫
{un>β}

f(un)undx

≤ β2 ∥ un ∥2 +∫
R3

f
–H

(un)undx ≤ 4β2(cβ + o(1)) + ∫
R3

f
–H

(un)undx

c∞ ≤ I∞(tv) −
1

4
I ′

∞(tv)tv

≤ lim inf
n→∞

( 1

4
∥ un ∥2 +β2(cβ + o(1)) + ∫

R3

( 1

4
f
–H

(un)un − FH(un))dx)

≤ lim inf
n→∞

( 1

4
∥ un ∥2 +β2(cβ + o(1)) + ∫

R3

( 1

4
ρnun − FH(un))dx)

≤ lim inf
n→∞

(Iβ(un) −
1

4
⟨A′(un) − ρn,un⟩ + β2(cβ + o(1))) = (1 + β2)cβ,



(a + b ∫
R3

|(−Δ)
α
2 u|2dx)(−Δ)αu + V (x)u ∈ [f

–H
(u(x)),

–
fH(u(x))] a. e. in R

3.

Since {un} ⊂ E is a (PS)cβ sequence, there exists {ρn} ⊂ ∂B(un) such that

(8.20)

with ρn ∈ [f
–H

(un(x)),
–
fH(un(x))] a.e. in R3. It then follows from the boundedness of {un}, the

definition of H, (f1) and (f2) that the sequence {ρn} is bounded in L
p+1
p (R3). Thus, up to

subsequence, there exists ρ0 ∈ L
p+1
p (R3) such that

ρn ⇀ ρ0 in L
p+1
p (R

3),

(8.21)

which implies by (8.6) that for any v ∈ E

∫
R3

[a(−Δ)
α
2 u0(−Δ)

α
2 v + V (x)u0v]dx + bB ∫

R3

(−Δ)
α
2 u0(−Δ)

α
2 vdx = ∫

R3

ρ0vdx.

(8.22)

Recalling Lemma 8.6, one has ρ0 ∈ [f
–H

(u0(x)),
–
fH(u0(x))] a.e in R3. From elliptic regularity

theory, we deduce that u ∈ W 2α, p+1
p (R

3). As a consequence, from (8.22), we immediately obtain
that u0 is a nonnegative weak solution of the following equation

(8.23)

whose energy functional is

Jβ(u) =
a + bB

2
∫

R3

|(−Δ)
α
2 u|2dx +

1

2
∫

R3

V (x)u2dx − ∫
R3

FH(u)dx.

By using the Stampacchia theorem, we deduce that Λ = {x ∈ R
3 : u0(x) = β} has null measure

for β small enough. Using v = u−
0 := min {u0, 0} in (8.22) and the fact that 

∫
R3

(a(−Δ)
α
2 un(−Δ)

α
2 v + V (x)unv)dx

+b(∫
R3

|(−Δ)
α
2 un|2dx)2 ∫

R3

(−Δ)
α
2 un(−Δ)

α
2 vdx = ∫

R3

ρnvdx, v ∈ E,

{ (a + bB)(−Δ)αu + V (x)u = H(u − β)f(u) a. e. in R
3,

u ∈ H α(R
3),



ρ0 ∈ [f
–H

(u0(x)),
–
fH(u0(x))] a.e. in R3, we have

(a + bB) ∫
R3

((−Δ)αu0u
−
0 + V (x)|u−

0 |2)dx = ∫
R3

ρ0u
−
0 dx = 0.

So, by the maximum principle, u0 ≥ 0. Moreover, by the iteration method, we obtain that 
u0 ∈ L∞(R3). Using Proposition 2.9 in Silvestre [137] and 2α > 1, we have u0 ∈ C 1,s(R3) for 
s ∈ (0, 2α − 1). Using the maximum principle of Silvestre [137], we conclude that u > 0 in R3.

Note that one of the following cases must occur.

Case 1. B =∥ u0 ∥2
Dα,2 . Thus, un → u0 in Dα,2(R3) as n → ∞. By relation (8.23), u0 is a

nontrivial weak solution of problem (K1). Moreover, by the Hölder's inequality and the
fractional Gagliardo–Nirenberg–Sobolev inequality, we have

As a consequence, letting v = un in (8.20) and v = u0 in (8.22), we have

∥ un − u0 ∥2= ∫
R3

(ρnun − ρ0u0)dx + o(1) = o(1),

hence un → u0 in E as n → ∞.

Case 2. ∥ u0 ∥2
Dα,2< B. We claim that there exists t∗ ∈ (0, 1) such that

max
t≥0

Iβ(tu0) = Iβ(t∗u0).

(8.24)

Since h(t) := Iβ(tu0) is locally Lipschitz, then h is differentiable almost everywhere. A direct
computation shows that there exist δ, t0 > 0 such that

h(t) > 0, for all t ∈ (0, δ) and h(t) < 0 for all t ≥ t0,

(8.25)

which implies that there exists t∗ > 0 such that relation (8.24) holds. Let I ⊂ R denote the set of
the points where h′ does not exist, hence |I| = 0. The claim is proved by showing the following

∫
R3

(ρnun − ρ0u0)dx = ∫
R3

ρn(un − u0)dx + ∫
R3

(ρn − ρ0)u0dx

≤∥ ρn ∥ p+1
p

∥ un − u0 ∥p+1
p+1 +o(1)

≤ C ∥ ρn ∥ p+1
p

∥ un − u0 ∥
3(p−1)

2α

Dα,2 ∥ un − u0 ∥
p+1−

3(p−1)

2α

2 +o(1)

= o(1).∣ ∣ ∣ ∣ ∣ ∣



assertion:

Using the chain rule for locally Lipschitz functions, there exists w ∈ ∂Iβ(tu0) such that 
h′(t) = ⟨w,u0⟩. Thus, there exists ρ0 ∈ ∂B(tu0) satisfying

h′(t) = t(∫
R3

a|(−Δ)
α
2 u0|2dx + ∫

R3

V (x)u2
0dx) + t3b ∥ u0 ∥4

Dα,2 −∫
R3

ρ0u0dx.

It follows from 0 ∈ ∂Jβ(u0), |Λ| = 0 and relation (8.22) that

(a + bB) ∫
R3

|(−Δ)
α
2 u0|2dx + ∫

R3

V (x)u2
0dx = ∫

R3

fH(u0)u0dx.

(8.26)

Based on the above facts, we obtain

h′(t) = t(∫
R3

fH(u0)u0dx − bB ∥ u0 ∥2
Dα,2) + t3b ∥ u0 ∥4

Dα,2 −∫
R3

ρ0u0dx.

This relation together with |Λ| = 0 and the fact that ρ0 ∈ [f
–H

(tu0(x)),
–
fH(tu0(x))] a.e in R3

implies that

(8.27)

Similarly, we can also obtain

h′(t) ≥ t3(∫
{u0>β}

f(u0)

t2
u0dx − ∫

{tu0≥β}

f(tu0)

t3
u0dx + b ∥ u0 ∥4

Dα,2 −
bB

t2
∥ u0 ∥2

Dα,2).

Define H : (0, +∞) → R by

H (t) := ∫
{u0>β}

f(u0)

t2
u0dx − ∫

{tu0>β}

f(tu0)

t3
u0dx + b ∥ u0 ∥4

Dα,2 −
bB

t2
∥ u0 ∥2

Dα,2 .

h′(t) > 0 for any t ∈ (0, t∗) ∩ I c and h′(t) < 0 for any t ∈ (t∗, +∞) ∩ I c, where 
t∗ ∈ (0, 1).

(a)

h′(t) ≤ t(∫
R3

fH(u0)u0dx − ∫
R3

f
–H

(tu0)u0dx) + t3b ∥ u0 ∥4
Dα,2 −bBt ∥ u0 ∥2

Dα,2

= t3(∫
R3

f
–H

(u0)

t2
u0dx − ∫

R3

f
–H

(tu0)

t3
u0dx + b ∥ u0 ∥4

Dα,2 −
bB

t2
∥ u0 ∥2

Dα,2)

≤ t3(∫
{u0>β}

f(u0)

t2
u0dx − ∫

{tu0>β}

f(tu0)

t3
u0dx + b ∥ u0 ∥4

Dα,2 −
bB

t2
∥ u0 ∥2

Dα,2).



Obviously, H (1) < 0 due to ∥ u0 ∥2
Dα,2< B.

It follows from (f1)–(f3) and (8.27) that there exists ~
t ∈ (0, 1) such that H (~

t) = 0 and 
h′(t) < 0 for all t ∈ (~

t, +∞) ∩ I c. Based on (8.25) and the above facts, h has a global maximum
in t = t∗ ∈ (0, ~

t]. Thus, assertion (a) is obtained and then the claim is true. Recalling the
definition of cβ, we obtain

cβ ≤ Iβ(t∗u0).

(8.28)

Observe by |Λ| = 0 and the definition of H that

∫
{u0≤β}

FH(u0)dx = 0.

(8.29)

Since t* is a global maximum point of h(t), there exist a sequence {tn} ⊂ (t∗, +∞) ∩ I c with 
tn → t∗ and ρn ∈ ∂B(tnu0) such that

h′(tn) = t(∫
R3

a|(−Δ)
α
2 u0|2dx + ∫

R3

V (x)u2
0dx) + t3b ∥ u0 ∥4

Dα,2 −∫
R3

ρnu0dx ≤ 0,

which implies by (8.28), (8.29), the definition of Iβ and tn ∈ (0, 1) that

It follows that

cβ ≤ Iβ(t∗u0) ≤ Iβ(tnu0) −
1

4
h′(tn)tn + o(1)

≤
t2
n

4
∥ u0 ∥2 −∫

R3

FH(tnu0)dx +
1

4
∫

R3

ρntnu0dx + o(1).



(8.30)

which is a contradiction. Here, ωn has been defined in Lemma 8.5. We conclude that Case 2 does
not occur and the proof is complete. □

8.4 Problem (Kϵ): qualitative and asymptotic analysis

Consider the Hilbert space

Eϵ := {u ∈ H α(R
3) : ∫

R3

V (ϵx)u2dx < ∞}

endowed with the norm

∥ u ∥2
ϵ= ∫

R3

[a|(−Δ)
α
2 u|2 + V (ϵx)u2]dx.

The energy functional associated with problem (Kϵ) is given by

Iϵ,β(u) =
1

2
∥ u ∥2

ϵ +
b

4
(∫

R3

|(−Δ)
α
2 u|2dx)

2

− ∫
R3

FH(u)dx, u ∈ Eϵ.

Using the same argument as Lemma 8.4, we can prove that Iϵ,β has the mountain pass
geometry. The mountain pass level of Iϵ,β is denoted by cϵ,β, namely

cβ ≤
t2
n

4
∥ u0 ∥2 +∫

{tnu0≥β}

1

4
f(tnu0)tnu0dx + o(1)

− ∫
{tnu0>β}

[F(tnu0) − F(β)]dx − ∫
{tnu0≤β}

FH(tnu0)dx

=
t2
n

4
∥ u0 ∥2 +∫

{tnu0≥β}

[ 1

4
f(tnu0)tnu0 − F(tnu0)]dx + ∫

{tnu0≥β}

F(β)dx + o(1)

<
1

4
∥ u0 ∥2 +∫

{u0>β}

[ 1

4
f(u0)u0 − F(u0)]dx + ∫

{u0>β}

F(β)dx

≤
1

4
∥ u0 ∥2 +∫

R3

[ 1

4
f
–H

(u0)u0 − FH(u0)]dx + ∫
{u0≤β}

FH(u0)dx

≤ lim inf
n→∞

{ 1

4
∥ un ∥2 +∫

R3

[ 1

4
f
–H

(un)un − FH(un)]dx}

≤ lim inf
n→∞

[Iβ(un) −
1

4
⟨ωn,un⟩] < cβ,



cϵ,β:= inf
γ∈Γϵ

max
s∈[0,1]

Iϵ,β(γ(s)) > 0,

where

Γϵ := {γ ∈ C([0, 1],Eϵ) γ(0) = 0, Iϵ,β(γ(1)) < 0}.

8.4.1 Existence

Define IV0 : H α(R
3) :→ R by

IV0(u) :=
1

2
∫

R3

(a|(−Δ)
α
2 u|2 + V0u

2)dx +
b

4
(∫

R3

|(−Δ)
α
2 u|2dx)

2

− ∫
R3

F(u)dx,

where V0 ∈ (0,V∞). There exists a positive function v ∈ H α(R
3) such that I ′

V0
(v) = 0 and 

IV0
(v) = cV0

, where cV0
 is the mountain pass level. Define the Nehari manifold of IV0

 by

NV0
:= {u ∈ H α(R

3) : I ′
V0

(u)u = 0},

then cV0 =infu∈NV0
IV0(u).

For any R > 0, let φR ∈ C∞
0 (R

3) be such that φR(x) = 1 in BR(0) and φR(x) = 0 in 
R

3 ∖ {B2R(0)}, with 0 ≤ φR ≤ 1 and |∇φR| ≤ C
R

, where C is a constant independent of R.
Define

vR(x) := φR(x)v(x).

It follows that

vR → v in H α(R
3) as R → +∞.

For each R > 0, there exists tR > 0 such that

IV0(tRvR) =max
t≥0

IV0(tvR).

Thus, I ′
V0

(tRvR) = 0 and

1

t2
R

∫
R3

(|(−Δ)
α
2 vR|2 + V0v

2
R)dx + b(∫

R3

|(−Δ)
α
2 vR|2dx)

2

= ∫
R3

f(tRvR)

t3
R
v3
R

v4
Rdx.

(8.31)

Since I ′
V0

(v) = 0, we obtain that tR → 1 as R → ∞. Thus, tRvR → v in H α(R
3) as R → ∞.

It then follows from cV0 < c∞ that there exist δ > 0,R > 0 such that



cV0 + δ < c∞ and IV0(tRvR) < cV0 +
δ

2
.

(8.32)

Similarly to the proof of Lemma 8.4, there exists t∗ > 0 such that Iϵ,β(t∗tRvR) < 0 uniformly for
ϵ,β > 0 small enough. Let us consider γ(t) = tt∗tRvR for t ∈ [0, 1], and then γ ∈ Γϵ. By the
definition of cϵ,β, we have

cϵ,β ≤max
t∈[0,1]

Iϵ,β(γ(t)) =max
t≥0

Iϵ,β(ttRvR) = Iϵ,β(t̄tRvR)

(8.33)

for some t̄ > 0 which depends on parameters ϵ,β,R. For each R > 0 given, there exist positive
constants C1,C2 > 0 such that C1 < t̄ < C2 for ϵ,β > 0 small enough. Without loss of
generality, we assume that V (0) = V0. For any σ > 0, there exists ϵ0 > 0 such that

0 ≤ V (ϵx) − V0 < σ

for all ϵ ∈ (0, ϵ0) and x ∈ B2R(0). It then follows that

∫
R3

V (ϵx)(tRvR)2dx < ∫
R3

(V0 + σ)(tRvR)2dx.

By virtue of the above facts, from (f1)–(f3), we deduce that there exist C3,C4 > 0 such that

(8.34)

where CR, C̄R are independent of ϵ,β. Thus, there exist σ,β∗ > 0 small enough that

(1 + β2)cϵ,β ≤ (1 + β2)[cV0 + CRσ + C̄Rβ
4] < c∞

for any β ∈ (0,β∗). Therefore, it follows from Lemma 8.9 that problem (Kϵ) has a nontrivial
solution uϵ,β ∈ H α(R3) for ϵ,β > 0 small enough. Moreover, Iϵ,β(uϵ,β) = cϵ,β. □ □

8.4.2 Concentration

cϵ,β ≤ IV0(ttRvR) +
σ

2
∫

R3

(tRvR)2dx

+∫
B2R∩{tRvR≤β}

F(tRvR)dx + ∫
B2R∩{tRvR>β}

F(β)dx

≤ cV0 + CRσ + C̄Rβ
4,



Let uϵ,β be the solution of equation (Kϵ) obtained above. Then there exists ρϵ,β ∈ L
p+1
p (R3) such

that uϵ,β solves

(8.35)

with ρϵ,β ∈ [f
–H

(uϵ,β),
–
fH(uϵ,β)] a.e. in R3. Taking ϵn,βn → 0 arbitrarily, we denote un = uϵn,βn

and ρn = ρϵn,βn
.

In the next arguments, we compare the minimax levels cV0  and cϵn,βn
.

Lemma 8.10  ⏎ We have

lim
n→∞

cϵn,βn
= cV0 > 0.

Proof. Due to the arbitrariness of σ in relation (8.34), we deduce that lim sup
n→∞

cϵn,βn
≤ cV0 . Now it

suffices to verify that

lim inf
n→∞

cϵn,βn
≥ cV0 .

(8.36)

In fact, we assume on the contrary that there exist positive integer N large and δ > 0 small such
that cϵn,βn

≤ cV0 − δ for all n > N . From Lemma 8.9 and the definition of cϵn,βn
, we have

cϵn,βn
= Iϵn,βn

(uϵn,βn
) =max

h>0
Iϵn,βn

(huϵn,βn
) < cV0 − δ

for any fixed n > N . Again by the definition of cV0 , we know that cV0 ≤maxh>0 IV0(huϵn,βn
). It

follows from the fact that V0 ≤ V (ϵnx) for all given n > N  and x ∈ R3 that

cV0 − δ >max
h>0

Iϵn,βn
(huϵn,βn

) ≥max
h>0

IV0(huϵn,βn
) ≥ cV0 ,

which is a contradiction. Thus, relation (8.36) holds and the proof is complete. □

Lemma 8.11  There exist a sequence {yn} ⊂ R
3 and constants R, τ > 0 such that

lim inf
n→∞

∫
BR(yn)

u2
ndx ≥ τ > 0.

Proof. Suppose on the contrary that the conclusion does not hold. Using similar arguments as in
the proof of Lemma 8.5, we obtain that {un} is bounded in H α(R3). It then follows from Lemma

{
(a + b ∫

R3 |(−Δ)
α
2 u|2dx)(−Δ)αu + V (ϵx)u = ρϵ,β a. e. in R

3,

u ∈ H α(R3), u > 0 in R3



8.3 that un → 0 in Ls(R3) for s ∈ (2, 2∗
α). By virtue of (f1) and (f2), for any ε > 0, there exists 

Cε > 0 such that f(un) ≤ ε|un| + Cε|un|p. So from the definition of FH and the fact that 
ρn ∈ [f

–H
(un),

–
fH(un)] a.e. in R3, we obtain

∫
R3

FH(un)dx → 0, ∫
R3

ρnundx → 0, as n → ∞,

which implies that

o(1) =∥ un ∥2
ϵn

+ ∥ un ∥4
Dα,2 and cϵn,βn

+ o(1) =
1

2
∥ un ∥2

ϵn
+

1

4
∥ un ∥4

Dα,2 ,

which contradicts Lemma 8.10. The proof is complete. □

We know that {un} is bounded in H α(R
3). Take vn := un(x + ~yn) such that vn ⇀ v ≠ 0 in 

H α(R
3) and vn(x) → v(x) a.e., in R3. Then vn solves the following equation

(8.37)

with Vn(x) = V (ϵnx + ϵn
~yn) and ~ρn(x) ∈ [f

–H
(vn(x)),

–
fH(vn(x))] a.e. in R3.

Lemma 8.12  ⏎ The sequence {vn} has a convergent subsequence in H α(R3). Moreover, up to a
subsequence, yn := ϵn~yϵn → y∗ ∈ Θ, where Θ := {x ∈ R3 : V (x) = V0}.

Proof. For each vn, choosing tn > 0 such that v̄n := tnvn ∈ NV0
, we deduce from 

0 ∈ ∂Iϵn,ηn(un) and Lemma 8.9 that

Since IV0(v̄n) ≥ cV0 , we obtain that limn→∞ IV0(v̄n) = cV0 .
We now show that {tn} is bounded. We argue by contradiction. In this case, since ∥ un ∥2

ϵn
 is

bounded uniformly for n, we obtain that IV0(v̄n) → −∞ as tn → +∞. This is not possible since 
IV0(v̄n) ≥ cV0  for all n ∈ N. Hence, {tn} is bounded. Up to a subsequence, we assume that 
tn → t ≥ 0. If t = 0, then v̄n → 0 in H α(R3), because {vn} is bounded in H α(R3). Hence 
IV0(v̄n) → 0 as n → ∞, which contradicts cV0 > 0. So v̄n := tnvn ⇀ v̄ in H α(R3) ∖ {0}. By

{
(a + b ∫

R3 |(−Δ)
α
2 vn|2dx)(−Δ)αvn + Vn(x)vn = ~ρn a. e. in R3,

vn ∈ H α(R
3), vn > 0 in R

3

IV0(tnvn)

≤
t2
n

2
∫

R3

a|(−Δ)α/2vn|2 + Vn(x)v2
n)dx +

t4
n

4
b(∫

R3

|(−Δ)
α
2 vn|2dx)

2

− ∫
R3

FH(tnvn)dx

= Iϵn,ηn(tnun) ≤ Iϵn,ηn(un) = cV0 + o(1).



uniqueness, we deduce that v̄ = tv. Using Ekeland's variational principle, we obtain that 
{v̄n} ⊂ NV0  is a Palais-Smale sequence of IV0 , that is,

IV0(v̄n) → cV0 I ′
V0

(v̄n) → 0 in H α(R
3).

(8.38)

Although IV0  is of C1 class, we can still use similar arguments as in Lemma 8.9 to obtain v̄n → v̄

in H α(R
3) and v̄ ∈ NV0 , and so vn → v in H α(R

3).
Let us show that yn := ϵn

~yn is bounded. If not, then |yn| → ∞. It follows from v̄n ∈ NV0 , the
Fatou lemma and Lemma 8.9 that

which is a contradiction. Thus, {yn} is bounded. Up to a subsequence, we can assume that 
yn → y∗. Moreover, since f(t) = 0 for all t ≤ 0, we have as β → 0

Hence, based on the facts that ~ρn(x) ∈ [f
–H

(vn(x)),
–
fH(vn(x))] a.e. in R

3 and vn → v in 

H α(R3), using the Lebesgue dominated convergence theorem, we deduce that for any 
η ∈ C∞

0 (R3)

∫
R3

~ρnηdx → ∫
R3

f(v)ηdx, as n → ∞.

For each η ∈ C∞
0 (R3), we then deduce from (8.37) and vn → v in H α(R3) that

cV0 ≤ IV0(v̄) < IV∞(tv) −
1

4
I ′
V0

(tv)tv

= ∫
R3

[ a
4

|(−Δ)α/2tv|2 + ( 1

2
V∞ −

1

4
V0)t2v2]dx + ∫

R3

(f(tv)tv −
1

4
F(tv))dx

≤ lim inf
n→∞

( 1

4
∫

R3

|(−Δ)α/2tnvn|2dx + ∫
R3

( 1

2
V (ϵnx + yn) −

1

4
V0)t2

nv
2
ndx

+ ∫
R3

(f(tnvn)tnvn −
1

4
FH(tnvn))dx) = lim inf

n→∞
Iϵn,βn

(tnun)

≤ lim inf
n→∞

Iϵn,βn
(un) = cV0 ,

f
–H

(t),
–
fH(t) → { 0, if t < 0,

f(t), if t ≥ 0.

lim
n→∞

((a + b ∥ vn ∥2
Dα,2)∫

R3

(−Δ)α/2vn(−Δ)α/2ηdx + ∫
R3

Vn(x)vnηdx − ∫
R3

~ρnηdx)

= (a + b ∥ v ∥2
Dα,2)∫

R3

(−Δ)α/2v(−Δ)α/2ηdx + ∫
R3

V (y∗)vηdx − ∫
R3

f(v)ηdx.



Therefore, the limit v of the sequence {vn} solves the equation

(a + b ∥ v ∥2
Dα,2)(−Δ)αv + V (y∗)v = f(v) in R

3.

(8.39)

Define the functional

Iy∗(u) :=
1

2
∫

R3

(a|(−Δ)α/2u|2 + V (y∗)u2)dx +
b

4
∥ v ∥4

Dα,2 −∫
R3

F(u)dx.

If V (y∗) > V0, then we can get a contradiction by similar arguments as above. So V (y∗) = V0

and Iy∗(v) = cV0 . It follows that v is a positive ground state solutions of problem (8.39). The
proof is complete. □

We can use the Moser iteration method [120] in the order to prove the following L∞-estimate
for problem (8.37).

Lemma 8.13  ⏎ Let un ∈ Eϵn  be a solution of problem (Kϵn) with ϵn → 0+ and βn → 0. Then
vn = un(⋅ + ~yn) ∈ L∞(R

3).
Proof. Since |Λ∗| = 0 with Λ∗ := {x ∈ R

3 vn(x) = β}, our argument is similar to that in
Lemma 3.2 of Ambrosio [3]. So we omit the details of the proof. □

Now, we claim that there exists c > 0 such that ∥ vn ∥∞≥ c > 0. Otherwise, ∥ vn ∥∞→ 0 as 
n → ∞. By (f1)–(f3) and the definition of fH, for n large enough, we have

∫
R3

[a|(−Δ)α/2vn|2 + V0v
2
n]dx ≤ ∫

R3

V0

2
v2
ndx,

which is a contradiction. Hence, from Lemma 8.13 there exist c,C > 0 independent of n such
that

c ≤∥ vn ∥∞≤ C.

(8.40)

Observe from (8.37) that vn solves the problem

(8.41)

where

{ (−Δ)αvn + vn = χn a. e. in R
3,

vn ∈ H α(R
3), vn > 0 in R

3,



χn(x) := (a + b∫
R3

|(−Δ)
α
2 vn|2dx)

−1

[~ρn − Vn(x)vn] + vn

and Vn(x) = V (ϵnx + ϵn
~yn) and ~ρn(x) ∈ [f

–H
(vn(x)),

–
fH(vn(x))] a.e. in R3.

From (8.40) and the definitions of f
–H

,
–
fH , we deduce that {~ρn} is bounded in L∞(R3). Using

the fact that vn → v in H α(R3), we see that there exists ~ρ∗(x) ∈ [f
–H

(v(x)),
–
fH(v(x))] a.e. in 

R3, such that ~ρn → ~ρ∗ in L
p+1
p (R3), and then ~ρn → ~ρ∗ in Ls(R3) for s ∈ [ p+1

p
, ∞). Hence, there

exists χ ∈ Lq(R3) such that

χn → χ in Lq(R
3) ∀q ∈ [2, +∞),

and there exists C > 0 independent of n such that ∥ χn ∥∞≤ C. Based on above, vn can be
expressed as

vn(x) := (K ∗ χn)(x) = ∫
R3

K (x − z)χn(z)dz,

where K  is the Bessel kernel and satisfies the following properties (see Felmer, Quaas and Tan
[51]):

Arguing as in Theorem 3.4 of Felmer, Quaas and Tan [51], we have that

vn(x) → 0 as |x| → ∞ uniformly in n ∈ N.

For c > 0 given in (8.40), we can find R > 0 such that

vn(x) < c for all |x| ≥ R

uniformly for n ∈ N. Let xn denote the maximum point of vn, then |xn| ≤ R. Moreover, we have 
zn = xn + ~yn where zn is one maximum point of vn. It is easy to check from Lemma 8.12 that

ϵnzn = ϵnxn + ϵn
~yn → y∗ ∈ Θ.

By the continuity of V, we have

lim
n→∞

V (ϵnzn) = V (y∗) = V0.

The proof is now complete. □

K  is positive, radially symmetric and smooth in R3 ∖ {0};(1)

there exists C > 0 such that K (x) ≤ C
|x|3+2α  for any x ∈ R3 ∖ {0};(2)

K ∈ Lr(R3) for any r ∈ [1, 3
3−2α ).(3)



8.5 Historical comments

When a = 1, b = 0, problem (K) reduces to the following fractional Schrödinger equation

ϵ2α(−Δ)αu + V (x)u = f(u) in R
3,

(8.42)

which has been proposed by Laskin [90] in fractional quantum mechanics, as an attempt to
extend the Feynman integrals from the Brownian like to the Lévy like quantum mechanical paths.
For such a class of fractional and nonlocal problems, Caffarelli and Silvestre [16] expressed 
(−Δ)α as a Dirichlet-Neumann map for a certain local elliptic boundary value problem on the
half-space. This method is a valid tool to deal with equations involving fractional operators to get
regularity and handle variational methods. Investigated first by Felmer, Quaas and Tan [51] via
variational methods, there has been a lot of interest in the study of the existence and multiplicity
of solutions to problem (8.42) when V and f satisfy general conditions.

If α = ϵ = 1 and R3 is replaced by bounded domain Ω, then problem (K) formally reduces to
the classical Kirchhoff equation

−(a + b ∫
Ω

|∇u|2dx)Δu + V (x)u = f(u) in Ω,

(8.43)

related to the stationary analogue of the Kirchhoff-Schrödinger type equation

∂ 2u

∂t2
− (a + b ∫

Ω

|∇u|2dx)Δu = f(t,x,u),

where u denotes the displacement, f is the external force, b is the initial tension and a is related to
the intrinsic properties of the string. Equations of this type were first proposed by Kirchhoff [88]
in 1883 to describe the transversal oscillations of a stretched string. The solvability of Kirchhoff-
type equations has been well studied in a general dimension by various authors only after J.-L.
Lions [100] introduced an abstract framework to such problems.

In the nonlocal fractional framework, Fiscella and Valdinoci in [57], proposed the following
stationary Kirchhoff variational equation with critical growth

(8.44)

{ M (∫
R3 |(−Δ)

α
2 u|2dx)(−Δ)αu = λf(x,u) + |u|2∗

α−2u in Ω,

u = 0 in R
3 ∖ Ω,



which models nonlocal aspects of the tension arising from measurements of the fractional length
of the string. They obtained the existence of non-negative solutions when M and f are continuous
functions satisfying suitable assumptions. We also refer to several recent papers concerned with
the existence and multiplicity of solutions for fractional Kirchhoff equations via variational and
topological methods. For instance, Ambrosio and Isernia [5] considered the fractional Kirchhoff
problem

(a + b ∫
R3

|(−Δ)
α
2 u|2dx)(−Δ)αu = f(u) in R

3,

(8.45)

where f is an odd subcritical nonlinearity satisfying the Berestycki-Lions assumptions. By
minimax arguments, the authors established a multiplicity result in the radial space H α

rad(R3)

when the parameter b is sufficiently small. Liu, Lou and Zhang [106], used the monotonicity trick
and the profile decomposition to prove the existence of ground states to a fractional Kirchhoff
equation with critical nonlinearity in low dimension.

8.6 Final remarks, perspectives, and open problems

The problem studied in this chapter merges three nonstandard features, as it is described in what
follows.

Hybrid nonlocality: it couples two distinct forms of nonlocality, namely the nonlocal
fractional diffusion given by (−Δ)αu and the nonlocal Kirchhoff coefficient 
∫

R3 |(−Δ)
α
2 u|2dx. In this framework, what happens with other nonlocal operators, like

the fractional p-Laplace operator (−Δ)sp? In this case, the interaction between the
Kirchhoff term, the operator's growth, and the discontinuity will be nontrivial.

(i)

Nonsmooth dynamics: by introducing the Heaviside function, the reaction term
becomes discontinuous. This moves the problem from the classical smooth variational
framework into the realm of nonsmooth critical point theory. The case studied in this
chapter involves the Heaviside function, which creates a single jump at u = β.
Problems with multiple discontinuities or more general discontinuous nonlinearities are
completely open and relevant for multi-threshold physical models.

(ii)

Concentration phenomena: analysis establishes of how solutions behave as ϵ → 0 and 
β → 0 is central. The analysis shows that positive solutions concentrate near minima of
the potential V (x), connecting the singularly perturbed problem to a limit autonomous

(iii)



The content of this chapter is based on the results established in [108], while concentration
properties for Kirchhoff equations with exponential growth were subsequently obtained by Sun,
Fu and Liang [143].

Some open problems inspired by the analysis developed in this chapter are described in what
follows.

Open Problem 1.  The analysis in this chapter assumes a specific nonlocal term 
M(t) = a + bt. A broad open area is to consider general Kirchhoff functions M(t) that may
be degenerate (that is, M(0) = 0) or singular, which would alter the problem's geometry
significantly.

The following problem is concerned with the competition of the small parameters.

Open Problem 2.  The analysis treats ϵ and β as small positive parameters, but their relative
scaling could lead to different concentration behaviors and limit equations, which is
unexplored. For instance, consider the case β = ϵγ for some γ > 0.

What about the singular limit problem? This is what about the next problem is concerned with.

Open Problem 3.  What happens when the fractional order α converges to 1-? One can
establish that the family of corresponding fractional solutions converges to a solution of a
classical (local) Kirchhoff equation with discontinuity?

The next research direction deals with the investigation of sign-changing solutions. We assume
that this analysis requires adapting methods like the Nehari manifold or fountain theorems to the
nonsmooth fractional Kirchhoff setting.

Open Problem 4.  In this chapter it is established the existence of positive solutions. A
challenging next step is investigating nodal solutions or the existence of infinitely many
solutions.

equation. A finer problem is to determine the asymptotic shape of the solutions as 
ϵ → 0 and the convergence rate of the maximum points xϵ,β to the minimum of the
potential V.



Heaviside Function:

Discontinuous Reaction in Kirchhoff Equations:

Differential Inclusion:

Nonsmooth Critical Point Theory:

Clarke Subdifferential:

Deepening the regularity of solutions is a very interesting open problem, which we formulate
in what follows.

Open Problem 5.  This chapter establishes existence results, but the smoothness of these
solutions is unknown. Does the combination of a nonlocal operator and a discontinuous
nonlinearity allow for classical solutions, or what is the optimal Hölder regularity?

Another unexplored direction is about a possible optimal notion of solution.

Open Problem 6.  The analysis developed in this chapter is based on the concept of solution
in the Filippov's inclusion sense, which seems to be relevant for physical applications (phase
transitions or plasticity). Develop a similar analysis with other concepts of solutions, like
viscosity solutions.

Finally, we suggest to develop a thorough numerical analysis of solutions to Kirchhoff-type
equations with discontinuous reaction.

Open Problem 7.  Develop robust numerical schemes to approximate solutions of fractional
Kirchhoff problems with discontinuous nonlinearities.

8.7 Glossary

It is also called the unit step function and is a discontinuous function
widely used in engineering, physics, and mathematics to model sudden changes, switches, or
signals that turn on at a certain point.

This usually arises in models where the
reaction term changes abruptly, often modeled with Heaviside or sign functions.

It is a basic framework for dealing with discontinuous ODEs/PDEs, for
instance, fractional Kirchhoff equations with discontinuous reaction.

It is the main analytical method used to solve variational
problems with discontinuous nonlinearities.

It is the natural extension of the derivative for dealing with functions
that are not differentiable in the classical sense. For a locally Lipschitz function f, the Clarke



Mountain Pass Theorem for Locally Lipschitz Functions:

subdifferential at a point is defined in two steps: definition of the generalized directional
derivative and definition of the subdifferential.

It extends the classical Ambrosetti–
Rabinowitz theorem to a nonsmooth setting via Clarke's critical point theory.



9
Mass critical fractional Kirchhoff equations

DOI: 10.1201/9781003797159-9

Why mass critical fractional Kirchhoff equations are important? Because this class of Kirchhoff problems
represents a delicate and significant frontier in pure and applied nonlinear analysis, which is important for
modeling quantum phenomena and other patterns in the real world.

This chapter focuses on the constraint minimization problem associated with the fractional Kirchhoff
equation

where s ∈ (N/4, 1),N = 2, 3, a ≥ 0, b > 0 are constants, μ ∈ R is the corresponding Lagrange multiplier
and (−Δ)s is the fractional Laplacian operator, 8s/N + 1 is the corresponding mass critical exponent.

The purpose in this chapter is threefold:

In particular, we establish some energy estimates, decay properties and uniform regularity to find that the
maximal point of constraint minimizer concentrates on the bottom point of the homogeneous potential.
Furthermore, we introduce several new techniques based on the combination of the localization method of 
(−Δ)s and by establishing the nonlocal Pohozaev identity, which allows to get over some new challenges
due to the nonlocal property of (−Δ)s and the fact that (∫

RN |(−Δ)
s
2 u|2dx)(−Δ)su does not vanish as 

a ↘ 0.
In the analysis of this problem, three fundamental features interact:

{(a + b ∫
RN |(−Δ)

s
2 u|2dx)(−Δ)su + |x|2u = μu + βu

8s
N

+1 in R
N ,

∫
RN |u|2dx = 1,

To establish the existence and non-existence of the L2-constraint minimizers to the degenerate
fractional Kirchhoff problem: the existence is proved under certain conditions involving the mass
parameter and the Kirchhoff coefficient, while no minimizers exists when the mass exceeds a
certain critical value.

(i)

To prove some concentration behaviors of constraint minimizers: as the mass approaches a
critical threshold, the minimizers concentrate around a global minimum point of an auxiliary
potential related to the Kirchhoff term.

(ii)

To reveal the local uniqueness of constraint minimizers under double nonlocal effect: for
sufficiently small mass, the minimizer is shown to be unique (up to translation and phase) and
radially symmetric.

(iii)

https://doi.org/10.1201/9781003797159-9


9.1 Statement of the problem

This chapter is devoted to the study of the following class of mass critical fractional Kirchhoff equations
with mass constraint

(9.1)

where s ∈ (N/4, 1),N = 2, 3, a ≥ 0, b > 0 are constants, μ ∈ R is the corresponding Lagrange multiplier,
(−Δ)s is the fractional Laplacian operator defined by

(−Δ)su(x) := CsP .V .∫
RN

u(x) − u(y)

|x − y|N+2s
dy = Cs lim

ε→0
∫
RN∖Bε(x)

u(x) − u(y)

|x − y|N+2s
dy,

for x ∈ R
N , where P.V. is the principal value, and Cs is a normalization constant.

A natural question in the analysis developed in this chapter is whether we can establish the concentration
of solutions and the local uniqueness of constraint minimizers of the energy associated to (9.1) as a ↘ 0?
This corresponds to the degenerate case in problem (9.1). To the best of our knowledge, there are no such
results in this field. Two intuitive difficulties arise in this analysis. On the one hand, some standard
regularity theories for classical elliptic problems are invalid due to the nonlocal properties of fractional
Laplace operators. On the other hand, the nonlocal Kirchhoff term will not vanish as a ↘ 0 and it will
cause great difficulty concerning the uniqueness since it could influence the rate of decay of solutions
sequence.

The energy functional associated to the weighted Kirchhoff equation (9.1) is defined by

Ea,β(u) := ∫
RN

(a|(−Δ)
s
2 u|2 + |x|2u2)dx +

b

2
(∫

RN

|(−Δ)
s
2 u|2dx)

2

−
Nβ

N + 4s
∫
RN

|u|
8s+2N

N dx,

for all u ∈ H, where the weighted fractional space H is defined by

H :={u ∈ H s(RN) : ∫
RN

|x|2u2 < ∞}.

Fractional Kirchhoff term: the equation is nonlocal in both the fractional Laplacian operator and
the Kirchhoff coefficient.

(a)

Mass critical exponent: the nonlinearity power corresponds to the critical case in the sense of the
Gagliardo–Nirenberg inequality, which leads to delicate compactness and blow-up behavior.

(b)

Constraint minimization: solutions are obtained by minimizing the energy functional subject to a
fixed L2-norm.

(c)

{(a + b ∫
RN |(−Δ)

s
2 u|2dx)(−Δ)su + |x|2u = μu + βu

8s
N

+1 in R
N ,

∫
RN |u|2dx = 1,



One can associate the normalized solution of equation (9.1) with the following constrained minimization
problem

e(a,β):= inf
{u∈H,∥u∥2

2=1}
Ea,β(u).

9.1.1 Exact threshold, blow-up and uniqueness for small masses

In order to consider the asymptotic properties of constraint minimizers, we first need to figure out their
existence under the degenerate condition, that is, if a = 0. Similar to the classical case, fractional
Gagliardo–Nirenberg–Sobolev inequality plays a crucial role in verifying the existence of a constraint
minimizer. Du, Tian, Wang and Zhang [47] established the following fractional Gagliardo–Nirenberg–
Sobolev inequality

∫
RN

|u(x)|
8s+2N

N dx ≤
N + 4s

N ∥ φ ∥
8s
N

2

(∫
RN

|(−Δ)
s
2 u(x)|2dx)

2

(∫
RN

|u(x)|2dx)
4s−N
N

,

(9.2)

where φ(x) is the unique radial positive ground state solution of the following equation

2(−Δ)su +
4s − N

N
u − u

8s
N

+1 = 0 in R
N ,

(9.3)

with

∫
R

N

|(−Δ)
s
2 φ(x)|2dx = ∫

R
N

|φ(x)|2dx =
N

N + 4s
∫
R

N

|φ(x)|
8s+2N

N dx

(9.4)

and

C1

1 + |x|N+2s
≤ φ(x) ≤

C2

1 + |x|N+2s
for x ∈ R

N .

(9.5)

The first result in this chapter gives a sharp existence/non-existence property based on the mass
constraint. More precisely, the next theorem establishes the exact threshold for the existence of minimizers,
proving that there exists at least one minimizer at the threshold and there is no minimizer at the threshold
and above it.



Theorem 9.1  ⏎  Let φ(x) > 0 be the unique positive solution of problem (9.3). Then we have the
following properties.

(i) If 0 < β < β∗ := b
2 ∥ φ ∥

8s
N

2  , then there exists at least one minimizer to e(0,β).

(ii) If β ≥ β∗ , then e(0,β) has no minimizer.

Moreover, e(0,β∗) = 0 and e(0,β) = −∞ for all β > β∗.

Next, we consider the concentration phenomenon of constraint minimizer as a ↘ 0. In such a way, we
characterize the blow-up profile and concentration at the origin as the mass approaches the critical value.

Theorem 9.2  ⏎ Let uk be a nonnegative minimizer of e(ak,β∗) with ak → 0 as k → ∞. Then there
exists a subsequence of {uk}, still denoted by {uk} such that each uk has a unique global maximum
point z̄k with

lim
k→∞

z̄k = 0

(9.6)

and

lim
k→∞

ε̄
N
2
k uk(ε̄kx + z̄k) = ( b

2β∗
)

N
8s

φ(x) in L∞(RN),

(9.7)

where ε̄k is defined by

ε̄k := [
sak ∥ φ ∥2

2

∫
RN |x|2φ2(x)dx

]

1
2+2s

.

(9.8)

Moreover, we have

lim
k→∞

z̄k

ε̄k
= 0.

(9.9)

We notice that in the process of establishing the concentration phenomenon of constraint minimizers,
some classical local elliptic theories such as De Giorgi-Nash-Moser theory, regularity theory and



comparison principle are no longer applicable. Therefore, some uniform regularity and decay estimates for
the solutions to the fractional Kirchhoff equation are established by taking full advantage of the Bessel
kernel and employing the Morse iteration. In addition, for the sake of subsequent uniqueness results, as in
Theorem 9.2, we need to verify the convergence of minimizers in L∞(RN) instead of H s(RN), where the
most convergence results of minimizers to fractional nonlinear equations were established in the latter
space.

Based on the above concentration phenomenon, the following result establishes the uniqueness of the
constraint minimizer for small masses.

Theorem 9.3  ⏎  Let uk be a nonnegative minimizer of e(ak,β∗) with ak → 0 as k → ∞, then the
minimizer uk is unique as k → ∞.

9.1.2 Comments on Theorems 9.2 and 9.3

The basic idea to prove Theorem 9.3 is to get a contradiction by establishing nonlocal Pohozaev identities.
First, select two suitable û1 and û2 which are scaling functions of two different constraint minimizers u1

and u2. By studying the properties of fractional Laplacian, we can decompose 
η̄ := (û1 − û2)/ ∥ û1 − û2 ∥∞ as the linear combination of some functions consisting of the unique radial
positive ground state solution to (9.3). Next, we consider the localization method introduced by Caffarelli
and Silvestre [16]. More precisely, for a function u ∈ H s(RN), set

~u(x, t) = Ps[u] = ∫
R

N

Ps(x − z, t)u(z)dz, (x, t) ∈ R
N+1
+ := {(x, t) : x ∈ R

N , t > 0},

(9.10)

where

Ps(x, t) = βs

t2s

(|x|2 + t2)
N+2s

2

(9.11)

with a constant βs such that ∫
RN Ps(x, 1)dx = 1. Then ~u satisfies

(9.12)

in the distribution sense, where ωs = 21−sΓ(1 − s)/Γ(s). Without loss of generality, we may assume 
ωs = 1. Taking advantage of decay estimates and blow up analysis, we obtain a contradiction which

⎧⎪⎨⎪⎩div(t1−2s∇~u) = 0 x ∈ R
N+1
+ ,

− lim
t→0

t1−2s∂t
~u(x, t) = ωs(−Δ)su(x) x ∈ R

N ,



indicates the local uniqueness as a closes to zero sufficiently by establishing two nonlocal Pohozaev
identities.

Compared to the classical case, constraint minimizers in our problem only satisfy polynomial decay (it
can be exponential decay in the classical case) which requires more precision in our estimates. In the
process of our research, we find that the scaling functions used by Hu and Tang [73] cannot meet our
requirement of estimates due to the polynomial decay and the non-vanishing of the nonlocal fractional
Kirchhoff term. The testing function defined in this chapter, which is defined by

ûik(x) := ( 2β∗

b
)

N
8s

ε̄
N
2
k uik(ε̄τkx) i = 1, 2,

achieves the best decay speed, which improves the accuracy of our estimates. As a new attempt, we believe
it will be useful in the relevant research of fractional nonlinear equations.

Some technique difficulties appear, for instance, the appearance of (−Δ)s makes the classical elliptic
regularity invalid, we have to set the decay estimate of |∇u| (where u stands for the constraint minimizer).
Moreover, the property of the linearized operator Γ := (−Δ)s + 4s−N

2N − 8s+N
2N φ

8s
N  is also an important

topic of the research in this chapter.
Although the corresponding harmonic extension problem can help us to establish Pohozaev identities, we

have to deal with several new integral terms that never appeared in the classical local elliptic problems. As
a result, the nonlocal Pohozaev identity we establish may be the first result of the fractional Kirchhoff
equation and we believe it will be useful in the relevant research of fractional nonlinear equations.

9.2 Existence and non-existence of minimizers

In this section, we discuss the existence and non-existence of the constraint minimizer to e(0,β) and we
shall distinguish three cases. We first recall the following compact embedding, see the monograph by
Molica Bisci, Rǎdulescu and Servadei [119] for details.

Lemma 9.1  ⏎ The embedding H ↪ Lq(RN) is compact for all q ∈ [2, 2∗
s).

Next, we give the proof of the existence/non-existence property.

Proof of Theorem 9.1. Fix β ∈ (0,β∗). By the Gagliardo–Nirenberg–Sobolev given in (9.2), we have for
all u ∈ H with ∥ u ∥2= 1

(9.13)

which implies that E0,β(u) is bounded from below in this case. Let {un} ∈ H be a minimizing sequence of
e(0,β) for some β ∈ (0,β∗). By relation (9.13), sequences {∫

RN |(−Δ)
s
2 un|2dx} and {∫

RN |x|2u2
ndx} are

E0,β(u) = ∫
RN |x|2u2dx + b

2
(∫

RN |(−Δ)
s
2 u|2dx)2

− Nβ

N+4s
∫
RN |u|

8s+2N
N dx

≥ ( b
2

− β

∥φ∥
8s
N
2

)(∫
RN |(−Δ)

s
2 u|2dx)2

,



bounded uniformly in n. By the weak lower semi-continuity of the norm in H and Lemma 9.1, we conclude
that e(0,β) has at least one minimizer.

For β > β∗, we take advantage of the cut-off function to prove the non-existence of minimizer of e(0,β)

in this case. Let ω ∈ C ∞
0 (R2) be a cut-off function with 0 ≤ ω ≤ 1, ω(x) = 1 when |x| ≤ 1, ω(x) = 0

when |x| > 2 and |∇ω| ≤ 2, and define the following trail function

Uτ(x) :=
Aττ

N
2

∥ φ ∥2
ω( x − x0

τ 2
)φ(τ|x − x0|),

(9.14)

where Aτ > 0 is chosen such that ∥ Uτ(x) ∥2
2= 1. From the polynomial decay of φ, we have

1

A2
τ

= 1 +
1

∥ φ ∥2
2

∫
RN∖B

τ 3(0)
[ω2 ( x

τ 3
)− 1]φ2dx = 1 + O(τ −3N+2s) as τ → ∞.

(9.15)

Following (9.4), [47, Lemma 3.2] and (9.15), we obtain

(9.16)

(9.17)

and

∫
R

N

|x|2|Uτ(x)|2dx =
A2

τ

∥ φ ∥2
2

∫
B2τ 3(0)

x

τ
+ x0

2
ω2 ( x

τ 3
)φ2dx → |x0|2 as τ → ∞.

(9.18)

Therefore, we derive from (9.16)–(9.18) that for β > β∗,

e(0,β) ≤ E0,β(u) ≤
b

2
−

β

∥ φ ∥
8s
N

2

τ 4s + |x0|2 + O(τ −8s) + o(1) → −∞ as τ → ∞,

∫
RN |(−Δ)

s
2 Uτ(x)|2dx =

A2
ττ

2s

∥φ∥2
2
∫
RN ∫

RN

ω( x

τ 3 )φ(x)−ω( y

τ 3 )φ(y) 2

|x−y|N+2s dxdy

≤
A2

ττ
2s

∥φ∥2
2
(∫

RN |(−Δ)
s
2 φ(x)|2dx + O(τ −12s))

= τ 2s + O(τ −10s) as τ → ∞,∣ ∣∫
RN |Uτ(x)|

8s+2N
N dx = A

8s+2N
N

τ τ 4s

∥φ∥
8s+2N

N
2

∫
RN ω

8s+2N
N ( x

τ 3 )φ
8s+2N

N dx

= (N+4s)τ 4s

N∥φ∥
8s
N
2

+ O(τ −3N−36s− 48s2

N ) as τ → ∞,∣ ∣⎛

⎝

⎞

⎠



(9.19)

which implies that e(0,β) has no minimizer for β > β∗.
For β = β∗, we may assume that there exists a positive constraint minimizer v, then taking x0 = 0 in

(9.14), we can deduce from (9.19) that e(0,β) ≤ 0. Moreover, (9.13) shows that

E0,β∗(v) ≥ ∫
RN

|x|2v2dx ≥ 0.

Then we obtain e(0,β∗) = 0 and v(x) = 0 in RN ∖ {0}, which is a contradiction to the fact that 
∫
RN |v|2dx = 1. □

9.3 Concentration phenomenon

In this section, we fix β = β∗ and focus on some concentration phenomenon of the minimizer ua to e(a,β∗)

. Similar to the proof of Theorem 9.1, we can prove that for any a > 0, there exists a nonnegative
minimizer ua of e(a,β∗). On the other hand, there is no minimizer to e(0,β∗) as a = 0. Therefore, a nature
question is what happens in the limiting case, that is, if a ↘ 0. We shall establish Theorem 9.2 dealing with
the concentration phenomenon of ua as a ↘ 0. As a bedding, the following property describes the limiting
behavior of the energy as a ↘ 0.

Lemma 9.2  ⏎ Let ua be a nonnegative minimizer of e(a,β∗), then

Proof. In view of Theorem 9.1 and (9.2), we have

e(a,β∗) = Ea,β∗(ua) ≥ ∫
RN

(a|(−Δ)
s
2 ua|2 + |x|2u2

a)dx > e(0,β∗) = 0.

(9.20)

Defining Uτ(x) as in relation (9.14), it follows from (9.15)–(9.18) that

0 < e(a,β∗) ≤ Ea,β∗(Uτ) ≤ aτ 2s + |x0|2 + Caτ −10s + Cτ −8s + o(1) as τ → ∞.

(9.21)

Taking x0 = (0, 0, … 0) and letting τ = a− 1
4s , then (9.21) shows that

0 < e(a,β∗) → 0 as a ↘ 0.

(9.22)

⎧⎪⎨⎪⎩e(a,β∗) → e(0,β∗) = 0 as a ↘ 0,

∫
RN |(−Δ)

s
2 ua|2dx → +∞ as a ↘ 0,

a ∫
RN |(−Δ)

s
2 ua|2dx → 0 as a ↘ 0,

∫
RN |x|2|ua|2dx → 0 as a ↘ 0.



This relation and (9.20) yield

a∫
RN

|(−Δ)
s
2 ua|2dx → 0, ∫

RN

|x|2|ua|2dx → 0 as a ↘ 0.

(9.23)

We now prove that

∫
RN

|(−Δ)
s
2 ua|2dx → +∞ as a ↘ 0.

(9.24)

On the contrary, we assume that (9.24) is false, then relation (9.23) shows that there exists a sequence {ak}

with ak → 0 as k → ∞ such that {uk} is bounded in H, where uk := uak . Thus, Lemma 9.1 implies that
there exists u0 ∈ H such that uk ⇀ u0 weakly in H and uk → u0 strongly in Lp(RN) as k → ∞ for 
p ∈ [2, 2∗

s). It follows that

e(0,β∗) ≤ lim inf
k→∞

Eak,β∗(uk) = lim
k→∞

e(ak,β∗) = 0 = e(0,β∗).

This shows that u0 is a minimizer of e(0,β∗), which is a contradiction. □

Next, we investigate the asymptotic behavior of the minimizers (up to scaling) and we give some
properties of the trail function.

Lemma 9.3  ⏎ Let uk be a nonnegative minimizer of e(ak,β∗) with ak → 0 as k → ∞, then there exist a
sequence {yk}, K0 > 0 and δ > 0 such that the normalized function

wk(x) = ε
N
2
k
uk(εkx + εkyk) where εk := (∫

R
N

|(−Δ)
s
2 uk|2dx)

− 1
2s

(9.25)

satisfies

lim inf
k→∞

∫
BK0(0)

|wk|2dx ≥ δ > 0.

(9.26)

Moreover, for any sequence {ak} with ak → 0 as k → ∞, there exists a subsequence, still denoted by {ak},
such that zk := εkyk → 0 as k → ∞. In addition, for any ρ > 0 small enough

uk(x) = ε
− N

2

k
wk(

x − zk

εk
) → 0 as k → ∞ for x ∈ Bc

ρ(0),

(9.27)



and, for some y0 ∈ R
N ,

wk(x) → w0(x) := ( b

2β∗ )
N
8s

φ(|x − y0|) as k → ∞ in H s(RN).

(9.28)

Proof. We divide this proof into six steps.

Step 1. Defining ~wk(x) := ε
N
2

k
uk(εkx), we derive from Lemma 9.2 that

(9.29)

We now claim that there exist a sequence {yk} ⊂ R
N  and K0, δ > 0 such that

lim inf
εk→0

∫
BK0

(yk)
| ~wk|2dx ≥ δ > 0.

(9.30)

Suppose by contradiction that for any K > 0, there exists a subsequence of { ~wk}, still denoted by { ~wk},
satisfying

lim
k→∞

sup
y∈RN

∫
BK(y)

| ~wk|2dx = 0.

By the fact that s ∈ (N/4, 1), we deduce from the vanishing lemma that ~wk → 0 in L 8s+2N
N (RN) as k → ∞

, which contradicts (9.29). Then (9.30) shows that relation (9.26) holds.

Step 2. Applying Lemma 9.2 and (9.25), we have

∫
RN

|x|2u2
kdx = ∫

RN

|εkx + εkyk|2w2
kdx → 0 as k → ∞,

which implies that

0 = lim inf
k→∞

∫
RN

|εkx + εkyk|2w2
kdx ≥ lim inf

k→∞
∫
BK0(0)

|εkx + εkyk|2w2
kdx.

∫
RN

| ~wk|
8s+2N

N dx = ε4s
k ∫

RN

|uk|
8s+2N

N dx

=
ε4s
k

(N + 4s)

Nβ∗
[∫

RN

(ak|(−Δ)
s
2 uk|2 + |x|2u2

k)dx

+
b

2
(∫

RN

|(−Δ)
s
2 uk|2dx)

2

− e(ak,β∗)]

→
b(N + 4s)

2Nβ∗ as k → ∞.



Since |x|2 → ∞ as |x| → ∞, then (9.26) shows that {εkyk} is bounded in RN . Up to a subsequence if
necessary, there exists a x0 ∈ R

N  such that zk := εkyk → x0 as k → ∞. By Fatou's lemma, it then follows
from (9.26) that

lim inf
k→∞

∫
R

N

|εkx + εkyk|2w2
kdx ≥ |x0|2 ∫

BK0(0)

lim
k→∞

w2
kdx ≥

|x0|2δ

2
,

which shows that |x0| = 0.

Step 3. Since uk is a nonnegative minimizer of e(ak,β∗), then it satisfies the following fractional
Kirchhoff equation

(ak + b∫
RN

|(−Δ)
s
2 uk|2dx)(−Δ)suk + |x|2uk = μkuk + β∗u

8s
N

+1

k
in R

N ,

(9.31)

where μk ∈ R is the Lagrange multiplier. It is easy to check that

μk = ∫
RN

(ak|(−Δ)
s
2 uk|2 + |x|2u2

k)dx + b(∫
RN

|(−Δ)
s
2 uk|2dx)

2

− β∗ ∫
RN

u
8s+2N

N

k
dx

(9.32)

and

e(ak,β∗)=∫
RN

(ak|(−Δ)
s
2 uk|2+|x|2u2

k)dx +
b

2
(∫

RN

|(−Δ)
s
2 uk|2dx)

2

−
Nβ∗

N + 4s
∫
RN

u
8s+2N

N

k
dx.

(9.33)

Combining (9.25) and (9.33), it yields from Lemma 9.2 that

(9.34)

Following (9.32) and (9.34), we have

μkε
4s
k →

(N − 4s)b

2N
as k → ∞.

(9.35)

By straightforward computation, we obtain that wk(x) satisfies the following equation

∫
R

N

|(−Δ)
s
2 wk|2dx = ∫

R
N

|wk|2 = 1,

∫
R

N

w
8s+2N

N

k
dx = ε4s

k ∫
R

N

u
8s+2N

N

k
dx →

b(N + 4s)

2Nβ∗
as k → ∞.



(akε
2s
k + b)(−Δ)swk + ε4s

k |εkx + εkyk|2wk = μkε
4s
k wk + β∗w

8s
N

+1
k in R

N .

(9.36)

Applying (9.34), we conclude that {wk} is bounded in H s(RN). Passing to a subsequence, there exists 
w0 ∈ H s(RN) such that

wk ⇀ w0 ≥ 0 in H s(RN) as k → ∞.

(9.37)

Since wk satisfies (9.36), using (9.35) and passing to weak limit, we obtain

b(−Δ)sw0 =
(N − 4s)b

2N
w0 + β∗w

8s
N

+1
0 in R

N

(9.38)

in weak sense. Furthermore, (9.26) implies that w0 ≢ 0. By nonlinearity regularity, we have that 
w0 ∈ C 2,α(RN) for some α ∈ (0, 1). Then, following [46, Lemma 3.2], we have

(−Δ)sw0(x) = −
Cs

2
∫
RN

w0(x + y) + w0(x − y) − 2w0(x)

|y|N+2s
dy in R

N .

Assume that there exists x0 ∈ R
N  such that w0(x0) = 0, it then follows from w0(x) ≥ 0 and w0 ≢ 0

that

(−Δ)sw0(x0) = −
Cs

2
∫
RN

w0(x0 + y) + w0(x0 − y)

|y|N+2s
dy < 0.

However, from (9.38) we know that (−Δ)sw0(x0) = 0, which is a contradiction. Hence, w(x) > 0 for any 
x ∈ R

N . Comparing (9.3) and (9.38), the uniqueness of positive radial solution of (9.3) implies that

w0(x) = ( b

2β∗
)

N
8s

φ(|x − y0|), for some y0 ∈ R
N .

(9.39)

Moreover, we derive from (9.2) and (9.39) that

∫
RN

|(−Δ)
s
2 w0|2dx = ∫

RN

|w0|2 dx = 1.

(9.40)

In view of (9.34), (9.37) and (9.40), one has

wk → w0 := ( b

2β∗
)

N
8s

φ(|x − y0|) for some y0 ∈ R
N .



Step 4. Now we show that ∥ wk ∥∞< ∞ uniformly for large k. In fact, from (9.35), (9.36) and (9.40),
we have

(−Δ)swk ≤
2β∗

b
w

8s
N

+1

k
.

(9.41)

Define

where γ > 1 and T > 0. It is easy to check that h(t) is convex and Lipschitz continuous, so

(−Δ)sh(wk) ≤ h′(wk)(−Δ)swk

in the weak sense. Clearly, h ∈ C 1(R) ∩ W 1,∞(R) and it is positive, increasing and convex.

Set

~
h(t) := ∫

t

0
(h′(r))2dr,

which is positive, increasing, convex and belongs to C 1(R) ∩ W 1,∞(R), then we have ~h′(t) = (h′(t))2

and ~h(t) −
~
h(r) =

~
h′(t)(t − r) for t, r ∈ R. Also, by the Jensen inequality, the fact 0 ≤ h(t) ≤ |t|γ and 

0 ≤ th′(t) ≤ γh(t) for r, t ∈ R, we deduce 0 ≤
~
h(t) ≤∥ h′ ∥∞ |t|γ and 

|h(t) − h(r)|2 ≤ (
~
h(t) −

~
h(r))(t − r). Thus, we conclude ~

h(wk) ∈ H s(RN) since ~
h is Lipschitz

continuous and ~h(0) = 0.

Assume that 1 < γ ≤ 2∗
s/2, it has ~h(wk) ≤∥ h′ ∥∞ |wk|γ ∈ L2(RN). By using the Sobolev inequality,

relation (9.41) and the properties of ~h(t), we can see that

(9.42)

h(t) :≡ hT ,γ(t) =

⎧⎪⎨⎪⎩0 t ≤ 0,

tγ 0 < t ≤ T ,

γT γ−1(t − T ) + T γ t > T ,

∥ h(wp) ∥2
2∗
s

≤ C ∥ (−Δ)
s
2 h(wk) ∥2

2

≤ C ∫
RN

∫
RN

(
~
h(wk(x)) −

~
h(wk(y)))(wk(x) − wk(y))

|x − y|N+2s
dxdy

= C ∫
RN

(−Δ)
s
2 wk(−Δ)

s
2
~
h(wk)dx ≤ C ∫

RN

(wk + w
2∗
s−1

k )
~
h(wk)dx

≤ C ∫
RN

(wk + w
2∗
s−1

k )wk
~
h′(wk)dx ≤ C ∫

RN

(wk + w
2∗
s−1

k )wk(h′(wk))2dx

≤ γ 2C ∫
RN

(1 + w
2∗
s−2

k )(h(wk))2dx

= γ 2C ∫
RN

(h(wk))2dx + γ 2C ∫
RN

w
2∗
s−2

k (h(wk))2dx.



Now let R > 0 be fixed, by the Hölder's inequality, we have

(9.43)

Since {wk} converges strongly in H s(RN), then {wk} converges strongly in L2∗
s(RN), so we can choose 

R > 0 sufficiently large such that

(∫
{wk>R}

w
2∗
s

k dx)
2∗
s−2

2∗
s

≤
1

2γ 2C
.

It follows from (9.42), (9.43) and the fact h(t) ≤ |t|γ that

∥ h(wk) ∥2
2∗
s
≤ 2γ 2C(1 + R2∗

s−2) ∥ h(wk) ∥2
2≤ 2γ 2C(1 + R2∗

s−2) ∥ wk ∥2γ
2γ.

From the Fatou's lemma and limT→+∞ hT ,γ(t) = tγ, we deduce that

which implies that wk ∈ L2∗
sγ(RN) since 1 < γ ≤

2∗
s

2 . Iterating this argument with γ0 :=
2∗
s

2 , γi :=
2∗
s

2 γi−1

and let γi → +∞, we can obtain that wk ∈ Lr(RN) where r ∈ [2, +∞). By Fatou's lemma, (9.42) and the
fact h(t) ≤ |t|γ, we have

∥ wk ∥2γ
2∗
sγ

≤ γ 2C ∫
R

N

(w2γ
k

+ w
2∗
s−2+2γ

k
)dx.

(9.44)

By Hölder's inequality and Young's inequality, we get that

∫
RN

w
2∗
s−2+2γ

k
dx ≤∥ w

2∗
s−2

k
∥ N

s
∥ w

γ

k
∥2∥ w

γ

k
∥2∗

s
≤∥ w

2∗
s−2

k
∥ N

s
( 1

2ϵ
∥ wk ∥2γ

2γ +
ϵ

2
∥ wk ∥2γ

2∗
sγ
).

(9.45)

Set

L:= ∥ w
2∗
s−2

k ∥ 2
N

,

∫
RN

(h(wk))2w
2∗
s−2

k dx = ∫
{wk≤R}

(h(wk))2w
2∗
s−2

k dx + ∫
{wk>R}

(h(wk))2w
2∗
s−2

k dx

≤ R2∗
s−2 ∥ h(wk) ∥2

2 +(∫
{wk>R}

w
2∗
s

k
dx)

2∗
s−2

2∗
s

∥ h(wk) ∥2
2∗
s
.

∥ wk ∥2γ
2∗
sγ

= (∫
RN

lim inf
T→+∞

h
2∗
s

T ,γ(wk)dx)
2

2∗
s

≤ lim inf
T→+∞

(∫
RN

h
2∗
s

T ,γ(wk)dx)
2

2∗
s

≤ 2γ 2C(1 + R2∗
s−2) ∥ wk ∥2γ

2γ,



then the fact wk ∈ Lr(RN) shows that L < +∞, where r ∈ [2, +∞). Let ϵ = 1/(Lγ 2C). It follows from
(9.44) and (9.45) that

∥ wk ∥
2γ
2∗
sγ

≤ 2γ 2C(1 +
1

2L2γ 2C
) ∥ wk ∥

2γ
2γ≤ Cγ 4 ∥ wk ∥

2γ
2γ.

(9.46)

Letting 2γi = 2∗
sγi−1 in (9.46), we have

∥ wk ∥2∗
sγi

≤ (Cγ 4
i )

1
2γi ∥ wk ∥2∗

sγi−1 ,

which implies that

∥ wk ∥2∗
sγi

≤
i

∏
j=0

(Cγ 4
j )

1
2γj ∥ wk ∥2∗

sγ0 .

(9.47)

Letting i → +∞ in (9.47), we conclude that

∥ wk ∥∞≤ e
∑∞

j=0

log(C( 2∗
s

2 )4jγ4
0)

2( 2∗
s

2 )jγ0 ∥ wk ∥2∗
sγ0≤ C.

Step 5. Next, we prove that wk → 0 as |x| → ∞ uniformly for large k. We rewrite problem (9.36) as
follows

(−Δ)swk + wk = hk(x) in R
N ,

where

hk := wk + (ε2s
k ak + b)−1 (μkε

4s
k wk + β∗w

8s
N

+1

k
− ε4s

k |εkx + εkyk|2wk).

Then hk ∈ L∞ (RN) for large k, thus by the interpolation on the Lp-spaces and the convergence of {wk} in
H s (RN), there exists h ∈ Lr (RN) such that hk → h in Lr (RN) as k → ∞ for r ≥ 2. We have

wk = ∫
RN

K (x − y)hk(x)dy,

where K  is a Bessel potential and it satisfies

(K1)  K  is positive, radially symmetric and smooth in RN∖{0}.

(K2)  There exists C > 0 such that K (x) ≤ C
|x|N+2s  for x ∈ R

N∖{0}.

(K3)  K ∈ Lr(RN) for r ∈ [1,N/(N − 2s)).

Now argue as in the proof of Lemma 6.4 in Teng and Cheng [147], we conclude that



lim
|x|→∞

wk(x) → 0 as k → ∞.

(9.48)

Step 6. We now show that (9.27) holds. In fact, Lemma 9.2 shows that there exists M > 0 such that

akε
2s
k + b ≤ M uniformly for large k.

(9.49)

Following the proof of Lemma 4.3 in Felmer, Quaas and Tan [51], there exists a function X  such that

0 < X (x) <
1

1 + |x|N+2s

and

(−Δ)sX +
(4s − N)b

4NM
X = 0 in R

N∖BR1(0) for some R1 > 0.

Following (9.35), (9.36), (9.48) and (9.49), we obtain for large k,

for |x| ≥ R2 with R2 large enough. By the comparison principle, we conclude that

wk(x) ≤
C

1 + |x|N+2s
uniformly for large k.

(9.50)

For any x ∈ Bc
ρ(0), we have

|x − zk|

εk
≥

|x|

2εk
≥

ρ

2εk
→ +∞ as k → ∞.

(9.51)

From (9.50) and (9.51), it follows that

(−Δ)swk +
(4s − N)b

4NM
wk ≤ (−Δ)swk +

(4s − N)bwk

4N(akε
2s
k + b)

=
−ε4s

k
|εkx + εkyk|2wk + μkε

4s
k
wk + β∗w

8s
N

+1

k
+ (4s−N)b

4N wk

akε
2s
k + b

≤ 0

uk(x) = ε
− N

2

k
wk(

x − zk

εk
) ≤ ε

− N
2

k

C

1 + | x−zk
εk

|N+2s

≤ ε
− N

2
k

C

1 + | ρ

2εk
|N+2s

→ 0 as k → ∞ for x ∈ Bc
ρ(0),



thus the proof of Lemma 9.3 is complete. □

Next, we recall Proposition 3.2 of Li and Bao [95], which establishes a regularity property that will ve
used in our proof.

Lemma 9.4  ⏎ Assume that g ∈ C r(BR(0)), r > 0 and u is a nonnegative solution of

(−Δ)su = g(x) in BR(0).

Proposition 9.1  ⏎  Let uk be a nonnegative minimizer of e(ak,β∗) with ak → 0 as k → ∞, then there
exists a sequence {uk}, still denoted by {uk}, such that each uk has a unique global maximum point z̄k
satisfying

lim
k→∞

z̄k = 0

(9.52)

and

lim
k→∞

ε
N
2
k uk(εkx + z̄k) = ( b

2β∗ )
N
8s

φ(x) in L∞(RN),

(9.53)

where φ(x) is the unique solution of (9.3), and εk → 0 as k → ∞ is defined by

εk := (∫
RN

|(−Δ)
s
2 uk|2dx)

− 1
2s

.

(9.54)

Proof. Let z̄k be a global maximum point of uk, it then follows from (9.31) and (9.35) that

uk(z̄k) ≥ (−μk

β∗
)

N
8s

≥ Cε
− N

2

k
.

(9.55)

If 2s + r ≤ 1 , then u ∈ C 0,2s+r (B R
2

(0)) with

∥ u ∥
C 0,2s+r(B R

2
(0))

≤ C [∥ u ∥
L∞(B 3R

4
(0))

+ ∥ g ∥
C r(B 3R

4
(0))
].

(i)

If 2s + r > 1 , then u ∈ C 1,2s+r−1 (B R
2

(0)) with

∥ u ∥
C 1,2s+r−1(B R

2
(0))

≤ C [∥ u ∥
L∞(B 3R

4
(0))

+ ∥ g ∥
C r(B 3R

4
(0))
].

(ii)



Combining this with (9.27), we derive that z̄k → 0 as k → ∞. Set

w̄k(x) = ε
N
2
k uk(εkx + z̄k).

(9.56)

Then w̄k(x) satisfies the following equation

(akε
2s
k + b)(−Δ)sw̄k + ε4s

k |εkx + z̄k|2w̄k = μkε
4s
k w̄k + β∗w̄

8s
N

+1
k in R

N .

(9.57)

We now claim that w̄k satisfies (9.26) for some positive constants R0 and δ. Indeed, relations (9.50) and
(9.55) yield that there exists R1 > 0, independent of k, such that z̄k−zk

εk
< R1

2 . Since wk satisfies (9.36),
we then deduce from (9.56) that

(9.58)

which proves the claim. Similar to the proof of Lemma 9.3, one can further derive that there exists a
subsequence, still denoted by {w̄k} with

μkε
4s
k →

(N − 4s)b

2N
and w̄k ⇀ w̄0 ≥ 0 in H s(RN) as k → ∞ ,

(9.59)

where w̄0 satisfies (9.38). Moreover, (9.58) implies that w̄0 ≢ 0. Thus, following Step 3 in Lemma 9.3, we
obtain w̄0 > 0. Further, we obtain that

w̄0(x) = ( b

2β∗ )
N
8s

φ(|x|),

(9.60)

since the origin is the unique global maximum point of φ.
We next prove the uniqueness of z̄k as k → ∞. Rewriting (9.57) as follows

(−Δ)sw̄k = Fk(x) in R
N ,

(9.61)

where

∣ ∣lim
k→∞

∫
BR0+R1(0)

|w̄k|2dx = lim
k→∞

∫
BR0+R1(

z̄k−zk
εk

)
|wk|2dx

≥ ∫
B

R0+
R1
2

(0)
|wk|2dx ≥ δ > 0,



Fk(x) := (akε
2s
k + b)−1 [−ε4s

k |εkx + z̄k|2w̄k + μkε
4s
k w̄k + β∗w̄

8s
N

+1
k ].

By the fact that ∥ w̄k ∥∞< C and z̄k → 0 as k → ∞, we then deduce from (9.59) that {Fk} is bounded
uniformly in L∞(RN) as k → ∞. Using Proposition 2.9 of Silvestre [137], we have

∥ w̄k ∥C 1,α(RN)≤ C (∥ w̄k ∥L∞(RN) + ∥ Fk ∥L∞(RN)) ≤ C for α ∈ (0, 1) as k → ∞.

Furthermore, since ε4s
k

|εkx + z̄k|2 is locally Lipschitz continuous in RN , in view of z̄k → 0 as k → ∞.
Applying Lemma 9.4 a finite number of times to (9.61), there exists some positive γ ∈ (0, 1) such that

∥ w̄k ∥
C 2,γ(BR/2)≤ C [∥ w̄k ∥L∞(B3R/4) + ∥ Fk ∥C γ(B3R/4)] ≤ C as k → ∞,

which shows that {w̄k} is bounded uniformly in C 2,γ
loc (RN) as k → ∞ for some γ ∈ (0, 1). So, there exists 

~w0 ∈ C 2
loc(R

N) such that w̄k → ~w0 in C 2
loc(R

N) as k → ∞. Further, by using (9.59) we have that w̄0 = ~w0

. Thus,

w̄k → w̄0 in C 2
loc

(RN) as k → ∞.

(9.62)

Because the origin is the unique global maximum point of φ(x), relation (9.62) shows that all global
maximum points of w̄k stay in a small ball Bρ(0) as k → ∞ for some ρ > 0. Since φ′′(0) < 0, we know
that φ′′(r) < 0 for r ∈ [0, ρ). By Lemma 4.2 of Ni and Takagi [123], we obtain that w̄k has no critical point
other than the origin and z̄k is the unique global maximum point of w̄k as k → ∞.

We now prove that relation (9.53) holds. It follows from (9.5) and (9.50) that for any ϵ > 0, there exists a
constant Rϵ > 0 independent k, such that

|w̄k(x)|, ( b

2β∗ )
N
8s

φ(x) <
ϵ

4
for any |x| > Rϵ as k → ∞,

which yields that

sup
|x|>Rϵ

|w̄k(x) − w̄0(x)| ≤ sup
|x|>Rϵ

(|w̄k(x)| + ( b

2β∗
)

N
8s

φ(x) ) <
ϵ

2
as k → ∞,

from which and (9.62) we can obtain (9.53). □

Following the proof of Proposition 9.1, we now address Theorem 9.2 on the local properties of
concentration points. Before proving Theorem 9.2, we first establish several auxiliary properties.

Claim 1. Define λ0 := ∫
RN |x|2φ2(x)dx, then we have

lim sup
a→0

e(a,β∗)

a
1

1+s

≤ (1 + s)( λ0

s ∥ φ ∥2
2

)

s
1+s

.

–∣ ∣ ∣ ∣



Indeed, let Uτ(x) be the trail function defined by (9.14). Taking x0 = 0, we deduce from (9.16) and (9.17)
that

∫
RN

|x|2|Uτ(x)|2dx =
λ0

τ 2 ∥ φ ∥2
2

(1 + o(1)) as τ → ∞,

(9.63)

and

e(a,β∗) = Ea,β∗(Uτ) ≤ aτ 2s + aCτ −10s +
λ0

τ 2 ∥ φ ∥2
2

(1 + o(1)) + Cτ −8s as τ → ∞.

(9.64)

Let τ = ( λ0

as∥φ∥2
2
)

1
2+2s , then τ → ∞ as a ↘ 0. We thus obtain from (9.63) and (9.64) that

e(a,β∗) ≤ a( λ0

as ∥ φ ∥2
2

)

s
1+s

+
λ0

∥ φ ∥2
2

( λ0

as ∥ φ ∥2
2

)

−1
1+s

(1 + o(1)) + Cτ −8s + o(1) as a ↘ 0,

which shows that

lim sup
a→0

e(a,β∗)

a
1

1+s

≤ (1 + s)( λ0

s ∥ φ ∥2
2

)

s
1+s

.

Claim 2. Let uk be a nonnegative minimizer of e(ak,β∗) as in Proposition 9.1 with ak → 0 as k → ∞,
then the unique global maximum point z̄k of uk satisfies z̄k → 0 as k → ∞ and { z̄k

εk
} is bounded.

In fact, if z̄k
εk

→ ∞ as k → ∞, then for any M > 0 large enough, we have

lim inf
k→∞

1

ε2
k

∫
RN

|x|2u2
kdx = lim inf

k→∞
∫
RN

x +
z̄k

εk

2

w̄2
kdx ≥ M.

(9.65)

Following (9.2), we deduce by calculation that there exists a constant C > 0 such that

e(ak,β∗) = Eak,β∗(uk) ≥ akε
−2s
k + Mε2

k ≥ CM
s

1+s a
1

1+s

k ,

which is a contradiction in view of Claim 1 by choosing M > 0 large enough.
Proof of Theorem 9.2: Actually, Claim 2 shows that there exists z0 ∈ R

N  such that

z̄k

εk
→ z0 as k → ∞.

(9.66)∣ ∣ ∣ ∣



Since φ(x) is a radial decreasing function and decays polynomially as |x| → ∞, we obtain

(9.67)

Together with the Young's inequality, we derive from (9.64) that

Hence

lim inf
k→∞

e(ak,β∗)

a
1

1+s

k

≥ (1 + s)( λ0

s ∥ φ ∥2
2

)
s

1+s

,

(9.68)

where the equality holds if and only if

lim
k→∞

εk

ε̄k
= 1 where ε̄k := ( sak∥φ∥2

2

λ0
)

1
2+2s

.

(9.69)

In view of (9.68) and Claim 1, it follows that

lim inf
k→∞

e(ak,β∗)

a
1

1+s

k

= (1 + s)( λ0

s ∥ φ ∥2
2

)
s

1+s

.

Therefore, (9.53) and (9.69) show that (9.7) holds.
Next, we prove (9.9). Indeed, from the definition of e(ak,β∗), we know that

∫
RN

|x|2u2
k(x)dx ≤ ∫

RN

|x|2u2
k(x + z̄k)dx.

(9.70)

By the decay estimate of w̄k and φ, we deduce from (9.69) that

lim inf
k→∞

1

ε2
k

∫
RN

|x|2u2
kdx =

1

∥ φ ∥2
2

∫
RN

|x + z0|2φ2(x)dx

≥
1

∥ φ ∥2
2

∫
RN

|x|2φ2(x)dx =
λ0

∥ φ ∥2
2

.

e(ak,β∗) = Eak,β∗(uk) ≥ akε
−2s
k

+
λ0ε

2
k

∥ φ ∥2
2

(1 + o(1))

≥ (1 + s)a
1

1+s

k
(1 + o(1))(

s ∥ φ ∥2
2

λ0
)

−s
1+s

.



∫
RN

|x|2u2
k(x + z̄k)dx =

ε2
k

∥ φ ∥2
2

(1 + o(1))∫
RN

|x|2φ2(x)dx as k → ∞.

(9.71)

Note that

∫
RN

|x|2u2
k(x)dx ≥ ∫

B 1
√εk

(0)
|εkx + z̄k|2w̄2

k(x)dx =
(1 + o(1))ε2

k

∥ φ ∥2
2

∫
B 1

√εk

(0)
x +

z̄k

εk

2

φ2(x)dx.

(9.72)

On the contrary, we assume that there exists a constant ρ > 0 and a subsequence of { z̄k
εk
} with 

|z̄k|
εk

≥ ρ > 0 as k → ∞. Then relations (9.70)–(9.72) show that

ε2
k

∥ φ ∥2
2

∫
B 1

√εk

(0)
x +

z̄k

εk

2

φ2(x)dx ≤
(1 + o(1))ε2

k

∥ φ ∥2
2

∫
RN

|x|2φ2(x)dx as k → ∞.

Applying the Fatou's lemma, we have

∫
RN

|x|2φ2(x)dx < ∫
RN

lim inf
k→∞

x +
z̄k

εk

2

φ2(x)dx ≤ ∫
RN

|x|2φ2(x)dx,

which is a contradiction. Thus, z̄k
εk

→ 0 as k → ∞, from which and relation (9.69) we can obtain (9.9).
This completes the proof. □

9.4 Local uniqueness

This section is devoted to studying the local uniqueness of nonnegative minimizers when a is small enough.
For this purpose, let {ak} be a sequence satisfies ak → 0 as k → ∞. By contradiction, let u1k and u2k be
two different normalized minimizers to e(ak,β∗) with ∥ uik ∥2

2= 1 for i = 1,2. Let z̄1k and z̄2k be the
unique global maximal point of u1k and u2k as k → ∞, respectively. We rewrite (9.31) as

(ak + b ∫
RN

|(−Δ)
s
2 uik|2dx)(−Δ)suik + |x|2uik = μikuik + β∗u

8s
N

+1

ik
in R

N , i = 1, 2,

(9.73)

where μik ∈ R is the corresponding Lagrange multiplier. Define

ūik(x) := ( 2β∗

b
)

N
8s

ε̄
N
2

k
uik(ε̄kx + z̄1k) i = 1, 2,

(9.74)

∣ ∣∣ ∣ ∣ ∣



and

η̄k(x) :=
ū1k(x) − ū2k(x)

∥ ū1k − ū2k ∥∞
.

(9.75)

One can check that ūik and η̄k satisfy

(9.76)

and

(9.77)

where A ∈ (0, 1).
The following result establishes the polynomial decay of ūik and |∇ūik|.

Lemma 9.5  ⏎ Assume that uik(i = 1, 2) are two minimizers of e(ak,β∗) with ak → 0 as k → ∞ and ūik

is defined by (9.74), then there exist R > 0 large enough and 2s > ρ > 0 small enough such that

ūik(x) ≤
C

1 + |x|N+2s
as k → ∞,

(9.78)

and

|∇ūik(x)| ≤
C

1 + |x|N+2s
for |x| > R as k → ∞.

(9.79)

Proof. Relation (9.78) follows from the decay estimate of uik in Section 9.3. We now show that (9.79) is
true. In fact, ūik ∈ C 1,α(RN) for some α ∈ (0, 1) as k → ∞. In particular, |Dūik| ∈ L∞(RN) as k → ∞.

[akε̄2s
k + b( b

2β∗
)

N
4s

∫
R

N

|(−Δ)
s
2 ūik|2dx](−Δ)sūik + ε̄4s

k |ε̄kx + z̄1k|2ūik

= μikε̄
4s
k ūik +

b

2
ū

8s
N

+1
ik in R

N , i = 1, 2,

[ akε̄
2s
k + b( b

2β∗ )
N
4s

∫
RN

|(−Δ)
s
2 ū2k|2dx](−Δ)sη̄k + ε̄4s

k |ε̄kx + z̄1k|2η̄k

+b( b

2β∗ )
N
4s

∫
RN

(−Δ)
s
2 (ū1k + ū2k)(−Δ)

s
2 η̄kdx(−Δ)

s
2 ū1k

= μ1kε̄
4s
k η̄k +

ε̄4s
k
ū2k(μ1k − μ2k)

∥ ū1k − ū2k ∥∞
+

(8s + N)b

2N
[Aū1k + (1 − A)ū2k]

8s
N η̄k,



Differentiating (9.76), we get

(9.80)

where i = 1,2 and j = 1, 2, … ,N . By (9.59) and (9.69), we have

μikε̄
4s
k →

(N − 4s)b

2N
as k → ∞ and i = 1, 2.

(9.81)

Using the fact that z̄1k → 0 as k → ∞, we derive from (9.78) and (9.81) that there exists ϑ > 0 large such
that

inf
|x|≥ϑ

−μikε̄
4s
k − b

2
8s+N
N

ū
8s
N

ik + ε̄4s
k |ε̄kx + z̄1k|2

akε̄
2s
k

+ b( b
2β∗ )

N
4s ∫

RN |(−Δ)
s
2 ūik|2dx

=: ρ0 > 0 as k → ∞ and i = 1, 2.

(9.82)

Let v ∈ H s(RN) be a positive radial solution of

(−Δ)sv + ρ0v = v
8s
N

+1 in R
N .

(9.83)

From Frank, Lenzmann and Silvestre [59], we know that v ∈ C(RN) and there exist constants 
C2 > C1 > 0 such that

C1

1 + |x|N+2s
≤ v(x) ≤

C2

1 + |x|N+2s
x ∈ R

N .

(9.84)

For large k and ϑ0 > ϑ, set

v̄ := (1 +
∥ Dǔik ∥∞

inf|x|≤ϑ0
v
)v.

In view of (9.80) and (9.83), it follows that for all i = 1,2 and j = 1, 2, … ,N ,

[akε̄2s
k + b( b

2β∗ )
N
4s

∫
RN

|(−Δ)
s
2 ūik|2dx](−Δ)s

∂ūik

∂xj
+ ε̄4s

k |ε̄kx + z̄1k|2 ∂ūik

∂xj

= μikε̄
4s
k

∂ūik

∂xj

+
b

2

8s + N

N
ū

8s
N

ik

∂ūik

∂xj

− 2ε̄4s+1
k

(ε̄kxj + z̄
j

1k)ūik,

⎡⎢⎣ ⎤⎥⎦



(9.85)

Testing (9.85) with ( ∂ūik

∂xj
− v̄)

+
, we get

(9.86)

where i = 1,2 and j = 1, 2, … ,N . According to the definition of v̄, we can see that ( ∂ūik

∂xj
− v̄)

+
= 0 in 

Bϑ0(0) as k → ∞. Moreover, we have that as k → ∞

∫
RN

−2ε̄4s+1
k (ε̄kxj + z̄

j
1k)ūik

akε̄
2s
k

+ b( b
2β∗ )

N
4s
∫
RN |(−Δ)

s
2 ūik|2dx

−(1+
∥ Dǔik ∥∞

inf|x|≤ϑ0
v
)v 8s

N
+1 ( ∂ūik

∂xj
− v̄)

+

dx ≤ 0,

(9.87)

where i = 1,2 and j = 1, 2, … ,N . By the fact that ϑ0 > ϑ, we obtain from (9.82) that

(−Δ)s( ∂ūik

∂xj
− v̄)+

−μikε̄
4s
k

− b
2

8s+N
N

ū
8s
N

ik
+ ε̄4s

k
|ε̄kx + z̄1k|2

akε̄
2s
k + b( b

2β∗ )
N
4s
∫
RN |(−Δ)

s
2 ūik|2dx

∂ūik

∂xj
− ρ0v̄

=
−2ε̄4s+1

k
(ε̄kxj + z̄

j

1k)ūik

akε̄
2s
k + b( b

2β∗ )
N
4s
∫
RN |(−Δ)

s
2 ūik|2dx

− (1 +
∥ Dǔik ∥∞

inf|x|≤ϑ0 v
)v 8s

N
+1.

⎡⎢⎣ ⎤⎥⎦∫
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(−Δ)
s
2 ( ∂ūik

∂xj
− v̄)(−Δ)

s
2 ( ∂ūik

∂xj
− v̄)

+

dx

+∫
RN

−μikε̄
4s
k − b

2
8s+N
N

ū
8s
N

ik + ε̄4s
k |ε̄kx + z̄1k|2

akε̄
2s
k + b( b

2β∗ )
N
4s
∫
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s
2 ūik|2dx

∂ūik

∂xj

− ρ0v̄ ( ∂ūik

∂xj

− v̄)
+

dx

= ∫
RN

−2ε̄4s+1
k

(ε̄kxj + z̄
j

1k)ūik

akε̄
2s
k + b( b

2β∗ )
N
4s
∫
RN |(−Δ)

s
2 ūik|2dx

−(1 +
∥ Dǔik ∥∞

inf|x|≤ϑ0 v
)v 8s

N
+1 ( ∂ūik

∂xj

− v̄)
+

dx,

⎧⎪⎨⎪⎩⎡⎢⎣ ⎤⎥⎦ ⎫⎪⎬⎪⎭⎡⎢⎣ ⎤⎥⎦⎡⎢⎣ ⎤⎥⎦



(9.88)

Let ωi := ∂ūik

∂xj
− v̄, where i = 1,2 and j = 1, 2, … ,N . By straightforward computation we have

(9.89)

and

(9.90)

Following (9.89) and (9.90), it follows that

∫
R

N

(−Δ)
s
2 ( ∂ūik

∂xj

− v̄)(−Δ)
s
2 ( ∂ūik

∂xj

− v̄)
+

dx ≥ ∫
R

N

(−Δ)
s
2 ( ∂ūik

∂xj

− v̄)
+ 2

dx.

(9.91)

∫
RN

−μikε̄
4s
k

− b
2

8s+N
N

ū
8s
N

ik
+ ε̄4s

k
|ε̄kx + z̄1k|2

akε̄
2s
k + b( b

2β∗ )
N
4s
∫
RN |(−Δ)

s
2 ūik|2dx

∂ūik

∂xj
− ρ0v̄ ( ∂ūik

∂xj
− v̄)

+

dx

= ∫
Bc

ϑ0
(0)

−μikε̄
4s
k

− b
2

8s+N
N

ū
8s
N

ik
+ ε̄4s

k
|ε̄kx + z̄1k|2

akε̄
2s
k + b( b

2β∗ )
N
4s
∫
RN |(−Δ)

s
2 ūik|2dx

∂ūik

∂xj
− ρ0v̄ ( ∂ūik

∂xj
− v̄)

+

dx

≥ ∫
Bc

ϑ0
(0)
(ρ0

∂ūik

∂xj

− ρ0v̄)(
∂ūik

∂xj

− v̄)
+

dx

= ρ0 ∫
RN

( ∂ūik

∂xj

− v̄)
+ 2

dx as k → ∞, i = 1, 2 and j = 1, 2, … ,N .
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(ωi(x) − ωi(y))(ω+
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dxdy
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dxdy
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dxdy
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i (y)|2

|x − y|N+2s
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{ωi(x)≥0}
∫
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ω2
i (x)
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dxdy
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{ωi(x)≥0}

∫
{ωi(y)≥0}
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|x − y|N+2s
dxdy.∣ ∣



It then follows from (9.86)–(9.88) and (9.91) that for i = 1,2 and j = 1, 2, … ,N

∫
RN

(−Δ)
s
2 ( ∂ūik

∂xj

− v̄)
+ 2

dx + ρ0 ∫
RN

( ∂ūik

∂xj

− v̄)
+ 2

dx ≤ 0 as k → ∞,

which implies that ( ∂ūik

∂xj
− v̄)

+
= 0 in R3. Thus, we have

∂ūik

∂xj
≤ v̄ ≤

C

1 + |x|N+2s
as k → ∞, i = 1, 2 and j = 1, 2, … ,N .

By the same arguments as above, we can also obtain that − ∂ūik

∂xj
≤ C

1+|x|N+2s  as k → ∞, i = 1,2 and 

j = 1, 2, … ,N . This completes the proof of Lemma 9.5. □

To achieve the optimal decay frequency, denote

ûik(x) := ( 2β∗

b
)

N
8s

ε̄
N
2
k uik(ε̄τkx) for i = 1, 2,

(9.92)

and

η̂k(x) :=
û1k(x) − û2k(x)

∥ û1k − û2k ∥∞
,

(9.93)

where τ < 0 satisfy

(9.94)

In view of (9.74), (9.76), (9.92) and (9.93), it follows that

(9.95)

and

∣ ∣ ∣ ∣{
τ <min {−2s, −4s−6

4s } N = 2,

−4s − 4 < τ <min {−2s, −4s−5
4s+2 } N = 3.
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k

+ b( b
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in R

N , i = 1, 2



(9.96)

Following (9.74)–(9.76), we have

(9.97)

Next, we claim that for any x0 ∈ R
N , there exists a small constant δ > 0 such that

∫
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k

as k → ∞.

(9.98)

In fact, multiplying (9.96) by η̂k and integrating over RN , we have

(9.99)
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k |ε̄τkx|2η̂k

= ε̄4s
k (μ1k + μ2k)η̂k +

ε̄4s
k (μ1k − μ2k)
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(û1k + û2k) +

(8s + N)b

N
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A4 :=
(8s + N)b

N
ε̄
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k ∫
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8s
N η̄2
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By the fact that ∥ ūik ∥H s(RN)≤ C as k → ∞, we can derive from the Hölder's inequality that

(9.100)

Using the same argument of (9.100), we can obtain that

(9.101)

Noticing that |η̄k| ≤ 1, we conclude from Lemma 9.5 that

|A3 + A4| ≤ Cε̄
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k
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Thus, from (9.8), (9.35) and (9.99)–(9.102), we obtain that
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(ū1k + ū2k)η̄kdx,

A3:= −
4sβ∗

N
( 2β∗

b
)

−1− N
4s

ε̄
(1−τ)N
k ∫

RN

(ū
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2 (û1k + û2k)|2dx ∫

RN

|(−Δ)
s
2 η̂k|2dx

≤ Cε̄
(τ−1)(N−4s)+(1−τ)(N−2s)
k

∫
RN

|(−Δ)
s
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Combining this result with Lemma 4.5 of Cao, Li and Luo [20], we obtain that (9.98) holds. Thus, we
obtain immediately the following estimate

∥ η̄k ∥H s(RN)≤ C as k → ∞.

(9.103)

In order to deduce the limiting behaviors of η̄k, let us first study some basic properties of the ground state
φ, which will be used later.

Lemma 9.6  ⏎ Let φ > 0 be the unique radial positive solution of (9.3) and let Γ denote the corresponding
linearized operator given by

Γ := (−Δ)s +
4s − N

2N
−

8s + N

2N
φ

8s
N .

Then we have the following properties:

Proof. According to [59, Theorem 3], we know that (i) holds. Let w(x) > 0 be the radial positive solution
of

(−Δ)sw + w − w
8s
N

+1 = 0.

(9.104)

Define

L := (−Δ)s + 1 −
8s + N

N
w

8s
N .

Following [59, (7.2) and (7.3)], we have that L ( N
4 w + x ⋅ ∇w) = −2sw. Thus, (9.104) shows that

(−Δ)s(x ⋅ ∇w) + x ⋅ ∇w −
8s + N

N
w

8s
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N

+1 − 2sw.

(9.105)

In view of (9.3) and (9.104), it follows that
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N
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R

N
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k ∫
R

N

η̂2
kdx
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k
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|(−Δ)
s
2 η̂k|2dx + ∫

RN

η̂2
kdx + ε̄

2(1−τ)
k

] as k → ∞.

φ is nondegenerate in H s(RN) in the sense that there holds

KerΓ = span{ ∂φ

∂x1
,

∂φ

∂x2
, … ,

∂φ

∂xN

};

(i)

Γ ( N
4 φ + x ⋅ ∇φ) = − (4s−N)s

N
φ and Γ(x ⋅ ∇φ) = 2s(−Δ)sφ.(ii)



w(x) = ( N

4s − N
)

N
8s

φ[( 2N

4s − N
)

1
2s

x],

(9.106)

then

(−Δ)s(x ⋅ ∇φ) +
4s − N

2N
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8s + N

2N
φ

8s
N (x ⋅ ∇φ) = sφ

8s+N
N −

(4s − N)s

N
φ.

(9.107)

Moreover, since φ(x) > 0 is the unique solution to (9.3), a straightforward calculation shows that

in view of (9.107). This completes the proof of Lemma 9.6. □

Lemma 9.7  ⏎ Under the assumptions of Theorem 9.3, there exists η̄0 ∈ C 1(RN) such that

η̄k → η̄0 in C 1(RN) as k → ∞,

(9.108)

and

η̄0(x) = d0φ + d̄0(x ⋅ ∇φ) +
N

∑
i=1

di
∂φ

∂xi
,

(9.109)

where d0, d̄0, d1, … , dN  are all constants.

Proof. By the fact that ∥ ūik ∥H s(RN)≤ C as k → ∞ for i = 1,2, we deduce from (9.103) that

(9.110)

Since z̄1k → 0 and ∥ ū1k ∥∞≤ C as k → ∞, we derive from (9.59) and (9.76) that
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4
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s
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(9.111)

Combining (9.73) with (9.74) yields that

(9.112)

This relation together with (9.75) implies that

(9.113)

By the fact that |η̄k| ≤ 1, ∥ ū2k ∥∞≤ C and ∥ ūik ∥H s(RN)≤ C as k → ∞ for i = 1,2, we conclude from
(9.78) and (9.113) that

ε̄4s
k ū2k

μ1k − μ2k

∥ ū1k − ū2k ∥∞
≤ C as k → ∞.

(9.114)

We now rewrite problem (9.77) as

(−Δ)sη̄k = F̄k(x) in R
N ,

where

|(−Δ)sū1k| = (akε̄2s
k + b( b

2β∗
)

N
4s

∫
RN

|(−Δ)
s
2 ū1k|2dx)

−1

×[−ε̄4s
k |ε̄kx + z̄1k|2ū1k + μ2kε̄

4s
k ū1k +

b

2
ū

8s
N

+1
1k ] ≤ C as k → ∞.∣ ∣μikε̄

4s
k = e(ak,β∗)ε̄4s

k +
b

2
( 2β∗

b
)

− N
2s

(∫
RN

|(−Δ)
s
2 ūik|2dx)

2

−
4sβ∗

N + 4s
( 2β∗

b
)

−1− N
4s

∫
RN

ū
8s+2N

N

ik dx i = 1, 2.

ε̄4s
k ū2k

μ1k − μ2k

∥ ū1k − ū2k ∥∞
=

b

2
( 2β∗

b
)

− N
2s

∫
R

N

(|(−Δ)
s
2 ū1k|2 + |(−Δ)

s
2 ū2k|2)dx

×∫
RN

(−Δ)
s
2 (ū1k + ū2k)(−Δ)

s
2 η̄kdxū2k

−
4sβ∗

N
( 2β∗

b
)

−1− N
4s

∫
R

N

(ū
4s+N

N

1k + ū
4s+N

N

2k )[Aū1k + (1 − A)ū2k]
4s
N η̄kdxū2k.∣ ∣



Since |η̄k| ≤ 1, ∥ ūik ∥∞≤ C and ∥ ūik ∥H s(RN)≤ C as k → ∞ for i = 1,2, we deduce from (9.110),
(9.111) and (9.114) that F̄k(x) ∈ L∞(RN) as k → ∞. Thus, using Proposition 2.9 of Silvestre [138], we
know that ∥ η̄k ∥C 1,α(RN)≤ C for some α ∈ (0, 1) as k → ∞. Passing to a subsequence, there exists some
function η̄0 ∈ C 1,α(RN) such that relation (9.108) holds.

Moreover, (9.53), (9.69) and (9.74) show that

∫
RN

|(−Δ)
s
2 ūik|2dx → ( 2β∗

b
)

N
4s

as k → ∞ for i = 1, 2.

(9.115)

Taking k → ∞ in (9.77), we then derive from (9.113) and (9.115) that

(9.116)

from which and Lemma 9.6 we deduce that (9.109) holds. □

Until now, we have decomposed η̄0 and we need to verify that d0, d̄0, d1, … , dN = 0. Hereafter, we
consider the relationships between the parameters.

Lemma 9.8  ⏎ Assume that d0, d̄0, d1, … , dN  are defined in (9.109), then

d̄0 =
2

N
d0.

Proof. We first claim that

d1 ∫
RN

(−Δ)
s
2

∂φ

∂x1
(−Δ)

s
2 φdx + ⋯ + dN ∫

RN

(−Δ)
s
2

∂φ

∂xN

(−Δ)
s
2 φdx = 0.

(9.117)

F̄k(x) = (akε̄2s
k + b( b

2β∗
)

N
4s

∫
RN

|(−Δ)
s
2 ū2k|2dx)

−1

×[−b( b

2β∗
) N

4s ∫
RN

(−Δ)
s
2 (ū1k + ū2k)(−Δ)

s
2 η̄kdx(−Δ)sū1k

−ε̄4s
k |ε̄kx + z̄1k|2η̄k + μ1kε̄

4s
k η̄k +

ε̄4s
k (μ1k − μ2k)ū2k

∥ ū1k − ū2k ∥∞

+
(8s + N)b

2N
[Aū1k + (1 − A)ū2k]

8s
N η̄k].

(−Δ)sη̄0 +
4s − N

2N
η̄0 −

8s + N

2N
φ

8s
N η̄0 = −2( b

2β∗
)

N
4s

∫
RN

(−Δ)
s
2 φ(−Δ)

s
2 η̄0dx(−Δ)sφ

+2( 2β∗

b
)

− N
4s

∫
RN

(−Δ)
s
2 φ(−Δ)

s
2 η̄0dxφ −

8sβ∗

Nb
( 2β∗

b
)

−1− N
4s

∫
RN

φ
8s+N
N η̄0dxφ,



Indeed, from (9.3) we have

(9.118)

Applying Lemma 9.6, we conclude that

(9.119)

In view of (9.118) and (9.119), it follows that

d1 ∫
RN

φ
8s+N
N

∂φ

∂x1
dx + ⋯ + dN ∫

RN

φ
8s+N
N

∂φ

∂xN

dx = 0.

(9.120)

Moreover, we know that ∫
RN φ

∂φ
∂xi

dx = 0 for the season that φ is even in xi while ∂φ
∂xi

 is odd. Thus, from
(9.119) and (9.120), we get that (9.117) holds. Following (9.109) and (9.117), we have

(9.121)

Taking advantage of Lemma 9.6, we deduce from (9.4) that

di ∫
RN

(−Δ)
s
2

∂φ

∂xi

(−Δ)
s
2 φdx + di

4s − N

2N
∫
RN

φ
∂φ

∂xi

dx

−
di

2
∫
RN

φ
8s+N
N

∂φ

∂xi

dx = 0 i = 1, 2, … ,N .

d1 ∫
RN

(−Δ)
s
2

∂φ

∂x1
(−Δ)

s
2 φdx + ⋯ + dN ∫

RN

(−Δ)
s
2

∂φ

∂xN
(−Δ)

s
2 φdx

+d1
4s − N

2N
∫
RN

φ
∂φ

∂x1
dx + ⋯ + dN

4s − N

2N
∫
RN

φ
∂φ

∂xN
dx

−
d1(8s + N)

2N
∫
RN

φ
8s+N
N

∂φ

∂x1
dx − ⋯ −

dN(8s + N)

2N
∫
RN

φ
8s+N
N

∂φ

∂xN

dx = 0.

∫
RN

(−Δ)
s
2 φ(−Δ)

s
2 η̄0dx

= ∫
RN

(−Δ)
s
2 φ(−Δ)

s
2 (d0φ + d̄0(x ⋅ ∇φ) +

N

∑
i=1

di
∂φ

∂xi

)dx

= d0 ∫
RN

|(−Δ)
s
2 φ|2dx + d̄0 ∫

RN

(−Δ)
s
2 φ(−Δ)

s
2 (x ⋅ ∇φ)dx.



(9.122)

Also, we get from (9.4) and (9.120) that

(9.123)

Hence, we derive from Lemma 9.6, (9.116), (9.121), (9.122) and (9.123) that

which implies that

d̄0 =
2

N
d0.

∫
R

N

(−Δ)
s
2 φ(−Δ)

s
2 (x ⋅ ∇φ)dx = 2s∫

R
N

|(−Δ)
s
2 φ|2dx

+
N − 4s

2N
∫
R

N

φ(x ⋅ ∇φ)dx +
8s + N

2N
∫
R

N

φ
8s+N
N (x ⋅ ∇φ)dx

= 2s∫
R

N

|(−Δ)
s
2 φ|2dx +

N − 4s

4N
∫
R

N

x ⋅ ∇φ2dx +
8s + N

16s + 4N
∫
R

N

x ⋅ ∇φ
8s+2N

N dx

= 2s∫
R

N

|(−Δ)
s
2 φ|2dx −

N − 4s

4
∫
R

N

φ2dx +
(8s + N)(−N)

16s + 4N
∫
R

N

φ
8s+2N

N dx

= 2s( 2β∗

b
)

N
4s

+
4s − N

4
( 2β∗

b
)

N
4s

−
(8s + N)(4s + N)

16s + 4N
( 2β∗

b
)

N
4s

= (s −
N

2
)( 2β∗

b
)

N
4s

.

∫
RN

φ
8s+N
N η̄0dx = ∫

RN

φ
8s+N
N (d0φ + d̄0(x ⋅ ∇φ) +

N

∑
i=1

di
∂φ

∂xi
)dx

=
N + 4s

N
d0(

2β∗

b
)

N
4s

−
N 2d̄0

8s + 2N
∫
RN

φ
8s+2N

N dx

=
N + 4s

N
d0(

2β∗

b
)

N
4s

−
Nd̄0

2
( 2β∗

b
)

N
4s

.

Γ(η̄0) = −2( b

2β∗
)

N
4s

[d0(
2β∗

b
)

N
4s

+ (s −
N

2
)d̄0(

2β∗

b
)

N
4s

](−Δ)sφ

+2( 2β∗

b
)

− N
4s

[d0(
2β∗

b
)

N
4s

+ (s −
N

2
)d̄0(

2β∗

b
)

N
4s

]φ

−
8sβ∗

Nb
( 2β∗

b
)

−1− N
4s

[N + 4s

N
( 2β∗

b
)

N
4s

d0 −
N

2
( 2β∗

b
)

N
4s

d̄0]φ

= Γ(d0φ + d̄0(x ⋅ ∇φ) +
N

∑
i=1

di
∂φ

∂xi

) = d0Γ(φ) + d̄0Γ(x ⋅ ∇φ)

=
4s(N − 4s)

N 2
d0φ −

8s

N
d0(−Δ)sφ + 2sd̄0(−Δ)sφ,



This completes the proof of Lemma 9.8. □

From [68], we have the following elementary estimate.

Lemma 9.9  ⏎  Let ρ > θ > 0 be two constants. Suppose (y − x)2 + t2 ≥ ρ2, t > 0 and α > N . Then,
when β > N , it holds that

∫
RN∖Bθ(y−x)

dz

(t + |z|)α|y − z − x|β
≤ C [ 1

(1 + |y − x|)β
1

tα−N
+

1

(1 + |y − x|)β
1

θβ−N
],

where C > 0 is a constant independent of θ. Moreover, as ϵ → 0, we have

∫
RN

dz

(t + |z|)α(1 +
|y−z−x|

ϵ
)β

≤ CϵN [ 1

(1 + |y − x|)β
1

tα−N
+

1

(1 + |y − x|)α
].

From the above results, we obtain the following property about the parameter di, i = 1, 2, … ,N .

Lemma 9.10  ⏎ Assume that di are defined in (9.109), where i = 1, 2, … ,N , it holds

d1 = d2 = … = dN = 0.

Proof. We first write the extension of ûik, then

(9.124)

where i = 1,2. For writing convenience, we give the following definitions

where δ > 0 small is given by (9.98) and τ < 0 is given by (9.94). Multiplying (9.124) by ∂ ˜̂uik

∂xj
, where 

i = 1,2 and j = 1, 2, … ,N , and integrating over Bδ(ε̄
−τ
k z̄1k), we see that

⎧⎪⎨⎪⎩ div(t1−2s∇˜̂uik) = 0 in R
N+1
+ ,

− [akε̄2s(2−τ)
k

+ b( b
2β∗ )

N
4s
ε̄

(τ−1)(N−4s)
k

∫
RN |(−Δ)

s
2 ûik|2dx] lim

t→0
∂t
˜̂uik(x, t)

= −ε̄4s
k |ε̄τkx|2ûik + μikε̄

4s
k ûik + b

2 û
8s
N

+1
ik in R

N ,

Bδ(ε̄
−τ
k
z̄1k) := {x ∈ R

N : |x − ε̄−τ
k
z̄1k| ≤ δ} ⊆ R

N ,

B
+
δ

(ε̄−τ
k
z̄1k) := {X = (x, t) : |X − (ε̄−τ

k
z̄1k, 0)| ≤ δ, t > 0} ⊆ R

N+1
+ ,

∂ ′
B

+
δ

(ε̄−τ
k
z̄1k) := {X = (x, t) : |X − (ε̄−τ

k
z̄1k, 0)| ≤ δ, t = 0} ⊆ R

N ,

∂ ′′
B

+
δ

(ε̄−τ
k
z̄1k) := {X = (x, t) : |X − (ε̄−τ

k
z̄1k, 0)| = δ, t > 0} ⊆ R

N+1
+ ,

∂B
+
δ (ε̄−τ

k z̄1k) := ∂ ′
B

+
δ (ε̄−τ

k z̄1k) ∪ ∂ ′′
B

+
δ (ε̄−τ

k z̄1k),



(9.125)

Notice that

(9.126)

Using this relation together with (9.125), we deduce that

(9.127)

Applying (9.74), (9.92) and Lemma 9.5, we can obtain that

[ akε̄
2s(2−τ)
k + b( b

2β∗ )
N
4s

ε̄
(τ−1)(N−4s)
k ∫

RN

|(−Δ)
s
2 ûik|2dx]

×[−∫
∂ ′′B

+
δ

(ε̄−τ
k
z̄1k)

t1−2s ∂ ˜̂uik

∂ν

∂ ˜̂uik

∂xj
+

1

2
∫

∂ ′′B
+
δ

(ε̄−τ
k
z̄1k)

t1−2s|∇˜̂uik|2νj]

+ε̄4s
k ∫

Bδ(ε̄
−τ
k
z̄1k)

|ε̄τkx|2ûik

∂ûik

∂xj
dx

=
μikε̄

4s
k

2
∫

∂Bδ(ε̄
−τ
k z̄1k)

û2
ikνjdS +

Nb

2(8s + 2N)
∫

∂Bδ(ε̄
−τ
k z̄1k)

û
8s+2N

N

ik νjdS.

∫
Bδ(ε̄

−τ
k
z̄1k) |ε̄τ

k
x|2ûik

∂ûik

∂xj
dx = 1

2 ∫∂Bδ(ε̄
−τ
k z̄1k) |ε̄τkx|2û2

ikνjdS

− 1
2 ∫

Bδ(ε̄
−τ
k z̄1k)

∂|ε̄τ
k
x|2

∂xj
û2
ikdx.

1

2
ε̄4s
k ∫

Bδ(ε̄
−τ
k z̄1k)

∂|ε̄τkx|2

∂xj
û2
ikdx

= [akε̄2s(2−τ)
k

+ b( b

2β∗
)

N
4s

ε̄
(τ−1)(N−4s)
k

∫
R

N

|(−Δ)
s
2 ûik|2dx]

×[−∫
∂ ′′B

+
δ

(ε̄−τ
k z̄1k)

t1−2s ∂ ˜̂uik

∂ν

∂ ˜̂uik

∂xj
+

1

2
∫

∂ ′′B
+
δ

(ε̄−τ
k z̄1k)

t1−2s|∇˜̂uik|2νj]

+
ε̄4s
k

2
∫

∂Bδ(ε̄
−τ
k z̄1k)

|ε̄τkx|2û2
ikνjdS −

μikε̄
4s
k

2
∫

∂Bδ(ε̄
−τ
k z̄1k)

û2
ikνjdS

−
Nb

2(8s + 2N)
∫

∂Bδ(ε̄
−τ
k z̄1k)

û
8s+2N

N

ik νjdS.

|ûik(x)| + |∇ûik(x)| = |ūik(ε̄τ−1
k

x − ε̄−1
k
z̄1k)| + ε̄τ−1

k
|∇ūik(ε̄τ−1x − ε̄−1

k
z̄1k)|

≤
C

1 + |ε̄τ−1
k x − ε̄−1

k z̄1k|N+2s
+

Cε̄τ−1
k

1 + |ε̄τ−1
k x − ε̄−1

k z̄1k|N+2s

≤
Cε̄τ−1

k

(1 + |
x−ε̄−τ

k z̄1k

ε̄1−τ
k

|2)
N+2s

2

as k → ∞ and i = 1, 2.



(9.128)

Following (9.10), (9.11), (9.128) and Lemma 9.9, we derive that for |x − ε̄−τ
k z̄1k| + t2 = δ2 and t > 0, it

has

(9.129)

Moreover, from (9.10), (9.11), (9.128), Lemma 9.5 and Lemma 9.9, we also obtain for 
|x − ε̄−τ

k
z̄1k| + t2 = δ2 and t > 0

(9.130)

Under the same assumptions, we can also get

∂

∂ν
˜̂uik(x, t) ≤

Cε̄
(1−τ)(N−1)
k

(1 + |x − ε̄−τ
k z̄1k|)N+2s

as k → ∞ and i = 1, 2.

(9.131)

Clearly we have

|˜̂uik(x, t)| ≤ Cε̄τ−1
k ∫

RN

t2s

(|x − ξ| + t)N+2s

1

(1 + |
ξ−ε̄−τ

k
z̄1k

ε̄1−τ
k

|)
N+2s

dξ

≤
Cε̄

(1−τ)(N−1)
k

(1 + |x − ε̄−τ
k z̄1k|)N+2s

as k → ∞ and i = 1, 2.

∂

∂xj

˜̂uik(x, t) = ∫
RN

1

(1 + |z|2)
N+2s

2

∂

∂xj
ûik(x − tz)dz

≤ Cε̄τ−1
k

∫
RN

1

(1 + |z|2)
N+2s

2

1

(1 + |
x−tz−ε̄−τ

k z̄1k

ε̄1−τ
k

|2)
N+2s

2

dz

≤ Cε̄τ−1
k

∫
RN

t2s

(t + |x − ξ|)N+2s

1

(1 + |
ξ−ε̄−τ

k z̄1k

ε̄1−τ
k

|)
N+2s

dξ

≤
Cε̄

(1−τ)(N−1)
k

(1 + |x − ε̄−τ
k
z̄1k|)N+2s

as k → ∞, i = 1, 2 and j = 1, 2, … ,N .∣ ∣ ∣ ∣∣ ∣



We then deduce from (9.129)–(9.131) that for |x − ε̄−τ
k
z̄1k| + t2 = δ2 and t > 0

|˜̂ηk(x, t)|,
∂

∂xj

˜̂ηk(x, t) ,
∂

∂ν
˜̂ηk(x, t) ≤

Cε̄
(N−1)(1−τ)− N

2

k

(1 + |x − ε̄−τ
k
z̄1k|)N+2s

as k → ∞ and j=1, 2, … ,N .

(9.132)

Following (9.127), we have

ε̄4s
k

2
∫
Bδ(ε̄

−τ
k
z̄1k)

∂|ε̄τ
k
x|2

∂xj
(û1k + û2k)η̂kdx =: B1 + B2 + B3 + B4 + B5 + B6,

(9.133)

where

|ξ̂k(x)| + |∇ξ̂k(x)| =
û1k(x) − û2k(x)

( 2β∗

b
)

N
8s
ε̄

N
2
k ∥ u1k(ε̄τkx) − u2k(ε̄τkx) ∥∞
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b
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N
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Cε̄

τ−1− N
2

k

(1 + |
x−ε̄−τ

k
z̄1k

ε̄1−τ
k

|2)
N+2s

2

as k → ∞.∣ ∣∣ ∣∣ ∣ ∣ ∣



Let us estimate each of term the above one by one. By the fact z̄1k → 0 as k → ∞, it follows from Lemma
9.5 and (9.98) that

(9.134)

Using the fact μikε̄
−4s
k →

(N−4s)b
2N  as k → ∞, we deduce from Lemma 9.5 and (9.98) that

B1:=
ε̄4s
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2
∫

∂Bδ(ε̄
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2 û1k|2dx]

×∫
∂ ′′B
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(9.135)

Similarly, we also have

(9.136)

Noticing that ∥ ūik ∥H s(RN)≤ C as k → ∞ for i = 1,2, it then follows from (9.130)–(9.132) that

(9.137)

Similarly
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2
k as k → ∞.

(9.138)

Applying the Hölder's inequality, we derive from (9.130)–(9.132) that
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k x)|

4s
N dS

≤ Cε̄
(1−τ)(N+2s) 8s+N

N

k
as k → ∞.∣ ∣|B4| ≤ Cε̄

(1−τ)2s
k

∫
∂ ′′B

+
δ

(ε̄−τ
k
z̄1k)

t1−2s( ∂˜̂ηk
∂xj

∂˜̂u1k

∂ν
+

∂˜̂ηk
∂ν

∂˜̂u2k

∂xj

)

≤ Cε̄
(1−τ)(2s+2N−2)− N

2
k ∫

∂ ′′B
+
δ

(ε̄−τ
k z̄1k)

t1−2s( 1

(1 + |x − ε̄−τ
k z̄1k|)N+2s

)
2

≤ Cε̄
(1−τ)(2s+2N−2)− N

2

k
as k → ∞.



(9.139)

as k → ∞. For simplicity, we define

By (9.94), we can see that q1, q2, q3, q4, q5 > 0, 0 < q1 < q2 < q3, 0 < q4 < q5 and 0 < q4 < q1. Then by
the fact that z̄1k

ε̄k
→ 0 and η̄k → η̄0 in C 1(RN) as k → ∞, we can get from Lemma 9.5, (9.5) and (9.133)–

(9.139) that

(9.140)

where j = 1, 2, … ,N  and z̄j1k = (z̄1
1k, z̄2

1k, … , z̄N1k) ∈ R
N . Applying (9.94) and the fact that N

4 < s < 1,
we can get that (1 − τ)(2s + 2N − 2) − N

2 > (1 − τ)N + 4s + 2 > 4s + (1 − τ)N + τ + 1 > 0. We
thus obtain from (9.140), Lemma 9.7 and Lemma 9.8 that
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∂φ
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,
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,
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[ū1k(ε̄τ−1

k x − ε̄−1
k z̄1k)+
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which shows that dj = 0 for j = 1, 2, … ,N . □

Lemma 9.11  ⏎ Assume that d0 and d̄0 are defined in (9.109), then d0 = d̄0 = 0.

Proof. Multiplying (9.124) by [X − (ε̄−τ
k
z̄1k, 0)] ⋅ ∇˜̂uik, where i = 1,2, and integrating over Bδ(ε̄

−τ
k
z̄1k),

other assumptions are same as before, then we have

(9.141)

By direct computation, we have

(9.142)

Integrating by parts, we see that
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k + b( b

2β∗
)

N
4s

ε̄
(τ−1)(N−4s)
k ∫

RN

|(−Δ)
s
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(9.143)

(9.144)

(9.145)

(9.146)

Following (9.141)–(9.146), we derive that
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ikdx

= ∫
∂Bδ(ε̄

−τ
k
z̄1k)

|ε̄τkx|2(x − ε̄−τ
k z̄1k) ⋅ νû2
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(9.147)

Moreover, we deduce from (9.112) that

(9.148)

from which and (9.147), we conclude that
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This shows there exists A ∈ (0, 1) such that

(9.149)
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(9.150)

By the fact ε̄−τ
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−τ
k
z̄1k)
(û

4s+N
N

1k + û
4s+N
N

2k )[Aû1k + (1 − A)û2k]
4s
N η̂kdx

+
μ1kε̄

4s
k
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∫

∂Bδ(ε̄
−τ
k z̄1k)

(x − ε̄−τ
k z̄1k) ⋅ ν(û2k + û1k)η̂kdS

+
ε̄4s
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∫

∂Bδ(ε̄
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+sμ1kε̄
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−τ
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sε̄4s

k (μ1k − μ2k)
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∫
RN∖Bδ(ε̄

−τ
k z̄1k)

û2
2kdx

+
b
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∫

∂Bδ(ε̄
−τ
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z̄1k)

(x − ε̄−τ
k
z̄1k) ⋅ ν(û

4s+N
N

1k + û
4s+N
N

2k )[Aû1k + (1 − A)û2k]
4s
N η̂kdS,

Fi:= −∫
∂ ′′B

+
δ

(ε̄−τ
k
z̄1k)

t1−2s ∂ ˜̂uik

∂ν
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k
z̄1k, 0)] ⋅ ∇˜̂uik
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1
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∫

∂ ′′B
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δ
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z̄1k)
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2
∫

∂ ′′B
+
δ

(ε̄−τ
k
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t1−2s ∂ ˜̂uik

∂ν
˜̂uik,



which shows that

D3 = O(ε̄(1−τ)(2s+2N−2)− N
2

k
)) as k → ∞.

(9.151)

By the fact that ∇|ε̄τkx|2 ⋅ x = 2|ε̄τkx|2 and z̄1k

ε̄k
→ 0 as k → ∞, we deduce from Lemma 9.5 and Lemma

9.7 that

(9.152)

and

(9.153)

Using (9.4) and Lemma 9.7, we conclude that

ε̄4s
k

2
∫
Bδ(ε̄

−τ
k z̄1k)

[∇|ε̄τkx|2 ⋅ (ε̄−τ
k z̄1k)](û2k + û1k)η̂kdx
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ε̄4s
k

2

N
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ε̄−τ
k z̄

(i)
1k ∫

Bδ(ε̄
−τ
k
z̄1k)

∂|ε̄τ
k
x|2

∂xi
(û2k + û1k)η̂kdx = O(ε̄(1−τ)(2s+2N−2)− N

2
k ) as k → ∞,

D2 = ε̄4s+2τ
k

∫
Bδ(ε̄

−τ
k
z̄1k)

|x|2(û2k + û1k)η̂kdx

= ε̄4s+2τ
k

∫
Bδ(ε̄

−τ
k
z̄1k)

|x|2 (ū1k(ε̄τ−1
k

x − ε̄−1
k
z̄1k) + ū2k(ε̄τ−1

k
x − ε̄−1

k
z̄1k))η̄k(ε̄τ−1
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ε̄k

2

(ū1k + ū2k)η̄kdx
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k

∫
RN

|x|2φη̄0dx∣ ∣D4 = sε̄4s
k ∫

Bδ(ε̄
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x +
z̄1k
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(9.154)

and

(9.155)

Following (9.121)–(9.123) and (9.149)–(9.155), we have

(9.156)

By (9.94), we know that (1 − τ)(2s + 2N − 2) − N
2 > (1 − τ)N + 4s + 2 > 0. We thus derive from

Lemma 9.8 and (9.156) that

∫
RN

|x|2φη̄0dx = 0,

from which and Lemma 9.7 and Lemma 9.10, we obtain that

bs
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b
)

− N
4s

ε̄
(N−4s)(τ−1)
k ∫
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which shows that d̄0 = 0, thus, d0 = 0. □

Proof of Theorem 9.3: Let qk be a point satisfying |η̄k(qk)| =∥ η̄k ∥∞= 1, we know that |qk| ≤ C

uniformly in k. Then Lemma 9.7 implies that η̄0 ≢ 0 on RN . From Lemma 9.7, Lemma 9.10 and Lemma
9.11, we know that η̄0 ≡ 0. Thus, our assumption that u1k ≢ u2k is false. This completes the proof of
Theorem 9.3. □

9.5 Historical comments

The first feature of the problem studied in this chapter is the appearance of the fractional Laplace operator.
Such type of operators, which has special properties and the connection with the Fourier transform, arise in
a quite natural way in many different applications, such as optimization, finance, phase transitions,
stratified materials, anomalous diffusion, crystal dislocation, soft thin films, semipermeable membranes,
flame propagation, conservation laws and water waves.

When s = 1, the classical Kirchhoff type equation is analogous to the stationary case of equations that
arise in the study of string or membrane vibrations, namely,

utt − M (∫
RN

|∇u|2dx)Δu = h(x,u) in R
N ,

where u denotes the displacement, and h(x,u) the external force, such equations were proposed by
Kirchhoff [88] in 1883 to describe the transversal oscillations of a stretched string, furthermore, taking into
account the subsequent change in string length caused by oscillations. The most typical feature of such an
equation is the appearance of the term (∫

RN |∇u|2dx)Δu, which makes Kirchhoff's model a nonlocal one
and more challenging to deal with.

The solvability of the Kirchhoff equation (9.1) has been well-studied in general dimensions by various
authors and its main feature is the normalization condition

∫
RN

|u(x)|2dx =∥ u ∥2
2= 1,

the solution of such an equation under which is commonly called normalized solution accordingly. From a
physical point of view, the normalization condition can also be regarded as a mass conservation, which
makes such problems more practical and physically significant, for example, it can represent the total
number of atoms or the power source in nonlinear optics. Therefore, the research of the correlation
properties about the normalized solution has become an important topic in the research of nonlinear
equations.

Among the investigations of the above problems, due to the appearance of normalization condition and
Lagrange multiplier μ, the common idea is to use the constraint minimization method on a constrained set,
more specially on some submanifolds. For the classical case, the energy functional of the following form
contains a lot of classical models



(9.157)

and its constraint minimization problem

ē(a, b, p, q, c):= inf
{∥u∥2

2=c2}
Ēa,b,p,q(u)

(9.158)

has been studied in many different contexts. For instance, as N = 2, a = 1, b = 0 and q = 2, the functional
(9.5) turns to the Gross-Pitaevskii energy, which describes Bose-Einstein condensates of a dilute gas with
attractive interactions, we refer to Guo, Zeng and Zhou [67]. For the classical Laplacian, the L2-critical
exponent 2 + 4/N  plays an important role in the Schrödinger equation, when b = 0 and 2 < q < 2 + 4/N ,
the energy functional Ēa,b,p,q is bounded below on the constrained set.

Back to the classical Kirchhoff equation, that is a, and b are arbitrary but fixed, and its corresponding L2-
critical exponent becomes 2 + 8/N . Ye [157] first demonstrated the existence and non-existence of
normalized solutions to a kind of Kirchhoff equation when s = 1, then a series of subsequent study has
been done on the existence of normalized solutions to the nonlinear Kirchhoff equation, for L2-critical
problem with s = 1. Luo and Wang [112] obtained the multiplicity existence of normalized solutions to a
kind of Kirchoff equation when N = 3. Zeng, Zhang, Zhang and Zhong [160] used a global branch
approach for handling the nonlinearities in a unified way, and obtained the existence of normalized
solutions to the Kirchhoff equation with general nonlinearities.

If N = 2, a = 1, b = 0 and q = 2 in the energy functional defined in (9.157), Guo, Zeng and Zhou [67]
explored the limiting behavior of minimizers for the Gross-Pitaevskii energy functional (9.158) by some
techniques consisting of blow-up estimate and elliptic regularity theory, then they also proved the local
uniqueness of constraint minimizer by establishing Pohozaev identities and by contradiction. When b ≠ 0

and N = 2, the energy functional (9.157) becomes a classical Kirchhoff type energy functional. Guo and
Zhou [66] considered the limiting behavior of constraint minimizers as b → 0+, in particular, they first
illustrated the existence and nonexistence of constraint minimizers for different parameters p, and then they
considered concentration behaviors of the minimizers of (9.158) as b → 0+ and also the uniqueness of the
minimizers of problem (9.158) for b sufficiently close to 0 were shown. For the concentration phenomenon
and local uniqueness of constraint minimizers of (9.158) as a ↘ 0, recently, Hu and Tang [73] overcame
the difficulties in estimates and blow-up analysis caused by the nonlocal term in the process of establishing
decay estimate and setting Pohozaev identities, they improved the concentration phenomenon in the sense
of that they provided the accurate estimating exponent instead of o(1), and then they finally established the
corresponding results. Motivated by [73], Guo, Liu and Zhao [64] studied the normalized solutions for a
class of Kirchhoff equations on a suitable weighted Sobolev space, and they investigated the limit behaviors

Ēa,b,p,q(u) := ∫
RN

(a|∇u|2 + V (x)|u|2)dx

+
b

2
(∫

RN

|∇u|2dx)
2

−
2p

q + 2
∫
RN

|u|q+2dx



of the normalized solutions for this equation as (a, b) → (0+, 0+), furthermore, they also discussed the
uniqueness of the normalized solution when a, b close to 0.

As for nonlinear equations involving fractional Laplacian, Cingolani, Gallo and Tanaka [36] studied the
following fractional problem

where N ≥ 2, s ∈ (0, 1), m > 0, μ is an unknown Lagrange multiplier and g ∈ C(R,R) satisfies
Berestycki-Lions type conditions. Using a Lagrangian formulation of the above problem, they proved the
existence of a weak solution with prescribed mass when g has L2-subcritical growth. Luo and Zhang [111]
proved some existence and nonexistence results about the normalized solutions of the fractional nonlinear
Schrödinger equations with combined nonlinearities

where 0 < s < 1, N ≥ 2, μ ∈ R and 2 < q < p < 2∗
s = 2N

N−2s . Next, Zhen and Zhang [163] considered
the case of p = 2∗

s. We also refer to He and Zou [71] for important contributions to the analysis of
concentration properties of solutions to the fractional critical Schrödinger equation.

Back to our concerned fractional Kirchhoff equation, there are a few literature studies on this issue.
Huang and Zhang [74] provided a thorough classification for the existence of solutions to the fractional
Kirchhoff functional on the L2-normalized manifold when f is pure power nonlinearity, taking into account
p. Chen and Huang [35] considered the existence and nonexistence of solutions to the fractional Kirchhoff
equation with an external potential V and doubly critical exponents: critical Sobolev exponent and the
fractional Gagliardo–Nirenberg–Sobolev critical exponent. By decomposing the Pohozaev set and
constructing a fiber map, Liu, Chen and Yang [102] established the existence and properties of normalized
ground states to fractional Kirchhoff equation with combined nonlinearities. Kong and Chen [89] studied
the existence of normalized ground states for nonlinear fractional Kirchhoff equations with Sobolev critical
exponent and mixed nonlinearities in R3, and analyzed the asymptotic behavior of the obtained normalized
solutions.

9.6 Final remarks, perspectives, and open problems

This chapter investigates normalized solutions for a class of fractional Kirchhoff equations with a mass-
critical exponent. The novel perspective in this analysis lies in tackling the double nonlocal effect that
combines the fractional Laplace operator (−Δ)su with the nonlocal Kirchhoff term ∫

RN |(−Δ)
s
2 u|2dx.

The analysis carried out in this chapter has a threefold purpose, as described below.

⎧⎪⎨⎪⎩(−Δ)su + μu = g(u) in R
N ,

∫
RN |u|2dx = m,

u ∈ H s
r (RN),

{
(−Δ)su = λu + μ|u|q−2u + |u|p−2u in R

N ,

∫
RN |u|2dx = m,



The content of this chapter is based on the results established in [104], while concentration properties for
Kirchhoff equations with exponential growth were subsequently obtained by Sun, Fu and Liang [143]. We
also refer to Jin, Tang and Hu [86] for the case of nonautonomous critical Kirchhoff equations with
convolution nonlinearity.

Some open problems and future research directions inspired by the analysis developed in this chapter are
described in what follows.

Open Problem 1.  ⏎ Theorem 9.2 establishes concentration at the potential's bottom point. An open
problem is to determine the exact blow-up rate and the limit profile of the concentrated solutions, which
is expected to be related to the ground state of a limiting equation.

The analysis in this chapter focuses on the homogeneous potential |x|2. A major extension would be to
consider more general external potentials. We propose the following interesting open problem.

Open Problem 2.  Study problem (9.1) for more general potentials affecting the linear term and
establish how their geometry (for instance, number and shape of minima) affects the concentration and
multiplicity of minimizers.

This chapter deals with stationary solutions. The following research direction is concerned with the
associated evolution problem.

Open Problem 3.  ⏎
Study the dynamical stability of the normalized solutions under the time-dependent flow of the

fractional Kirchhoff equation.

The next open problem proposes to extend this analysis to higher dimensions and other exponents. This
is a challenging research direction.

Open Problem 4.  The analysis carried out in this chapter is set for dimensions N = 2,3. Extend
Theorems 9.1, 9.2 and 9.3 on concentration and uniqueness to higher dimensions or to problems with
different combinations of critical exponents.

Existence and non-existence: the main results establish conditions for the existence of constraint
minimizers, particularly in the degenerate case a = 0.

(i)

Concentration behavior: it is obtained that the maximizer of these solutions concentrates at the
bottom point of the homogeneous potential |x|2.

(ii)

Local uniqueness: the analysis reveals the local uniqueness of these minimizers under the double
nonlocal effect.

(iii)



Constraint Minimization:

Localization Method:

9.7 Glossary

It is a fundamental method in the calculus of variations used to find points
(called minimizers) where a given functional attains its smallest value, but only among functions that
satisfy an additional condition, or constraint.

This is a powerful mathematical tool used to transform a problem involving a
nonlocal operator (like the fractional Laplacian) into a local one in a higher-dimensional space, making
it much easier to analyze.



A
Fractional Sobolev spaces
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Let Ω be an open set in RN  and p ∈ [1, +∞). For any s > 0 we define the
fractional Sobolev space W s,p(Ω).

If s ≥ 1 is a positive integer we denote by W s,p(Ω) the classical Sobolev
space equipped with the standard norm

∥ u ∥W s,p(Ω) := ∑
0≤|α|≤s

∥ Dαu ∥Lp(Ω),

for every u ∈ W s,p(Ω), where ∥ ⋅ ∥Lp(Ω) denotes the usual norm in the
Lebesgue space Lp(Ω) and Dα stands for the α-distributional derivative. This
section is devoted to the definition of fractional Sobolev spaces, that is, we are
interested in the case where s is not a positive integer.

For a fixed s ∈ (0, 1), we recall that the Sobolev space W s,p(Ω) is defined
as follows

W s,p(Ω) :={u ∈ Lp(Ω) :
|u(x) − u(y)|

|x − y|
N
p

+s
∈ Lp(Ω × Ω)}.

This space is endowed with the natural norm

∥ u ∥W s,p(Ω) :=(∫
Ω

|u(x)|p dx + ∫
Ω

∫
Ω

|u(x) − u(y)|p

|x − y|N+sp
dx dy)

1/p

,
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where

[u]W s,p(Ω) := (∫
Ω

∫
Ω

|u(x) − u(y)|p

|x − y|N+sp
dx dy)

1/p

is the Gagliardo seminorm of u.
When s > 1 and s ∉ N we can write s = m + σ, where m ∈ N and 

σ ∈ (0, 1). We can define W s,p(Ω) as follows

W s,p(Ω) := {u ∈ W m,p(Ω) : Dαu ∈ W σ,p(Ω)for any α s. t. |α| = m}.

In this case, W s,p(Ω) is endowed with the norm

∥ u ∥W s,p(Ω) := ∥ u ∥p

W m,p(Ω) + ∑
|α|=m

∥ Dαu ∥p

W σ,p(Ω)

1/p

,

for every u ∈ W s,p(Ω).
The fractional Sobolev space W s,p(Ω) is well defined and is a Banach space

for every s > 0.
As in the classical case (if s is a positive integer), any function in the

fractional Sobolev space W s,p(RN) can be approximated by a sequence of
smooth functions with compact support. Indeed, for any s > 0

C∞
0 (RN)

∥⋅∥
Ws,p(RN )

= W s,p(RN),

that is, the function space C∞
0 (RN) is dense in W s,p(RN).

In general, if Ω ⊂ RN , the space C∞
0 (Ω) is not dense in W s,p(Ω). Hence,

we denote by W s,p
0 (Ω) the closure of C∞

0 (Ω) with respect to the norm 
∥ ⋅ ∥W s,p(Ω), that is,

W
s,p
0 (Ω) := C∞

0 (Ω)
∥⋅∥Ws,p(Ω)

.

⎛

⎝

⎞

⎠

–

–



With this definition, we can construct W s,p(Ω) also when s < 0. Indeed, for 
s < 0 and p ∈ (1, +∞), we can define

W s,p(Ω) := (W −s,q
0 (Ω))′,

hence W s,p(Ω) is the dual space of W −s,q
0 (Ω), where 1/p + 1/q = 1.

An important case corresponds to p = 2. Denote

H s(Ω) := W s,2(Ω)

for any s ∈ (0, 1).
In this case, the corresponding fractional Sobolev space turns out to be a

Hilbert space. Indeed, the inner product on H s(Ω) defined by

⟨u, v⟩H s(Ω) := ∫
Ω

u(x)v(x)dx + ∫
Ω

∫
Ω

(u(x) − u(y))(v(x) − v(y))

|x − y|N+2s
dx dy,

for any u, v ∈ H s(Ω).
We remark that for every s ∈ (0, 1) we have

H s(RN) := W s,2(RN) = {u ∈ L2(RN) : [u]W s,2(RN) < +∞}.

The space H s(Rn) can be defined in an alternative way via the Fourier
transform, namely

Ĥ s(RN) :={u ∈ L2(RN) : ∫
RN

(1 + |ξ|2s)|Fu(ξ)|2 dx < +∞},

for any s > 0 and

Ĥ s(RN) :={u ∈ S
′ : ∫

RN

(1 + |ξ|2)s|Fu(ξ)|2 dx < +∞},

for every s < 0.



Sobolev Embeddings

We now recall some basic embedding properties of fractional Sobolev spaces
into Lebesgue spaces.

Theorem A.1  Let p ∈ [1, +∞) and let Ω be an open set in RN . Then the
following properties hold true:

Theorem A.2  Let s ∈ (0, 1) and p ∈ [1, +∞) such that sp < N .
Then, there exists a positive constant C := C(N , p, s) such that for any

u ∈ W s,p(RN)

if 0 < s ≤ s′ < 1 , then the embedding

W s′,p(Ω) ↪ W s,p(Ω)

is continuous. Hence, there exists a constant C1(N , s, p) ≥ 1 such that

∥ u ∥W s,p(Ω)≤ C1(N , s, p) ∥ u ∥W s′,p(Ω)

for any u ∈ W s′,p(Ω) ;

(i)

if 0 < s < 1 and Ω is of class C 0,1 and with bounded boundary ∂Ω , then
the embedding

W 1,p(Ω) ↪ W s,p(Ω)

is continuous. Hence, there exists a constant C2(N , s, p) ≥ 1 such that

∥ u ∥W s,p(Ω)≤ C2(N , s, p) ∥ u ∥W 1,p(Ω),

for any u ∈ W 1,p(Ω) ;

(ii)

if s′ ≥ s > 1 and Ω is of class C 0,1 , then the embedding

W s′,p(Ω) ↪ W s,p(Ω)

is continuous.

(iii)



∥ u ∥
p

Lp∗
s(Rn)

≤ C ∫
RN

∫
RN

|u(x) − u(y)|p

|x − y|N+ps
dx dy,

where the constant

p∗
s :=

pN

N − sp

is the fractional critical exponent. Consequently, the space W s,p(RN) is
continuously embedded in Lq(RN) for any q ∈ [p, p∗

s]. Moreover, the
embedding W s,p(RN) ↪ L

q

loc(RN) is compact for every q ∈ [p, p∗
s).

Theorem A.3  Let s ∈ (0, 1) and p ∈ [1, +∞) such that sp = N .
Then, there exists a positive constant C := C(N , p, s) such that for any

u ∈ W s,p(RN)

∥ u ∥Lq(RN)≤ C ∥ u ∥W s,p(RN),

for any q ∈ [p, +∞), that is, the space W s,p(RN) is continuously embedded in
Lq(RN) for any q ∈ [p, +∞).

Theorem A.4  Let s ∈ (0, 1), p ∈ [1, +∞) such that sp > N  and Ω be a C 0,1

domain of RN . Then there exists a positive constant C := C(N , p, s, Ω) such
that for any u ∈ W s,p(Ω)

∥ u ∥C 0,α(Ω)≤ C ∥ u ∥W s,p(Ω),

with α := (sp − N)/p, that is, the space W s,p(Ω) is continuously embedded in
C 0,α(Ω).

Corollary A.1  Let s ∈ (0, 1), p ∈ [1, +∞) such that sp > N  and Ω be a C 0,1

bounded domain of RN . Then the embedding

W s,p(Ω) ↪ C 0,β(Ω)

is compact for every β < α, with α := (sp − N)/p.



The Fractional Laplace Operator

Let s ∈ (0, 1) and define the operator (−Δ)s : S → L2(RN) by

(−Δ)su(x) := C(N , s) lim
ε→0+

∫
RN∖B(x,ε)

u(x) − u(y)

|x − y|N+2s
dy, x ∈ R

N ,

(A.1)

where S  is the Schwartz space of rapidly decaying C∞(RN) functions and 
C(N , s) is the following normalization constant

C(N , s) := (∫
RN

1 − cos(ζ1)

|ζ|N+2s
dζ)

−1

,

(A.2)

with ζ = (ζ1, ζ ′), ζ ′ ∈ R
N−1.

The operator defined in (A.1) is called the fractional Laplacian. We can also
write

(−Δ)su(x) := C(N , s)P. V. ∫
RN

u(x) − u(y)

|x − y|N+2s
dy, x ∈ R

N ,

(A.3)

where

P. V. ∫
RN

u(x) − u(y)

|x − y|n+2s
dy:= lim

ε→0+
∫
RN∖B(x,ε)

u(x) − u(y)

|x − y|N+2s
dy.

The singular integral given in (A.3) can be written as a weighted second
order differential quotient as follows:

Proposition A.1  ⏎ Let s ∈ (0, 1). Then, for any u ∈ S



(−Δ)su(x) = −
1

2
C(N , s)∫

RN

u(x + y) + u(x − y) − 2u(x)

|y|N+2s
dy, x ∈ R

N .

The constant C(N , s) defined in (A.2) can be written as

C(N , s) =
s(1 − s)

A(N , s)B(s)
,

where

and

B(s) := s(1 − s)∫
R

1 − cos t

|t|1+2s
dt.

A(N , s) :={
1 if N = 1,

∫
RN−1

1

(1+|η′|2)
N+2s

2

dη′ if N ≥ 2,
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Basic inequalities and theorems

DOI: 10.1201/9781003797159-B

In Chapter 6, there are used the following elementary inequalities, see Simon
[139]: there exist positive constants cp and Cp depending only on p such that for
all ξ, η ∈ R

N ,

(B.1)

The Gagliardo–Nirenberg inequality is a fundamental estimate in the theory of
Sobolev spaces that interpolates between different norms of a function and its
derivatives. For more details, we refer to the pioneering papers Gagliardo [60]
and Nirenberg [124], as well as to Weinstein [151]. The Gagliardo–Nirenberg
inequality has important applications to various fields, such as:

|ξ − η|p ≤ cp(|ξ|p−2ξ − |η|p−2η) ⋅ (ξ − η) for p ≥ 2,

|ξ − η|p ≤ Cp[(|ξ|p−2ξ − |η|p−2η) ⋅ (ξ − η)]
p

2 (|ξ|p + |η|p)
2−p

2 for 1 < p < 2.

regularity theory: interpolate between norms in bootstrap arguments;(i)

PDE existence proofs: control nonlinear terms in energy estimates;(ii)

decay estimates: for instance, in diffusive PDEs via Nash inequality;(iii)

fluid mechanics: Ladyzhenskaya's inequality bounds in Navier–Stokes
equations.

(iv)

https://doi.org/10.1201/9781003797159-B


In Chapter 3, it is used the following version of the Gagliardo–Nirenberg
inequality.

Lemma B.1  ⏎  Let p ∈ (2, 6]. Then there exists a sharp constant

Cp = ( p

2∥Up∥p−2
2

)
1
p  such that

∥ u ∥p≤ Cp ∥ ∇u ∥
γp
2 ∥ u ∥

1−γp
2 , ∀u ∈ H 1(R3),

where γp := 3( 1
2 − 1

p
) and Up is the unique positive solution of

−ΔU + ( 1

γp
− 1)U =

2

pγp
|U |p−2U , ∈ R

3.

The following basic inequality established by Trudinger [148] and Moser
[120] plays a key role in the treatment of partial differential equations with
critical exponential growth in the two-dimensional case. The following result is
known as the Trudinger-Moser inequality.

Lemma B.2  The following inequalities hold true.

(i) If α > 0 and u ∈ H 1(R2) , then

∫
R

2

(eαu2

− 1)dx < ∞.

(ii) If u ∈ H 1(R2), ∥ ∇u ∥2
2≤ 1, ∥ u ∥2≤ M < ∞ , and α < 4π , then

there exists a constant C (M,α) , which depends only on M and α, such
that

∫
R

2

(eαu2

− 1)dx ≤ C (M,α).

Fatou's lemma is a fundamental result used several times in this volume. It
describes the relationship between the integral of a limit of functions and the
limit of the integrals. In simple terms, it provides a condition under which we



can say that the integral of the limit is less than or equal to the limit of the
integrals. The rigorous statement of the Fatou lemma is given in what follows.

Lemma B.3  Let Ω ⊂ R
N  be an open set and let {fn}n≥1 be a sequence of

functions in L1(Ω) that satisfy

(a) for all n, fn ≥ 0 a.e.;

(b) sup
n

∫
Ω

fndx < ∞.

For almost all x ∈ Ω, we set f(x) = lim inf
n→∞

fn(x) ≤ +∞. Then f ∈ L1(Ω) and

∫
Ω

f(x)dx ≤ lim inf
n→∞

∫
Ω

fn(x)dx.

The Fatou lemma is usually one step in proving stronger results that allow to
swap the limit and the integral under certain conditions. One of these basic
results is the dominated convergence theorem, which we state in what follows.

Theorem B.1  Let Ω ⊂ R
N  be an open set and let {fn}n≥1 be a sequence of

functions in L1(Ω) that satisfy

(a) fn(x) → f(x) a.e. in Ω;

(b) there is a function g ∈ L1(Ω) such that for all n, |fn(x)| ≤ g(x) a.e.
in Ω.

Then f ∈ L1(Ω) and ∥ fn − f ∥L1→ 0.

A more general result than the Fatou lemma is the following Brezis–Lieb
lemma, which establishes a more precise evaluation of the gap between the
integral of a sequence of functions and the integral of its pointwise limit, see
Brezis and Lieb [14] for details.

Lemma B.4  Let Ω ⊂ R
N  be an open set and let 1 ≤ p < ∞. Assume that

{fn}n≥1 is a bounded sequence of functions in Lp(Ω), convergent to f almost
everywhere. Then



∫
Ω

|fn(x)|pdx − ∫
Ω

|fn(x) − f(x)|pdx − ∫
Ω

|f(x)|pdx → 0 as n → ∞.

Ekeland's variational principle [48] was established in 1974 and is the
nonlinear version of the Bishop–Phelps theorem, with its main feature of how to
use the norm completeness and a partial ordering to obtain a point where a linear
functional achieves its supremum on a closed bounded convex set. A major
consequence of Ekeland's variational principle is that even if it is not always
possible to minimize a nonnegative C1 functional Φ on a Banach space;
however, there is always a minimizing sequence {un}n≥1 such that Φ′(un) → 0

as n → ∞. We now state the original version of Ekeland's variational principle.

Theorem B.2  Let (M, d) be a complete metric space and assume that
Φ : M → (−∞, ∞], Φ ≢ ∞, is a lower semicontinuous functional that is
bounded from below.

Then, for every ε > 0 and for any z0 ∈ M , there exists z ∈ M  such that

The following consequence of Ekeland's variational principle establishes the
existence of almost critical points for bounded from below C1-functionals
defined on Banach spaces. In order words, Ekeland's variational principle can be
viewed as a generalization of the Fermat theorem, which asserts that interior
extrema points of a smooth functional are, necessarily, critical points of this
functional.

Corollary B.1  Let E be a Banach space and let Φ : E → R be a C 1 functional
that is bounded from below. Then, for any ε > 0, there exists z ∈ E such that

Φ(z) ≤inf
E

Φ + ε and ∥ Φ′(z) ∥E ⋆≤ ε.

Φ(z) ≤ Φ(z0) − ε d(z, z0);(i)

Φ(x) ≥ Φ(z) − ε d(x, z) , for any x ∈ M .(ii)



The mountain pass theorem was established by Ambrosetti and Rabinowitz in
[1]. Their original proof relies on some deep deformation techniques developed
by Palais and Smale [125], [126], who put the main ideas of the Morse theory
into the framework of differential topology on infinite dimensional manifolds. In
this way, Palais and Smale replaced the finite dimensionality assumption with an
appropriate compactness hypothesis, which is stated in the following.

Let E be a real Banach space. A functional J : E → R of class C1 satisfies
the Palais–Smale condition if any sequence {un}n≥1 in E is relatively
compact, provided that

sup
n≥1

|J(un)| < ∞ and lim
n→∞

∥ J ′(un) ∥E ⋆= 0.

The mountain pass theorem is a powerful tool for proving the existence of
critical points of energy functionals, hence of weak solutions to wide classes of
nonlinear problems. The precise statement of this result is the following.

Theorem B.3  ⏎ Let E be a real Banach space and assume that J : E → R is a
C 1 functional that satisfies the following conditions: There exist positive
constants α and R such that

Set

Γ := {p ∈ C([0, 1];E) : p(0) = 0 and p(1) = v0}

and

c:= inf
p∈Γ

max
t∈[0,1]

J(p(t)).

J(0) = 0 and J(v) ≥ α for all v ∈ E with ∥ v ∥= R;(i)

J(v0) ≤ 0 , for some v0 ∈ E with ∥ v0 ∥> R.(ii)



Then there exists a sequence {un}n≥1 in E such that J(un) → c and
J ′(un) → 0 as n → ∞. Moreover, if J satisfies the Palais–Smale condition,
then c is a nontrivial critical value of J, that is, there exists u ∈ E such that
J(u) = c and J ′(u) = 0.

The elementary meaning of the mountain pass theorem is the following. The
set Γ denotes the family of all continuous paths that join the “villages” 0 and v0.
Hypotheses (i) and (ii) imply c ≥ α >max {J(0), J(v0)}. In fact, in the proof
of the mountain pass theorem, it is used only the basic assumption 
c >max {J(0), J(v0)}. We also observe that the geometric conditions of the
mountain pass theorem imply the existence of two valleys around these villages,
but also of a mountain range represented by the sphere centered at the origin and
of radius R. Under these hypotheses, Theorem B.3 states that there exists a
lowest mountain pass at the level c.

The following version of the mountain pass theorem, in the abstract setting of
locally Lipschitz functionals, was established by Rǎdulescu [134].

Theorem B.4  Let E be a real Banach space and assume that I : E → R is a
locally Lipschitz functional with I(0) = 0 and satisfying:

Set

c:= inf
γ∈Γ

max
s∈[0,1]

I(γ(s)) > 0,

where

Γ := {γ ∈ C([0, 1],E) γ(0) = 0, I(γ(1)) < 0}.

Then c ≥ ρ and there is a sequence {un} ⊂ E verifying I(un) → c and
I ′(un) → 0 in E ′.

there exist r > 0 and ρ > 0 such that I(u) ≥ ρ for ∥ u ∥= r,u ∈ E;(i)

there exists e ∈ E ∖ Br(0) with I(e) < 0.(ii)
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