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Kirchhoff Equations

Kirchhoff Equations: A Variational Approach is primarily focused on
recent results concerning existence, multiplicity, and the asymptotic
behavior of solutions to some stationary Kirchhoff problems, involving
fractional integro-differential elliptic operators, and presenting difficulties
relating to an intrinsic lack of compactness, which are elucidated upon
within the text. These operators appear in a quite natural way in many
different applications, such as continuum mechanics, phase transition
phenomena, population dynamics, and game theory, as they are the typical

outcome of stochastically stabilization of Lévy processes.

This book will be of interest to postgraduates in applied mathematics, with
a particular emphasis for those working in differential and partial
differential equations. It will also find an audience among researchers
interested in the qualitative, quantitative, and asymptotic analysis of various

types of solutions to the Kirchhoff equation.
Features

e Each chapter concludes with a detailed glossary and set of open
problems.

e Rigorous proofs and illustrative examples.

e Broad-spectrum appeal to both applied mathematicians and those in

other qualitative disciplines such as engineering.
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Preface

This book is devoted to the mathematical analysis of the stationary
Kirchhoff equation. This class of nonlinear problems was introduced by the
German physicist and mathematician Gustav Kirchhoff [Mechanik,
Teubner, Leipzig, 1883] in relationship with the study of the motion of a
rigid body in an ideal fluid. Subsequently, the Kirchhoff equation appeared
as a basic tool for the understanding and the rigorous analysis of basic
processes arising in other applied sciences, including electrical engineering
or chemical engineering.

Mathematics has always benefited from its involvement with developing
sciences. Each successive interaction revitalizes and enhances the field.
That is why the subject of this book assumes the correspondingly increased
dialogue between mathematics and interdisciplinary disciplines that study
models described by the modern mathematical machinery. The framework
we develop and study in this volume is inspired by concrete and relevant
applications from various disciplines.

This book is a research monograph, and it is essentially based on original
results. This volume is focused on recent results concerning existence,
multiplicity, and the asymptotic behavior of solutions to some stationary
Kirchhoff problems, involving fractional integro-differential elliptic
operators, and presenting also difficulties due to intrinsic lacks of
compactness, which arise from different reasons. These operators appear in

a quite natural way in many different applications, such as continuum



mechanics, phase transition phenomena, population dynamics, and game
theory, as they are the typical outcome of stochastic stabilization of Lévy
processes.

The subject of this monograph is about nonlocal stationary equations of

Kirchhoff-type. A good question is:

Why nonlocal problems are important for mathematics?

Indeed, during the last centuries, science was governed by local equations,
where interactions happen only between immediate neighbors. However,
reality 1s more complicated: memories remain in materials, and
relationships span time and location. This intricate connection is captured
by nonlocal equations, which radically alter our perception of reality. The
content of this book lies at the interplay between pure mathematics and
applied fields such as electrical engineering, chemistry, or fluids (either
Newtonian or non-Newtonian). The main purpose is to build a bridge
between mathematics and other disciplines, due to the fact that problems
and models arising in many applications are using increasingly
sophisticated mathematical techniques. This monograph intends to
emphasize that Kirchhoff's equations illustrate that the most powerful
mathematical structures often emerge from the simplest conservation
principles, proving that even the humble electrical circuit contains universes
of abstract beauty. This is achieved by applying refined mathematical
methods lying at the interplay between the calculus of variations, pure and
applied nonlinear analysis, topology, and mathematical physics.

The content of this volume is divided into three Parts, which contain nine
Chapters. In such a way, the main themes described in this volume are

concerned with the following topics: least-energy solutions, normalized



solutions, and concentration properties for several classes of Kirchhoff-type
equations.

Part I is devoted to the mathematical analysis of least-energy solutions
for Kirchhoff problems with critical growth. The study of this type of
solutions is at the heart of the modern calculus of variations and nonlinear
analysis. In simple terms, least-energy solutions (also called ground state
solutions) are the nontrivial solutions that are absolute minimizers of the
associated energy functional among all possible nontrivial solutions. The
physical meaning of least-energy solutions is that they represent the ground
state, which is the most stable, lowest-energy configuration of the system.
In short, least-energy solutions are the most fundamental and stable critical
points of the associated Kirchhoff energy. Finding and characterizing these
solutions is the first major step in understanding the variational structure of
the Kirchhoff system.

Part I contains two chapters, and the analysis carried out here covers the
study of least-energy solutions for the following classes of Kirchhoff

equations:

(a) Critical Kirchhoff problems with logarithmic reaction. Here, two
fundamental mathematical concepts compete: nonlocal differential
operator (Kirchhoff), and critical logarithmic growth nonlinearity.
Problems with logarithmic reaction have their origins in quantum
mechanics (logarithmic Schrodinger equations model Bose-
Einstein condensates with unusual particle interactions),
information theory, and in the study of patterns with nonlinearities

that saturate rather than blow-up.

(b) Planar Kirchhoff equations with critical exponential growth and
trapping potential. This combination is challenging because it

creates a mathematically optimal competition:



(1) Kirchhoff: nonlocality in the source term;
(11) critical exponential growth: maximal growth in two
dimensions;

(i11) trapping potential: confinement and compactness.

In summary, planar Kirchhoff systems with critical exponential
growth (Trudinger-Moser type) and trapping potential offer deep
insights into how nonlocality, criticality, and confinement interact
in low-dimensional nonlinear systems. Physical patterns of this
type include Bose-Einstein condensates in 2D traps, Kirchhoft-
type dispersion from nonlocal nonlinearities (thermal, molecular),

and exponential response in photoreactive materials.

Part 11 contains three chapters, and it is devoted to the qualitative analysis
of normalized solutions (also called solutions with prescribed mass). There
are several reasons to study solutions of this type. Firstly, for their physical
necessity, since prescribing the mass is often required to define a specific
physical system, for instance, because the gravitational interaction strength
depends directly on the mass. Secondly, normalized stationary states define
naturally the eigenvalue problem, which is a nonlinear eigenvalue problem
constrained by mass normalization. Thirdly, problems dealing with
solutions having a prescribed mass yield a key prediction. Indeed, solving
this kind of problem for different masses reveals the mass-radius
relationship, a critical signature used to test the model against astrophysical
observations (e.g., for fuzzy dark matter).

We are mainly concerned with the study of normalized solutions for the

following classes of Kirchhoff equations:

(a) Nonautonomous Kirchhoff problems. The analysis developed in

this book covers both the subcritical and supercritical abstract



settings. Nonautonomous Kirchhoff equations are special because
they represent a hierarchical structure of nonlocalities and

nonlinearities:

(1) Mesoscopic nonlocality: Kirchhoff nonlinearity in the source
term;

(11) Local-nonlocal interplay in the reaction: the nonlinear
reaction can have such double behavior;

(111) Macroscopic nonlocality: spatial dependence through the

potential describing the reaction.

In summary, the nonautonomous case moves Kirchhoff equations
from model problems to realistic physical patterns where spatial

inhomogeneity is the rule, not the exception.

(b) Autonomous Kirchhoff equations with Sobolev critical exponent. A
feature of this study developed in the three-dimensional case is
that it unifies the sub- and super-critical regimes. This case is
fundamental because the autonomous Kirchhoff equation with
Sobolev critical exponent sits at the intersection of three deep

mathematical theories:

(1) Calculus of Variations: critical growth, lack of compactness;
(11) Geometric Analysis: best constants, extremals, bubbling;
(i11) Nonlocal PDEs: Kirchhoff-type nonlocality.

The basic abstract tools in this study are the following: truncation
method and fiber mapping (to analyze the energy levels),
concentration-compactness principle (for handling the lack of
compactness), and genus theory (to establish the multiplicity of

solutions).



(c) Kirchhoff equations with double-behavior reaction. A feature of
this study i1s that it addresses the existence of normalized solutions

for Kirchhoft equations in the following fundamental cases:

(i) if the reaction is LZ?-subcritical (mass-like at small
amplitudes) at the origin and L?-critical at infinity;
(ii) if the reaction is L?-critical at the origin and L2-supercritical

(energy-dominant at large amplitudes) at infinity.

The case of a double-behavior reaction is important because this
specific interplay between the growth of the reaction near the
origin and at infinity relative to the Z>-critical exponent is a central
technical feature, which creates a competition between two
different variational geometries. A major effort consists in
handling the lack of compactness due to the Sobolev supercritical
growth at infinity (which is still subcritical in the Sobolev sense)
through the interplay with the mass constraint and the Kirchhoff

term.

Part III contains four chapters, and it is concerned with concentration
properties of solutions to several classes of Kirchhoff systems. This analysis
is important because it goes to one of the main analytical challenges for the
Kirchhoff equation. Indeed, concentration properties of solutions are crucial
for the Kirchhoff equation because they determine whether the energy
functional associated with the equation satisfies the Palais-Smale
compactness condition. This condition is the cornerstone of applying
powerful variational methods to establish the existence of weak solutions.

The analysis carried out in this book covers the study of concentration

solutions for the following classes of Kirchhoff equations:



(a) Fractional p-Kirchhoff equations. The features of this analysis
developed in the present volume are distinct from other related
studies on the Kirchhoff equation due to its focus on potential well
concentration rather than critical exponent bubbling. Some reasons
for which the concentration analysis is important in this case are

listed below.

(1) Problem complexity: the study of this class of Kirchhoff
equations tackles a triply nonlocal problem (fractional +
Kirchhoff + potential well) on the whole space.

(1) Methodological innovation: the analysis provides a blueprint
for asymptotic analysis via the limit problem strategy and
uniform estimates.

(i11) Theoretical impact: the study highlights new theoretical ideas
based on potential-induced concentration, distinct from

critical exponent bubbling.

(b) Magnetic Kirchhoff equations with critical growth. Moving from
Kirchhoff to magnetic Kirchhoff equations shifts the focus from
classical elasticity to quantum mechanics, introduces the deep
physical principle of gauge invariance, and creates a much more
challenging and interesting set of mathematical problems centered
on new types of functional spaces and concentration phenomena.
Introducing the magnetic field in the study of Kirchhoff equations

creates a host of new analytical difficulties, such as:

(1) Loss of compactness: the standard embedding property is no
longer compact in the magnetic case, and new techniques like
the magnetic concentration-compactness principle are needed

to overcome this failure.



(11) Concentration properties: the magnetic field can influence
the precise location and shape of the concentration of
solutions.

(i11) Interaction of nonlocalities: the problem features a
fascinating interplay between the Kirchhoff nonlocality and

the magnetic nonlocality.

(c) Fractional Kirchhoff equations with discontinuous reaction. This
study is important since it shifts the problem from the smooth
world of standard critical point theory to the more complex terrain
of nonsmooth analysis, specifically for applications where the
response is not continuous or the forcing term is not a function but
a multivalued map. The key feature of this analysis is that it
combines three major analytical complexities (nonlocality,
nondifferentiability, and potential-driven localization) into a single
challenging problem. This triple interaction implies the following

challenge layers:

(1) The operator is nonlocal in two ways, making compactness
hard to obtain.

(i1)) The discontinuous reaction implies that the associated energy
is not differentiable (only locally Lipschitz), so standard
critical point theory fails.

(i11) In order to establish the concentration of solutions and to
prove localization, one must show decay outside a prescribed

set and rule out energy leaking to infinity.

(d) Mass critical fractional Kirchhoff equations. These problems
represent a delicate and significant frontier in nonlinear analysis,

where three fundamental constraints interact: fractional diffusion,



nonlocal Kirchhoff effects, and mass conservation. This
combination makes these equations important for modeling
quantum phenomena and mathematically challenging due to the
complete lack of compactness. This analysis represents a state-of-

the-art contribution for several reasons:

(1) It solves a natural open problem: the combination of “mass
constraint + Sobolev criticality + Kirchhoff nonlocality” had
been a major open challenge. This study likely provides a
near-complete picture for the ground state case.

(11) Foundation of dynamics: the detailed properties of constraint
minimizers are essential for studying the orbital stability of
standing waves and the blow-up dynamics to the associated
time-dependent fractional Kirchhoff equation.

(i11) Main results: the analysis establishes sharp thresholds,
characterizes the precise concentrating behavior of
minimizers at criticality, and breaks new ground by proving a
uniqueness result in this highly nonlocal and nonlinear

context.

This volume is addressed to wide categories of readers in mathematics,

and it is designed for two basic audiences:

1. The book is intended as a post-graduate course for students in
applied mathematics. They will be interested in some of the recent
advances in this field, with a particular emphasis for those working

in differential and partial differential equations.

2. The monograph is addressed to senior and junior researchers
interested in the qualitative, quantitative and asymptotic analysis of

various types of solutions to the Kirchhoff equation, which is a



basic tool in the understanding of basic phenomena arising in the
applied sciences, such as mathematical physics, engineering,
physical science, computer science, numerical methods, and even

mathematical biology and economics.

I would like to acknowledge the AGH University of Krakow for the
exceptional resources and infrastructure that supported this project. Access
to the AGH University Library was essential to my research. Furthermore,
the stimulating discussions with colleagues within the faculty continuously
enriched my thinking. I remain also grateful to my editor Callum Fraser for

his professional support during the preparation of this volume.

Vicentiu D. Radulescu

Krakow, February 2026
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Part 1

Least-energy Solutions



1

Critical Kirchhoff problems with logarithmic
reaction

DOI: 10.1201/9781003797159-1

This chapter deals with the existence of least-energy sign-changing solutions for a class of fractional
Kirchhoff problems with logarithmic and critical nonlinearities. Why least-energy solutions? Because the
study of this type of solutions is at the heart of the modern calculus of variations and nonlinear analysis. In
simple terms, least-energy solutions (also called ground state solutions) are the nontrivial solutions that are
absolute minimizers of the associated energy functional among all possible nontrivial solutions. The
physical meaning of least-energy solutions is that they represent the ground state, which is the most stable,
lowest-energy configuration of the system. In short, least-energy solutions are the most fundamental and
stable critical points of the associated Kirchhoff energy. Finding and characterizing these solutions is the
first major step in understanding the variational structure of Kirchhoff-type systems.

In this chapter, we consider the following Kirchhoff equation

* .
> Pi=2y inQ,

u=0 inRY\ Q,

{(a + blulsp)(—A)Su = Aul?2uln [ul? + |u

where s € (0,1),p > 1, Q@ C RY (N > 3) is a bounded domain with Lipschitz boundary, N > sp, A is a
positive parameter, p; = Np/(NN — ps) is the critical fractional Sobolev exponent, and

) [ [ @ e
[u] —/Q . dzdy.

$,p |w _ y‘Ners

The presence of the term a + b[u)s, makes this equation nonlocal, in the sense that the Laplacian's
coefficient depends on the global energy of the unknown u. At the same time, the energy functional
associated to this problem does not satisfy the Palais-Smale condition in the standard way, due to the
combined effect of critical growth and the logarithm.

In this chapter, two fundamental mathematical concepts compete:

1. nonlocal differential operator (Kirchhoff);

2. critical logarithmic growth nonlinearity.

Problems with logarithmic reaction have their origins in quantum mechanics (logarithmic Schrodinger

equations model Bose-Einstein condensates with unusual particle interactions), information theory, and in
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the study of patterns with nonlinearities that saturate rather than blow-up.

The main result in this chapter establishes the existence of at least-energy sign-changing (also called
nodal) solution u;. This is done by combining constraint variational methods, topological degree theory,
and quantitative deformation arguments. Moreover, energy doubling is established, that is, the energy of
the sign-changing solution u,, is strictly greater than twice the ground state energy for all A > 0. Finally,
we consider the nonlocal coefficient b as a parameter and study the convergence property of the least-
energy sign-changing solution as b — 0.

The analysis carried out in this chapter extends the mountain pass/Nehari manifold methodology to a
highly non-standard setting by handling the triple difficulty of nonlocality, critical exponent, and
logarithmic nonlinearity. In such a way, we provide a complete variational characterization (least-energy

property) of the nodal solution.

1.1 Statement of the problem

In this chapter, we are interested in the existence, energy estimates, and the convergence property of the
least-energy sign-changing solution for the following fractional Kirchhoff problems with logarithmic and

critical nonlinearity:

p

(a+bulby)(=A)su = Au|92uln |u|? + [ulPi2u inQ,
u=0 inRV\ Q,

(1.1)

where s € (0,1),p > 1, 2 C RY (N > 3) is a bounded domain with Lipschitz boundary, N > sp, 1 is a
positive parameter, p; = Np/(IN — ps) is the critical fractional Sobolev exponent, and

y [ [ ) el
[u] —/ﬂ ; dzdy.

$,p |33 _ y‘N-i-ps

We denote by (—A); the fractional p—Laplace operator which, up to a normalization constant, is

defined as

d zcRY
e=0" JrM\ B (2) |z — y|Nps v ’

for all ¢ € C° (R™). Henceforward, B.(z) denotes the open ball of RY centered at 2 € RY and radius
e>0.

Let us recall some preliminary results on the fractional Sobolev space W;"”(£2) with respect to the norm
| w ||= [u]sp. We refer to Appendix A for the definition and some basic properties of fractional Sobolev
spaces.

By Sobolev embeddings, W (Q) is compactly embedded into the Lebesgue space L"(£2) endowed the

1
norm |u|, = ([, |u|" dz) " forall p < r < p}. Denote by S, the best Sobolev constant for this embedding,



that is,

Srlul, <[l ull, Vue WgP(Q).

(12)
In particular, if S is the best constant for the embedding W, ¥ (Q2) < LP+(Q), then it is defined by
Jo Jo 0L dody
S = inf
UEWOSP(Q)\{O} (f |u ps dm) Ps
(13)
Definition 1.1 We say that uw € W;"(Q) is a (weak) solution of problem (1.1), if
(a+ bul?,) L(u,v) = )\/Q |u|7 v In |u|*dz + P2y de,
(1.4)
where
|u(z) — u(y |p *(u(z) — u(y))
w=[ [ e (u(e) - v(y))dady
(1.5)
Jor any v e WP ().
The energy functional I;* : W () — R corresponding to problem (1.1) is defined by
IMw) = L, + 2 e+ 22 / luftdg — / uf? In |u|2dz — —/ (uf?* da.
p 2p
(1.6)

Then I} is a functional of class C''(W;?(2),R) and the critical points of I;* are solutions of problem

(1.1). Furthermore, if we write
ut(z) =max {u(z),0} and u (z)=min {u(z),0}

for u € W;*(Q), then every solution u € W;*(Q) of problem (L.1) with the property that u* # 0 is a
sign-changing solution of problem (1.1).
We remark that if u™* # 0, then




I (u) = I)u") + L) + 5 lu® [Pl u |7,
1) (uw),u®) = () (uh),w®) +b | ub Pl u |7,

)
1) 1) (uw™)yu) +b [l ut [Pl w |

( (1)
( (1)

(1.7)

Our goal in this chapter is to study the least-energy sign-changing solutions of problem (1.1). Consider
the following standard semilinear elliptic equation

—Au+V(z)u = f(z,u)in Q,
(1.8)

where Q is an open subset of RY. A standard method to establish the existence of sign-changing solutions

relies on the following decompositions:
J(u) = J(u") + J(u),

(1.9)

(1.10)

where J is the energy functional of (1.8) given by

J(u) = %/ﬂ(‘VUF + V(z)u?)dz — / F(z,u)dz.

Q

In our case, if b > 0, the associated energy functional I b>‘ does not possess decompositions as (1.9) and

(1.10). In fact, a straightforward computation yields that
I (w) > I)u™) + Iu"),
(1.11)
(1) (u),u®) > (1) (u™),u™) and  ((I}))'(w),u”) > (1) (w7), ")

for u™ = 0. Therefore, the method to obtain sign-changing solutions for the local problem (1.8) does not
seem applicable to the nonlocal equation (1.1). That is why we follow a different approach in this chapter,

and we define the constrained set
AP = fu € WiP(Q): u* # 0 and () (w),u) = (1} (w),u™) = 0},
(1.12)

The main idea in what follows is to study a constrained minimization problem of I, b)‘ on the manifold ./, b)‘.

A key tool in the arguments developed in this chapter is the Poincaré-Miranda existence theorem, which is



a generalization of the intermediate value property to higher dimensions. This theorem is named after
Henri Poincaré, who stated it in 1883 (with a hint of the proof), and by Carlo Miranda [118], who proved
in 1940 that it is equivalent to Brouwer's fixed point theorem. We also obtain in this chapter that the
minimizer of the constrained problem is a sign-changing solution of the Kirchhoff equation. This will be

achieved via the quantitative deformation lemma and related degree theory arguments.

1.1.1 Existence, Nehari manifold, and convergence

The first result in this chapter establishes the existence of least-energy sign-changing solutions in the case

of large perturbations of the logarithmic reaction.

Theorem 1.1 Jd There exists \* > 0 such that for all A\ > \*, problem (1.1) has a least-energy nodal

solution wy € ;) with precisely two nodal domains such that I} (uy) =inf e} I)M(uw).

Another goal of this chapter is to establish the Nehari manifold property (cf. Weth [152]), that is, the
energy of any sign-changing solution of the semilinear elliptic equation (1.1) is strictly greater than twice

the ground state energy. In the /ocal setting described by problem (1.8), the conclusion is trivial. Indeed, if

we denote the Nehari manifold associated to the elliptic equation (1.8) by

A = {u e WEn(®)\ {0} (7 (u),u) = 0}
and define
°=2 I

(1.13)

then it is easy to verify that u* € .4 for any sign-changing solution u € W () of problem (1.8). We
deduce that

J(u)=Jut)+ J(u") > 2ec.
(1.14)

We point out that the minimizer of (1.13) is a ground state solution of problem (1.8), and ¢ > 0 is the

least-energy of all weak solutions of problem (1.8). Therefore, by (1.14), it follows that the energy of any
sign-changing solution of problem (1.8) is larger than twice of the least energy.

We are interested in establishing whether the Nehari manifold property (1.14) is still true for the
nonlocal equation (1.1). In this case, even if we know that the energy I 1;\ associated with an arbitrary
solution u satisfies (1.11), it is not clear that the energy estimate (1.14) is still valid. Indeed, for any sign-

changing solution u of problem (1.1), it follows from (1.7) that

ut ¢ {ve WyP(Q)\ {0} : v) = 0}.



The next result shows that the Nehari manifold property remains valid in the case of large perturbations

of the logarithmic nonlinearity in the reaction term of the Kirchhoff problem (1.1).

Theorem 1.2 & Set c*:= inf, 4 I} (u) > 0. Then there exists \** > 0 such that for all X > X\**, c*

is achieved and I} (u) > 2c*, where
A = {u e WT(@)\ {0} : (1) (), ) = 0}

and u is the least-energy sign-changing solution obtained in Theorem 1.1. In particular, ¢* > 0 is

achieved either by a positive or a negative function.

It is obvious that the energy of the sign-changing solution u,, obtained in Theorem 1.1 depends on b. In
the following, we give a convergence property of u; as b — 0, which reflects some relationship between

the nonlocal fractional case b > 0 and the limit fractional setting b = 0 for problem (1.1).

Theorem 1.3 & For any sequence of real numbers {b,} converging to zero, there exists a
subsequence, still denoted by {b,}, such that {u,} converges to ug strongly in W;*(2) as n — oo,

where g is a least-energy sign-changing solution of the following problem

* .
> Ps=2y in Q,

a(—A)Su = Mu|? ?uln [ul? + |u
u=0 in RV \ Q.

(1.15)

Section 1.2 is concerned with some constrained minimum and maximum problems, as well as with a
related convergence property. Next, in Section 1.3, we give detailed proofs of the main qualitative and
asymptotic properties established in this chapter.

1.2 Constrained minimum and maximum problems

Fix u e W,*(Q) with u™ #0. Define the function 1, : [0,00) x [0,00) — R and the mapping
T, : [0,00) x [0,00) — R? by

Yu(a, B) = Ib)‘(oqur + Bu”)
(1.16)

and



Tu(a, B) = ({(I}) (au™ + Bu™),aut), (I}) (eu™ + Bu™), Bu™)).
(1.17)

Lemma 1.1 & For any u € W'*(Q) with u™ # 0, there is a unique maximum point pair (v, 8,) of the
function y, such that c,u™ + Byu~ € M.
Proof. The proof will be divided into three steps.

Step 1. For any u € WP(Q) with u™ # 0, we establish the existence of a,, and f3,.

By our assumptions, we have

g g =0 i S
(1.18)
for all r € (g, p}). Then for any € > 0, there exists C. > 0 such that
[t In [t[? < eft|Pt + Cet|" .
(1.19)

Since 4 < 2p < g < p;, it follows from (1.19) and the Sobolev embedding theorem that

(1) (au® + Bu),au’) = aa? || ut [P +ba® || ut || +baPBP | u® |7 w” ||P

—A/ |au+|qln|au+|2dx—ap:/ lu™
Q Q

> ao® || wt [P +ba® || u ||* +baf B || u ||P|| T P

—)\aI’e/ u+|pdw—)\C’gof/ |u+|rda:—ap;/ |u
Q Q Q

Pidx

Pidz.

We conclude that

(1) (au™ + Bu”), au’)
> ac® || ut ||P 4ba® || ut |2 —AaPeC) || ut ||P —AC.a"Cy || ut ||” —Csals

= (a — AeC1)a? || ut ||P +ba® || ut | —AC.a"Cy || u™ ||” —Csas || u™

+

wt [P

P,

Choose € > 0 such that @ — AeC > 0. Since p%, 7 > 2p, we have that ((I}))'(au™ + Bu™),aut) >0
for a small enough and all 8 > 0.

Similarly, we obtain that ((I})'(cu™ + Bu~), Bu~) > 0 for  small enough and all & > 0.

Thus, there exists §; > 0 such that for all o, 5 > 0

<(Ib)‘)'(c51u+ + Bu”),61ut) >0, ((Ig\)’(czu+ + 61u”),01u”) > 0.

(1.20)



Choose a = &3 > 47 large enough. If 8 € [d1, 85], it follows that

(1) (B3u” + Bu), 83u") < a(@3)P || wh [P +5(63)% || w | +b(83)% | w” [P]| u™ [P

(@) / ot
Q

(1) (o™ +85u7), 85u™) < (83)" [l u™ 1P +0(83)™ [l u™ |1 +b(85)% | w™ [IP] w |7

~@” [ o

We conclude that if 2 > &3 is large enough, then for all «, 8 € [d1, 62]

Pidz < 0.

Similarly, we have that

Pidy <0.

(I (S5u™ 4+ Bu),05u™) <0 and ((I})(cut + d3u~),d83u") < 0.
(121

Combining relations (1.20) and (1.21) with the Poincaré-Miranda theorem, there exists
(Qu, Bu) € (0,+00) x (0, +00) such that Ty, (, B) = (0,0), hence au™ + fu~ € 4.
We notice that the Poincaré-Miranda existence theorem was announced by Henri Poincaré without

proof in 1883 in the following version.

Let fi,..., fn be n continuous functions of n variables 1, ..., z,: the variable x; is subjected to
vary between the limits —a; and +a;. Let us suppose that for z; = a;, f; is constantly positive, and that
for ; = —a;, f; is constantly negative. Then there exists a system of values of x where f's vanish.

Step 2. We prove the uniqueness of the pair (o, 8,,). We distinguish the following cases.
(a) Case u € M.
Ifu € 4, then

lat 17 40 | wt 2 4b | [P [P= A / ot |91n [u*2da + / P da
Q Q
(1.22)

and

Pidy.

lw™ 240 u™ I 46 | w® [P u |P= A/ IU‘I"lnlu‘l2dac+/ lu”
Q Q
(1.23)

We show that (awy, 84) = (1, 1) is the unique pair such that a,u™ + B,u™ € ).
Let (v, Bo) € [0,00) x [0, 00) such that agu’ + Bou~ € ;) with 0 < ag < Sy. Hence



of || w17 +bag” || u* | +bafBy || u® |17]| u” |7 —/\/!aolﬁlqln!a u’Pde

+ag’ / lu™
Q

Pidx

(1.24)
and
B w17 +8857 [ w |1 +bagh | ut Pl u” [P = A/Q Bou”|In|Bou” |*d
+BY; / [u” | d.
Q
(1.25)
Since 0 < ay < B and using (1.25), we have
U uw” [91n |Bou|?
By i ot e g = o [ PP P
ﬂ[) Q Op
g / | d.
Q
(1.26)
If By > 1, by (1.23) and (1.26), one has that
—14] —_12
0 > (2 1) oo [Pt e 2
ﬂp Q op
H(B T - 1)/ P dz > (B 1)/ lu”|Pidz > 0.
Q Q
This is a contradiction. Therefore, we conclude that 0 < ag < By < 1.
Similarly, by (1.24) and 0 < g < By, we have that
1 +197] +12
<_p_1> | ut |? é)\/ l’aﬂu ’ 121’a0u | —|ut|9n [ut|?| dz+ Bpg » /|u Pido.
e 0 o
0

0

This fact implies that ag > 1. Consequently, ag = Sy = 1.
(b) Case u & M.
Suppose that there exist (a1, 81) and (as, B2) such that

w1 =au’ +pu € //{b)‘ and wy = asut + Bou” € ///b)‘.

Hence



e O RN R

Byw; € ///bk, we deduce that

@ _ P
a1 B '

Hence, oy = ag, 81 = Bo.

Step 3. We prove that (a, 8,) is the unique maximum point of y,, on [0, 00) x [0, 00).

‘We first observe that
279 — qrlln|7|> <2 forallT € (0,00).
(1.27)

Let QF ={z € Q:u(z) >0} and @ = {z € Q: u(z) < 0}. For all uw e W;"(Q) with u* # 0, we

have
/ lou™ + Bu”|In |ou” + Bu”|’dr = / louw™ + Bu”|?In jou™ + Bu”|*dx
Q o+
+/ louw™ 4 Bu”|In jou™ + Bu” |*dx
o
= / low™|9In |ou™ |2z +/ |Bu”|%1n | Bu” |*dz
a+ Q-
:/ [low"|?In |au™|? + |Bu” |?In|Bu”|?]dz.
Q
(1.28)
Combining (1.27) and (1.28), we have

1 b 2A
Yu(a, B) :Ib)‘(au++ﬁu*):; | cu™+pu” ||P +2—p | cu™ + Bu™ ||* +?/ lau™t + Bu~|%dz
Q

A 1 *
- / lou® + Bu”|?In o™ + Bu”|Pdz — — / lau™ + Bu” |Pdx
q Ja b Ja
b o b b ba? B )
= — lut [P+ [u [P+ [ u" |+ — [[u | +—— [ u" [P] w |
p 2p 2p

p
+i2/ (2|au+|q_q|au+‘qln‘auﬂ?)d:c—k%/ (2’[3“7‘(1_(1’5“7‘(1111‘ﬁuf‘z)dx
9 Ja g% Jo

D} D}
- [tiae - 22 [
Ps Ja pbs Ja

We deduce that

Pidg.




a? _ b % b3 _ ba? 5P _
Yu(a, f) < — [lu” H”+ D 22t 2 2 a2 2 e
p 2p p
4
+—= A9 - / Jut [P dz — ﬁ / lu~ [P de,
q
which implies that lim|(, g) 00 ¥(a, B) = —00, since p; > 2p. Hence, (au,B.) is the unique critical

point of y,, in [0, 00) X [O, 00). So, it is sufficient to check that a maximum point cannot be achieved on
the boundary of [0, c0) x [0, 00). By contradiction, we suppose that (0, 8y) is a maximum point of y,, with
Bo > 0. It follows that

aP baP 2a9 all

bl o) =7 u HMW 1+ 252 [t e = 22 [ o o P
by 289

Pidat B 1 B o 2 1 22 [ e

pp
“/m 91n |y |dw—5 /|u e + 220 ﬂ“ Lt 2] P

We conclude that for all & > 0 is small enough.

(Yu)als Bo) =P [[ub [P +ba® % | u” [ +ba 157 || u” [[P]| ™ |7
20071 . )
+ a )\/’u+|Qd:1:—aql/ uﬂth’auﬂzdx—apsl/ |u+‘psdm
q Q Q 0
> 0.

It follows that y, is an increasing function with respect to o if o is small enough. This yields the

contradiction. Similarly, y, cannot achieve its global maximum on (¢, 0). O

Lemma 1.2 & Let u € WP (Q) with u* # 0 such that ((I})) (u),u*) < 0. Then, the unique maximum
point of w,, on [0,00) X [0, 00) satisfies 0 < o, By < 1.

Proof. Without loss of generality, we assume that o, > 8, >0. On the one hand, by
out 4 Buu~ € M), we have

ad® || u™ ||P +ba?P || uT || +ba? || uT [P u P = )\aq/ |uT|91n |ou ™| da

—ak / lu™

p‘ldm

(1.29)

On the other hand, by ((I;))'(u),u™) < 0, we have

allwt [P 15[ ut |2 +b | ut 7w P< A / ot 91n [u*2da + / Pl da,
Q Q

(1.30)



So, according to (1.29) and (1.30), we have
1

(—p — 1>a | ut P > )\/ [cv,f2p|u+|qln|Ozuu+\2 — |u+\qln\’u+\2]dw
a Q

u
pr2p / |u

Pidg.

(1.31)

If a,, > 1, we obtain
/ [ad ?|u"|?]n |a,ut | — [ut|?ln jut|?]dz > 0.
Q
This fact, together with (1.31), yields

1 .
0> (——1>a|yu # > (o 2f’—1)/|u+
au Q

This contradiction shows that o, < 1. Thus, we obtain that 0 < «,,, 8, < 1.0

Pidz > 0.

Lemma 1.3 & Let c) :infue/ﬂbx IMw), then lim)_, cp = 0.
Proof. For any u € ./, b>‘, we have

Pidg.

allw® [P 15[ u* |2 +b | ut [P u [P= A / et 9 1n [u*2da + / o
Q Q
Then, by (1.19) and the Sobolev theorem, we have

al ut|P< )\/ lu®|?1n |u* |2dx +/ lu® Pidp < \eCY | u® ||P +AC.Co || u® | +C5 || u*
0 Q

Thus, we get
(1 —XeC)a || u* ||P< ACCy || ut | +C5 || u® ||Ps.
Since 7, p; > p, choosing ¢ small enough, there exists p > 0 such that
| u*||>p foralluec ..
(1.32)

On the other hand, for any u € .#;, we have ((I}})’(u), u) = 0. Then, we have



. 2\
de:L'—i-—Q/ |u|9dz
a° Ja

1 1 1 1 1 1
—(2-Datulr+ (- 2erur+(2-2) [ 1
P q 2r q q Ps/)Je

Summing up the above remarks, we obtain that I, b’\(u) > 0 for all u € ///b’\. Therefore, I b’\ is bounded
from below on ///b)‘, hence c;} =inf, . ) I Z;\(u) is well defined.

Let u € W,P(Q) with u* # 0 be fixed. By Lemma 1.1, for each A > 0, there exist ay, 8y > 0 such
that apu™ + Bu~ € ///b’\. By using Lemma 1.1 again, we obtain

0<¢ = inf IMu)<I}(anu™ + Bu)
ueM)

IN

1 _ b _
—a|lonu’ + Bu P +o— [[eaut + Bau ||
D 2p
_ 2 2 _
<adf | u ||” +aBy || u || +pbai? || w7 +pbBY || u |

In virtue of this relation, to conclude the proof, it remains to show that ay — 0 and 8, — 0 as A — oc.
Let

Tu = {(ax, Br) € [0,00) x [0,00) : Ty(an, Br) = (0,0), A > 0},

where 7, is defined in (1.17). By (1.18), we have

al}’\:/ |u+ p:dw—f-ﬂ];\:/ -

Q Q

§a§§/ lu™ pzdm—l—ﬂiz/ lu™
Q Q

= axu + Bau” ||P +b || aruT + Bau ||

_ 2 2 _
<pod [[w" [P +pB5 || w” [P +2pba’ || u’ ||% +2pbBYY || u ||

Pidx

pzdw—&—)\a?\/ ]uﬂqln]uﬂzd:r—i—)\ﬂg/ lut|1n |u ") ?dx
0 0

Hence, 7, is bounded since 2p < p*.
Let {A\,} C (0,00) be such that A\, — oo as n — oo. Then, there exist a, and f, such that

(a)\"’/B)\n) — (QO’BO) asn — 00.
We now claim that a9 = B9 =0. Suppose, by contradiction, that a9 >0 or By > 0. By
a)ut+Bru” € MM, for any n € N, we have

| ayu® + Byu” ||P4b | ayut + By u” [|P=

)\n/ |a,\nu++ﬂ>\nu|qln|aknu++ﬂ>\nu\2dw+/ |aAnu++ﬂ>\nu7\p§dw.
Q 0

(1.33)



Thanks to oy, u™ — apu™ and By, u™ — Bou™ in W*(Q), relation (1.19) and the Lebesgue dominated

convergence theorem, we obtain
/ loy ut+ By, u | In oy, ut 4By u [Pde — / lagu™ +Bou” |“In |agu” +Bou” |2dz > 0
Q Q
as n — co. Since A, — 0o as n — oo and {ay,u™ + By, u"} is bounded in WP (£2), we obtain a
contradiction with equality (1.33). Hence, ag = 89 = 0. We conclude that lim_,, ci‘ =0.o0

Lemma 1.4 & There exists \* > 0 such that for all X > X*, the infimum c;) is achieved.

Proof. By the definition of c;), there exists a sequence {u,} C .} such that

T A
r}ljﬁlo I} (u,) = cj.

Obviously, {u,} is bounded in W;**(£2). Thus, up to a subsequence, still denoted by {u,}, there exists
u € WP () such that u,, — u. Since the embedding W, () — L*(£) is compact for all ¢ € (p, p?),

we have
u, = u inLYQ), u, —>u ae xc
Hence

uy — ut in WP(Q),
ul — u” in LY(Q),

ut s utae z e
By Lemma 1.1, we have forall o, 8 > 0
I (ot + Buz) < I ().

On the one hand, the Vitali convergence theorem yields that

lim /|un|qln|un|2dm:/ lu|?In |u|*dz.

(1.34)
On the other hand, since u,, — u in L%(2), we have
Lim /Q |up|%dx = /Q |u|?dz.
(1.35)

Combining relations (1.34), (1.35) with the Brezis-Lieb lemma and the weak semicontinuity of the norm,

we have



ﬂp

p
S A + - a_ : + _ ot ||P + ||p : - =
tim inf I oy + fuy) > - Tim (w24 ut )+ - lim (), —w

_|_

ba® 1. + + ||p + ]2
3 Lim (= P4t 1)
b3%

)

[lim (g = w7+ w7

2p
ap: * *
——— lim [/ luf — ut|Peda +/ lu™ de:B]
pS n—o0 Q
8P . .
—— lim [/ lu, —u~|Pdx —|—/ lu™ pfda:]
ps n—oo Q

22 ba? B2
- q _ - q 2 S + 112 — |12
- /Q juftdz — = /Q [ul?In [uf*dz + == lim inf (|| w ] u, ).

Therefore,
A A af . g
lim infI; (qu, + Bu,) > I'(cu’ +Bu”)+ — lim | w) —u* [P +— lim || u, —u™ |]?
ba?P bs%r
+ 2 i || — 7wt [P+ Tim [ —u [P [P
p n—oo p n—oo
ba2p bt2p _
5y (i | — )+ —(hmllu —u” ||P)?
/ lu —u't|Prda — ——u [P
P
We conclude that
. A + _ A n _ ba? I ba?P » aPbs
lim inf I} (au, + Bu,) > Ij'(ou™ + Pu™) P +——A7 — B,
i bB2P bB2P P}
e Py - Cop,
p 2p 5
where
Av=Jim | ;= P Ay =Jim | wy — |,
By =lim |u) —u* 55, By =lim |u, —u~ 55.
n—oo s n—oo s
It follows that foralla > 0and 8> 0
ba2 b P;
IMou™ + Bu™) P +a—Ap a* B
pr bﬂ2 - bﬁzp P BP ; A
Aoy | A - B <)
p 2p 3

(1.36)



Claim: u* # 0.
Since the case u~ # 0 is analogous, we only prove that u* # 0. By contradiction, we suppose u™ = 0.
Hence, let 8 = 0 in (1.32) and we have that forall a > 0

oP ba2P aPs

— A+ ——A] - —

Bl S CA.
P 2p Dy ’

(1.37)

Case l. B; =0.
If Ay =0, that is, u} — u™ in W *(Q), then by relation (1.37), we obtain || u™ ||> 0, which
contradicts our supposition. If A; > 0, by relation (1.37), we get

aP ba?? \
?Al + WA% S Cy

for all « > 0, which is absurd by Lemma 1.3. Anyway, we obtain a contradiction.

Case 2. B; > 0.
By Lemma 1.3, there exists A* > 0 such that

¢ < %SN/”S forall A > A,
(1.38)

where S > 0 is given by (1.3).
Since By > 0, we obtain that A; > 0. Hence, in view of relation (1.37), we get

s a? aPs of ba?? aPs
NSN/ps Srgggc {—Al — " Bl} SI(I)[I?.@( {—Al + A% — —*Bl < C?,

D D D 2p Dy

which is a contradiction. We conclude that u™* # 0.

Claim: B1 = B2 =0.

Since the case By = 0 is analogous, we only prove that B; = 0. By contradiction, we suppose that
B > 0.

Case 1. By > 0.
According to By, B2 > 0 and Sobolev embeddings, we obtain that A1, As > 0. Let

D,
By foralla>0.

*
S

Then ¢(a) > 0 for o > 0 small enough and ¢(a) < 0 for a < 0 large enough. Hence, by continuity, there
exists & > 0 such that



Similarly, there exists B > 0 such that

ba2P

2p

D bR 3ps
'8 b6 A2 b By =max B1 +
p 2p j a0 | p

S

Since [0, &] x

¢(au’ Bu) =

max
(,B)€[0,4]x[0,4]

x (0, 5).

Note that if £ is small enough, we have that for all o € [0, &

p(ax, B).

Now, we prove that (ay, 84) € (0, &)

¢(c,0) = I} (au’) < I} (au®) + I} (Bu") < I} (ow™ + Bu”)

Hence, there exists B € [0, 3] such that

$(, 0) < ¢(a, By)

for alla € [0, 4.

This means that any point (, 0) with 0 < o < & is not a maximizer of ¢. Hence, (o, Bu)

Similarly, we obtain that (v, 8,) € {0} x [0,4].
On the other hand, by straightforward computation,

p b 2p b D

ot A 2 - B s 0
and

. bﬂ2 _ P

—A2+—A [w™ 1" +—— *

p
fora € (0,4], B8 € (0, ).

Then, we have that
v A ba¥ .,  aP bap
SN/ps < Ay + th p_*Bl + Ay f[u® |
S
D b 2p b 2p D,
+%A2+ i As [|u” [IP + ﬂ A; - /3* By

s

and

[0, 8] is compact and ¢ is continuous, there exists (v, 84) € [0, &

— B - —

= ¢(Ol, B)

% [0, B] such that

x {0}.

(1.39)

(1.40)



gp b32p 3p; b32p
v < g g By P
p 210 s
ba? ba oz_p:;B17

*
s

+ ||p _A2_
[ u™ P+ ap ‘1

forall a € [0,&] and all B € [0, 3.
Therefore, according to (1.36), we conclude that for all o € [0,&] and all 8 € |0, B]

P(a, B) <0, ¥(&,B) <0

Thus, (aw, Bu) £ {&} % [0, ] and (e, Bu) £ [0,8] x {B}.
Finally, we get that (ary, B4) € (0,&) x (0, B). We conclude that (c,,, 8,) is a critical point of y,.
Hence, a,ut + Byu~ € ;). From (1.32), (1.35), and (1.36), we have that

ba P b P
(6 7% A H u+ Hp + ;u A2 (8 Bl
D

P
cl),‘ > IZ;\(ozuu+ + Buu) + %Al +
S

b/B u Ap /6 p:

*
S

B,

P
u b u —
oAt ik Ay [|u” [P+

> IMNogu™ + Buu”) > ),

which is a contradiction.

Case 2. By =0.

In this case, we can maximize on [0,&] X [0,00). Indeed, it is possible to show that there exists
Bo € [0, 00) such that

IMau®™ + B,u”) <0 forall(a, B) € [0,4] x [Bo, 00).
Hence, there exists (o, 84) € [0, @] x [0, 00) such that

(o, Bu) =  max é(a, B).
( ) (a,8)€[0,a] % [0,00) ( )

In the following, we prove that (o, 8,) € (0,&) x (0, 00).

Notice that ¢(a, 0) < ¢(c, B) for a € [0, &] and S small enough, so (e, B.) € [0,8] x {0}.

Meanwhile, ¢(0,8) < ¢(a,5) for B €[0,00) and « small enough, then we have
(aw; Bu) & {0} x [0, 00).

On the other hand, we have the following estimate

&P ba2r aPs b&a2p BP

s
WSN/pSS ?Ari— % A%_p—*Bl+ Ay [[u” P 4+
8

bﬁ2

b 2p

Aot T P+ A
for all B € [0, 00).

Hence, we have that ¢(&,8) <0 for all B€ [0,00). Thus, (ou,Bu) ¢ {a&} x[0,00). Thus,

(au, Bu) € (0,&) x (0,00). We obtain that (a,,B,) is an interior maximum point of ¢, hence

aut + Buu € M.



Using relation (1.39), we obtain

2 *

3 b b 2
¢ > IMewu® + Byu”) + %Al-l- gt - a“ AT - “ B
D bB%P bB%P
20ty Pty w42 >I£(auu++ﬂuu—) > df,

which is a contradiction.
From the above arguments, we conclude that B; = By = 0.
Final step: cg‘ is achieved.
Since u* # 0, by Lemma 1.1, there exist oy, 8, > 0 such that

U= auu’ + Bu € M)
Furthermore, we observe that
(1) (w),u™) <0.

By Lemma 1.2, we obtain 0 < ay,, 8, < 1.
Since u,, € 4, b)‘, according to Lemma 1.3, we get

I awuy + Buuy) < I)uy +uy) = I (ug).
Thanks to By = By = 0 and by the lower semicontinuity of the norm in WOS P (Q), we obtain
1

c,))‘ <I>‘( ) —

(1) (@), a)

(———q)an-np +(gp g plal+ 3 [ e (2-20) [1a

- (l ) ‘) (Il awu® [P + || Buu™ [IP) + <% - %)b(u awu’ [P+ || B |I7)?

[/ la,u’t qdm—l—/ |Buu™ \qdw] (———> [/ |auu+|p3dw+/ |Buu™ |p8dw]
It follows that
A 1 1 2
< (5-1)allulr+ (55— plul+ 5 [ bae+ (2 -2 [furiae

< lim inf [Ib (un) — %((I{‘)'(un),un>] <cp.

n—0o0

Pidy

We conclude that &, = B, = 1, and ¢; is achieved by up :=u™ + u~ € ;). O

1.3 Least-energy nodal solution: qualitative properties



In this section, we prove our main results. First, we prove Theorem 1.1. In fact, thanks to Lemma 1.4, it

remains to establish that the minimizer u;, for c,’} is indeed a sign-changing solution of problem (1.1).

1.3.1 Proof of Theorem 1.1: existence

Since up € A, we have ((I})'(up),uj) = ((I))'(up),uy ) =0. By Lemma 1.4, for all
(o, B) € (Ry x Ry)\(1,1), we have

I (owy + Buy) < I (uy +uy) = ¢
(1.41)
Arguing by contradiction, we assume that (1)’ (us) # 0. Then there exist § > 0 and ¢ > 0 such that
1(ZI3)' (@) = ¢ forall || v—uy > 30.

. 5
Choose 7 € (0, min {1/2, Zala 1. Let

D=1-71147)x(1-71,147)
and define
g(a, B) = auf + Bu; forall (o, B) € D.
In view of (1.41), we have

C):= max Ib)‘ o0g < cph-
[2]9)

(1.42)

Let e:= min {(c; — €)/3,¢5/8} and S; := B(us, 8), according to Lemma 2.3 in [153], there exists a
deformation n € C([0, 1] x D, D) such that

() n(1,v) =vifv & (I})) ([cp — 2e,c) + 2€] N Sa5),
(b) 7(L, (I)57 N 85) © (1),
(©) I}n(1,v)) < I))(v) for allv € W;P(Q).

First, from (b) and Lemma 1.2, we obtain

max I (n(1, g(e, B))) < c3.
(a,B)eD

(1.43)

Next, we prove that (1, g(D)) N .#;* # 0, which contradicts the definition of c;.
Let y(a, B) :=n(1, g(ex, B)). Define the mappings



To(e, B) : = (((I) (9(e, B), ), (1) (g(ex, B)), uy )
= (((IN) (o) + Buy ), w)), (1Y) (o) + Buy ), u, )
: (on(a, B), 02(e, B))

and

V(e B) := <i<(1?)'(7(a,6)), (v(e, 8)) 1), %<(I?)'(7(a,ﬁ)), (v(a,ﬂ))_>>-

(07

Since up € .4, we have

0, B)

5a lan =ale—1) [uy [7+b2p = 1) [ ) [ +b(p = 1) [ uy 7] w, |7

Aa=1) [ fuflnfu; Pz =2 [ oy 1de = (5} = 1) [ Ju e
=bp || ub ||2p—)\q p /|u;|qln|ubl2dm 2/|u;|qdm /|u+\p5dm

and

ou(a, B)
oB

=pb [l uy [|P] u, 7.

Similarly, we have

2
Pu(e, B)
o L=t w17 =Na=p) [ 1" fuy a2 [ o 1Pdo— (03 =) [ o

Pidy

and
2
(pu(a7ﬂ) -
P = w17 wy I
Let
_ [—%éi’ﬁ) a2 |(1,1)]
B CY: 2 (c,8) '
LD a2
It follows that
u(a, B 2(a, B W(a, B 2(a, B
det M = % %ﬂ) ‘(1,1) _%ﬂ) |(1,1) X% ’(1,1)5‘é 0.

Since ¥ (a, B) is a C'-function and (1, 1) is the unique isolated zero point of ¥, by using the degree
theory, we deduce that deg(¥,, D,0) = 1.

Hence, combining (1.43) with (a), we obtain

9(a, ) = v(a, 8) ondD.



Consequently, we obtain deg(¥q, D, 0) = 1. Therefore, ¥; (g, B9) = 0 for some (e, B) € D so that

1(L, g(ao, B0)) = (e, Bo) € A",

which contradicts relation (1.43).
From the above discussions, we deduce that u, is a nodal solution of problem (1.1).

Finally, we prove that u has exactly two nodal domains. To this end, we assume by contradiction that
Up = U + U2 + U3,
where
u; # 0,u1 > 0,uz < 0,Q1 NQy = 0, u1|a\0,u0, = v2lo\e,ua, = usloine, =0,
Q:={z€Q:ui(z) >0} and Qy:={z € Q:us(z) <0} fori+#ji,j=1,2,3
are two connected open subsets of 2, and
(I (w),u;) =0 fori=1,2,3.

Setting v := uj + ug, we see that v* = u; and v~ = wus, that is, v* # 0. Then, there exists a unique

pair (e, B,) of positive numbers such that
ayu + Byus € //[b’\.

Hence

Ig\(avul + Byug) > c,’)\.
Moreover, using the fact that ((I})’(u),u;) = 0, we obtain

(1) (v),v%) = =b || v* [|P[| us [[P< 0.

From Lemma 1.1 (ii), it follows that

(a0, Bo) € (0,1] x (0,1].

On the other hand, we have

1 1 b b b
— I - P P P P Py 2p
0= o (T (wus) = 5rallus [" 450 fun P us |7 +5 0 ua [Pl us [ 457 [ us |
——/ lus dea:——/ lui |21n [ug |*dz
p, 0 p
<Ib(U3)+ o 1w 11 s (17 5 1w I s |-

2p

Hence, by (1.30), we obtain



1
C{i\ < Ib)\(avul + ﬂvu2) = I[,A(avul + IBUUQ) - %«Il;\)l(avul + ,Bvu2)7 (avul + IB'UU2)>

1 A
-—m%mw+nmeH-J/mwm@+/mmwm]
+ <_ - _> |: ‘O‘vul|qln|0‘vul|2daj / |ﬂvu2|qln‘ﬁvu2|2dm:|

() ot (-3 e

It follows that

Pidz.

U2

A 1

A
chy < o(fun [P+ [ u ||p)+ — /lullqdw+/ |us|*dz
2 Q Q

1
%.—>%/mmmmﬁw+/mﬁmWﬁW]
1

2% m>/mﬁ“ ( B >/M

Pidg

i
i

= I} (u1 +u2) — %«I,f)’(ul +ug), (u1 + u2))
= I+ un) + o (1) () ) + e [ 7] s 117+ |z 7] s |-
b 2p 0 2p 2p

This relation implies that

A

¢y < I(u1) + I (u2) + I (us) + o (| we [P+ [ us [|P) [ w1 |7

b A A
(Fun 17+ s [17) T uz 7 + 5w (174w [1P) (s 7= I (w) = ¢

+ 2

This contradiction implies that us = 0 and u,, has exactly two nodal domains. O

By Theorem 1.1, we obtain a least-energy sign-changing solution u;, of problem (1.1). Next, we prove

that the energy of u, is strictly greater than twice the ground state energy.

1.3.2 Proof of Theorem 1.2: Nehari manifold

Similar to the proof of Lemma 1.3, there exists A] > 0 such that for all A > A}, and for each b > 0, there
exists v, € A} satisfying I;)(vy) = ¢* > 0. By Nehari manifold theory, the critical points of the
functional I} on A, are critical points of I;* in W (). Thus, (I}')'(vs) = 0, hence v, is a ground state
solution of problem (1.1).

According to Theorem 1.1, we know that the problem (1.1) has a least-energy sign-changing solution

up, which changes sign only once when A > A\*.
Let

A =max {A\*, A1}



Suppose that up, = u; + u; . As in the proof of Lemma 1.1, there exist a,: >0 and ﬂu; > 0 such that
+ A - A
Qyr Uy e‘/%) ’ ﬂub’ub GJ%) :
Furthermore, Lemma 1.2 implies that av,.+, 8, € (0,1).
Therefore, in view of Lemma 1.1, we have that
2¢* < Iayuf) + 19 (Bu;uy ) < Iy + Buuy) < I (uy +uy) = ¢,

We conclude that ¢* > 0 cannot be achieved by a sign-changing function. o

1.3.3 Proof of Theorem 1.3: convergence to the limit case

In what follows, we regard b > 0 as a parameter in problem (1.1).
We proceed through several steps by analyzing the convergence property of u;, as b — 0, where u,, is the

least-energy sign-changing solution obtained in Theorem 1.1.

Step 1. For any sequence {b, } as b, “\, 0, {u, } is bounded in W (Q).
Choose a nonzero function w € C§°(2) with w® # 0. As in the proof of Lemma 1.2, for any A € [0, 1],

there exists a pair positive numbers (A1, A2) independent of 4, such that
<(Ib)‘)'()\1w+ + )\2(.0_), A1w+) <0, <(Ib)‘)'()\1w+ + )\2(4)_), )\2(4)_> < 0.

Then by virtue of Lemma 1.1, we obtain that for any b€ [0,1], there exists a unique pair
(aw(b), Bu(b)) € (0,1] x (0, 1] such that

w:=ay(D)Mw’ + Bu(D)haw™ € M.
(1.44)

Thus, for any A € [0, 1], we have

Rw) =@ = [E) - 5 (1)@,

D
1 _ 1 1 - A _ 1 1 _ _
- |w||P+(———*>/<wpsdx+—2/ w|%dz + <———>A/ || 1n [w|*dz.

2p 2p pi) Ja q° Jo 2p ¢ Q

It follows that

1 11 . A
Nw) <— | P+(———>/wpsda;+—/ w|%dx
b (u) pll I 2w P Q| . QI\

/ (CL[@]? + Cola]")da.
Q

We conclude that



1 1 1 1
IMup) <— || Mw™ ||P4—=— || daw™ p+<———>/ Aw™
D) <5 I P ™ P (55— o) [

1 1

p:dach (i — i*) / |)\2w_
2p  ps) Ja

Pidx

A +1q )‘/ - / 2 2
2 do + 2> g+ [ — — = + rlwt|r)d
+q2 /Q|)\1w |%dz + > Q|/\2c;.1 | m—|—<2p q>>\ Q(C’l)\1|w | + CoA}|w |) x

1 1 — r —|7r *
# (55~ 1) [ @+ Caxglo e =

where C'* > 0 is a constant independent of 1. So, as n — oo, we obtain

* 1 1
C" +12 I (w,) = B\ (w,) — 5 {0 (w) ) > 5o [, [

which implies that {uy, } is bounded in W ().

Step 2. problem (1.15) has a nodal solution u,.

Since {uy, } is bounded in W;*(£2), according to Step 1, going if necessary to a subsequence, there

exists ug € W, (2) such that

Up,, — Uy in Wos’p(Q),
up, — up in L'(Q) for t € [p,p}),
up, — Ug a.e. ¢ € Q.

Since uy, is a weak solution of problem (1.1) for b = b,,, we have for all v € C§°(Q)

P2y v de,

(a + bn[ubn]g’p)L(ubn,v) = )\/ \ubn|q72ubnv In \ubn|2d:r: Jr/ |up,
Q Q

where L(u,v) is defined by relation (1.5).
From (1.45), (1.46) and Step 1, we find that

(a + bulugl? ) L(ug, v) = )\/ |u|? 2ugv In |ug|*dz +/ |uo|P* " 2ugv dx
Q Q

(1.45)

(1.46)

(1.47)

for all v € C§°(£2), which in turn implies that u, is a weak solution of problem (1.15). By a similar

argument as in the proof of Lemma 1.3, we conclude that ug # 0. Therefore, we complete the proof of

Step 2.

Step 3. problem (1.15) possesses a least-energy sign-changing solution v, and there exists a unique
pair (ap,, Bs,) € [0,00) X [0,00) such that ay vy + By,vy € ;. Moreover, (ow,,Bs,) — (1,1) as

n — oQ.



By a similar argument as in the proof of Theorem 1.1, we deduce that problem (1.15) has a least-energy
sign-changing solution v, where I\(vo) = ¢ and (I3")'(vg) = 0. Then, by Lemma 1.1, we obtain the
existence and uniqueness of the pair (a,,Bs,) such that ap, vy + Bp,v, € ///bi‘l. Moreover, we have
ap, > 0 and B, > 0. Then the claim will follow once we can prove that (as,, 8p,) — (1,1) as n — oo.
In fact, since ap, vy + By, vy € A, b:\1 , we have that

2 _
ap a |l vg P +bney) [l vg 1 +baat By [l vg P w5 [P = )\/Q |ow, v | 1n|ou, v [*dae

+ / |, vy
Q

Prdx

(1.48)

and

_ 2 _ _
8o allvg 1P +0uBe [l v (177 +bnag By | vy [IP[l vy [P ZA/QI,anvb*Iqlnlﬁbnvb*de

T / 1Bo,vp
Q

Pidy.

(1.49)

From the convergence of b, as n — oo, we deduce that the sequences {a, } and {55, } are bounded. Up to

a subsequence, suppose that oy, — a9 and S, — Bo. Then it follows from (1.48) and (1.49) that

aga || vg |I7= A/Q vy |?1n oy [*dz + /Q lagug |Prdz

(1.50)

and

gha l vy 7= [ 16ovg 17| Bovg Pde + [ |Bovy Pida.
Q Q

(1.51)

Since v is a sign-changing solution of problem (1.15), we obtain

allvg 7= A [ poi*in o Pda + | g e
Q Q

(1.52)

Hence, in view of (1.50)—(1.52), we obtain that (g, Bo) = (1, 1), and the Step 3 follows.
Now, we can now give the proof of Theorem 1.3. We assert that u, obtained in Step 2 is a least-energy

solution of problem (1.15). In fact, by virtue of Step 3 and Lemma 1.1, we find that



Ig}(vo) < I§(uo) =lim I (up,) < lim I (0w, vg + By, vp)

= I3 (v5 +vy) = I (vo)-

The proof of Theorem 1.3 is now complete. O

1.4 Historical comments

One of the classical topics in the qualitative analysis of PDEs is the study of existence and multiplicity
properties of solutions for both the Kirchhoff problems and the fractional Kirchhoff problems under
various hypotheses on the nonlinearity. There is a vast recent literature concerning the existence and

multiplicity of solutions for the following Dirichlet problem of Kirchhoff-type

{— (a+b [, |Vu|?de) Au = f(z,u)inQ,
ul|an = 0.

(1.53)

Problem (1.53) is a generalization of a model introduced by Kirchhoff [88]. More precisely, Kirchhoff

2 2
0“u
da:) 2 0,

proposed a model given by the equation

0%u (po E [L|ou

£

r

(1.54)

where p, po, h, E, L are constants. This nonlocal model extends the classical D'Alembert's wave equation,
by considering the effects of changes in the length of the strings during the vibrations.

Since Lions [99] introduced an abstract framework to Kirchhoff-type equations, the solvability of these
nonlocal problems has been well studied in the general dimension by various authors. We refer to
D'Ancona and Shibata [39] and D'Ancona and Spagnolo [38] for the global solvability of various classes
of Kirchhoff-type problems. We also refer to Carrier [21] who used a more rigorous method to model
transverse vibration via the coupled governing equation of planar vibration in order to recover the
nonlinear integro partial-differential equation, in which a more general Kirchhoff function was considered.
In addition, the nonlocal Kirchhoff problems of parabolic type can model several biological systems, such
as population density, see for example Ghergu and Radulescu [62].

Problem (1.53) is a nonlocal problem because the term b |, o | Vu| 2dx A appears in the left-hand side of
the equation, which results that (1.53) is not a pointwise identity. Moreover, the energy functional
associated to (1.53) has different properties with respect to the local case corresponding to b = 0, hence
several mathematical difficulties are brought naturally out in the study of the nonlocal problems (b # 0)
by means of variational methods. We refer to Fiscella and Valdinoci [57], who proposed a steady-state
Kirchhoff model involving the fractional Laplacian by taking into account the nonlocal aspect of the



tension arising from nonlocal measurements of the fractional length of the string, see [57, Appendix A] for
more details. For a detailed analysis of nonlocal fractional problems, we refer to the monograph by Molica
Bisci, Radulescu and Servadei [119].

However, there are a few papers dealing with the existence and multiplicity of solutions for fractional
problems involving logarithmic nonlinearity. In [40], d'Avenia et al. considered the following fractional

logarithmic Schorddinger equation
(—A)*u + wu = ulog |u|? in RV,

where w > 0. By employing the fractional logarithmic Sobolev inequality, in [40] it is obtained the
existence of infinitely many solutions. Moreover, the regularity of solutions was also discussed in [40]. In

[149], Truong studied the following problem with logarithmic nonlinearity
(—A)u+ V(2)|ulP%u = Aa(z)|u/’ 2uln |u|in RY,

where a is a sign-changing function. Under some assumptions on ¥, a and /4, Truong [149] obtained two
nontrivial solutions by using the Nehari manifold approach. Next, Xiang, Hu and Yang [154] considered

the following Kirchhoff equation with combined nonlinearity of logarithmic and power type

p

M([u]f,)(—=A)su = h(z)|u|?2uln |u| + A|u|?%u  inQ,
u=0 in RV \ Q,

where s€(0,1), 1<p<N/s, Q is a bounded domain in RY with Lipschitz boundary,
M([u)t,) = [u] E‘,’; Y7 with § > 1, and /1 is a sign-changing function. When 1 is sufficiently small, Xiang,
Hu and Yang [154] obtained two nonnegative local least-energy solutions by using the Nehari manifold
approach.

The existence of sign-changing solutions to nonlinear elliptic PDEs with power-type nonlinearities has
been studied extensively both for the p-Laplacian operator and for the fractional p-Laplacian operator.

Consider the nonlocal problem

{(—A);u = f(z,u)in Q,
u=0inRY\ Q,

(1.55)

For p = 2, Chang and Wang [24] studied problem (1.55), where the fractional Laplacian operator is
defined through spectral decomposition, in order to obtain the existence of sign-changing solutions.

The method of harmonic extension was introduced by Caffarelli and Silvestre [16] and it consists in
transforming the nonlocal equation in Q to a local problem in the half cylinder © x (0, c0), by using an
equivalent definition of the fraction Laplacian operator, cf. Brindle ef al. [13].

In [33], Figueiredo and Nascimento considered the following Kirchhoff equation

{—M (fq |Vul?dz) Au = g(u)in Q,
ulog =0,



(1.56)

where Q is a bounded domain in R3, M is a general C! class function, and g is a superlinear C' class
function with subcritical growth. By using the minimization argument and a quantitative deformation
lemma, the existence of a sign-changing solution for this Kirchhoff equation was obtained. In unbounded
domains, Figueiredo and Santos Junior [52] studied a class of nonlocal Schrodinger-Kirchhoff problems
involving only continuous functions. Using a minimization argument and a quantitative deformation
lemma, they obtained a least-energy sign-changing solution to Schrodinger-Kirchhof problems.

Combining constraint variational methods and the quantitative deformation lemma, Shuai [136] proved
that problem (1.53) has one least-energy sign-changing solution u,, and the energy of u,, strictly larger than
the ground state energy. Moreover, the author investigated the asymptotic behavior of u; as the parameter
b\ 0. Later, under some more weak assumptions on g (especially, Nehari-type monotonicity condition
been removed), with the aid of some new analytical skills and Non-Nehari manifold method, Tang and
Cheng [146] improved and generalized some results obtained in [136].

In [45], Deng, Peng, and Shuai studied the following Kirchhoff problem:

- (a+ b/ |Vu|2da:)Au = f(x,u)in R,
R3

(1.57)

The authors obtained the existence of radial sign-changing solutions with prescribed numbers of nodal
domains for Kirchhoff problem (1.57) in H}(IR3), the subspace of radial functions of H!(R?) by using a
Nehari manifold and gluing solution pieces together, when V(z) = V(|z|), f(z,u) = f(|z|,u) and
satisfies some conditions. Precisely, they proved the existence of a sign-changing solution, which changes
signs exactly k& times for any k € N. Moreover, they investigated the energy property and the asymptotic
behavior of the sign-changing solution.

By using a combination of the invariant set method and the Ljusternik-Schnirelmann type minimax
method, Sun et al. [142] obtained infinitely many sign-changing solutions for the Kirchhoff problem
(1.57) when f(z,u) = f(u) and f'is odd in u. It is worth noticing that, in [142], the nonlinear term may
not be 4-superlinear at infinity; in particular, it includes the power-type nonlinearity |u|P~2u with
p € (2,4]. In [150], the authors obtained the existence of least-energy sign-changing solutions of
Kirchhoff-type equation with critical growth by using the constraint variational method and the

quantitative deformation lemma.

1.5 Final remarks, perspectives, and open problems

The analysis developed in this chapter establishes the existence of least-energy sign-changing solutions for
a fractional Kirchhoff problem with logarithmic and critical nonlinearities. Using constraint variational
methods, topological degree theory, and quantitative deformation arguments, the main results prove three

basic properties:



1) existence of at least one least-energy sign-changing solution u,;
t f at least least gy sign-changing solut b
(i1) the energy of u, is strictly larger than twice the ground state energy;

(iii) convergence properties of the solution as the Kirchhoff parameter b goes to zero.

The content of this chapter is based on the abstract and analytic setting developed in [119] and the
contributions obtained in [96]. Related properties concerning the existence of least-energy solutions for
two-dimensional Choquard equations with exponential growth can be found in [87].

The “Nehari manifold” phenomenon described in Theorem 1.2 establishes that the energy of the nodal
solution is strictly greater than twice the ground state energy for large values of the positive parameter. A
related property was established by Liu, Ouyang and Zhang [107] in the framework of standing waves for
the 2D nonlocal gauged Schrodinger equation with Chern-Simons term. A related property in a different

nonlocal setting was previously observed by Shuai [136].

Open Problem 1. & The existence of A* in Theorem 1.1 is based on the convergence property found

in Lemma 1.3. Is it possible to find the optimal value for 1*?

Open Problem 2. In the statement of Theorem 1.1, does problem (1.1) have nodal solutions if
0 <A< A*?

Open Problem 3. Does the doubling energy property established in Theorem 1.2 remain true if
0 <A< A?

The following problem is concerned with the asymptotic behavior as p — oco.

Open Problem 4. What happens when the exponent p becomes large? This question relates to p-
Laplacian problems in the limit and possible connections to frozen or limiting profiles.

The current analysis works on bounded domains with Lipschitz boundary. The following research

direction proposes to extend this analysis to other cases.

Open Problem 5. Develop a similar analysis to the whole space R (IV > 3). This presents
challenges due to loss of compactness. Study the critical exponential growth in the two-dimensional

case.

What about the case of operators with a variable structure? This corresponds to the p(z)-Laplacian
logarithmic reaction and this study could open new perspectives in the understanding of Kirchhoff

equations with logarithmic nonlinearity.



Open Problem 6. Extend the analysis developed in this chapter to more complex operators like the

p(z)-Laplacian, which allows the growth rate to vary with the point in the domain.

Studying the supercritical cases of Kirchhoff equations is important because it is where the most
interesting and physically relevant mathematical behaviors occur. This abstract setting describes the
frontier where solutions can exhibit fundamentally different properties. This is the content of the following

research direction.

Open Problem 7. Extend the results to the supercritical case, that is, study the Kirchhoff equation

p

a+bul,)(—A)su = Au/*%uln|u|? + |u|"?u inQ,
u=20 in RV \ Q,

where r > p}.

A very interesting problem is concerned with the study of the following logarithmic Kirchhoff equation:

(a+blulfp)(—A)Su = AJulP* 'In [ul? + plul? in ),
u=0 inRY\ Q.

(1.58)

A feature of this problem is that the logarithm weakens the critical nonlinearity near the origin and

infinity, but it introduces a lack of monotonicity and sign changes, making variational methods delicate.

Open Problem 8. & Study the existence of least-energy solutions for problem (1.58) with respect to
the values of 4 and u. Consider also the singular case where p < 0.

1.6 Glossary

Least-energy Solution: The least-energy solution is a solution (of a partial differential equation or an

optimization problem) that minimizes the associated energy functional.

Logarithmic Nonlinearity: Logarithmic nonlinearity refers to differential or partial differential equations
where the nonlinear term involves the logarithm of the unknown function. Equations of this type arise
in applied sciences and have distinctive mathematical properties due to the slow growth and singular

behavior of the logarithm near zero or infinity.

Kirchhoff Nonlocality: It defines a class of equations where the governing physics at each point is tied to
the global state of the system, creating a deeply interconnected and complex problem to solve.



Namely, instead of a local property like the value of the unknown at a point, the equation's behavior is

influenced by the overall energy or amplitude of the solution across the whole space.

Nodal Solution: Nodal solution, in the context of partial differential equations (especially elliptic PDEs),
refers to a nontrivial solution that changes sign. Thus, the solution has a nonempty nodal set (the set
where it vanishes), dividing the domain into at least two subdomains where the solution is positive and

negative respectively. These are also called sign-changing solutions.

Nehari Manifold: This is a fundamental and powerful tool in modern variational analysis for finding
nontrivial solutions to nonlinear PDEs. In simple words, the Nehari manifold is a constraint that
cleverly restricts the search for critical points of an energy functional to a set where the geometry
becomes much simpler to analyze.

Energy Doubling: This is a phenomenon which occurs in the analysis of solutions for some classes of

twice the ground state energy.
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Planar Kirchhoff equations with critical exponential
growth

DOI: 10.1201/9781003797159-2

This chapter deals with the existence of nontrivial solutions and least-energy solutions for a class of planar
Kirchhoff equations with critical exponential growth and trapping potential. This is achieved by combining
some related variational, topological, and analytic techniques. A key feature of the analysis developed in this
chapter is the absence of any monotonicity conditions on the reaction term. Another contribution in this
chapter concerns the mountain pass characterization of the least-energy solution by constructing a fine path.

We study the following Kirchhoff equation

—(a+0b [z |Vul?dz) Au+ V(z)u = f(u) inR?
u € H'(R?),

where a, b are positive constants, V € ' (R?,(0,00)) is a trapping potential, and f has critical exponential
growth of Trudinger-Moser type. Indeed, in two dimensions, the maximal growth for f(u) is governed by the
Trudinger-Moser inequality (a behavior like e®*’), which also leads to non-compactness. The common
restriction ligggf teﬁ% > 0 has been removed in this analysis, where a is the critical value in the Trudinger-
Moser inequality. This is a major relaxation of standard assumptions, significantly broadening the class of
nonlinearities f(u) the theory can handle.

This chapter integrates three mathematically challenging features into a single, physically relevant model,
extending prior work. These three competing mathematical concepts are the following:

1. nonlocal coefficient ( |Vu|2dx) Au;

R2
2. critical exponential growth in R?;

3. atrapping potential V(z) (it prevents the system from escaping to infinity).

The primary mathematical challenge in this analysis is to prove the existence of solutions despite several
combined sources of non-compactness. In this setting, it is difficult to restore the compactness of minimizing
sequences on the prescribed-mass manifold, which is especially hard when the potential V(z) is non-
autonomous, that is, V' is not a constant. The positivity of the potential ensures coercivity, while its trapping
nature creates an energy well. This breaks translation invariance, causing loss of compactness in the Sobolev
embedding. The analysis developed in this chapter covers both autonomous and non-autonomous cases.
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Under minimal assumptions, this analysis establishes a clear structural link between the least-energy solution

and the mountain pass level.

2.1 Statement of the problem
This chapter deals with the study of the following Kirchhoff equation

—(a+b fg: |Vu?dz) Au+ V(z)u = f(u) inR?%
u € H(R?),

()

where a, b are positive real numbers constants.
A feature of the analysis developed in this chapter is that the potential V € %'(R?, (0, 00)) is assumed to be
a Rabinowitz-type trapping potential, namely it satisfies

(V1) Vo < V(z) <liminfV(y) = V,, forall z € R2

y|—00

This trapping condition was introduced by Rabinowitz [133].
We assume that the reaction f € €'(R, R) satisfies the following conditions:

(FO) f(t) =0forallt <O0;

(F1) there exists ap > 0 such that

[t|]—o00 eat2

IfOl {0, for all a > ay,

400, foralla < ag;
(2.1)
(F2) f(t) = o(t) ast — O and F(t) := [ f(s)ds > 0.

Definition 2.1 We say that the function f(t) has critical exponential growth at t = +00 if condition (F1)
is fulfilled.

It was shown by Trudinger [148] and Moser [120] that this kind of nonlinearity has the maximal growth

that can be treated variationally in H!(RR?), which is motivated by the following Trudinger-Moser inequality.

Lemma 2.1 & The following properties hold true.

(i) Ifa>0andu € HY(R?), then

/]R2 (e‘“‘2 — 1)dm < oo0.



(i) Ifue H'(R?),|| Vul|2<1,|| ull2< M < oo, and oo < 4, then there exists a constant € (M, )

, which depends only on M and o, such that

/2 (eo‘“2 - 1)d:c <E(M,a).

From (F1) and (F2), it follows that

and

lim =

t——4o00 eat2

t2F(t) {O, for all a > ay,
400, foralla < ag.

Then for any € > 0, > a9 and ¢ > 0, there exists C = C(g, , q) > 0 such that

F(t) < et® + Clt|%e*, Vt eR.

Using relation (2.5), it follows that the associated energy functional ® : H!(R?) — R defined by

d(u) = %/RZ [a|Vu|® + V(z)u?|dz + % (/R2 |Vu|2daz:)2 - /RZ F(u)dz

is of class ¥ (H'(R?),R) and
(®'(u),v) = / [aVu - Vv + V(z)uw|dz + b/ |Vul?dz [ Vu-Vudz
R? R? R?

—/ f(u)vdz, Yu,ve HY(R?).
RZ

Hence, the solutions of problem (%) are the critical points of the functional ®.

2.1.1 Autonomous and non-autonomous cases

Let us first consider the autonomous case.
We study the following Kirchhoff equation

(2.2)

2.3)

2.4)

2.5)

(2.6)

2.7)



—(a+b [z |Vul?dz) Au+ Veu = f(u) inR?
u € HY(R?),

(kK)o

where f'satisfies (F0), (F1), (F2) and the following condition:

(F3) Timy 0 S8 = +o00 and f(t)t > 2F(¢) forall t > 0.

Using a suitable minimization method, the first purpose is to establish both the existence of a positive least-
energy solution for () », and to give its mountain pass characterization.
Define the energy functional > : H!(R?) — R by

1 b 2
™ (u) := 3 /]R2 (a|Vul® + Voou?)da + 1 (/1; |Vu|2da:> - /]R2 F(u)dz,

(2.8)

and let ¢™ be the mountain pass level of &, that is,

¢® = inf max 2> (v(t)),
(2.9)
where
I :={y e %([0,1], H'(R?)) : 7(0) = 0,8%(~(1)) < 0}.
(2.10)
Definition 2.2 A solution u of problem (X') , is called a least-energy solution if > (u) = m® with
m™:= inf {®*(u) u € H'(R?)\ {0}, ()’ (uv) = 0}.
.11

In the autonomous case, the next result establishes the existence of a least-energy solution, provided that the

positive potential is smaller than the Trudinger-Moser ratio.

Theorem 2.1 < Assume that f satisfies hypotheses (FO)~(F3). Then there exists V* € (0, +o00] such that
Jor any Vi, € (0,V*), equation (K ) has a positive least-energy solution. Moreover, V'* is equal to the

Trudinger-Moser ratio:

Cry(F):= sup { 2 /R F(u)dz u € H'(R?)\ {0}, Vu [3< %}

w3




t2F(t)

In particular, V* = +o00 is equivalent to lim;_, | o v

= +o00.

The following property establishes a relationship between the any least-energy solution of problem (%)
and the level of the maximum of the associated energy at the optimal path.

Theorem 2.2 & Under the assumptions of Theorem 2.1, the least-energy level m™ is equal to the
mountain pass level ¢, Moreover, for any least-energy solution w of (K)o, there exists a path 4 € T'*®
such that w € 4([0, 1]) and

max 8% (3(1)) = 8% (w).

Next, we study the non-autonomous case and we are concerned with the existence of ground state solutions
for the critical exponential growth Kirchhoff equation (") with the trapping potential ¥ satisfying condition
(V1). Some effective methods, treating the dimension N > 3, do not carry over our case [N = 2 due to the
simultaneous appearance of the nonlocal term and the nonlinear term with critical exponential growth.

Let us now introduce the following assumptions:
(F3") f(t)t > 2F(t) forall t € R, and

@ > Vo = f(t)t — 2F(t) > 0;

(F4) there exist My > 0 and By > 0 such that F'(3y) > 0 and
F(t) < Mo|f(t)l, VIt| = Bo.
Definition 2.3 We say that a solution u of problem (') is a ground state solution (of Nehari type) if
®(u) = cn with
cNi= u1€nj/ ®(u)
(2.12)
and A is the Nehari manifold defined by
N ={u € H'(R?)\ {0}: (®'(u),u) = 0}.

(2.13)

The following result points out the importance of the level V, of the trapping potential at infinity. This
level acts as a fundamental energy threshold that governs ground state solutions, but also whether

compactness can be recovered in the variational formulation.



Theorem 2.3 < Assume that V satisfies (V1) Assume that V satisfieswith Vi, € (0,V*), and f satisfies
conditions (F1), (F2), (F3'), (F4) and (F5). Then problem (HX) has a ground state solution, where V'* is
given by Theorem 2.1.

Corollary 2.1 & Assume that V € €(R?,[Vy, Vo) is 1-periodic in each of z1,x2 with Vy € (0,V*),
and f satisfies (F1), (F2), (F3),; (F4) and (F5). Then (¥') has a ground state solution, where V* is given
by Theorem 2 1.

In the final part of this chapter, we consider the existence of nontrivial solutions to problem (") in the

radial case, that is, if the trapping potential } satisfies
(V2) V(z) = V(|z|) and V(z) > Vp forall z € R2,

In this, it is nontrivial to show that the weak limit of Cerami sequences is a weak solution because of the
fact

wy — win HY(R?) % Vu, ||§/ Vu, - Vodz —| Vu ||§/ Vu- Vedz, ¥ ¢ € €°(R2),
R2 R2

To address this issue, a classical way is to restrict the energy functional in the subspace of radially
symmetric functions H!(R?) belonging to H*(IR?) since the limit

[ 1#un) = f@)(w, — w)dz 0

(2.14)

can be easily deduced from the compactness of the embedding H}(R?) < LI(R?) for g > 2 if f is
superlinear at zero and has polynomial growth. However, when fis of critical exponential growth, it is still
unknown whether the limit (2.14) holds or not since the embedding of H}(R?) into the Orlicz space
associated with the function ¢(s) = exp(4ms?) — 1 is not compact. Thus, a deeper analysis is required for
(&) with the radial potential ¥ in this direction, which is the focus in the last part of the present chapter. For

this purpose, we introduce the following condition:
(F6) f(t)t —4F(t) + Vot? > 0 forallt € R,

which is weaker than the Ambrosetti-Rabinowitz condition (F6') and can be derived from the monotonicity
condition (F5).

Theorem 2.4 < Assume that V satisfies (V2) with Vi € [Vo, V™), and f satisfies conditions (F1), (F2),
(F3)), (F4) and (F6). Then problem () has a nontrivial radial solution, where V'* is given by Theorem
2.1.



2.1.2 Sketch of the main proofs

For the proofs of Theorems 2.1 and 2.2, motivated by the Pohozaev identity for problem (£"),, we introduce
the auxiliary functional J* : H'(R?) — R defined by

T () = Vo || |2 —2 / F(u)dz,
R2

(2.15)
the set

P i={uec H(R*)\{0}: J®(u) =0}

(2.16)
and the constrained minimization problem
A®:= inf (g | Vu |3 +2 | Vu |§) = inf ®(u).

wEPs \ 2 4 UE P

(2.17)

Based on a sufficient and necessary condition for compactness of general nonlinear functionals, a key idea
is to prove that A* can be attained if V is less than the Trudinger-Moser ratio Cyy(F'). At the same time,
under a suitable change of scale combined with an analytical method, it is established that the minimizer is a
least-energy solution of problem (). Different from the dimension N > 3, the minimum A™ has no
saddle point structure with respect to the fiber {u(-/t) : t > 0} C H*(R?), u € H'(R?) since the Pohozaev
functional J*(u) does not have a || Vu ||s-component. Thus, in the two-dimensional case, it is more
complicated to establish the relationship between the minimum A*, the least-energy m>, and the mountain
pass level ¢™. To address this issue, inspired by the idea of Jeanjean and Tanaka [80], we construct a new path
belonging to I'*™® and derive the mountain pass characterization of the least-energy solution for (#"), which
is the highlight of the proof of Theorem 2.2.

The proofs of Theorems 2.3 and 2.4 are based on the mountain pass theorem. A standard procedure in this
case is to prove the boundedness of Cerami sequences, and verify that the weak limit of Cerami sequences is
non-trivial and is also a weak solution.

Compared with previous works dealing with the Kirchhoff equation (") with trapping or radial potential
in higher dimensions (N > 3), some new obstacles arising in the proofs are the following:

1. the lack of the monotonicity condition (F5') and the Ambrosetti-Rabinowitz type condition (F6)
prevent us from using usual methods to prove the boundedness of Cerami sequences;

2. it is more difficult to rule out the concentration phenomena and the vanishing phenomena of Cerami

sequences;



3. it does not work that the BL-splitting property for the energy functional along Cerami sequences
caused by the appearance of the nonlinear term with critical growth, which is a powerful tool to

restore the compactness of Cerami sequences.

In what follows, we make use of the following notations:

H*'(RR?) denotes the usual Sobolev space equipped with the inner product and norm

(u,v) = / (Vu- Vo4 uw)dz, || u ||= (u,u)"?, Vu,ve H'(R?);
R2

H!(RR?) denotes the space of spherically symmetric functions belonging to H!(R?):
HY(R?) :={u € H'(R?): u(z) = u(|z|)a.e. in R?};

L*(R?)(1 < s < 00) is the Lebesgue space with the norm || u [|,= ([, [u|*dz) s,

e Foranyz € Qandr > 0, B,(z) :={y € Q: |y —z| < r} and B, = B,(0);

C1,C,, ... denote positive constants possibly different in different places.

2.2 Least-energy solutions in the autonomous case

In this section, we consider the existence of least-energy solutions for problem (), and we establish its

mountain pass characterization, which completes the proofs of Theorems 2.1 and 2.3.

2.2.1 Auxiliary properties of the energy functionals

First, by a truncation argument, we establish the Pohozaev-type identity for (J£). when f has critical
exponential growth.

Lemma 2.2 ¢ Assume that f satisfies hypotheses (F1)~(F3). Let u € H'(R?) be a weak solution of () s,
then we have the following Pohozaev-type identity

J®(u) =V || u |3 —2/ F(u)dz = 0.
RZ
Proof. Let ¢ € €°°([0,+00),[0,1]) such that 1(r) =1 for r € [0,1] and 3(r) =0 for 7 € [2,+00).
Define v, (z) := ¥(|z|?/n?) on R? for n € N. Then there exists C; > 0 such that
(2.18)

By a standard regularity argument, we can show that u € HZ_(R?).

Leta = (a+b | Vu |3). It follows from (£ that for every n € N,

0 = [—alAu + Veou — f(u)|¢n(z - Vu).



(2.19)

We also obtain, for every n € N,

—nf(u)(z - Vu) = — div(zn F(u)) + 24 F(u) + F(u)(z - Vi),

(2.20)
2
~gnldu(z- V) = - div { [V“@ V) - 'w ]w}
2

—@(fv V) + (z - Vu)(Vi, - Vu)

(2.21)
and
1 . 2 2 ]_ 9 ]_ 9
You(z - Vu) = Edlv () — u'hy — U (z - Vip,) — Ju V-

(2.22)

Hence, for every n € N, it follows from relations (2.19), (2.20), (2.2.1), (2.22) and the divergence theorem
that

2
{ 2 Vu| — an|Vu|? — nVou® + ZnF(u)}'t/;nda
aBQn

/ Vioot? — 2F (u) |9 dz — % {a|Vu|® + Vu® — 2F (u) }(z - Vi, )da
B,

n By,
+a / (z - Vu)(Vip, - Vu)dz
(2.23)

Using this relation together with the fact that 1,,|sp,, = 0, we obtain
1
/ [Vaou® — 2F(u)|¢ppdz = -5 / {a|Vu|* + Voo — 2F(u) }(z - Vip,)da
B2n BZn
—I—d/ (- Vu)(Vip, - Vu)de
B2n
1

— L[ A + Ve — 2P () (@ V)
Bﬂn\B”

—l—&/ (z - Vu)(Vip, - Vu)dz
By5,\B

(2.24)

From (2.18) and (2.24), we have



/R 2 [Voou? — 2F(u)]dz

lim / [Vaou” — 2F (u)|¢p,dz

n—oo B2n
1
< = lim [3&|Vu|® + Voou? + 2F ()] |z|| Vb, |dz
n—00 Bﬁn\Bn
C
< —L lim [3a|Vul? + Veu? + 2F(u)]dz = 0.

2 n—oo
B\/En\B"

The proof'is complete. O

We now solve the constrained minimization problem A, given by (2.17).

Lemma 2.3 & Assume that f satisfies conditions (F1)—(F3). Then there exists a minimizing sequence
{un} C P satisfying || uy, ||2= 1 for A*. In particular,

A = ing (51l +g I Vuld) = it (51 9u g+ 0 vul),
(2.25)
where
P = PoN{uc H'(R?) ;|| u =1}
(2.26)
and P, is given by (2.16).

Proof. We first prove that 2, # 0. Let u € H*(R?) \ {0} be fixed and define a function {(¢) := J > (tu)
on (0, 00). Using (F1)—~(F3), it is easy to check that {(¢t) > 0 for small ¢ > 0 and ¢(¢) < O for large t > 0.
Then there exists t, > 0 such that {(t,) = J*(t,u) = 0, and so P, # 0. Thus, we can assume that there
exists a minimizing sequence {u,} C P satisfying

a b
5 IV 13+ || Vun |3 A%
2 4
Let @, = un (|| un ||§/2 z), hence @, € P, | @n ||2=1 and || Vi, ||2=| Vu, ||2. This shows that
fin, € Po. From this and the fact that 2., C P, relation (2.25) follows directly. The proof is complete. o

Lemma 2.4 Jd Assume that f satisfies hypotheses (F1)—~(F3).

() If u € HY(R?) is a critical point of ®* on the set P, , then it is a nontrivial solution of ()«

under a suitable change of scale.

(ii) If the infimum A®™ is attained, then A® = m®™.

Proof. (i) Let u € H'(IR?) be a critical point of &> on the set P.. Then there is a Lagrange multiplier
A € R such that

—(a+b]| Vu ||§)Au + Voo — f(u) = 2A[Vou — f(u)],

(2.27)



namely,

—(a+b | Vu [3)Au= (2A = 1)[Voou — f(u)].

(2.28)
Since u # 0, we deduce from (2.28) that
2XA —1#0and Vou — f(u) #0.
(2.29)
For any T' > 0, by (F1)—(F3), there exist 0 < t; < t2 < T such that
2F(t) — f(¢)t <0, Vt € [0,T], and 2F(t) — f(t)t <0, Vt € [t1,ts].
(2.30)
Hence, it follows from (2.30) and the definition of &, that
/R Vo~ f(u)udz = /R [2F(u) — f(uyulda < 0.
(2.31)
This implies that there exists w € €°(IR?) such that
(J) (u),w) = /R Voou = f(u)]wdz < 0.
(2.32)
By multiplying relation (2.28) by w and integrating, we have
(@+b | Vul|?) /R Vu- Vudz = (2\— 1) /R Vaeu — f(u)|wda.
(2.33)
Recalling that J*(u) = 0, it follows from (2.32) that for small enough £ > 0,
J®(u+ew) < J®(u) = 0.
(2.34)

Let
A(v) := a Vo ||2 —l——b Vo |[3, V HY(R?
(U) . 9 || v H2 4 || v ||2’ v E ( )

Noticing that A(u) = A™, by (2.33) and (2.34), we have



a b ag? bet
Alu+ew) =5 | Vu 3+ | Vull; +e(a+b | Vu ||§)/RZVu-dew+T IV 34+ || Ve [l3
2
+2¢2 || Vi |2]] Vw ||2 +4e? (/ Vu-dem) +46% | Y ||§/ V- Vuds
R2 R2
=A% +e(2X — 1)/ Voot — f(u)]wdz + O(e?).
RZ

(2.35)
We claim that 2A — 1 < 0. Otherwise, there exists €y > 0 small enough such that
J*(u+eow) < 0 and A(u + gow) < A,
(2.36)

due to (2.34) and (2.35).
Let ug = u + gow. Then J*°(ug) < 0 and J*°(sug) > 0 for s > 0 small enough as a consequence of (F2).
Therefore, there exists so € (0, 1) such that J*(soug) = 0. Moreover, by (2.36), we have

asg 2 bs; 4_ 2 00
Afsous) = 20 || Fug 3+ 220 || Vug < s3A(up) < 4.

(2.37)

This shows that sgug € Lo and @ (soug) < A™, which contradicts the definition of A*™. Hence, we have
2\ — 1 < 0, as claimed. Thus,

x

’EL(.’II) =Uu (m) fora.e. z c R2

(2.38)

is a nontrivial solution of (#") .

(i) Suppose that the infimum A is attained by u € H!(R?). From (2.25), we see that u € H!(R?) is a
critical point of ®* on the set P.,. Then (i) of this lemma shows that & € H!(R?) defined by (2.38) is a
nontrivial solution of (£") s, and so (®*°)' (%) = 0 and A>® = (&) > m™.

To conclude the proof, it remains to show that A* < m®®. Note that Lemma 2.2 shows that if
(®>)'(v) = 0 for v € H'(R?), then v satisfies the Pohozaev-type identity J*(v) = 0, namely,

{ue H'(R?)\ {0} : (2%)'(v) =0} C Pw.
This implies that A < m®. The proof is now complete. O

Before studying the attainability of A, we recall necessary and sufficient conditions for the boundedness
and the compactness of general nonlinear functionals in H*(RR?); see Ibrahim, Masmoudi and Nakanishi [Z6]

for details.



Lemma 2.5 < Suppose that g:R — [0,+00) is a Borel function and define the functional G by
G(u) := [z 9(u(z))dz. Then for any K > 0 we have the following (B) and (C):

(B) Boundedness: The following (i) and (ii) are equivalent.

(i) lim supe2t1"/K|¢|2g(t) < oo, lim suplt|2g(t) < oco.

[t|]—+o0 [t|—0

(if) There exists a constant Cyrc > 0 such that
u e HY(R?),|| Vu |53< 27K = / g(u)dz < Cg,K/ u|?dz.
R? R?

(C) Compactness: The following (iii) and (iv) are equivalent.

(iii) lim supe 2"/ X|¢|2g(t) = 0, limy,| ¢ [¢|2g(t) = 0.

|t| =400
(iv) For any radially symmetric sequence {u,} C H*(R?) satisfying [, |Vun|?dz < 27K and weakly
converging to some u € H'(R?) , we have G(u,) — G(u).

Now, we establish a relation between the attainability of A and the Trudinger-Moser inequality with the
exact growth:

dr|ul? _ 1
sup / eidngHqu.
R

weri(r2) Jr2 (14 |ul)?
[Vul2<1
(2.39)
For this purpose, we introduce the Trudinger-Moser ratio
CL(F):= sup {ﬁ [ Fldesue H'(R?)\ {0}, Vu 3= L},
2
(2.40)
the Trudinger-Moser threshold
R(F):=sup {L > 0: Cfy(F) < +oo},
(2.41)
and we denote by C1(F) the ratio at the threshold, that is,
Ciu(F) = Cryf (F).
(2.42)

Using conditions (2.3) and (2.4), and applying Lemma 2.5, we derive that



R(F) = o
(2.43)
If (FO) holds, to apply Schwarz symmetrization, we let
o= {15, 2t
(2.44)

Observe that f satisfies the same conditions as f. Furthermore, by the maximum principle, solutions of (#")
with f are also solutions of () with f. Thus, without loss of generality, we can replace f by f, and we will
always adopt the convention that f/ has been replaced by f; we keep however the same notation f in the

following discussion of this section.

Lemma 2.6 & Assume that f satisfies (FO)—(F3). If

then A™ is attained and A® = &> (u), where u € H;(R?) is, under a suitable change of scale, a positive

least-energy solution of equation (K) so-

Proof. By Schwarz symmetrization and Lemma 2.3, there exists a sequence {u,} C P, N H}(R?)

satisfying

a b 0
) Va3 5 || Vun 4 A% and || = 1.

(2.45)
By reflexivity, there exists u € H}(R?) such that u,, — u in H(R?).
Now, we prove that if
2am  4bn?
A < —  —,
@ Qg
then A is attained. Note that
at bt? 2am 4br?
at | b Zem 4
2T Y Tl 4 0<t< R(F) = —.
t>0, ap
(2.46)

Picking up 2/ K > ay satisfying lim,, ,o || Vu, ||5< 27K, then relation (2.4) yields



t2
L HRRE)
oo 27K

(2.47)
From (2.3), (2.47) and (C) of Lemma 2.5, we derive that
Jim . F(uy)dz = . F(u)dz.
(2.48)
Since J*®(u,) = 0 and || u, ||2= 1, by (2.48), we have
0 < Voo =lim Voo || un ||§:7}LIEO /R F(u,)dz = . F(u)dz,
(2.49)

which implies that u # 0 and J*°(u) < 0. By the weak lower semicontinuity of the norm and relation (2.48),

we have
To(u) = Vi ||u|§—/ F(u)dz < lim (voo I |2 —/ F(un)dm) —0
R? n—0oo R?
(2.50)
and
0< 2 Vu 242 | Vui<tim (& Vun [2+2 || Vun 2] = 4
2 2y 2“noo \ 2 miz Ty i '
@.51)

In order to prove that the infimum A® is attained by u, it remains to show that u € #., namely
J*(u) = 0. Set

h(t) = J®(tu) = t*Vy || u ||3 —/RQ F(tu)dz.

Then h(1) < 0 by (2.50), and from (2.5) one can deduce that h(t) > 0 for ¢ > 0 small enough. Consequently,
there exists to € (0, 1] such that J*(tou) = 0, namely tgu € L. This together with (2.51) leads to

a b
A% < o || V(tow) & + [ V(tou) o< t5A>.

The above inequality and (2.51) show that tg = 1and £ || Vu [|3 +2 || Vau [3= A > 0. Combining (2.49)
with the fact that J*°(u) = 0, we have || u ||o= 1. Applying Lemma 2.4, we have that the above u is a least-
energy solution of (J# ) under a suitable change of scale. Similarly as in the Proof of Theorem 1.3 of
Figueiredo and Severo [55], we can derive that u > 0 in R2. The proof is complete. O



Lemma 2.7 & Assume that f satisfies conditions (F0)—(F3). Then the constrained minimization problem A*®

associated to the functional ®* satisfies

2ar  4bw?

o al

A% <

(2.52)
if Voo < Cin(F), where Ciy(F) is given by (2.42).

Proof. We distinguish two cases: Cy(F) < 400 and Cry(F) = +o0. In the case Cry(F) < 400, since
Voo < Cip(F), then Vi, < Ciy(F) — €¢ for some g > 0. By the definition of Cry(F), there exists some
ug € H*(R?) \ {0} such that

| Vg 3< R(F) and Vi, < Cin(F) — ¢y < ——— [ F(ug)da.
o 13 Jre
(2.53)

Then
J®(wo) = Vo || wo |13 —2/2 F(up)dz < 0.
R

(2.54)

Let h(t) = J*(tug) for t > 0. Since h(1) < 0 by (2.54), and h(t) > 0 for ¢ > 0 small enough by (2.5),
there exists to € (0, 1) such that h(tg) = J*(toup) = 0, namely touy € L. Therefore, we have
2am  4br?

o o @ o b 4_ @ 2 b 4
AT < o | V(towo) 13 t7 | V(towo) [l2< £} | Vg |13 t7 | Vg [|2< o + ol

which yields relation (2.52).
In the case Cjy(F) = +00, for any Vi, > 0, there exists ug € H(R?) \ {0} such that

| Vo ||32< R(F) and Vi, || o [3< 2/ F(ug)dz.
R2

Hence we can repeat the same arguments as above to get the desired conclusion. o

2.2.2 Proof of Theorem 2.1 concluded

If Voo < Chpi(F), then Lemma 2.7 leads to

2am 4br?
A® < — + -
(87} Qg

Hence the assumptions of Lemma 2.6 are fulfilled, and we obtain the existence of a positive least-energy

solution for equation (%) . Moreover, recalling (2.3) and in light of (B) of Lemma 2.5, we conclude that



LRt _

Cim(F) = +oo if and only if limy 4 o = +00.0O

en0t2

2.2.3 Proof of Theorem 2.2

Besides the attainability of A, Theorem 2.1 also shows that infimum A* equals to the ground state m®.
Proceeding to the proof of Theorem 2.2, we next investigate the interesting relation between the infimum A
and the mountain pass level ¢ defined by (2.9). Before this, we first verify that ®°°(u) has a mountain pass
geometry, in order to show that the mountain pass level ¢ is well-defined. Indeed it has the following

properties:
Lemma 2.8 & Assume that V,, < CFy(F) and fsatisfies (FO)—~(F3). Then

(i) there exist pg > 0 and §y > 0 such that ®>°(u) > dq for all || u ||= po;

(ii) there exists ug € H'(R?) such that || ug ||> po and ®*(uq) < 0.
Proof. (i) By the Rellich embedding theorem, for s € [2, 00), there exists y, > 0 such that

lulls<ys lull, Yue H'(R?).

(2.55)
By (F1) and (F2), we obtain for some constants a > 0 and C; > 0
VOO 2 at? 3
F() < =2+ Cy (e — 1)1, Ve R
4
(2.56)
In view of Lemma 2.1 (ii), we have
/ (62au2 B 1) do — / (ezauuH?(u/HuW _ 1)dm <€), V| u|< /1)
R2 R2
(2.57)
Next, from relations (2.56) and (2.57), we obtain
Voo 2 au? 3
Flu)de <22 ||u|?+C (e - 1)¢u| de
]RZ 4 R2
V. ) 12
< B i [ (e - t)as] u
4 R2
Voo 2 3
<2 w3+l ull, V< yfn/a

(2.58)

Hence, it follows from (2.8) and (2.58) that

o a Voo
8w > 2| Vu 34wl —Co u P, V] ul< y/r/a



(2.59)
Therefore, there exist dg > 0 and 0 < pgy < \/71'/—01 such that
8(u) > 8y, Vu e Si={ue H'(R?) | u = po}.
(2.60)

(i1) This conclusion will be done in the proof of next lemma, see (2.71) below. O

Lemma 2.9 I Assume that Voo < CFy(F) and f satisfies conditions (FOY«(F3). Then for any least-energy
solution w(z) of (K)o, there exists a path 5 € I'* such that w(z) € 4([0,1]) and

max 8 (3(1)) = 2(w).

Proof. Let w be a given least-energy solution of () obtained in Theorem 2.1. We define a curve 7,
constituted of the three pieces given by:

%wtl iff e [0, tl],

7(9) = § Wit5(0—t1)+(t2—0)t1]/ (ta—t1) if6 e [tl, tﬂ’
G if 6 € [ta, 3],

(2.61)

where we(z) = w(z/t) and 0 < t; < 1 < ty < t3 are determined later.
It follows that v € €([0, 1], H*(R?)). Since w is a weak solution of ("), we have {(®*)’(w),w) = 0,
and so

/ [f(w) — Veew|wdz = a || Vw ||3 +b || Vw H§> 0.
R2
Then we can find ¢5 > 1 such that
/ [F(ew) — Viotwlwdz > 0, V&€ [1, ).
RZ

(2.62)

Set
o(t) = @ -V, VteR.

(2.63)

Then ¢ € €(R,R), by (F1) and (F2). Moreover, relations (2.62) and (2.63) give

/ d(éw)widz > 0, V&€ [1,t).
R2



(2.64)

Note that for any fixed ¢ > 0,

d _ o _ 00/
e 7 (Ew) = (@) (6wn), wr)

—¢ fo Ve 13 €0 | V- [ steuuias

¢ [ IV 13+ | Vo ¢ [ ¢(§w)w2dm].
RZ

(2.65)
Choosing t; € (0,1), we have
ol Vwl +6% | Vo l§ ¢ | oleu)u’ds
>a| V|2 —£2 /R d(Ew)widz > 0, V¢ € [0,1].
(2.66)
By (2.64), we can also choose t3 > t5 such that
ol Vul +65 | Vo I -6 | oeu)uds
<al Vol3+# | Vol -4 [ sewnids
@l Ve B Ve ld), vee
2.67)

Thus, we can see by (2.66) that the function ®*° (%wtl) is increasing on 6 € [0, ¢1] and takes its maximum

at § = t1, namely

#0(6) = 9 (fou, ) < 87wy, V€ 0.0

(2.68)

Since J*(w) = [p. [Vmw2 —2F (w)] dx = 0 by the Pohozaev-type identity (see Lemma 2.2), we have

t2

b
%(w) =3 || Vwlls+ | Vo \|§+7/Rz [Voew? — 2F(w)] dz

e e

b
| Vw ||3 + [V 3= @ (w) = m™, ¥t > 0.

(2.69)



By (2.65) and (2.67), we deduce that ®>°(£wy,) is decreasing on £ € [1, ¢5]. Noticing that

t2(9—t2) +t3— 06
t3 —to

S [1,t2] e AS [tz,tg],

to(0—ta)+t3—0
t37t2

22(7(0)) < 2™(v(t2)) = 2% (wy,), VO € [ty,t3].

we then get that @ ( wt3> is decreasing on @ € [to, t3]. Therefore,

(2.70)

Moreover, relation (2.67) yields

8% (y(ts)) = 8(tawy,) = B%(wy,) + / 2 %@%(swtg)ds

a t 9
&V 345 Vw / E (0] Vo |3 +b | Ve [)de
2 1 t2—1

=2 vwl3 -2 ) v <o
2.71)
Combining (2.68), (2.69) and (2.70), we have
2>(y(0)) < 2*°(w) = m*>, Ve |0,ts)].
2.72)
Let 4(0) = v(t30) for all 6 € [0, 1]. Since 5 € I'*® due to (2.71), it follows from (2.72) that

[nax 2%(v(t)) = 2% (w) = m™,

(2.73)

where the definition of I'*° is given by (2.10). The proof is completed. O
From the definition of ¢™, as a corollary to Lemma 2.9, we have the following result.
Corollary 2.2 Assume that Vo, < Cty(F) and fsatisfies (FO)—(F3). Then ¢ < m®™
Lemma 2.10 < Assume that Voo, < Ciy(F') and fsatisfies (FO)~(F3). Then > > A%,
Proof. To prove that ¢>® > A% =inf,c»  ®°°(u), it suffices to show that
¥([0,1]) N P # D for ally € T*.

(2.74)

The proof of (2.74) follows the same lines as in Lemma 4.1 of Jeanjean and Tanaka [80], so we omit it here. O



Proof of Theorem 2.2. In view of Theorem 2.1, we know that A*° = m®. Therefore, Theorem 2.2 follows

directly from Lemmas 2.9 and 2.10. O

2.3 Non-autonomous case with trapping potential: ground state solutions

In this section, we are concerned with the ground state solutions for (") with the trapping potential, that is,
provided that ¥ satisfies condition (V1).

Arguing as in the proof of Lemma 2.8, we can verify that ®(u) has a mountain pass geometry. Applying the
mountain pass theorem, we know that ® possesses a Cerami sequence, reads as follows.

Lemma 2.11 & Assume that V € € (R?,[Vy, Vo) and f satisfies (F1), (F2) and (F4). Then there exists a
sequence {u,} C H*(R?) such that

®(un) = ¢, | @' (un) [| (14 [| wn [[) = 0,

(2.75)
where
¢ =infmax ®(v(t))
(2.76)
and
I = {y € €((0,1], H(R?)) : 7(0) = 0, ®((1)) < 0}.
(2.77)

Lemma 2.12 & Assume that V € € (R, [Vy, Veo|) with Voo < Ciy(F) and f satisfies (F1), (F2) and (F4).
Then

w _ 2ma  4m?b
c< e < ——+ —5,
(7)) ao
where the definitions of ¢ and ¢ are given by (2.76) and (2.9).
Proof. First, we prove that ¢ < ¢®. Since ®(y(1)) < ®*°(y(1)) < 0 for any v € I'*® due to V(z) < V
for all z € R2, we have I'® C T'. Then for any v € I'*, we obtain

% (~(t)) >max ®(y(t)) >infmax d((t)) = c.
max (v(¢)) 2 max (v(¢)) 2 Infmax (V) =c

This relation, together with the arbitrariness of y, yields

© — ipnf 3°((t)) > c.
¢ = Inf max (v(t) = c



Next, we prove that c* < %" + 42—:1’. Without loss of generality, we just consider the case
0

Cim(F) < +oo. Since Vi < Cry(F), then Vi 4 2¢¢ < Cpy(F) for some g9 > 0. In view of the
definition of Cy (F), there exists @ € H'(R?) with || Va [|3< T satisfying

(Voo +€0) || 4 |2< 2/ F(@)dz.
RZ

(2.78)

This shows that J*° (%) < 0, where the definition of J* is given by (2.15).
Let h(s) := J*(s@) for s > 0. Since h(1) < 0 and h(s) > 0 for s > 0 small enough by (F2), then there

exists s € (0, 1) satisfying h(sg) = 0. Therefore, for @ := soi, we have

(Vi + e0) | @ |3=2 / F(a)da.
RZ

(2.79)
By (2.8) and (2.79), we get
00~ a _2, b ~ 14 t? ~ 12 42 ~
®*(w) =5 | Valz+5 Vel +5 Ve llalz -t [ F(a)de
2 4 2 -
0] ~ b - €0t2 ~
=5 lIVa I3 + Ve I5 —— 13
(2.80)
as? bsd 2ar  4bm?
<Y\ Va|i+—2|Va|i< —/—+ —, Vt>0
A e e SRR
(2.81)

where the last inequality follows from the fact that || Va [|3< i—’; and sg € (0,1). Using (F1), (F2) and
Lemma 2.1 i), we deduce that there exists a constant M; > 0 independent of £ € [0, 1] such that

W

5 dz < My, VE€(0,1).

(2.82)

Let @;(z) := @(z/t) for ¢ > 0. Then it follows from (2.82) that

U

—z @) = (2% (§t), )

d¢
—¢la) va 3+ va i+ (voo lalg- | f‘f;‘) ud)}

> ¢ Va |3+t (Vo || @ |3 —M1)], Vit >0,¢€[0,1].




(2.83)

Since 4 # 0, we can choose to € (0, 1) such that

| Va I3+ (Vao || [} ~1) > 0.

(2.84)
Using (2.80), we know that there exists 7' > 1 such that > (@r) < 0. Let
. ty "tils,, 0 <t<t,
v (t) — ~0 0
Uty (T—to)(t—to)/(1—tg)> t0 <t < 1.
(2.85)

It follows that v* € I'*°, where I'*™® is defined by (2.10). Note that relations (2.83) and (2.84) show that
o> (taltﬂto) is increasing on ¢ € [0, ¢o]. Hence it follows from (2.8) and (2.81) that

2am  4br?
o0 —1,~ o0 [~
B (b, tiiy,) < D™ (i) < w0 T YR V0 <t<t.
(2.86)
From the definition of ¢™, (2.85) and (2.86), we derive that
2am  4br?
< P°(v*(t) < — .
¢ <max ®¥(y(1) < =+ 2
(2.87)
This completes the proof. o
Note that (F5) implies the following inequality:
1-—t 1—t%)?
f(u)u+ F(tu) — F(u) + %VOUQ
1
- Vi - Vi
_ / f(w) v f(su) o(su) s3udds
¢ u? (su)?
>0,Vu#0,t>0.
(2.88)
Letting t = 0 in (2.88), we have
1 1 9
Zf(u)u — F(u) + ZVOU >0,VueR.
(2.89)

It follows that the following properties are fulfilled.



Lemma 2.13 J Assume that (V1), (F1), (F2) and (F5) hold. Then

®(u) > ®(tu) + 1t (@ (u),u) + w | Vu |3, Vue H(R?),t>0.
(2.90)
Corollary 2.3 d Assume that (V1), (F1), (F2) and (F5) hold. Then
D(u) Zr?gaox ®(tu), Vue A,
(2.91)

where N is defined by (2.13).

Lemma 2.14 & Assume that (V1), (F1), (F2) and (F5) hold. Then for any u € H'(R?) \ {0}, there exists
ty > 0 such thatt,u € N

Lemma 2.15 J Assume that (V1), (F1), (F2) and (F5) hold. Then

¢ = cy = inf max ®(tu).
N uc A t>0 ( )

(2.92)

Lemma 2.16 & Assume that conditions (V1), (F1), (F2), (F4) and (F5) hold. Then any sequence satisfying
relation (2.75) is bounded in H'(R?).

Proof. Using (F4), by straightforward computation, there exists Ry > (¢ such that

F(t)t — 8F(t) > 0, V|t| > R,.

(2.93)
By (2.6), (2.7), (2.75), (2.89) and (2.93), we have
c+o(l) =®(uy) +o0(1) = P(u,) — %(@'(un),uﬁ
1 1
= % | Vu, |13 +Z/Rz V(z)uldz + /R2 [Zf(un)un — F(uy)|dz
(2.94)
1
> IV g [ S
(2.95)

In view of (2.95), to prove the boundedness of {|| u, ||}, it suffices to show the boundedness of {|| uy, ||2}-

To this end, arguing by contradiction, we assume that || u,, ||2— oo as m — oo. Let



1/4

| 2(e+1)
o Vollua I3
(2.96)
Then ¢, — 0 as n — oo. Note that (2.89) implies that
F(t) — 3 Vot* .
— g s nondecreasing on t € (—o0,0)and ¢t € (0, +00).
(2.97)
This gives
Lo 22 _ 4 Lo, o
F(tu,) — EVgt uy <t° | F(uy,) — §V0Un , Vte (0,1),n € N.
(2.98)

Noticing that 2t} < ¢2 < 1 for large enough n € N, from (F2), (2.94) and (2.98), we deduce that for large
enoughn € N,

F(tpuy,)dz :/ F(tnun)daf:—l—/ F(tpuy,)dz
‘un‘SRO

|u"|>R0

v
g/ F(tnun)dx+—°t,§(1—t;ﬁ)/
[unl <o 2 |

un|>R0

R2

uldz+t; / F(u,)dz
|un|>R0
4
0

\% t
< |tnun|2dw+7ti(1 - ti)/ u%dm—l—gn flup)uyde
[un|<Ro [un|>Ro |un|>Ro

1% Vi
<22 / |ttin| 2z + —£2(1 — ti)/ uldz + (c+ 1)t}
4 [un|<Ro 2 |un|>Ro

o

and

/ F(tpuy)dz < Etfl/ uldz + Eti/ uldz + Eti/ uldz
R? 4 " Jiul<Rre 2 fun|>Ro 2 " Jjunl<Ro

;
g8 3 e+ 1)t
1% \% Vi
< _Ot;g/ w2dz + _Otg/ w2dz — L4 | |12 +(c + 1)t
2 lun|<Ro 2 |un|>Ro 2
VO 2 2 2(C+ 1)2
=—tyllunllz2 —(c+1)+——.
20 Vo Il un [I3

(2.99)

By (2.6), (2.7), (2.75), (2.90), (2.94) and (2.99), we have



c+o(l) =®(uy)+o(1) > ®(t,u,) + o(1)

t2 bt4 t2
= 0 Vg 22 || Vg ||+ / V(zyupde — [ F(tyu,)dz
2 4 R2 RZ

2
t2 Vo 2(c+1)2
> 2 | V(z)udde — —t2 || un |3 +(c+1) — ——— +0o(1
2 s (z) 5 tn llun llz +(c+1) Vo [ un |2 (1)
>c+1+o0(1).

This contradiction shows the boundedness of {|| u,, ||2}. We conclude that {u,,} is bounded in H'(R?). o
As a direct consequence of [41, Lemma 2.1], we can get the following property.

Lemma 2.17 & Assume that (F1) and (F2) hold. Let u,, — 4 in H'(R?) and

/ [ F(un)unldz < Ko
R2

(2.100)
Jfor some constant Ko > 0. Then for any ¢ € €°(R?)
im [ f(un)pde / (@) pda.
n—00 [po R2
2.101)

Similarly to the proof of [145, Lemma 2.13], we can get the following lemma.

Lemma 2.18 & Assume that (V1), (F1), (F2) and (F5) hold. If u € A and ®(u) = cn, then 4 is a critical
point of @, namely ®'(u) = 0.

2.3.1 Proof of Theorem 2.3

Applying Lemmas 2.11 and 2.16, we deduce that there exists a sequence {u,} C H'(R?) satisfying (2.75)
and || u,, ||< C7. Then relations (2.1) and (2.75) yield

f(up)uyde < Cs.
RZ

(2.102)

Thus, passing to a subsequence if necessary, we can assume that u,, — @ in H*(R?), u,, — @ in L;. (R?)
for s € [1,00) and u,, — @ a.e. in R%,

We distinguish the following two cases: (i) @ # 0; (ii) @ = 0.

Case (i): @ # 0. We assume that [ =lim,,_,.|| Vu, ||2 up to a subsequence. Then || Vu ||2< I. Applying

Lemma 2.17, we get

lim [ flunodo = [ f@pds, Vo € 6287,
R2

n—oo R2



(2.103)

Note that there exists {¢,} C €°(R?) such that || ¢, — @ ||= o(1) since C{°(R?) is dense in H'(R?).
This, together with (2.103), (F1) and Lemma 2.1 i), gives

[ H@) (e, - i)

< [ 1#(@lip, ~ aldo

< [ (1l + caet) g, - alae
R2

1
5o\ 2
§|ﬁ|2|s0nﬂ||2+09</ze4“°“da:> | on—1ls
R

=o(1).
(2.104)
By (2.7), (2.75) and (2.104), we have
(@ (@),3) + (P~ | Va |3) [ Va- Vade = lim (#'(,),) =0,
which, together with 12— || V@ ||3> 0, implies that (®’(@), @) < 0.
Note that (®'(t@), ti) > 0 for small £ > 0 by (F1) and (F2). Then there exists ¢ € (0, 1] such that
(®'(tu),tu) = 0 and ®(tu) > cy.
(2.105)
Using (F5), we obtain
ftu)tu < f(u)ut? + V(1 —t2)(tu)?, VO <t <1,u € R.
(2.106)
Note that (2.88) implies
F(tu) > -1 f(w)u+ F(u) — #Vmﬂ, Vt>0,uecRR.
(2.107)
Combining (2.106) with (2.107), we have
%f(tu)tu — F(tu) + %(tu)2 < %f(u)u — F(u) + %u% VO<t<lu€cR.
(2.108)

Since t € (0, 1], from (2.75), (2.105), lemma 2.15 and Fatou's lemma, it follows that



cNgéﬁn—%@ﬂwh>

:_/cww (V() - Vo)a M+AJ mm+%mﬂm
< —/ [a|Va|]* + (V(z) — Vo)u® dx—i—/Rz{ f(u)a (u)—i—%ﬂz]dw

= ®&(a) — % ' (u), )

<im [ B(u) - (@ (), )| ==

This implies that £ = 1 and u,, — @ in H!(R?). Hence, ®'(2) = 0 and ®(u) = cy = c.
Case (ii): % = 0. Then u,, — 0 in H'(R?). Moreover, we have
% (un) — ¢, || (2%) (wn) || 1+ || un [[) = 0
(2.109)

We claim that

= lim sup sup / u,|?dz > 0.
Bi(y)

n—oo yeRQ
(2.110)

Otherwise, if § =0, then by Lions' concentration-compactness principle [153, Lemma 1.21], u, — 0 in
L*(R?) for s > 2. Arguing as in the proof of (4.20) in Chen and Tang [32] and using (F2) and (F4), we can
get

F(uyp)dz = o(1).

R2
(2.111)
In view of Theorem 2.2, Lemma 2.12 and (2.52), we have
c<c® =A% < ZL:—l— 4221).
(2.112)

From (2.75), (2.111) and (2.112), it follows that

1 b
2 | Vun |3 45 [ V(@)ulde+— || Vu, |4 +0(1) =c<c® = A%
2 2 Jpe 4

2 4br?
:—““(1— 48) +

(17 _)7

O‘0



(2.113)

where 0 < £ < %.
Using (2.113), we obtain

4n _
| Vun 35 o-(1 - 42).

(2.114)
Choosing g € (1, 2) satisfying
14+8)(1—-3¢
(L4290 -32)g _
1-¢
@2.115)
by (F1), we have
|f(t)|q < CS |:ea0(l+§)Qt2 _ 1], V't‘ > 1.
2.116)
From (2.114), (2.115), (2.116) and Lemma 2.1 ii), we deduce that
/ | f(un)|*dz < Cs / [6“0(”5)"“?1 — 1] dz
|un|>1 R2
s / LoDV B tns/on) o
=C3 - < Cy.
R2
Q2.117)
Let g/ := q/(q — 1) > 2. Then (2.117) and the Holder's inequality yield
1/q
[ ftwude< | [ i) o= o)
[y >1 |y >1
2.118)

From (2.6), (2.7), (2.75), (2.111) and (2.118), it follows that
ctol) = B(u) — %(@'(un),un>
= Vun I+ [1f(un)un ~ F(un)|dz < o(1).
1 e | 2

(2.119)



This contradiction shows that the claim (2.110) holds, namely § > 0. Going if necessary to a subsequence, we

can assume the existence of k,, € Z?2 such that

/ |u,|2dz > 2 > 0.
Ba(ka) 2

Let v,(x) = up(x + ky). Then

)
/ lun)?dz > = > 0.
B, (0) 2

(2.120)

Moreover, relation (2.109) gives
2% (vn) = ¢, || (2%°) (va) | (1+ [[ vn [|) — 0.
(2.121)

¢ (R?) for s > 2 and v, — v a.e. in R%.
Then (2.120) yields v # 0. In view of Theorem 2.1 and Theorem 2.2, we obtain

Passing to a subsequence, we have v, — v in H*(R?), v,, — v in L{

¢® =m™ =inf {®®(u) : u € H'(R?)\ {0}, ((2*)(u),u) = 0}.
(2.122)
As in the proof of (2.105), using (2.122), we can derive that there exists ¢ € (0, 1] such that
(@) (fv), tv) = 0 and ¥ (tv) > c™.
(2.123)

Since £ € (0, 1], from (2.121), (2.123), Lemma 2.12 and Fatou's lemma, we deduce

72

= tz . [a|Vo|* + (Voo — Vo)o*]da + /R2 Hf("z‘;)t"ﬁ — F(iv) + %(55)2] de
1 . ) ) _ _

<7 [, Vel + (Ve = Vo)t da + /R 2 [—f(v)v ~F(@) + _Uﬂ de

= %) - £ (2%)(0),5)

1
< Jim, [@”(vn) - z<<<1>°°)'(vn>,vn>] —c=en<c*,
which implies that £ = 1, v,, — @ in H'(R?), ((®*)'(?), ) = 0 and ®°(?) = ¢ = cy. As in Corollary 2.3,
we have ¢ = cy = ®(?) >max;>o ®*°(t7). Since ¥ # 0, by Lemma 2.14, there exists £ > 0 such that
tv € A, and so ®(#v) > cy = c. Therefore, it follows that



c=®%(0) > ®*(iv) = ®({0) + — /RZ[V"O — V(z)]g*dz > ®(#0) > cy = ¢,

which yields ®(#7) = cy = c. Applying Lemma 2.18, we get ®'(£5) = 0. This completes the proof of
Theorem 2.3. 0o

By adapting the argument of Case ii) in the proof of Theorem 2.3, we can conclude Corollary 2.1.

2.4 Problem (¢") with radial potential

We are now concerned with the existence of nontrivial solutions for problem (.£") with radial potential ¥
satisfying (V2). This is essentially achieved by restricting the working space in H!(R?). We recall that the
embedding H}(R?) < L*(R?) is compact for any s > 2. Thus, if u is a critical point of @ restricted to
H!(R?), then u is a critical point of ® on H*(R?).

With similar arguments as in the proof of Lemma 2.11, there exists a sequence {u,,} C H,}(R?) satisfying

o2ma  4An’b
@(un) — Cpr < Oé—() + 7, || @’(un) ”(HTI(RZ))* (1—|— H Uy, H) — 0,

0

(2.124)
¢r = inf max 2(~(t)),
(2.125)
where
T, = {v€%([0,1], H; (R?)) : 7(0) = 0, 8(»(1)) < 0}.
(2.126)

Lemma 2.19 & Assume that conditions (V2) and (F1), (F2), (F3"), (F4) and (F6) hold. Then any sequence
satisfying (2.124) is bounded in H'(R?).

Proof. Arguing as in (2.93)—(2.95), we establish that

| Vun [3< O, 8/

‘un‘ZRO

F(uy)dz < / flup)uzde < Cs.

‘un‘ZRO

(2.127)

In view of (2.127), to prove the boundedness of {|| ., ||}, it remains to show the boundedness of {|| u, ||2}

. To this end, arguing by contradiction, suppose that || u,, ||o— +00. Let v, := —=

= a2
D, .= {t € [-Ro, Ry] : %t) < Vo}, D, := {t € [~Ro, Ro] : %t) 2 VO}



(2.128)

and
1
()= f(t)t — F(t), VtER.
(2.129)
Using (F3'), we obtain
F(t) > Cy, VteE Ds,.
(2.130)
From (F1), (F2) and (2.130), we have
[F(#)]* < Cst] < Cslt|Z(t), Vit € Ds.
(2.131)
By (2.124), we get
1,., b 4
c+o(1) = ®(up) + 0o(1) = ®(uy) — §<<I> (Un), un) > 1 | Vu, |15 + F(uy)dz,
‘un‘SRO
which, together with (2.127), yields
/ F(up)dz < C7.
‘un‘SRO
(2.132)

Note that {|| v, ||} is bounded due to (2.127). Thus, it follows from (2.7), (2.124) and (2.132) that

R? [ |13

1 b| Vu, ||4
Vo <lim 72/ [a|vun|2+V($)ui]dm+u
i | [ fnde s [
=lim |——— up)upde + ——— wn)undz |,
n=o0 H Up, H% [un| <R H Uy, ||§ lun|> Ro

hence

U 1 u
Vo < lim sup Fun) v2dz + lim sup / |f(un)| v, |/ 2dz
n—o00 D, Un n—00 || Unp ||2 D, |un\1/2

. 1V 06 172 3/2
< Vo + lim sup—+ F(un)dz | vn [I5""= Vo.
n—00 || Unp ”2 [u, | <R

This contradiction shows the boundedness of {|| u,, ||2}. Hence, {u,} is bounded in H!(R?) and the proof is
now complete. O



2.4.1 Proof of Theorem 2.4

In view of Lemma 2.19, there exists a sequence {u,} C H}(R?) satisfying (2.124) and || u,, ||< Cs. Thus, up
to a subsequence, we can assume that u, — @ in H}(R?), u, — @ in L*(R?) for s > 2 and u,, — @ a.e. in

R2. Arguing as in the proof of relation (4.27) in Chen and Tang [32], we obtain

lim F(uy)dz = | F(a)dz.
n—=00 Jp2 R2
(2.133)
Step 1. We prove that, up to a subsequence,
. N _ 9
L:= lim || Vu, ||5< —+ || Va ||5.
n—oo ao
(2.134)
Arguing by contradiction, we assume that L > %"" | Va ||§ By (2.7) and (2.75), we get
0 =lim (®'(un), up) = aL + bL>+ lim [V(z)ul — f(un)un|dz
n—00 n—=00 Jpo

(2.135)

and
0 =lim <<I>'(un),g0>

n—oo

n—0o0

=lim {/ [aVu, - Vo + V(z)u,p|de + bL/ Vu, - Vedr — / f(un)cpdm}
R? R2 R
= / [aVa-Vo+V(z)uplde +bL | V- Vedr — / f(@)pdz, Vo € €°(R?).
R R? R?
Combining this relation with (2.104), the definition of L and the density of €;°(R?) in H!(IR?), we obtain

0 =lim (®'(u,),d) = a || Va ||§+/ V(z)aldz +bL || Va |2 —/ f(a)ada.
R2 R2

n—oo

(2.136)

IfL > i—’;—i— | Va |3, from (2.75), (2.112), (2.135), (2.136) and Fatou's lemma, we then deduce



2ra  4m%b

> ¢® > ¢ =lim [@(un) - %<<I>’(un),ﬂ>]

aO a% n—oo
_ap by F@)de + ~ 1 V(z)uld
T2y o WEET G B [ U\ UnCE
a ) 1 _92 b _ 12 1 N
—— |IVa |5 +-— V(z)u*de + —L || Va |5 +— f(u)adz
4 4 J 1 1 [

_a a/+bL _ 2 1 . 2 _2
—py ot (L—|vu|2)+2nlg§o/RZV(x)(un—u)dm

1 oma  4n%b < 47rb>||va|!§
+la+ — | ——2

- a)u — 4F(a) + V(z)a?|dz > ===
g [ W@ — 4@ +Vi@pide > TE 4+ =5 )

a contradiction, which completes the proof of Step 1.
Step 2. 'We prove that ®(a) = c and ®'(a) = 0.

From Step 1, we know that there exists € > 0 satisfying

47r(1 — 3€)
. _aV 2] — 1 2 _ =121 —
Tim (|| V(o — ) 3] =lim [ Vo 3 - | V& 3] = T,
(2.137)
Choosing g € (1, 2) satisfying
1+ é)%(1 - 3¢é)q?
(1+920-39¢ |
1-¢
(2.138)
by (2.137), the Young inequality and Lemma 2.1, we have
/ (ea0(1+é)qu§ _ 1) dz < / (ea0(1+é)2é*1qﬁ2ea0(1+é)2q(un7a)2 _ 1) de
R2 R2
< (q B 1) / (ea0(1+é)2é’1q2(q—1)’1ﬁ2 _ ].)dl’
q R?
+l/ (ea0(1+é)2qz(un*ﬁ)2 _ 1)d:z: < C,.
q JRre B
(2.139)
Using (F1) and (F2), for any € > 0, there exists C; > 0 such that
£(t)] < elt| + C. (ea0<1+6”>f2 - 1), VteR.
(2.140)

Let ¢’ :=q/(q — 1) > 2. Since u, — u in L9 (R?), from (2.4.1), (2.140) and the Holder inequality, we
deduce that



/ Flun)(un —@)de < e | un— |2 +09/ (e = 1) un — @lde
R? R2
el q Y4
<e (C1+ || U ||§) + Cy |:/ (eao( +E)u2 1) dw} H Uy — U ||q:
R2

o 1/q
<t lald)+Cul [ (0 -1)aa] " fun-aly
R

<e(Crt ]l al3) +Cullun—allg<e(Cit | al3) +o(1),

(2.141)
which, together with the arbitrariness of ¢, yields
lim - f(un)(u, — w)dz = 0.
(2.142)

Therefore, it follows from (2.1), (2.75), (2.142) that
o(1) = (®'(up),un, —u) = / [aVuy, - V(u, — @) + V(z)up(u, — a)]de
]R?
+b || Vuy, |2 / Vu, - V(u, —a)dz — / fun)(up, — @)dz
R? R?

>a | V(un—a) I3 +Vo [l un — @ |13 +b | Vun 3] V(un — @) |3 +o(1)

>min {a, Vo} || un — @ ||* +o(1),
which implies that u,, — @ in H}(R?).

Finally, the continuity of ® and &' leads to ®(@) = c and ®'()| #:(r2) = 0. From Theorem 1.28 of Willem

[153], we conclude that u is a critical point of ® on H!(R?). o

2.5 Historical comments

Problem (¢") has a profound physical meaning, which was proposed firstly by Kirchhoff [88] in the case
where R? is replaced by the bounded domain Q C R. Nonlocal equations of this type model the vibration of
elastic strings by considering the effect of the changes in the length of strings. As is customary in quantum
mechanics applications, the unknown u is the probability density function of a particle trapped inside a
trapping potential well, traditionally modeled by the potential V().

After the pioneering contributions of Lions [99] and Pohozaev [128], the following Kirchhoff-type problem

— (a+b [pv [Vu|?dz)Au + V(z)u = f(u) inRY,
u € HY(RV)

(2.143)



has been studied intensively in many papers, where a,b >0, N > 2, V € ¥(R",R) and f € ¥(R,R). B
variational methods, a number of important results of the existence and multiplicity of solutions for (2.143)
were established under various conditions on ¥ and f, especially when NN > 3. In higher dimensions
corresponding to the case /N > 3, the nonlinearity is usually required to have polynomial growth, and the
notation of criticality is associated to the sharp Sobolev embedding H!(RYM) — L¥ (RM) with
2*:=2N/(N — 2). In this framework, we refer to Pucci and Saldi [130] who established existence and
multiplicity properties of non-negative entire solutions to stationary Kirchhoff eigenvalue problems driven by
a general nonlocal integro-differential operator.

Coming to the case N = 2, much faster exponential growth is allowed for the nonlinearity and the
Trudinger-Moser inequality replaces the sharp Sobolev inequality used for N > 3. In this chapter focused on
the dimension N = 2 when the nonlinearity exhibits the critical exponential growth, which is more
complicated than the case N > 3.

The first result on planar Kirchhoff equation with critical exponential growth is due to Figueiredo and
Severo [55]. In this setting, based on the mountain pass theorem, they proved that the following Kirchhoff

equation on the bounded domain Q C R?

{— (a+b [y |Vul’dz) Au = f(u) inQ,
u =0, on 0N

(2.144)
has a positive ground state solution where f € € (IR, R) satisfies (F1), (F2) and the following assumptions:

(FO) f(t) =0forallt <O0;

(F3) lim;_, oo tA(t) > 2 (a + %) , where d is the radius of the largest open ball contained in Q;

e“Ot2 aod

(F4) f(t) > 0 forall ¢t > 0, and there exist Mo > 0 and Bg > 0 such that

F(t) < Mof(t), Yt > Bo;
(F5) f t) is increasing on (0, o).

Note that if @ = 4, the Trudinger-Moser inequality (2.2) gives rise to the possible failure of compactness

of the associated energy functional. In order to restore the compactness property, Figueiredo and Severo
4b71'
0

holds with the help of (F3'). Their arguments followed some 1deas introduced by de Figueiredo, Miyagaki, and

proved that the mountain pass level is less than the threshold 2‘” + under which Palais-Smale condition

Ruf [41] in a paper concerned with the solvability of the elliptic type problem (2.144) with b = 0.
Next, assuming that the monotonicity condition (F5') is replaced by the following Ambrosetti-Rabinowitz

condition:
(F6) f(t)t > 4F(t) > 0forallt > 0,

Naimen and Tarsi [122] obtained the existence of positive solutions to problem (2.144).



The monotonicity condition (F5) plays an important role in using a Nehari-type argument, and the
Ambrosetti-Rabinowitz condition (F6) can help proving the boundedness of (PS) sequences. The above
results were improved and generalized by Chen, Tang, and Wei [34], by weakening (F3"), (F5) and (F6') to the
following conditions:

(F3") tim inf 220 > 1 (a+ @);

2
—+o00 e eagd? Qo

(F5") @ is non-decreasing on (0, c0), where 4, denotes the first eigenvalue of the Laplace operator

—A with a Dirichlet boundary condition;

(F6") f(t)t — 4F(t) + At® > 0 forall t > 0.

Kirchhoff equations with more general nonlocal coefficient were also considered by Figueiredo and Severo
[35], provided that (a + b || Vu ||2) is replaced by more general continuous function m(|| Vu ||3) in (2.143).
Assumptions (F3"), (F4) and (F5") (or (F6")) are crucial in these works. For instance, condition (F3") was
used to yield the threshold of the mountain pass level. Also, by using (F4) and (F5") (or (F6")) it can be
shown the convergence of (PS), sequences in H} () provided that the mountain pass level lies below the
threshold, that is, if ¢ < 227 4 4",

Qg

However, the methods used in papers [34, 55, 122] seem difficult to apply for Kirchhoff equation in R?
since they depend heavily on the compactness of the embeddings H}(2) — L9(£2) for ¢ > 2. Until now,
almost all of the works dealing with planar Kirchhoff equations are set in bounded domains  C R2, and there
is no result available on the existence of nontrivial solutions for Kirchhoff equation (") with the critical

exponential growth in R2, which is the focus of the present chapter.

2.6 Final remarks, perspectives, and open problems

This chapter is concerned with the rigorous mathematical analysis of a class of (autonomous and non-
autonomous) planar Kirchhoff equations with critical exponential growth and trapping potential. Why this

combination? Because it creates a mathematically optimal testbed:

(a) Kirchhoff: nonlocality in the source term;
(b) critical exponential growth: maximal growth in two-dimensions;

(c) trapping potential: confinement and compactness.

In summary, planar Kirchhoff systems with critical exponential growth (Trudinger-Moser type) and
trapping potential offer deep insights into how nonlocality, criticality, and confinement interact in low-
dimensional nonlinear systems. Physical patterns of this type include Bose-Einstein condensates in two-
dimensional traps, Kirchhoff-type dispersion from nonlocal nonlinearities (thermal, molecular), and
exponential response in photo-reactive materials.

The content of this chapter is based on the results established in [29]. In the local case, related properties
can be found in [26, 30], while the case of planar Schrédinger-Newton systems with critical Trudinger-Moser

growth was treated in [109, 110].



Some interesting open problems associated with the analysis developed in this chapter are stated in what
follows.

We first propose the case where the nonlocal term becomes degenerate, potentially causing a change in the
nature of the equation. In this new setting, the geometry of the associated energy functional changes

dramatically.

Open Problem 1. Study the autonomous and non-autonomous versions of the degenerate Kirchhoff

equation

 (Juo Va1 da) A+ Vi = f(u) in B,
u € HY(R?),

where v > 0, f'has a critical exponential growth, and the potential } satisfies similar assumptions as in this

chapter.
The next open problem concerns the case where the nonlinearity exceeds the critical exponential growth.

Open Problem 2. Can we establish the existence of least-energy or ground state solutions for problems
() oo Or (H) if f(u) ~ e uP, where p > 12

Another interesting open problem is concerned with the case of singular potentials.

Open Problem 3. Study problem () on a bounded domain Q C R? with a Kirchhoff term and critical

exponential nonlinearity if 0 € 2 and with a singular potential (for instance, if V(z) = A/|z|” with v > 0.

The case where the Laplace operator in problem () is replaced by the fractional Laplacian (—A)* with
s € (0,1) is unexplored.

Open Problem 4. Study the fractional Kirchhoff equation

(a+ [z |Vul?dz)(—A)*u+ V(z)u = f(u) inR2
u € H'(R?),

where f has a critical exponential growth, and the potential } satisfies similar assumptions as in this

chapter.

In the above problem, the combination of fractional nonlocal operators and the Kirchhoff nonlocality is not
sufficiently studied, especially in the two-dimensional case with exponential growth. The appropriate
Trudinger-Moser inequality for fractional Sobolev spaces should be explored.

We conclude this section with a class of fourth-order Kirchhoff equations, which appear in the von Karman

plate theory, piezoelectric laminates, capacitive MEMS devices, viscoelastic plates, etc.



Open Problem 5. Study the fourth-order Kirchhoff problem

A’u — (a+b [p [Vul?dz) Au+ V(z)u = f(u) inR?,
u € HY(R?),

where f'has a critical growth as it is described by Adams' inequality.

The analysis of Kirchhoff-type equations with such nonlinearities is wide open.

2.7 Glossary

Trapping Potential: It is a function that creates an effective energy well to confine particles or waves within
a localized region, preventing them from escaping to infinity. This concept is fundamental in studies of
quantum mechanics, Bose-Einstein condensates, Kirchhoff problems, and nonlinear wave equations.

Critical Exponential Growth: A function f(u) has critical exponential growth if its behavior as u — oo to
e for some o > 0. This is the maximal growth allowed by the two-dimensional Sobolev embedding. A
growth faster than e would make standard variational formulations ill-posed, as the energy functional

might not be well-defined on the Sobolev space.

Autonomous Kirchhoff Equation: A nonlinear equation where the coefficients do not depend explicitly on
the independent variables. It extends the classical D'Alembert wave equation by including a nonlocal term

depending on the energy of the solution.

Non-autonomous Kirchhoff Equation: This class extends the classical Kirchhoff model by allowing
explicit dependence on the independent variable in the coefficients or nonlinear terms. Non-autonomous

Kirchhoff equations are more realistic for modeling media with inhomogeneities.

Mountain Pass: This notion refers both to the geometric configuration of the functional and to the resulting

saddle point critical point whose existence is guaranteed by the mountain pass theorem.
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Normalized Solutions
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Why normalized solutions? There are several reasons. Firstly, for their physical necessity, since
prescribing the mass is often required to define a specific physical system, for instance because the
gravitational interaction strength depends directly on the mass. Secondly, normalized stationary
states define naturally the eigenvalue problem, which is a nonlinear eigenvalue problem constrained
by mass normalization. Thirdly, problems of this type yield a key prediction. Indeed, solving this
kind of problem for different masses reveals the mass-radius relationship, a critical signature used
to test the model against astrophysical observations (e.g., for fuzzy dark matter). Part Il of this
monograph is devoted to the mathematical analysis of normalized solutions for several classes of
Kirchhoft equations.

The non-autonomous case moves Kirchhoff equations from model problems to realistic physical
patterns where spatial inhomogeneity is the rule, not the exception. The analysis developed in this
chapter covers both the subcritical and supercritical abstract settings. This chapter is concerned with
the existence of normalized solutions (also called solutions with prescribed mass) for the following

class of Kirchhoft equations:

—(a+b [ |Vu?dz) Au — Au = K(z) f(u)in R%;
u € H(R?),

where a,b > 0, 1 is a parameter that appears as a Lagrange multiplier, K € € (R3,R*) with
0 <lim,_,,, K(y) <infgs K, and f € €(R,R) satisfies general L?-supercritical or L?-subcritical
conditions. We introduce some new analytical techniques in order to exclude the vanishing and the
dichotomy cases of minimizing sequences due to the presence of the potential K and the lack of the
homogeneity of the nonlinearity f.

The main challenge in the analysis developed in this chapter consists in the combined effects of

several terms, namely:

(1) Kirchhoff nonlinearity: the nonlocal term < |Vu|2dx> Au makes the energy

R3
functional more complex;
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(i) Mass constraint: the problem is set on the L2-sphere 7, = {u € H}(R3) :|| u ||3= c},

turning the parameter 4 into an unknown;

(ii1) Non-autonomous nonlinearity: the x-dependence in the reaction term prevents the use of
standard radial symmetry and concentration-compactness techniques in a straightforward
way;

(iv) Lack of compactness: due to the unbounded domain R3, even the sub-critical case faces

loss of compactness, which is more severe in the super-critical regime.

A cornerstone in this analysis is to study the manifold where the Pohozaev identity holds. This
set contains all critical points and helps bound the energy from below. Another feature is to use
scaling arguments to transfer between different mass levels and to relate the Kirchhoff equation to a

suitable limit problem.

3.1 Statement of the problem

This chapter deals with the existence of normalized solutions to the following non-autonomous

Kirchhoff equation:

— (a+0b [ |Vu?dz) Au — Au = K(z) f(u) inR3;
u € HY(R?),

(3.1)

where a, b are positive real numbers, 4 is unknown and will appear as a Lagrange multiplier,
K € €(R3,R") is a potential, and f € € (R, R).
Problem (3.1) is related to the stationary analogue of the Kirchhoff equation

Uy — <a + b/ \Vu|2dm> Au = g(z,t),
R3
(3.2)

Set F(u) = [, f(t)dt. Solutions of problem (3.1) with || u||3=c >0 can be obtained by

looking for critical points of the following functional

2
I(w) = o /R | Vulde + %( /R 3]Vu\2d:1:> - [ K@Fu

(3.3)



on the manifold
S = {u € Hl(RS) | u H%z c}.
(3.4)

where F(u) = [;' f(t)dt. In this case, the parameter A € R cannot be fixed but instead it appears
as a Lagrange multiplier, and each critical point u. € #. of I|y, corresponds to a Lagrange

multiplier A\. € R such that (uc, A.) solves (weakly) problem (3.1). In particular, if u. € 7, is a

solution of the constrained minimization problem

= inf [
a(c) Jnf (u),

(3.5)

then there exists A\ € R such that I'(u.) = A.u., that is, the pair (u., A.) is a solution of problem
(3.D).

3.1.1 Existence of solutions with prescribed mass

Let us first consider the L? -supercritical case. Consider the submanifold

d
M, = {u €S J(u):= EI(ut)‘tzl = O}.
(3.6)
Then .#, is a natural constraint of I| & by using the Lagrange multiplier method, where
ut(z) :=t32u(tz), Vit > 0,u c H(R?),
(3.7)

andu! € Z. forallt > 0ifu € .Z,.
We establish the existence of a critical point for the energy functional / on ., by considering the

constrained minimization problem

m(c):= uler;f/c I(u).

(3.8)

To this end, we introduce the following assumptions:



(F1) f € €(R,R), there exists p € (4,6) such that 0 < f(t)t < pF(t) for all t € R, and
meas{t € R: pF(t) — f(t)t =0} = 0;

(F2) there exists 6 € (2, 1?4) such that lim, _,o % = 0 and lim_, o, % = 4o00;

(F3) the mapping t — [f(t)t — OF(t)]/|t|''/3t is nondecreasing on (—o0, 0) and (0, +00);

(K1) K € €(R*R") and 0 < Koo:= lim, o, K(y) < K(z) forall 2 € R?;

(K2) K € ¢}(R3,R"), (6—p)K(z)+2VK(z)-2>0 for all ze€R3  and
3(0 — 2)K(tx) — 2V K (tzx) - (tz) is nonincreasing on ¢ € (0, c0) for every z € R3.

The following result establishes an existence property in the L?-supercritical case.

Theorem 3.1 d Assume that (K1), (K2) and (F1)~(F3) hold. Then for any ¢ > 0, problem (3.1)
has a solution (., \;) € &= x R™ such that

— e e t
I(a,) _ugi/fzc I(u) —ulergcr?;az)x I(u') > 0.

Next, in the L? -subcritical case, we find a global minimizer and a local minimizer of / which are
critical points of I| & . This is achieved by solving the minimization problem (3.5) and constructing
a geometry of local minima for /, respectively. To this end, in addition to (K1), we introduce the
following assumptions:

(F4) fe €R,R), f(t) = o(t) as t — 0 and there exist constants ¥ > 0 and p € (13—0, %) such
that [f(2)] < €(1 + [t[P);

(F5) there exists g € (2, 13—4) such that f(t)t > poF(t) > 0 forallt € R\ {0};
(F6) there exists go € (2, &) such that limy g 2 > 0;
(F6) limy o gy = 0;
(K3) the mapping ¢ — t(#0~2)/2K (tz) is nondecreasing on (0, co) for every = € R3.
Let
c:=1inf {c € (0,400) : o(c) < 0}.

(3.9)

Theorem 3.2 & Assume that K and f satisfy (K1), (K3), (F4) and (F5).



(1) If (F6) holds, then ¢, = 0 and I admits a critical point u,. on ./, , which is a negative

global minimum of I when ¢ > 0.
(ii) If (F6)) holds, then c, > 0, and there exists co € (0, c.) such that I admits a critical

point u, on . which is a local minimum of I when ¢ € (co,c.) , but u, is a global
minimum of I when ¢ € [c.,+00) . In particular,

>0, ifc€ (co,ch);
I(uc) =0, ifc=cy
<0, ifcée ey, 00).
(3.10)

Moreover, for the above critical point u,, there is a Lagrange multiplier A\, € R such that

(g, A.) is a solution of problem (3.1).

When K € €(R3,R™) is bounded, fsatisfies (F1) and (F2) (or (F4)), a standard argument shows

that I € €1 (H'(R?),R).
Let us now define the limit equation associated to problem (3.1) by

{— (a+0b [z |[Vul?dz)Au — du = Ko f(u) inR?;

u € H(R3).
(3.11)
Corresponding to (3.3), (3.5), (3.6) and (3.8), we define
a b 2
I®(u) = —/ Vu|?dz + — / |Vu|?dz —/ K F(u)dez,
2 R3 4 R3 R3
(3.12)
0™(¢) = inf I*(u),
(3.13)
(o] 00 d o0 (,,t
ME = Nu€ T V()= ] (u)‘tzlzo

(3.14)

and



m™(c) :ueiilflfoo I*(u).

(3.15)

Remark that all above conclusions on problem (3.1) are also true for the limit equation (3.11),

since K (z) = K satisfies (K1)—(K3).

Throughout this chapter we make use of the following notations:

H!(R3) denotes the usual Sobolev space equipped with the inner product and norm

(u, ) :/ (Vi Vo+ wo)da, | u = (u, )2, Vu,v e H(RS);
]R3

1/s.

L*(R*)(1 < s < 00) denotes the Lebesgue space with the norm || w ||s= (fgs [u|*dz)™"";
For any u € H*(R®), u'(z) := t3?u(tx) and u,(z) := tY%u(z/t);

Foranyz € R®andr > 0, B.(z) :={y ¢ R®: |y —z| < r};

S =infucgra@s) oyl Ve [l / | w |15

C1, Cy, . .. denote positive constants possibly different in different places.

3.1.2 Basic ideas in the main proofs

For the L?-supercritical case, some key arguments are stated in what follows.

When K(z) = Ko, Ye [158] showed that the mapping
¢ — m(c)is strictly decreasing on(0, +00)

(3.16)

by using the translation invariance of / and the homogeneity of 7. In such a way there are
excluded the vanishing and the dichotomy cases of the minimizing sequence {u,} for
m(c) =inf,c 4, I(u) in applying the concentration-compactness principle. However, the
approach used in [158] is valid only for autonomous equations and it does not work
anymore for problem (3.1) with K # constant and more general f. By establishing some
new inequalities, we prove that m(c) is nonincreasing and m(c) > m(¢é) for any é > ¢
provided m(c) is attained. To bypass the difficulty caused by the lack of compactness of
Sobolev embedding H'(R3®) — L°(R®) for 2 < s <6, we compare the constrained
minimum m(c) with the one of the limit equation (3.11) (that is, problem (3.1) with
K(z) = K), and by using some subtle analysis we prove that u,, — @ in H'(R®) (after a

translation and extraction of a subsequence if necessary) as long as m(c) < m*(c), and



@ € S(c) is a minimizer of m(c), where the definition of m>(c) is given by relation
(.15).

(i) To verify that ., is a natural constraint on .., we use a combination of the deformation
lemma, some new inequalities and an intermediary theorem for continuous functions, other
than the mountain pass theorem on ., and the Lagrange multiplier method used in [155]

and [158], respectively.
For the L%-subcritical case, some basic ideas are described in what follows.

(i) The key step to prove that o(c) =inf I is achieved is to obtain the subadditivity inequality
o(c) <o(a)+o(c—a), Vi<a<ec
(3.17)

To this end, Ye in [158] used the scaling ¢ — w(t~*3z). But this kind of scaling is not
suitable in our case, excepting the case when K(z) is a positive constant. Instead, we
present another scaling ¢ — ¢/ 2u(z/t), and we succeed to prove that (3.17) still holds

under assumptions of Theorem 3.2.

(i) Compared with [158], it is more complicated to find a local minimizer of / on ., which is a

critical point of | &, because K () is variable and fis non-homogeneous.

3.2 The Lz-supercritical case
This section is devoted to the proof of Theorem 3.1.
Lemma 3.1 & Assume that conditions (K1) and (K2) hold. Then K(tzx) is nonincreasing on
t € (0, 00) for every z € R3.
Proof. For any fixed z € R3, we define the following function on (0, c0):

o(t) = @K(tm) — VK (tz) - (tz).

(3.18)

Note that for every z € R3,

_ 13(6-2)/2 > p(s)
K(tz) =t /t 30/21 ds.



(3.19)

Forany 0 < t; < ta < oo, by (K1), (K2) and (3.19), we have

6 > p(s) o < _p(s)
K(tor) — K(t1z) = tg( o / 530/2—4 ds — t?( o / g30/2—4 ds
to t

123
_ (6-2)/ _43(6-2)/2 ©(s)
= (t2 )/2 339/2 7ds =t /t1 30218
< (t (6-2)/ ) ds — 30/ (t2) . ;ds
= \"2 " 339/2 1 1 LT TP

30-2)2 [ 1 3(6-2)/2 1 B
p(t2) [ /t2 §30/2— 7ds— 1 /t1 §30/2— 4ds] =0.

This completes the proof. O

Lemma 3.2 < Assume that hypotheses (K1) and (K2) hold. Then for all x € R3 and t > 0,

2(1—15@)

P 1) — K@)~ —g g VK (@) -2 >0,
(3.20)
t — K (tz) is nonincreasing on(0, co)for every z € R3,
(3.21)
and
|\VK(z) - z| — 0 as|z| — oo.
(3.22)

Proof. For any z € R3, by (K2), we have

3(0-2)
t—= 1

%ho(m,t) = [3(0 —2)K(t 'z)—2VK(t 'z)- (¢t 'z)—3(0 — 2)K(z)+2VK(z) - ]
>0, t>1,
<0, 0<t<1,

which implies that ho(z,t) > ho(z,1) = 0 for all z € R3 and ¢ > 0, hence (3.20) holds.
By (3.20) and the continuity of hg(z, -), we obtain

2

- x> R3
3(0_2)VK(:1:) x>0, Ve e R°,

%E% hO(m)t) ==



(3.23)
which leads to (3.21). Since hg(z,2) > 0 for all z € R3, we have

2°7 3(0 — 2)[K(2/2) — K(x)]

3(6-2)
2 —

0< -VK(z) -z < , Vo e R

Hence, relation (3.22) holds by letting |z| — oo in the above inequality. O

Lemma 3.3 Assume that (F1)~(F3) hold. Then for allt > 0 and T € R,

2 (1 _ t7—30/2)

ha(t,7) v= — (1) — OF(7)] - %F(T) + §t39/2F(t3/2T) >0
(3.24)
and
F(t) | '
|t|1—1/3t is nondecreasing on both(—o0, 0)and(0, +00).
(3.25)

Proof- For any T € R, by (F3), we have

f(t3/27')t3/27' — 9F(t3/27') f(r)Tr — 6F(7)
|£3/27[14/3 a 7| 14/3

d
Shtr) =t [

>0, t>1,
<0, 0<t<l,

which implies that hq(¢,7) > h1(1,7) =0 for all ¢ > 0 and 7 € R, that is, inequality (3.24) holds.
By (F3) and (3.24), we obtain

2 14
h = lim h(t,7) = ——— - F()| = R.
((0,7)i= lim h(t,7) = 2o f(r)7 - LR 20, vr e
(3.26)
From (3.26), we derive

d Ft) 3 14

— = t)t— —F(t)| > 0.

T = T [f() : ()]_

This shows that relation (3.25) holds. o



Lemma 3.4 Assume that conditions (K1), (K2) and (F1)—~(F3) hold. Then

44
ha(z,t,T) ::t_gK(t_lx)F(t3/27') — K(x)F(1) + yK(w)[f(T)T — 2F(7)]
1—t

(z) - 2F(7)

>0, Ve eR%t>0,7€R.

(3.27)

Proof. Forany z € R3 and 7 € R, by (K1), (K2), (F1), (F3), (3.21) and (3.25), we have

c(11th2(w t,7) Z—iVK(t’lw) (tz)F(tY 2T)+%K(tlw) [f(t3/27')t3/27’—2F(t3/27‘)}
-2 K@|f(r)r — 2F(7)] + VK (@) - 2F(7)

2?;4 K(t ') [f(E7)"?r — 0F (£7)|

+2it4 [3(0 - 2)K(t_1515) — 2VK(t_1;13) . (t_lm)} F(t3/27')
3 3
_%K( )[f(r)T — 0F(7)] — %[3(9 —2)K(z) — 2VK () - 2] F(7)
It follows that

a BT [, ) - 6F () f(r)r = OF(7)
Ehz(th) 9 3K(t z) |£3/27|14/3 — 3K(2) || 14/3

F(t3%7)

+[30 - DK ) 2K ) ()] 1y

—[3(6 - 2)K(z) — 2VK(z) - m]ﬂ},

|7[14/3

hence

dh( 07) >0, t>1,
a2\ N <o 0<t<1,

This implies that ho(z,t,7) > ha(z,1,7) = 0 forall z € R3, ¢ > 0 and 7 € R3, that is, relation
(3.27) holds. o

By the scaling (3.7), we obtain

t at2 2 bt4 -3 -1 3/2
I(u") = — |V |“de + — |Vu| de ) —t Kt 'z)F(t**u)dz
RS



(3.28)

and

oy 1 at? 2 bt 2.\ s 3/2
I*(W') = — |Vu|*de + — |Vu|"dz ) —t K F(t”“u)de.
2 Jgs 4 R3 R3
(3.29)

Noting that J(u) = %I(ut)‘tzl and J*(u) := %I“’(ut) ‘tzl, it follows from (3.28) and (3.29)

that

Jw=alVulf+b| Vulf -5 [ K@) -2F@)ds+ [ VK@) aFds

(3.30)

and

T=w) =a | Vel +5 | Va  ~5 [ Ku[fwu—2F()de.
(3.31)
The following result establishes a useful energy estimate.
Lemma 3.5 J Assume that (K1), (K2) and (F1)—~(F3) hold. Then
I(u) > I (u') + 1t J(u) + (J,(1+t2)2 | Vu |3, Yuec HY(R?),t > 0.

(3.32)

Proof. By (3.3), (3.24), (3.25), (3.27), (3.28) and (3.30), we have



a(l—t?) b(1 —t4)
2 4
+ /R K ) (#) - K@) P da

_ 1;’5 {a | V|3 +b || Vo ||} —%/R K@) [f{u)u = 2F(u)ldz

a(l—t%)?
4

I(u) - I (v') = IV ll3 + IV I3

+/R3 VK(m)-mF(u)dm} + | Vu |3

-3 -1, 3/24)) — T u 73(1 _ t4) T u)u — u

+ [{rre are - korw + S k@)l - 2r)

1 -t
4

VK(z)- mF(u)}dx.

This shows that relation (3.32) holds. o
A direct consequence of this result is the following property.

Corollary 3.1 & Assume that (K1), (K2) and (F1)~(F3) hold. Then

I(u) =max I(u'), Vue ..
(3.33)

Lemma 3.6 < Assume that (K1), (K2) and (F1)~(F3) hold. Then for any u € H'(R3) \ {0}, there
exists a unique t,, > 0 such that ut» € ..

Proof. Let u € HY(R®) \ {0} be fixed and define the function ((t) := I (u') on (0,00). By
relations (3.28) and (3.30), we have

3

(($)=0 < at | Vulf+bt" | Vu |-

/R K(t'a) [ F(E320) 3% — 2F(t3/2u)} do
+ti4 g VK(t tz) - (t 2)F(t**u)dz = 0
& %J(ut) =0 < ul e A,
(3.34)
Note that (3.21) and (3.25) lead to
Kt '2)F(t*?r) <t"K(z)F(r), Vz € R3,t € (0,1),7 € R.

(3.35)



From (3.28) and (3.35), we deduce that
t at’ o bt 4 44
I(w’) =2 == || Vully += [ Vull; =7 | K(z)F(u)dz, Ve (0,1),
R3

(3.36)

which implies that {(¢) > 0 for ¢ > 0 small. Moreover, by (K1), (K2), (F1), (F2) and (3.28), we
obtain that lim; .o {(¢) = 0 and ((t) < O for ¢ large. Therefore, max;c(g ) ¢(t) is achieved at
t, > 0so that ¢'(t,) = 0 and ul* € A..

Next, we claim that 7, is unique for any uw € H(R3)\ {0}. Otherwise, for any given
u € HY(R3)\ {0}, there exist positive constants t; # ty such that ut,u®? € #,, that is,
J (u) = J (u’2) = 0. Then (3.32) implies

4 4 4 4
1_t 2_t

By = rwe) > 1) + St ) < 1)

I(utl) > I(th) +

(3.37)

This contradiction shows that ,, > 0 is unique for any « € H'(R?)\ {0}. o

Combining Corollary 3.1 with Lemma 3.6, we have the following property.

Lemma 3.7 & Assume that (K1), (K2) and (F1)—~(F3) hold. Then

inf I(u) = = inf I(u).
g, 100 = mie) = [ mae T ()

Lemma 3.8 <& Assume that conditions (K1), (K2) and (F1)~(F3) hold. Then
1. there exists py > 0 such that || Vu ||2> po,V u € A;
2. m(c) =infyc 4 I(u) > 0.

Proof. (i) By (F1), we observe that the mapping

F(t)
LA

is nonincreasing on both (—oo, 0)and(0, +00).

(3.38)
From (3.25) and (3.38), we derive that for any s € R,

t|“F(s) < F(st) < |t| 7 F(s), if|t| < 1;
t|5 F(s) < F(st) < [t|*F(s), if[t| > 1,



(3.39)
which implies that there is a constant Cy > 0 such that
0< F(t) < Oy (m% + |t\">, VteR.
(3.40)
By Lemma B.1 (Gagliardo—Nirenberg inequality), we have
\ 3s-2) 6s
[ull5<(s) | Vally® lully® Vs e (2,6).
(3.41)

Since J(u) = 0,Vu € ., by (K1), (K2), (3.30), (3.40), (3.41) and the Sobolev inequality, we
deduce that

all Vullj <all Vull+b | Vu |
= 2/ K(z)[f(u)u — 2F(u)|dz — 2/ VK(z)-zF(u)dx
R3 R3
u 2/3 -
<O (flul+lulf) <Coll Vulslwl3® +C187 || Vull
= Coc? | Vu |5 +C18 72 || Vu ||S, Yu e 4.,

(3.42)
which concludes the proof of (i).
By (i) and (3.32) with ¢ — 0, we have
1 a 9. @ o
I(w) = I(w) - 7J(w) = 5 || Vu 3> $b, Vue 4.
(3.43)

Hence, m(c) =inf,. , I(u) > 0.0

Lemma 3.9 & Assume that (K1), (K2) and (F1)~(F3) hold. Then m(c) is nonincreasing on (0, 00).

In particular, if m(c) is achieved, then m(c) > m(g&) for any é > c.

Proof: For any ¢ > ¢1 > 0, there exists {u, } C .4, such that

I(up) < m(c1) + %



Let &=+/ca/cr € (1,00) and  wvy(z) = € V2uy(é'2). Then | v, ||2=cy and
| Vg, |2=|| Vun, ||2. By Lemma 3.6, there exists ¢, > 0 such that (v,) € .#.,. Note that
(6 — u)K(z) + VK(z) - z > 0 for all z € R3 implies

st K (tz)is nondecreasing on(0, +-00)for every z € R®.
(3.44)
Then it follows from (K2), (3.28), (3.32), (3.38) and (3.44) that

m(ce) < T ((vn)t")

at o btn 4 3,3 -1 3/2,-1/2
= IV |z +=7 [ Vun [l ~,7¢ /RS K(t, &x)F(ty "¢ " uy,)dz

< I((un)™) +tn3/

]R3
a(l—t2)?
4

K(t, o) Pt u,) — €5 K(t, o) Pt ¢ u,) | da

S I(un) -

1
| Van [3< mler) +

which shows that m(c2) < m(c;) by letting n — oo.

Next, we assume that m(c) is achieved, that is, there exists u € .#, such that I(u) = m(c). For
any given &>c. Let £€=¢/ce (1,00) and v(z) =€ Y2u(é'z). Then |v|}=¢ and
| Vo |la=|| Vu ||2. By Lemma 3.6, there exists > 0 such that v € .#;. Then it follows from
(K2), (3.28), (3.32), (3.38) and (3.44) that

B : at? btt s . o=
m(e) <I() == || Vu |+ | Vu|§ %8 / K( ) F(PPE u)dz

<1 (ut) i3 / [K(E’lx)F(f?’/?u) —56%K(f’lga:)g%F(f“q‘mf’lﬂu)]dac
R?)

a(l—12)?2

< I(u) — 1

| Vu [l3< m(c).

The proof is completed. o

Remark 3.1 Lemmas 3.1-3.5 provide technical ingredients allowing generalization of the previous
results to a new scenario when K (x) is variable and f(u) has a more general structure. But it is
difficult to prove that m(c) is strictly decreasing on (0, 00) in the same way as in the proof of [158,
Lemma 4.5], because it is still unknown that the sequence {t,}, involved in the proof of Lemma

3.9, is bounded from below for more general nonlinearity f.

Lemma 3.10 & Assume that (K1), (K2) and (F1)~(F3) hold. Then m(c) < m*(c).



Proof. In view of Lemmas 3.6 and 3.8, we have .#>° # (0 and m™(c) > 0. Assume by
contradiction that m(c) > m®(c). Let € := m(c) — m®(c). Then there exists u2° such that

uX € A and m™(c) + % > I (u).

(3.45)
In view of Lemma 3.6, there exists t. > 0 such that (uX)% € .. Since K, < K(z) for all R3, it
follows from (3.3), (3.12), (3.45) and Corollary 3.1 that

g

m™(c) + 5

> I%(u) > I ((uX)%) > I ((uX)*) > m(c).

£ & —

This contradiction shows that m(c) < m®(c). o
Similarly to [153], we have the following Brezis-Lieb type lemma.

Lemma 3.11 <& Assume that (K1), (K2), (F1) and (F2) hold. If u, — @ in H'(R®), then
H(un) = 1(8) + I(un — ) + 5 | V& 3] V(un —9) [} +o(1)
(3.46)
and
J(un) = J(@) + J(un — @) +b || V@ [3]] V(un — @) [I3 +o(1).
(3.47)
Lemma 3.12 J Assume that (K1), (K2) and (F1)~(F3) hold. Then m(c) is achieved.

Proof. In view of Lemmas 3.6 and 3.8, we have .#, # 0 and m(c) > 0. Let {u,} C .#_ be such
that I(u,) — m(c). Since J(u,) = 0, then using (3.32) with ¢ — 0, it follows that

m(c) +o(1) = I(un) > — || Vuy |3,

e
4
(3.48)

which, together with | u, ||2= ¢, implies that {u,} is bounded in H!(R3). Passing to a

subsequence, we have u,, — @ in H'(R3). Then u,, — @ in L{ (R3) for 2 < s < 6 and u,, — @

loc

a.e. in R3. There are two possible cases: i) % = 0 and ii) 4 # 0.

Case i) 4 = 0, namely u, — 0 in H!(R®). Then u, — 0 in L}

s (R3) for 2<s <6 and
u, — 0 a.e. in R, By (K1) and (3.22), we observe that



lim (K — K(z)]F(u,)dz = lim 3 VK(z) - zF(u,)dz = 0.

n=>00 [ps n=so0
(3.49)
From (3.3), (3.12), (3.30), (3.31) and (3.49), one can get
I*(uy) = m(c), J®(u,) — 0.

(3.50)

From (3.31), (3.50), Lemma 3.6 and Lemma 3.7 (i), we obtain

apl < al Vuy, |2 +b || Vu, |[3= %/R Koo [f(un)un — 2F (uy)]dz.

(3.51)

Using (3.40), (3.51) and Lions' concentration-compactness principle [153, Lemma 1.21], we
prove that there exist § > 0 and {y,} C R? such that fBl(yn) lu,|?dz > 6. Let 1y () = un(z + yn)

. Then we have || 4y, ||=|| u, || and

T®(@) = o(1), T (i) — m(e), / |2 > 6.

B,(0)
(3.52)
Therefore, there exists & € H*(R?) \ {0} such that, passing to a subsequence,
Gy — 4, in HY(R3);
iy — @, inL{ (R%),Vs € [1,6);
Up — U, a.e.onR3.
(3.53)
Let w, = 4, — 4. Then (3.53) and Lemma 3.11 yield
| @ |2=:¢<e, || wy ||3=: é, < cforlargen € N,
(3.54)

[o ol el [o oy el o0 b A
I (i) = I°°(a) + 1% (wn) + 5 || Vit [3] Veon 3 +o(1),

(3.55)



and

T (i) = J(@) + T (wn) +b || Vi [[3]| Vwn [|3 +o(1).

(3.56)
Let
o o 1 (o ¢]
UP(u) :=I%(u)— ZJ (u)
- | Vu |3 —{—l/ Ko [3f(u)u — 14F (u)]dz, Vuc HY(R3).
4 8 Jrs
(3.57)

By (3.26), one has ¥>(u) > 0 for all uw € H*(R3) \ {0}. Moreover, it follows from (3.52), (3.55),
(3.56) and (3.57) that

U (wy) <m(c) —¥*(a) + o(1), J®(w,) < —J>(a)+ o(1).
(3.58)

If there exists a subsequence {w, } of {w,} such that w,, =0, then it follows from (3.54),
Lemmas 3.9 and 3.10 that

m™(¢) < I*(a) = m(c) <m(é) <m™>(e), J>(a) =0,
which, together with m™(c) < m® (&) < I*°(d) = m(c) < m*™(c), implies
I(a) = m*(¢) = m(é) = m(c) = m>(c), J>(a)=0.
(3.59)

Next, we assume that w,, # 0. We claim that J*(a) < 0. Otherwise, if J*°(¢) > 0, then (3.58)
implies J*(w,) <0 for large n. In view of Lemma 3.6, there exists ¢, > 0 such that
(wy)" € A°. Then it follows from (3.12), (3.31), (3.32), (3.57), (3.58), Lemmas 3.9 and 3.10 that

m(c) — T () + o(1) > T (wy) = I (w,) — %J“’(wn)

4 4
> 1 ((w,)") = 2T w,) > m(E,) — 2T (w,)

> m™(c) + o(1) > m(c) + o(1),

which is impossible due to ¥*°(%) > 0. This shows that J°°(a) < 0. In view of Lemma 3.6, there
exists to > 0 such that d'~ € M. From (3.12), (3.31), (3.32), (3.52), (3.57), the weak



semicontinuity of the norm, Fatou's lemma, Lemmas 3.9 and 3.10, we obtain
3 oo ([~ 1 (o . o0 [ A 00/ A
m(c) =lim |I%(in) — 7 J%(Gn) | =lim ¥*(i,) > U™ (i)
Y

= 1) — g T¥(@) > 17 (@) - ()

4

>m™(¢) — %Joo(&) > m(¢) > m(c),

which implies that (3.59) holds for w,, # 0. From (3.54), (3.59), Lemmas 3.9 and 3.10, we then

derive
m>®(c) <m™(é) = I*°(4) = m(é) = m(c) <m™(c), J*®(a) =0,

which implies (3.59) holds for w,, # 0. Thus, m®(¢é) is achieved at @. In view of Lemma 3.9, we
deduce that || @ ||2= & = ¢ due to m®(&) = m*>(c). By Lemma 3.6, there exists £ > 0 such that
at € . Then it follows from (3.28), (3.32), (3.38), (3.44) and (3.59) that

m(e) <I (uf) < 1% (ut>

1 12)2

a(l — £2)?

|| Va3,

| Vi ||3= m(ec) -
which implies that & € . and I(4) = m(c). Hence, m(c) is achieved at & € ..

Case ii) u # 0. Let v,, = u,, — 4. Then Lemma 3.11 yields

| @ ||% :=c<ec, || v, ||§ :=c,, < cfor largen € N,

(3.60)
H(un) = 1(8) + 1(0,) + o || V& [3] Vo, [3 +o(1),
(3.61)
and
Tlun) = J(@) + T(,) +b | V& (3] Vo 3 +o(D).
(3.62)

Let



ww)::uuy-%J@)

— G 1Vul +5 [ K@ - 14Fw)de

1
—7 | VE() zF(u)dz, Yue H'(RY).
Ra’

(3.63)

By (3.23) and (3.26), one has ¥(u) > 0 for all u € H'(R3) \ {0}. Similarly to the proof of (3.58),
we deduce that

U(v,) < m(c) —¥(a) +o(1), J(v,) < —J(u)+ o(1).
(3.64)

If there exists a subsequence {v,, } of {v,, } such that v,, = 0, then it follows from Lemma 3.9 that
m(c) < I(a) = m(c) < m(c), J(a) =0,
which implies
I(z) = m(c) = m(c), J(a)=0.
(3.65)

Next, we prove that (3.65) holds for v,, # 0. To this end, we assume that v,, # 0. We claim that
J(u) < 0. Otherwise J (@) > 0, then (3.64) implies J(v,) < 0 for large n. In view of Lemma 3.6,
there exists ¢, > 0 such that (v,,)!» € A, . From (3.32), (3.63) and (3.64), we obtain

1
m(c) — ¥ (a) +o(l) > ¥(v,) =1I(v,) — ZJ(vn)
!
> I ((02)") = 2T (02) = m(En) = mle) + o(1),
which is impossible due to ¥(@) > 0. This shows that J(@) < 0. In view of Lemma 3.6, there
exists £ > 0 such that @’ € .#;. Then it follows from (3.32), (3.63), the weak semicontinuity of

norm, Fatou's lemma and Lemma 3.10 that

m@)zhm[ﬂmﬂ—%J@ﬁ]zanm@

n—oo n—oo

> w(@) = I@) ~ 3J(@) > 1 () - 5@ > m(@) > m(e),



which implies (3.65) holds for v,, # 0. This shows that m(¢) is achieved at @ € #;. In view of
Lemma 3.9, we have || @ ||2= ¢ = ¢ due to m(c) = m(€). By Lemma 3.6, there exists £ > 0 such
that @' € .#,. Then it follows from (3.28), (3.32), (3.38), (3.44) and (3.65) that

at?

. t bt _ _
m(c) < I(at) == | va I3 +— | 'Va I3 -2 /R K '2)F(#*a)de

I (af) v il /R 3 [K(f‘lm)F(t_S/Qa) - K(z—lm)F(F/Qa)} de

a(l — )2
4

a(l—t%)?

gl(at_) < I(@) — 1

I Va [l3=m(c) - I'va |3,

which implies that & € . and I(a) = m(c). Hence, m(c) is achieved at & € .. O

Lemma 3.13 Assume that (K1), (K2) and (F1)—~(F3) hold. If u € M. and I(@) = m(c), then @ is a
critical point ofI‘ S
Proof. Assume that I|', () # 0. Then there exist § > 0 and ¢ > 0 such that

ue S |u—u <30 =] Il (u) |= o

(3.606)

By a standard argument, we deduce that

tim [ — a] = 0.

(3.67)

Thus, there exists 6; € (0,1/4) such that

t—1] < b= ||a" —al <é.
(3.68)
In view of (3.32), we have
I(a') <I(@)— a(l+tz)2 | Va [|3= m(c) — a(1+t2)2 | Va ||, V> 0.

(3.69)

From (F3), (3.21), (3.30), (3.34) and (3.35), we deduce that there exist 77 € (0,1) and T5 € (1, 00)
such that

J (@) >0, J(a"™) <o.



(3.70)

Let e:=min {a(1 — T?)? || Va |3 /12,a(1 — T$)? | Va ||3 /12,1, 0§/8} and
& := B(1,6) N Z.. By [153, Lemma 2.3], there exists a deformation € €([0, 1] x %, .#,) such
that

(i) n(l,u) =wifI(u) < m(c) —2eor I(u) > m(c) + 2¢;
(i) n(1,Im™tenSF) c Imee;
(i) I(n(1,u)) < I(u),Vu € S
(iv) m(1,u) is a homeomorphism of .%7,.
By Corollary 3.1, T (ﬂt) < I(@) = m(c) fort > 0, then it follows from (3.68) and (ii) that

I(n(L,a@") <m-—eg, Vt>0,t—1] <61

(3.71)
On the other hand, by (iii) and relation (3.69), one has
() <1() <m0 va;
<m-—26 | Va3 Vt>0,[t—1 >,
(3.72)
where
8y 1= % min {(1 — T2)?, (1 - T?)%} > 0.
Combining (3.71) with (3.72), we have
t$i¥2] I(n(1,a%)) <m(c).
(3.73)

Define Wo(t) :=J (n(1,4")) for ¢t > 0. It follows from (3.69) and i) that n(1,a’) = a’ for
t = T and t = T5, which, together with (3.70), implies

o(Ty) = J (&™) >0, ¥o(Tr) =J (a™) <0.

Since ¥¢(t) is continuous on (0, 00), then we have that n (1,a") N .#, # 0 for some to € [Ty, Ty,
contradicting to the definition of m(c). o



Lemma 3.14 < Assume that (K1), (K2) and (F1)~(F3) hold. If u € ., is a critical point ofI‘yc,
then J(u) = 0, and there exists Ao < 0 such that I'(@) — Acu = 0.
Proof. Since (I|»,)' (@) = 0, there exists A\ € R such that I'(@) — A.a = 0, and so

(I'(@) = Aei,u) = a | Va |3 45| Va | - [ K@) f@ads - @ f-o

(3.74)
Moreover, « satisfies the following Pohozaev identity:
_ a _ 112 b _ 4 — 3AC — 112
P()=S IValz+5 [IValz - R3[3K(w) +VK(z) - z]F(a)dz — —= [| @ [|3= 0.
(3.75)

Relations (3.30), (3.74) and (3.75) yield
J(@) = %(I’(a) A, @) — P(T) = 0.
Noticing that || % ||3= c, it follows from (K2), (F1), (3.74) and (3.75) that
Ne = [ {K@)f(@)i - 6K(@) + 2VK (@) - ol F(@)}do
=/ {K(z)[f(w)a — pF(a)] — [(6 — p)K(z) + 2VK(z) - 2] F(u) }dz < 0,

and so A, < 0. This completes the proof. o

3.2.1 Proof of Theorem 3.1

In view of Lemmas 3.7, 3.8 and 3.12-3.14, for each ¢ > 0 there exists @, € 4. such that

=\ __ o — \t =\ __
I(uc) - m(c) _ug?écrglfbx I((uc) ) > 01 I (uc) - 07

and there exists Lagrange multiplier A. € R~ such that (@, \.) is a solution of (3.1). O

3.3 The Lz-subcritical case

In this section, we give the proof of Theorem 3.2.

3.3.1 Global minimizers on the constraint .%,



We start with a qualitative property of the constrained minimization problem.

Lemma 3.15 J Assume that (K1) and (F4) hold. Then

(i) foranyc > 0,0(c) =inf,co I(u) is well defined and o(c) < 0;
(il) foranyc >0, then o(c) < 0if (F6) holds,
(iii) there exists €y > 0 such that o(c) < 0 for any ¢ > 6, if (F5) holds.

Proof. (1) Using (F4), for any € > 0, there exists C. > 0 such that
[f(O)t] + [F(t)| < eft]® + Ceft]P, VEeR.
(3.76)

By (3.3), (3.41) and (3.76), we obtain for all u € .,

b
Iw) =5 [ Vulz+4 [ Vulz - sup K(ellullf +C: | ullf)

[CNESTN ST RS

b 30-2) Sp
> 5 | Vuld+ | Vel - sup K ( |wl3+C8@) || Vull,™ | ul,’ )

(3.77)

which, together with 0 < 3(p — 2)/2 < 4, shows that / is bounded from below on ., for any ¢ > 0
, hence o(c) is well defined. Noting that u! € .7, for all u € .#,, from (3.28) and (3.76), we deduce
that I(u') — 0 ast — 0, and so o(c) < 0 for any ¢ > 0.

(ii) By (F4) and (F6), there exist dg, 09 > 0 such that

[F(t)] > dolt|™, V[t| < oo
(3.78)

For any ¢ > 0, we choose a function uy € €;°(R?, [—00, 00]) satisfying || uo ||3=c. Then it
follows from (3.28) and (3.78) that

at? btt _
I(up) < bR | Vg |13 +T | Vg [|3 —K oo 8t* @2/ || uy g, YO<t<1.

(3.79)

Since 0 < 3(go — 2)/2 < 2, relation (3.79) implies that I(ug’) < 0 for small ¢ € (0,1). Jointly
with the fact that || uo® ||2=|| uo [|2, we obtain o(c) <infyc( ) I(uo") < 0.
(iii) Set the following scaling



uy(z) := t2u(z/t), Yuec HY(R?),t > 0.

(3.80)
Note that (F5) implies
‘t\}:‘(()li)lt is nondecreasing on(—o0, 0)and (0, co).
(3.81)
For any u € .1, by (3.3), (3.80) and (3.81), we have forall t > 1
I(u) = “7’52 | V|2 +b4i4 | Va ||4 —¢3 /R K(tz)F (t1/2u) do
< vu g VKt [ Py,
(3.82)

which, together with 3+ po/2 >4, implies that I(u;) - —oo as t— +oo. Since
| ue ||3=t* || w ||2=t* for uw € .#; and t > 0, there exists %, > 0 such that o(c) < 0 for any
c> %p. 0

Noticing that Lemma 3.15 implies
{c € (0,+00): a(c) < 0} # 0,
(3.83)

we deduce that
¢, =inf {c € (0,400): o(c) < 0}
is well-defined.
Lemma 3.16 & Assume that (K1) and (F4) hold. Then the following properties are fulfilled:

(1) if (F6) holds, then c, = 0;

(i) if (FS) and (F6') hold, then c, € (0,+0o0) , moreover, o(c) = 0 for any c € (0, c.| and
o(c) < 0 forany c > c..

Proof. (i) Obviously, property (i) follows directly from Lemma 3.15 (ii).
(ii) We first prove that ¢* > 0. From (F4), (F6) and (3.41), we obtain



—
""lo“lo

[ Fwiz <o (lulf + lul)
R3

4 32 Sp
<Cy (H Vul3llwlls + I Valy ™ [y ) Vu € H'(R?).

(3.84)
By straightforward computation, there exists a constant € > 0 small enough such that
4 e
2 a 6-p 0 a 14-3p
3 — s < O :
T A M v v (3p—10>
(3.85)
For any u € ., namely || u ||3= e, it follows from (3.3), (3.84) and (3.85) that
a s b 4 4 ) = o2
M =5 IVulg+5 1 vuli=Ca (1wl Vu g+ 1w ] vul,™ )
1 6p 310
> IVulg (a0 Vulg —Cec® | vu ;).
(3.86)
Next, combining Young's inequality with relation (3.85), we have
4b 3p—10 3 10 3p—10
6=p w B 1 3p;10 D — 1 6-p
Cie* || Vu ||, = <73p — 10) | Vu ||, (7411 > Cuet
14— 3p (3p—10\ 1w
4 — — 14-3p _
<b|| Vu |3 +0,77 = P ( p4b ) =7
<b| Vu|3 +a,
(3.87)

which, together with (3.86), leads to I(u) > 0 for u € .#,. On the other hand, by Lemma 3.15 (i),
we have o(c) <0 for ¢ > 0. This shows that ¢, =inf {c € (0, +00),0(c) < 0} > 0. Moreover,
from the definition of ¢« and Lemma 3.15 (i), we deduce that o(c) = 0 for any ¢ € (0, c.] and

o(c) < 0foranyc > ¢, O
Lemma 3.17 < Assume that (K1), (K3), (F4), (F5) and either of (F6) and (F6') hold. Then
(i) for any ¢ > 0, o(c) is continuous;

(i) for any ¢ > c,



o(c) <o(a)+o(c—a), VO<a<ec
(3.88)

Proof. (i) For any ¢ > 0, let ¢, >0 and ¢, — c. For every n € N, let u, € &, such that
I(u,) < o(cy,) + 1 < % Then (3.77) implies that {u,,} is bounded in H!(R?) and

n

o(c) < I <\/gun> = I(uy) + o(1) < o(cn) + o(1).

(3.89)
On the other hand, given a minimizing sequence {v, } C %, for I, we have
[cn
o(en) <1 ( ?vn) < I(vs) +0(1) = o(c) + o(1),
which, jointly to (3.89), gives lim,,_,, o(c,) = o(c).
(i1) Note that (3.3) and (3.81) lead to
t2 bt!
Iu) = % | v 2 + 2 | v )4 —t3/ K(t)F (1%u) de
2 4 R3
at’® , , bt* 4 4 (10—2)/2
< — [[Vulz +— || Vu |3 =t* [ t¥" 92K (te)F(u)de
2 4 ]R?)
t2(1 — t?
<t (u) + % | Vau [|3< t*T(u), Yu € Fpe>0,t> 1,
(3.90)

where the definition of , is given by (3.80). Let {u, } C #. be such that I(u,) — o(c) for any
c > 0. Since || (un)t [|2=t* || un ||3= tic forall ¢ > 0, it follows from (3.90) that

at?(t? — 1)

o(tie) < I((un):) < t*I(u,) — 5

I V13
< tto(c) +o(1), YVt > 1,
which implies
o(tc) < to(c), t>1,¢>0.

(3.91)

Let {u,} C . be such that I(u,) — o(c) for any ¢ > c*.
We claim that exists a constant pg > 0 such that



lim inf || Vu, |[2> po.
n—oo

(3.92)

Otherwise, if (3.92) is not true, then up to a subsequence, || Vu, ||2— 0, and so (3.77) yields
0 > o(c) =limy,_,00 I(uy,) = 0. This contradiction shows that (3.92) holds.
Since || (un)t ||3=t* || uy, ||3= t*c forall ¢ > 0, it follows from (3.90) and (3.92) that

o(t'e) < I((un)) < t*I(uy) — w

at?(t? —1
%pﬁ +o(1), Vit>1,

| Vun |I3
< tlo(c) —
which implies
o(tc) < to(c), t>1,c>c".
(3.93)

Ifa > ¢* and ¢ — a > ¢*, we then conclude from (3.93) that for any ¢ > c*,

cC—«

o(c) = %a(c) + olc) <o(a)+o(c—a), VO<a<ec

C

If a <c*orc—a<c* then Lemma 3.16 (ii) implies that o(c — a) = 0 or o(a) = 0, and we
deduce easily from (3.93) that (3.88) holds for any ¢ > c¢*. This completes the proof. O

Lemma 3.18 < Assume that (K1), (K3), (F4) and (F5) hold. Then the following properties hold:
(i) o(c) < o%(c) for any ¢ > 0;
(ii) if (F6) holds, then o(c) has a minimizer for any ¢ > 0;
(iii) if (F6') holds, then o(c) has a minimizer for any ¢ > c, and o(c,) = 0.

Proof. (i) Let {u,} C . be such that I*°(u,) — ¢*°(c) for any ¢ > 0. Since K, < K(z) for
all z € R3, it follows from (3.3) and (3.12) that

o(0) < I(un) < I%(ua) = 0(c) + o(L),

which implies that o(c) < o*(c) for any ¢ > 0.

(ii) In view of Lemma 3.15 (ii), we have o(c) < 0 for any ¢ > 0. Let {u,} C #. be such that
I(uy) — o(c) for any ¢ > 0. Then (3.77) implies that {u,} is bounded in H*(R?). Thus, we can
assume that for some 4 € H'(R®) and up to a subsequence, u, — @ in H'(R?). Here, we

distinguish two cases: a) 4 # 0 and b) © = 0.



Case a): 4 # 0. Then u, — @ in HY(R3), u,, — @ in L{ (R3) for 2 < s <6 and u,, > @
a.e. in R®. By Lemmas 3.11 and 3.17, we have

n—oo n—oo

o) =lim Iu,) = 1@+ lim |I(u,— )+ | V& 3] Viun ) |3
> o @)+ lim o] un —@ll3) = o(| @ 3) + ole— I [3)-
(3.94)
If | @ ||3< c, then (3.94) and Lemma 3.17 (ii) imply
o(c) 2 o] @|3) +o(c— [ l3) > alc),

which is impossible. This shows that || @ ||2= ¢ =|| uy, ||3. Moreover, it follows from (3.94) that
u, — 4 in H*(R3), and so o(c) =lim, ,o I(u,) = I(u). Hence, % is a minimizer of o(c) for
any ¢ > 0ifa # 0.

Case b): 4 =0, that is, u, — 0 in H'(R3). Then u, — 0 in L{ (R3) for 2 < s <6 and
u, — 0a.e.in R3. By (K1), we deduce that

/R [K(z) ~ Kool Flun)dz = o{1).

(3.95)
Then (3.3), (3.12) and (3.95) imply
I*(uy,) — o(c).
(3.96)
We claim that
4 := lim sup sup / lu,|2dz > 0.
n—oo yeR? J By (y)
(3.97)

In fact, if 6=0, then by Lions' concentration-compactness principle [153, Lemma 1.21], we have
that u,, — 0 in L*(R?) for 2 < s < 6, and so (3.76) implies that [; F(u,)dz — 0. Then by (3.3),

we have

n—oo

b
0> 0(6) =l T(w) =l (51 Vus 1345 | Vo [f) >0



which is impossible. Hence, we have § > 0, and there exists {y,} C R3 such that

/ |u,|2dz > é
Bu(yn) 2

(3.98)
Let @, (z) = un(x + yn). Then (3.96) leads to
Up € Sy I°(Un) — o(c).
(3.99)

In view of (3.98), we may assume that there exists @ € H*(R3)\ {0} such that, passing to a
subsequence,

Up — 4, inLj

(R3),V s € [1,6);

lﬁn — 4, a.e.onR3.

{ﬁn — 4, in HY(R3);

(3.100)
Then it follows from (3.99), (3.100), (i), Lemmas 3.11 and 3.17 that
ofc) =lim ()
= Iyt lim |1, — ) + o || V@ 3] V(i ) |3
> 0| @ [3)+ lim o] i — i |13
=o®(|| @ ll3) +0¥(c— [ all3) > o(ll @ 3) + ale— | @ |3),
(3.101)
If | 4 ||2< ¢, then (3.101) and Lemma 3.17 (ii), imply
o(c) = ol @ 13) +o(c— | @ [3) > o(c),
which is impossible. Hence, || 4 ||3= ¢, moreover, it follows from (3.101) that
Uy, — win H'(R?), o(c) < I(a) < I®() = lim I*(u,) = o(c).
(3.102)

This shows that 4 is a minimizer of o(c) for any ¢ > 0.



(iii) In view of Lemma 3.15 (iii), we have o(c) < 0 for any ¢ > c,. Arguing as in the proof of
(ii), we deduce that o(c) is attained for any ¢ > ¢,. Let ¢, = ¢« + % Note that Lemma 3.16 (ii),
leads to o(c,,) < 0 for every n € N. Arguing as in the proof of (ii), there exists {u,} C #., such
that

I(up) = o(cy) < 0 for everyn € N.

(3.103)

By the definition of ¢« and Lemma 3.17 (i), we have I(u,) = o(c,) — o(cs) = 0. Then (3.77)
implies that {u,} is bounded in H'(R?). We then may assume that there exists @ € H*(R?) such
that, up to a subsequence, u, — @ in H'(R3). To prove that o(c,) is attained, we need to
distinguish two cases: a) 4 = 0 and b) u = 0.

Case a): u # 0. By Lemmas 3.11, 3.16 and 3.17, we have

. . b
0 = o) =lim I(u,) = I(@)+ lim |, @)+ o || V& 3] V(wn — ) |3
> o @ [3)+ lim o] w,—a3)
=o(lal3) +olc—lal3) =0,
which implies

lim | V(u,, — @) ||2= 0,

n—oo

(3.104)

and so a standard argument shows that I(@) =lim,, ,o I(u,) = o(c*) = 0.
To prove that % is a minimizer of o(c*), it suffices to show that || @ ||3= c*. By contradiction,

1
po (<)
lalf )

2= (t*)* || @ ||3= c* by the scaling (3.80). Thus, it follows from (3.90)

let us assume that || @ ||3< c*. Let

Then t* > 1, and || 4
that

a(t*)’[1 — (t)?]

0 =o(c*) < I(ap) < (t*)(a) + 5

I Va i< ()*I(a) = o.

(3.105)

This contradiction shows that || @ ||3= ¢*. Hence, 4 € %, and I(@) = o(c*) = 0.



Case b): @ = 0. By (3.12) and (3.95), one has I*°(u,) — 0. We claim that (3.97) holds. In
fact, if § =0, by Lions' concentration-compactness principle [153, Lemma 1.21], one has
u, — 0in L*(R?) for 2 < s < 6. By (F4) and (F6'), for any € > 0, there exists C. > 0 such that

IF(t)| < elt|T + C.Jt|P, VteR.
(3.106)

Then (3.106) implies [p; F(u,,)dz — 0. Jointly with I(u,) — 0, we have || Vu,, ||s— 0. From
(3.3), (3.41) and (3.106), we deduce

6—p 3p—10
2

1 4 3p-10
I(un) = o | Vun [E: <2a+b|\ Vaun |3 —4e || un |3 —4Cc | un |37 | Vg |5 ) VneN,

which, together with 3p — 10 > 0 and arbitrariness of ¢, implies that I(u,,) > 0 for large n € N.
This contradicts (3.103), and thus (3.97) holds. Let 4,(z) = u,(z + y,). From (3.97), there
exists & € H1(R3) \ {0} such that, passing to a subsequence, 4, — @ in H*(R?). Similarly to
the proof of (3.101), we have

0 =o(c*) =lim I*(a,)

n—oo

00 (4 : 00 (7 ~ b ~ ~ ~
1)+ lim | 1%(a, — ) + 5 || Va |3 V(@ — ) |}

~ 2 . ~ ~ 2
> o (|4 )+ lim o™(| @~ [3)

o(|l @ l3) + o™ (c" = [ alls) > o(ll @ [13) +o(c’~ | @ [3) =0,

(3.107)
which implies

lim || V(@ — @) [|2= 0.

n—oo

Proceeding as in the proof of Case a), we conclude that & € .« and I(4) = o(c*) = 0. O

3.3.2 Local minimizers on the manifold

We now look for a local minimizer of 7 on the constraint .#,, which is a critical point of I| .
For k > 0, set

Fe(k) :={u € S| Vul3=k}.

Forany 0 < ¢ < ¢, and u € .7, it follows from (3.3), (3.41) and (3.106) that



1 2 9 2 [ 310
I(u) > 1 | Vu |5 (2a+b | Vu ||3 —4eci —4C.c.” || Vu ||, )

(3.108)
Since 3p — 10 > 0 and ¢ is arbitrary, there exists kg > 0 independent of ¢ such that
o ak
I*(u) > I(u) > ik 0, Vue Z(k),0 < k < k.
(3.109)
In view of Lemma 3.15 (i), we have
o(c):= inf I(u) > inf I(u) = o(c) > —o00, Ve > 0.
( ) ue&’c\uk,@O (k) ( ) ueS, ( ) ( )
(3.110)

Lemma 3.19 Assume that (K1), (K3), (F4), (F5) and (F6) hold. Then &(c) is continuous on
(0, +00) and for any ¢ > 0,

g(c) <d(a)+d(c—a), Vi<a<ec
(3.111)

Proof. Similarly to the proof of Lemma 3.17, we deduce that 5(c) is continuous for any ¢ > 0.
Let {un} C S\ Ugcper, (k) be such that I(u,) — &(c) for any ¢ > 0. Then (3.77) implies
that {u,} is bounded in H!(R3?). Noting that | Vu, ||2> ko and || (us): [|3=t* || un ||3= t*c for
allm € Nand ¢ > 0, it follows from (3.90) that

at?(t? — 1)

a(tle) < I((un)) < t'(un) — —

I Vun |13

at?(t? — 1)

< t'5
< t*s(c) 5

k3 +o0(1), Yt >1,c>0,

which implies
a(tc) < ta(c), t>1,¢>0.
(3.112)

Then it follows from (3.112) that

a(c) + ca

a(c) = g(c) <a(a)+a(c—a), Vi<a<ec

oR

C



This completes the proof. o
The following property is concerned with the study of the geometry of local minima.

Lemma 3.20 Assume that (K1), (K3), (F4), (F5) and (F6) hold. Then there exists 0 < co < ¢4
such that

0<a(c) < %ko < inf I(u), Yc € (co,cy).

ue S (ko)
(3.113)
Proof. By the definition of ¢« (see (3.9)), Lemma 3.15 (i) and (3.110), one has
g(c) >o(c) =0, VO <c<cs.
(3.114)

We first prove that 5(c) > 0 forall 0 < ¢ < ¢,. If not, then &(¢) = 0 for some ¢ € (0, c,), and so
there exists {u,} C %\ Ugopep, Z2(k) such that I(u,) =0 and || Vu, [|3> k. Since
| (un) ||3= t* || un ||3= t*E by the scaling (3.80), it follows from (3.90) that

at?(t? — 1)

F(t*e) §T}Lr£10 I((up)t) gnllg)lo {t‘lI(un) - 5

| Va, u%]

- ak0t2(2t2 —1)

Cx

<0,V1<t<(3)”ﬂ

which contradicts (3.114). Hence, 6(c) > 0 forall 0 < ¢ < ¢,.

Next, we prove that there exists cg > 0 such that the last inequality of (3.113) holds. In view of
Lemma 3.18 (iii), there exists u, € %, such that I(u.) = o(cs) = 0. From the continuity of
I(tu,) ont € (0,00), we deduce that there exists a constant ¢y € (0, 1) sufficiently close to 1 such
that
a

I(tu,) < 1

k07 vtO <t< 17
(3.115)

which, together with (3.109), implies

tu, € Lo\ | Fhe(k), Vo<t <1

0<k<kg

(3.116)



Letting ¢g = tocs, it follows from (3.109), (3.115) and (3.116) that for any ¢ € (co, ¢« ), there exists
ve € Ze \ Upeper, (k) such that

a
o < —ko < i .
a(c) < I(vy) < 1 ko _ue%{ko) I(u)

The proof is completed. O
Define

c>*(c):= inf I > inf I*® =% - .
a%(c) e x\uilkomc) (u) 2 inf (u) = 0°(c) > —00, Ve >0

(3.117)

Lemma 3.21 < Assume that (K1), (K3), (F4), (F5) and (F6') hold. Then
(i) a(c) < a*(c) for any ¢ > 0;
(ii) for any ¢ € (co,¢.) , (3.1 ) admits a solution (e, Ac) € (Fe \ Ugeper, Ze(k)) X R
such that I(ua.) = &(c) > 0.

Proof. (i) Similarly to the proof of Lemma 3.18 (i), we get 5(c) < 8°°(c) for any ¢ > 0.
(ii) By Ekeland's variational principle, there exists a sequence {u,} C 7%\ Ugg<p, Ze(k) such
that

{5’(C) < I(un) <a(c) + %,
1) = Tn) = & [t — v, Y0 & 2\ Upopor, Zok):

(3.118)

Then (3.77) implies that {u,} is bounded in H!(R®). We then may assume that for some
@, € H'(R?) such that up to a subsequence, u, — @, in H*(R3), u, — @, in L{ _(R3) for
2 < s < 6 and u,, — 1. a.e. in R3. For brevity, we denote . by 4. We complete our proof in two
steps as follows.

Step 1. We prove that if @ # 0, then I(#) = &(c) and there exists A € R such that
I'(@) — Au = 0 for any ¢ € (co, c4).

Similarly to the proof of relation (3.17) in [158], we have

(3.119)



where A, = _M

and C > 0 is a constant independent of n. Since {\,} is bounded, we

may assume that up to a subsequence, \,, — A for some A € R. Now, we claim that
up to a subsequence || V(u, — @) ||2— 0if @ # 0.

(3.120)

Assume by contradiction that lim inf | V(up, — @) ||3> 0. Then it follows from the scaling
n—oo

(3.80) that there exists Ty > 1 such that
| Vag [I3= || Va [[3> ko, || V(un — @) [13=* || V(un — @) 3> ko, V> To.
(3.121)

By (3.90), (3.118) and Lemma 3.11, we have

5() +0(1) = Tuwn) = 1(8) + I(un — ) + o || Vi 3] 9 otr — ) [}

| _ at(t? — 1) _ _
2 g (@) + I1((un —@)e)] + — 7 [ Va |15+ | V(un — @) |I3]
1. _ _ _ at?(t? — 1)
> (ot [ al3) +a(te— ¢ | @ 13)] + o || Vun |} +o(1)
1 _,, at?(t? — 1)
> t—40'(t C) + Tko + 0(1), Vit>Tp.
(3.122)
From (3.77), we deduce
—_ t4
lim inf o(tc) > 0.
t—+o0 #+4
(3.123)
By (3.123), there exists T} > T} such that
1 aky aTP (T} —1) 3akg
— 5(Tke) > — , ko > )
77 Tie) = g ath '~ 8
(3.124)

Then (3.113), (3.122) and (3.124) lead to




(3.125)

This contradiction shows that relation (3.120) holds. Thus, from (F4), (F5), (3.118), (3.119) and
(3.120), we obtain

5(c) = lim I(u,) = I(q)

n—oo

(3.126)

and for all ¢ € €;°(R?)

0 = ILm (I'(up) — Aptn, )

n—oo

= lim [a/ Vu, - Vedz +b || Vu, |3 / Vu, - Vedz
R3 R3
—/ K(:c)f(un)godm—)\n/ ungodm}
R3 R3

= a/ Vi-Vedz+b| Va |3 / Vi - Vedz —/ K(z)f(a)pdr — 5\/ wpdz
R3 R?} ]R?) RS
= (I'(@) — Aa, p).
(3.127)

By Fatou's lemma, one has || @ [|3< lim inf | wn ||3= c. In view of (3.126) and (3.127), to finish

the proof of Step 1, it suffices to show that || @ ||3= c.

Suppose by contradiction that || @ [|3< c. As in [158, (3.14)], for any & > 0, there exists
6 = 6(e) > Osuch thatifu € Uy, scpp, 5 7e(k), then

I(w) > inf I(u)—
Wz ol I -e

and so

Up € S\ U Z.(k), for n large enough,
0<k<ko+d

(3.128)

that is, {u,} stays away from the boundary. Jointly with (3.120), we have || V@ 3> ko. Let
t:=(c/|@|?)V*>1. By the scaling (3.80), one has |a;|3=#]|a|? and
| Vg ||3=#* || V@ ||3> ko. Then it follows from (3.90) and (3.126) that

at?(t? — 1)
2

at?(t? — 1)

t'5(c) = t*I(a) > I(u;) + 2

I'Va [13= 5(c) + ko,



(3.129)

which implies

a\/Ekg > ak()
(@l +ve) 4

This contradicts (3.113). Hence, we have || @ ||3=c, moreover, (3.127) implies that
(@, ) € (S \ Uocrer, (k) x R solves (3.1). The proof of Step 1 is completed.

a(c) > 5

, Ve (e, cy).

Step 2. We prove that u # 0.

Assume by contradiction that @ = 0, that is, u, — 0 in H*(R®). Then u,, — 0 in L (R3) for
2 < s < 6andu, — 0a.e.inR3. Then (3.3), (3.12), (3.95) and (3.118) imply

I*(uy,) — a(c).
(3.130)

We first prove that {u,} is not vanishing, that is, relation (3.97) holds. Otherwise, if {u,} is
vanishing, by Lions' concentration-compactness principle, we obtain that u, — 0 in L*(R3) for
2 < s < 6, and so (3.106) implies that [p, F(u,)dz — 0. Since {un} C S\ Ugopr, (),
by (3.3), (3.113) and (3.118), we have

k bk?
a0 . o

2 4

) a 5 b A o ako
<tim (5 1V 1345 1 Vo 1) =Jim Tan) = a0) < 52

which is impossible. Hence, relation (3.97) holds, and so there exists {y,} C R3 such that (3.98)
holds. Let @, (z) = u,(x + y,). Then (3.130) leads to

in € S\ |J Helk), I™(in) = 5(c).

0<k<kg
(3.131)
By reflexivity, there exists & € H'(R?) \ {0} such that, passing to a subsequence,
Up — @, in H'(R?);
i, — 4, inLi (R3),Vs € [1,6);
@n — 4, a.e.onR3.
(3.132)

We also have



) V(P € CKOOO(R?))a

) () — A, 0)] <~

(3.133)

where 1, and C > 0 are the same as that of (3.119). Arguing as in the proofs of (3.120), (3.126) and
(3.127), we obtain

up to a subsequence || V(@, — @) [|2— 0
(3.134)

and

g(c) =lim I*®(ay,) = I°(a).

n—oo

(3.135)

Moreover, as in the proof of Step 1, we have ||@||2=c and | Vi ||32> ko. Hence,
@ € Fe\ Upcpep, Le(k). Since K(z) > (#)Ko and || @ [|3= ¢ > 0, it follows that there exist
r > 0and Z;,Z» € R3 such that

K(z) — Koo >0, Y|z —Z1| <7, |4(z)| >0, V|lzc—Z2| <.

Let 4(z) = @(x — 1 + Z2). Then || 4 |3=c, || Va|3> ko and I®°(a) = I>(@), which
together with (3.3), (3.12), implies that

5(c) = I™(a) > I(4) > 5(c).
(3.136)

This contradiction shows that 4 # 0. O

3.3.3 Proof of Theorem 3.2

Note that if u, is a critical point of I| ., then there exists A, € R such that I'(u.) — A.u. = 0.

From Lemmas 3.16, 3.18, and 3.21, we conclude that the conclusions of Theorem 3.2 hold. o

3.4 Historical comments

The Kirchhoff equation has been introduced for the first time in 1883 by Kirchhoff [88] in
dimension 1, without forcing term and with Dirichlet boundary conditions, in order to describe the

transversal free vibrations of a clamped string in which the dependence of the tension on the



deformation cannot be neglected. This is a quasi-linear partial differential equation, namely the
nonlinear part of the equation contains as many derivatives as the linear differential operator. The
Kirchhoff equation is an extension of the classical D'Alembert wave equation for free vibrations of
elastic strings. Kirchhoff's model takes into account the changes in length of the string produced by
transverse vibrations.

From the mathematical point of view, problem (3.1) is nonlocal due to the appearance of the term
Jgs [Vu|?dz indicates that (3.1) is not a pointwise identity. This kind of problem has been paid
much attention after the pioneering work of Lions [99], in which an abstract functional analysis
framework was introduced.

Nowadays, since physicists are interested in normalized solutions, mathematical researchers
began to focus on solutions having a prescribed L?-norm, that is, solutions which satisfy
| w||2= ¢ > 0 for a priori given c¢. To the best of our knowledge, the study of solutions with
prescribed norm was initiated by Jeanjean [Z8] in the framework of semilinear elliptic equations. In
this chapter, we studied in the existence of solutions with Z?-prescribed norm and their qualitative
properties in the framework of nonlocal Kirchhoff problems. Our analysis includes both the L>-
supercritical case and the L2-subcritical growth.

To the best of our knowledge, solutions of problem (3.1) having a prescribed L2-norm have been
studied mainly in the case where K (z) = 1. Let us introduce and review the few known results in
this respect. Ye [158] studied the existence and non-existence of normalized solutions to the

following special form of problem (3.1):

- (a + be?, ]Vu\2d:1:) Au — du = \u\p_2u in R3;
u € HY(R3)

(3.137)

for p € (2,6), and showed that p = 1?4 is a L2-critical exponent for problem (3.137), that is, for any
given ¢ > 0,

o(c) € (~00,0], ifpe (2,F);
o(c) = —oo, if p € (3,6).

More precisely, for any p € (2, 1?4), Ye [158] obtained the sharp existence of global constraint

minimizers for (3.137) by solving the minimization problem (3.5). If p € (13—0, 13—4), Ye [158] found

a local minimizer which is also a critical point of I| s, by constructing a geometry of local minima

for 1. For the case p € (174 ,6), to look for a critical point of T

., Ye [158] took a minimum on a

suitable submanifold



o fue st il o)

and showed that ./, is a natural constraint of I| &, by using the Lagrange multiplier method, where
ut(z) == t*%u(tz), Vt>0,uc H(R?),

and u! € 7, for all t > 0 if u € ... Note that this method relies heavily on the power-type
nonlinearity f(u) = |u|P~2u with p € (%4, 6). Xie and Chen [155] generalized this special case to
general nonlinearities f'satisfying lim¢| .o % = 4-00. Xie and Chen [155] proved the existence
of normalized solutions for problem (3.1) with K(z) =1 under additional growth and
monotonicity conditions. For the L2-critical case, Ye [157] proved that problem (3.137) with
p= % has a solution (u., A.) which satisfies || u, ||3= ¢ > ¢* for some ¢* > 0. Additionally, it
was considered in [157, 158] the existence of normalized solutions for one-dimensional and two-

dimensional autonomous Kirchhoff type equations with power-type nonlinearity.

3.5 Final remarks, perspectives, and open problems

This chapter is concerned with the qualitative analysis of solutions with prescribed mass of
nonautonomous Kirchhoff equations in both sub- and super-critical cases. The analysis developed
in this chapter shows how the Kirchhoff nonlocality influences the existence of normalized
solutions compared to the classical Schrodinger case. A feature of the problem studied in this
context is given by the presence of the nonlocal term b( [5; |Vu|?dz) Au together with the LZ2-norm
constraint, which creates a competition between mass and Kirchhoff effects, complicating the
geometry of the energy functional.

The content of this chapter is based on the results established in [27]. Related results on
normalized solutions of Kirchhoff equations with generic double-behavior nonlinearities have been
obtained by Cai and Rédulescu [17], while further properties of constraint minimizers of mass
critical fractional Kirchhoff equations have been studied by Liu, Radulescu and Yuan [103].
Recently, Chen and Tang [33] studied normalized solutions for Kirchhoff equations with Sobolev
critical exponent and mixed nonlinearities.

Some interesting open problems associated with the analysis developed in this chapter are stated
in what follows.

The first problem proposes to refine the analysis in the case of a non-autonomous potential

associated with the linear term.

Open Problem 1. < Study the following Kirchhoff equation



— (at b fyo [VuPdz) Au— Vie)u = K(2)f(u) iR
u e HY(R?)

(3.138)

in the following cases:

(i) Vis a confining potential, that is, V(z) — +oo as |z| — oo;

(if) V is a singular potential, that is, V(z) = |x|™™ with 0 < m < 2. In this case, the
interplay between the nonlocal Kirchhoff term, the singular attractive potential, and the

L?-norm constraint is completely unexplored.

Another exciting directions concerns the case of trapping potentials and nodal solutions.

Open Problem 2. Assume that V' is a trapping potential (or another type of potential, as
described previously). Can one find normalized solutions of problem (3.138) with a prescribed
number of nodes (sign changes)? The main difficulty is the coupling between the nonlocal term
and the nodal structure, which breaks the natural symmetric decreasing rearrangement

arguments.

The next open problem proposes a related analysis in the L?-critical case, which is notoriously

difficult under normalization.

Open Problem 3. Assume that the nonlinearity is focusing (attractive) like f(u) ~ |u|?!.
This chapter explicitly treats subcritical (6 < 13—4) and supercritical (6 > %) cases but avoids
the L?-critical case, that is, if § = 13—4. In this case, does a nontrivial potential ¥ help restore

existence for certain masses ¢? Can one determine a sharp threshold mass ¢* (depending on V)?

3.6 Glossary

Mass Subcritical for Kirchhoff Equations: In dimension N, this means that the nonlinearity
grows slower than |u|'*¥, which is more restrictive than the usual \u!H% for standard
Schrodinger equations. This is because the Kirchhoff term || Vu ||3 changes the scaling balance

when working with fixed Z2-norm.

Mass Supercritical for Kirchhoff Equations:



In dimension N, this means that the nonlinearity grows faster than |u| 1+ . This means that the
nonlinearity overwhelms the Kirchhoff stiffness at large amplitudes, creating a fundamentally

different variational geometry requiring topological methods rather than direct minimization.

Threshold Mass: It is a critical prescribed mass where the Kirchhoff equation's solution structure
changes qualitatively, mainly because of the balance between the nonlocal stiffness term and the
focusing nonlinearity's strength. The reason of the existence of this value is that the Kirchhoff

term cannot compete with the focusing nonlinearity when the mass is too large.



4

Autonomous Kirchhoff equations with Sobolev
critical exponent

DOI: 10.1201/9781003797159-4

This chapter tackles the challenges of a Kirchhoff problem with double criticality (mass and
Sobolev) in the context of the existence of solutions with prescribed mass. The analysis developed
in what follows demonstrates how the nonlocal term interacts with the L?-constraint and the critical
reaction to create a rich and complex parameter space for existence of solutions. We highlight a
qualitative difference from the classical semilinear Schrédinger equation (local setting) due to the
nonlocal term's dependence on the gradient norm, which changes the scaling properties of the
equation.

We investigate the existence and multiplicity properties of the normalized solutions to the

following Kirchhoft equation with Sobolev critical growth

— (a+ b fgs |Vul?dz) Au+ du = plu[P~?u + |u|u inR?,
u >0, [ps |ul?de = c?, in R3,

where a, b, c,u > 0 and 4 < p < 6. It is highlighted how the existence of solutions depends on the
interplay between several parameters: the mass ¢, the exponent p, and the coefficients a, b and u.
The nonlocal coefficient b > 0 is not just a perturbation but it qualitatively changes the existence
theory compared to the semilinear case (b = 0). In particular, b contributes to the formation of the
threshold c*.

We consider both the L2?-subcritical and the L’-supercritical cases. The concentration-
compactness principle and its variant for the constraint manifold are employed to handle the lack of
compactness. In the L2-subcritical case, by combining the truncation method, the concentration-
compactness principle and genus theory, we obtain the multiplicity of normalized solutions for
problem (P). For this mass sub-critical case, the solution is found as a global minimizer, and
existence is generally proved for all ¢ > 0. The novelty here is overcoming the lack of
compactness from the critical exponent in this minimization framework.

In the L2-supercritical case, by using a fiber map and the concentration-compactness principle,

we obtain a couple of normalized solutions for problem (P), as well as their asymptotic behavior.
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Crucial steps in the arguments involve proving that the mountain-pass energy level stays below a
certain threshold, ensuring that the associated Palais-Smale sequence does not “vanish” and that its
weak limit is nontrivial. This often involves comparing with the optimal constant in the Sobolev
inequality. For the mass super-critical and critical case, the low mass regime ¢ < c* is identified as
the necessary and sufficient condition for the existence of the mountain-pass solution. This c¢*-
phenomenon is a direct and novel consequence of the interplay between the Kirchhoff term and the
Sobolev critical exponent.

A feature of the study developed in this chapter for the three-dimensional case is that it unifies
the sub- and super-critical regimes. Why this case is fundamental? Because the autonomous
Kirchhoff equation with Sobolev critical exponent sits at the intersection of three deep

mathematical theories:

(1) calculus of variations: critical growth, lack of compactness;
(i1) geometric analysis: best constants, extremals, bubbling;

(ii1) nonlocal equation: Kirchhoff-type nonlocality.

The basic abstract tools in this study are the following:

(a) truncation method and fiber mapping: to analyze the energy levels;
(b) concentration-compactness principle: for handling the lack of compactness;

(c) genus theory: to establish the multiplicity of solutions.

4.1 Statement of the problem

Consider the Kirchhoff equation

— (a+b [g |Vu|?de) Au + Au = plu/P2u + |u/u inR3,
u >0, [ |ul?de =, in R3,

(P)

where a,b,c,u > 0and 4 < p < 6.
Set

HY(R?) = {u € L*(R®) : |Vu| € L}(R3)}

with the inner product



(u,v) = [ [aVu-Vv+ uv]dez
R3

and the norm

= (uy )72,

We are now in a position to state the first two main results of this chapter. Essentially, these
results establish the existence of normalized solutions for high perturbations of the forcing term.
Our analysis covers both the L?-subcritical and the L>-supercritical cases. In the first setting, we
obtain the multiplicity of the normalized solutions, while in the L’-supercritical case, we find a

couple of normalized solutions.

Theorem 4.1 d I[f4 <p < %,for given k € N, then there exist a > 0 independent of k and
i := p(k) such that problem (P) has at least k pairs (uj, ;) € H(R®) x R of weak
solutions for p > py, and c € (0, (%)ﬁ] with [gs |u;|*de = ¢, \; > 0 forall j € [1,k].

Theorem 4.2 < If 13—4 < p < 6, then there exists pu* = p*(c) > 0 such that for p > p*,
problem (P) has a couple (uc,A.) € H(R®) x R of weak solutions with [y, |u.|*dz =
and X\, > 0.

Problem (P) on the whole space R? is invariant under translations, which leads to the lack of
compactness. In order to overcome this phenomenon, we consider the function space H;la d(R3) of

radial functions as the working space, where
H! (R®):={u € H'(R?) : u isradial}.

Then the embedding H}! ,(R3) — L*(R3) is compact for any 2 < ¢ < 6. In such a way, we
consider the associated energy functional I : H} ,(R?) — R given by

1 b 2 1
I(u) = 5(1/]1@ \Vu|®dz + 7 (/Rs |Vu|2dac> — %/{W lulPdz — E/Rg |u|%da,

restricted to the following sphere in L?(IR3)

S(c) :={uec H.;(R®) :|| u ||= c}.

rad

Next, we provide the asymptotic behavior of the solution u,. as ¢ — +00.




Theorem 4.3 < If u, is the solution obtained in Theorem 4.2, then lim I(u.) = 0.

c—+00

The Sobolev critical exponent also leads to the lack of compactness. Even the embedding of the
radially symmetric space H! (R®) into LS(R3) is not compact. Furthermore, the embedding
Hl

1 (R3) < L?(R3) is also not compact. Then, the weak limit of Palais-Smale sequences could

leave the constrained manifold S(c). Hence, we need to estimate finely the Lagrange multiplier,
which is vital in obtaining compactness. With the aid of the concentration-compactness principle,
we overcome the difficulty.

No matter 4 < p < 13—4 or 13—4 < p < 6, the energy I(u) on the constrained manifold S(c) is
unbounded from below. Hence, it is unlikely to obtain a solution to problem (P) by minimizing
method.

4.2 The mass subcritical case

Let us first recall the definition of genus. Let X be a Banach space and 4 be a subset of X. The set 4
is said to be symmetric if u € A implies that —u € A. Denote by X the family of closed symmetric
subsets 4 of X'such that 0 ¢ A, that is,

Y ={A Cc X\{0} : Ais closed and symmetric with respect to the origin}.
For A € ¥, define

0, ifA=0,
+(A) = inf{k € N:Janodd ¢ € C(4,RF\{0}) }
400, if nosuch odd map exists,
and ¥ = {A e X:v(A) >k}

For u € S(c), by the Gagliardo—Nirenberg inequality and the Sobolev embedding theorem we

have

I(u) = —a/ |Vul?dz +

b
4
1 2 b 2 o S» e 1 6
> g [ vuPae 4 ([ [Vulde) - Lo | Vul, o Vuls

= M(|| Vu [|2),

where



1 b M 6—p 3(p—2) 1
M(t) = —at’ + —t*' — =Cpcr t" 7 — —t°
() = gat+ 7t = 5 Ce 65°
Since 4 < p < <+, we obtain @ < 4 < 6. By straightforward computation, there exists

o > 0 such that as pc 5 < a, then the function M(-) attains its positive local maximum. More
precisely, there exist two constants 0 < Ry < Ry < 400 such that M(:) < 0 in the intervals
(0,R;) and (R2,+00), and M(-) > 0 in the interval (R;, R3). Let 7(-) € C*(R™,[0,1]) be a
nonincreasing function such that 7(¢) = 1 for ¢ < R; and 7(¢) = 0 forall t > R».

4.2.1 Proof of Theorem 4.1

Define the truncated functional

1 b ? v
I(u) = Ea/R?) |Vu|?dz + 7 (/RS |Vu]2dzc> — %/M |u|Pdz — M . u|%da.

For u € S(c), again by the Gagliardo—Nirenberg inequality and the Sobolev embedding theorem

one has
1 2 b 2\ H oot 2
I(u) > Ea ]Vu\ dx + 7 \Vu|*dz | — = T || Vull,®
R3 P
(|| Vu ||s) -
ST V= N (] V),
where
SN TR e e 7(t) ¢
M(t)—2at +4 C 6S3t

Then the definition of 7(-) implies that when ¢ € (0, (%)ﬁ_zp} , M(-) <0 in the interval (0, R;)
and M(-) > 0 in the interval (Ry, 400).

In the following, we always assume that ¢ € (0, (%)ﬁ} Without loss of generality, we may

assume that

L 5, b4 1 2 393
Sar +4r —@r > 0forr € [0,Rq]and R} < a2 S>.

(4.1)

Lemma 4.1 & The following properties are fulfilled:
(i) I € C'(H,,y(R%), R).



(ii) I, is coercive and bounded from below on S(c) . Moreover, if I, <0 , then
| Vu ||2< Ry and I.(u) = I(u).
(iii) I;| () satisfies the (PS)q condition for all d < 0.
Proof. The proofs of () and (i¢) are straightforward. For (¢it), let {u,} be a (PS)4 sequence of
I g with d <0, ie, I(u,) -d<0 and | IT|Z9(C)(un) |— 0 as n—oco. By (i),
| Vuy, [|2< Ry for large n, and {u,} is also a (PS)4 sequence of I| g with d < 0. Then, {uy,} is

bounded in H! ,(R3). Hence, up to a subsequence, there exists u € H! ,(R3) such that u, — uin
H! ,(R%)and u, — uin LY(R3) for 2 < t < 6 and u,(z) — u(z) a.e. z € R3. Since 4 < p < 4

rad
lim/ ]un\pdm:/ |u|Pdz.
n—oo R3 R3

We claim that u #Z 0. Otherwise, ILm Jgs lun|Pdz = 0, and whence by (4.1) we have

5

0> d—hm I(uy,)

= nh—>nolo / |V, |*dz + — (/ |Vuy,| dw) ——/ \un|pdw——/ | |® dm

>t (7ol Van [+ | Vun 13 =2 [ Junpde — 525 1 T I
> B i |un|Pdz = 0,

p n=o0 Jps

a contradiction.

On the other hand, let ®(v):= 5 [qs [v|?dz, Vv € H'(R?), then S(c) = _1({02—2}) By
Proposition 5.12 in Willem [153], there exists a sequence {A,} CR such that
| I'(un) — X ®'(uy) ||— 0 as m — oo, which means that

— (a + b/ |Vun|2dw> Ay — plun P2, — [up|*un = A, + o(l)in H__ (R3)
R3

4.2)
Therefore, for ¢ € H' ,(R?),
(a+b [os [Vug|2dz) [os Vun - Vodz — p [ [un|P2upede — [o [un | unpd
= An Jps unipdz +0(1) [ ¢ ||
(4.3)

It follows that



<a+b/ ]Vun|2d:v>/ ]Vun|2dm—,u/ \un|pdw—/ [un|®dz = Anc? + o(1).
R3 R3 R3 R3

The boundedness of {|| u, ||} yields that {\,} is bounded in R. Then, up to a subsequence, there
exists A, € R such that \,, — A\, asn — oo.
We now claim that . < 0. Indeed, by the above identity and I(u,) - d <0 as n — c©

combined with p > 4, we obtain
2 4—p 1 6
Anc” +o0(l) <d4d+ —p [ |up|Pdz — = |un|°dz + o(1) < 4d + o(1).
p RS 3 RS

Letting n — oo, we have A\, < 0.
In the sequel, we prove that u, — u in L%(R®) by using the concentration-compactness
principle. In fact, there exist two positive measures u,v € .#(R?) such that |Vu,|* — u and

lu,|® — vin #(R?) as n — oo, and for an at most countable index set J, we have
V= |u|6 + Ejejyjéxj, v > 0,
2 > |VU/|2 + EjEJ,u'j(swp My > 0,

1

Sl/ < wj, vje J.

Suppose that J is nonempty but finite. Let ¢, € C>(R3) be a cut-off function with ¢,(z) =1

for |z — ;| < 5p, p,(x) = 0 for |z — x;| > p and |Vp,| < —=. By the boundedness of {u,} in

\/
H! (R3) we know that {¢,u,} is also bounded in H} ,(R3). Therefore

o(l) = <I,(un)’ Sopun>
= (a+b fps |[Vun|*dz) [ps Vin - V(p,un)de — i fps 9plun|Pde
- fR3 90ﬂ|un’6d$'

But

Vu, - V(pyup)de = / Vu,|?p,dz +/ upVu, - Vo,de.
R3 R3 RS

By Holder's inequality we derive that

‘f]}@ unVuy, - chpdw < ( RS n[Vgop|2d:p)% . (fw |Vun|2dm)%

< CO(fur 2|V, 2de) 3
|

2
(f By(a;)\Bg (z;)

(4.4)



We notice that

|fB (2))\Byg (z; 2|V‘Pp| dz — [p »(2;)\Bg (2 |V90p|2dw‘

IN

G pr(:c»\Ba(mj) [un +ullun — uldz

2 (fus = o) F (fos o + ulbde) # (o) ¥

< Cp*E) (fRs lu, — u|pdm> g

IN

By the absolute continuity of the Lebesgue integral, we obtain

limlim [ )5, (0, unlVeol*de =Um [5 ) 5,,) v Vel de
1 2
1 6 3 3 .
<liny |1 (pr(wj) ul'de)” (fy,yd2) | = 0.

By (4.4), we obtain 1iII(1) ILm fR3 up,Vu, - Vo,dz = 0. Again by the absolute continuity of the
pﬁ n—oo

Lebesgue integral we have

lim lim / |un P, de =lim / lulPp,dx = 0.
R3 =0 Js

p—0n—o00

All together with the above estimates, we get that

})ii% [f]R3 |ul®ppdz + Bje s f]R3 Vjawj‘dex} :;lg% f]R?’ ppdv =lim lim fR3 |un|%p,dz

p—0n—o0

—lim lim (a+b [es |Vun|2d:z> Joas |Vt 0z

p—0n—

> alimlim [p; [Vug|?p,de =a ,l)ii% Js ©pdu

p—0n—ro00

>a lii% [fw \Vu|?¢,dz+Sjer [ps uj(?gcj(ppdw}.
o

Hence, v; > ap;. Then, p; > SV3 > S(a,uj)% o Pj > az 8%, s0
R? > llm 1 sup | Vu, [|2> hm 1 sup Jos [Vun2pde = [os ppdp
> f]R3 |VU’ QOPd.’D + ZjGJ fRS /*Ljax]@pdm > Hj > a?S?,

a contradiction with (4.1). Thus, J = 0. Then,

I Sp,dz = dv = Sp,d
n;n;o/RJuanw /ngpv /R3IUI<pr,

S0 up — win LY (R?).



(R3) and {un} is bounded in HY(R?),
lun(2)| < H‘“’]” <L ToT for every |z|>1. So |u,(z)f <& o for every |z|> 1. Since

W € LY(R3\Bgr(0) and wun(x) — u(z) ae. on R3\Bg(0), by the Lebesgue dominated

convergence theorem, u,, — u in L¢(R3\ Bg(0)).

On the other hand, since u, € H!

rad

Consequently, u, —u in LS(R3). Thus, up to a subsequence if necessary, set
B:= lim || Vu, |2> 0. Then 0 <|| Vu ||2< B. By (4.3),
n

(a+bB) Vu - Vede — ;L/ |u|P2updr — / |lu|tupdr = )\C/ updz.
R3 R3 R3 RS

It follows that

B [(@+ fos [V d) fys [Vaun *de — Ao | 1]
= lim [p o [+ [ o ]

n—oo

—pllwllf+ 1l wllf= (a+bB) fu |VulPde A | w |3,
By A. < 0 we deduce that
lim —A. || u, 2= A || w3, a lim / |Vu,|2de = a/ |Vu|*dz.
n—00 n—o Jp3 R?

Hence, u,, — uin H ;(R*) and || u [|2=c. O
Fore > 0, set
3 3
{u S Hrad(R ) N S(C) 1 ( ) _5} - Hrad(R )
Since 7, is even and continuous on H! ,(IR?), it follows that I is closed and symmetric. Then the
following property holds.

Lemma 4.2 J_ Given n €N, there exist €,:=¢(n) >0 and p,:=p(n) >0 such that

Y(I7¢) >nfor0<e<e,andp> pny.
Set

Yp:={D C H} ,(R*)N S(c) : D is closed and symmetric, y(D) > k},

and di:= inf sup I (u) > —oo forall k € N by Lemma 4.1 (4¢) and

={uc H (R} NS(c): I.(u) =0,I,(u) =d}.



Lemmad4.3 JdIfd=dp=d;,, = = dpir, then v(K4) > v+ 1. In particular, I, has at least

r + 1 nontrivial critical points.

Proof. For ¢ > 0, we observe that I-° € X. For any k € N, by the previous lemma there exist
er = €(k) > 0 and py = p(k) > 0 such that if 0 < € < g}, and p > pg, we get y(I¢) > k. Then
I-c+ €%y, and di < sup I.(u) = —er < 0. Suppose that 0 > d =dy =dg1 =+ = djir,

uel, °k
then Lemma 4.1 (4¢7) implies that / satisfies the (PS)4 condition. Hence, K is a compact set. We

conclude that I| S(c) Possesses at least r + 1 critical points. O

Proof of Theorem 4.1 concluded. By Lemma 4.1 (41), the critical points of 7, founded in Lemma

4.3 are the critical points of /. So, Theorem 4.1 is proved. o

4.3 The mass supercritical case

3(p 2) > 4. It follows that the

truncated functional 7, is still unbounded from below on S(c). Therefore we cannot use the
14

In this section, we consider the case < < p < 6. At this time,

truncation technique to study problem (P) when <p<6. In this setting, we define

f(t) = p|t|P~2t + |t|*t for all t € R, and introduce the followmg auxiliary functional
F:80c) xR—=R, (u,7)+— I(T*u),

where (7 x u)(z) := e%Tu(eT:c). Then
/ V(1 % u)|’dx = 62T/ |Vu|?dz
R3 R3
and
|7 % ulldx = e%_237/ |u|%dz, Vq € [2,6].
R? R?

We have
H(u, ) =I(t*u) = I(e%Tu(eTw))
af]Rg‘V T*u)Pd:z:-i— (IW‘V T*ude) fR?, T % u)dx

Lae? [ |Vul?dz + Let (fR3 \Vu|2das)2 —e % [o F(eTTu(;r;))d:I:
3(p D

= Lae? [p, |Vul’dz + L 4T(fR3 |Vu|2alw)2 —L.e

€% [os u|®da.

7 [gs [ulPda

1
6



The above estimates imply the following asymptotic properties.

Lemma 4.4 ([162], Lemma 3.1) & Let u € S(c) be arbitrary but fixed. Then

» / ‘V(T* u)‘Qdm »0and H(u,7) — 0asT — —oo0.
R3

® / V(7 % u)|*dz — +ooand S (u,7) = —c0 as T — +o0.
R3

With the aid of the Gagliardo—Nirenberg inequality we can obtain the next property; see Lemma
3.2 of Zhang and Han [162] for more details.
Lemma 4.5 J There exists K(c) > 0 sufficiently small such that

I(u) >0 foru € Aand 0 <sup I(u) <inf I(u),
= ueB

where
A:= {u € S(ce): |Vu|?dz < K(c)} and B:= {u € S(e): |Vu|’dz = 2K(c}.
R? R?

As a consequence of Lemmas 4.4 and 4.5, we observe that for fixed ug € S(c), there exist two

constants 7y, 7, satisfying 7, < 0 < 72 such that
K(c
/ |V, |2dz < L,/ Vs |*dz > 2K (c)
R3 2 R3

and
I(Ul) > O,I(Ug) < 0,

where u; := 71 * ug € S(c) and uy : =719 * ug € S(c).

In the following, define the mountain pass level 7y, (c) by

Yu(c):= inf max I (9(¢)),

where
I':={g € C([0,1], 5(c)) : 9(0) = u1,9(1) = ua}.
Then forany g € T,

max I(g(t)) >max {1(u1), I(uz)}-

It follows that y,,(c) > 0. Then v, (c) satisfies the following property.



Lemma 4.6 & lim ~,(c) =0.

p—~400

Proof. Taking go(t) := [(1 — t)71 + t72] * ug € T, then

< = _
0 <~vu(e) _%3% I(go(t)) txg[éa’}lc] I([(l t)T1 + tTo] * uo)

:ma’}f {%aeﬂ(l—t)n—}-trg] f]R3 ’V’U,()’zdm + %64{(1—t)71+t7'2] (fR-’J |VU0|2dm)2

_ B AR (1)) Jis luolPda — L - 6[(-t)ri+tms] [ |u0|6da:}.

It follows that

3(p—2)
7 [ps [uo|Pda

2
7u(c) Smax {%ar2 Joo | Vuo|dz + Bt ([ [Vuo|?dz)” — & -7

— 578 [ |u0|6dw}
2 3(p—2)
SIEISLOX {%arz Sos [ Vuol2dz + 274 (fgs [Vuo|2dz)” — LorTT fp ]u0|Pdw}

=: A.

We distinguish the following two cases.

Case 1. We have r2/ |Vug|?dz > 1. Then
RS

3(p—2)

2 2
A Smax {%ar4(fR3‘Vu0]2dm) + 47 (Jos [VuolPdz)” — £ 777 [ |uO]Pda:}

8

< C(%)ﬂ — 0(as p — +00).

Case 2. We have r2/ |Vaug|®dz < 1. Then
R3

3(p—2)

A <max {Lar? [ [VuolPdz + 12 [ [Vuol?d — £ 5 [, uo|Pda |

4

< C’(%)Mf10 — 0(as p — +00).

The proof is now complete. O
By Proposition 3.5 in [162], there exists a sequence {u,, } C S(c) satisfying

I(un) = ¥u(e), | I'l5(0)(un) | = 0 and Q(un) — 0

as n — oo, where

2
Quy,) = a/ |V, |2de + b</ |Vun|2dw> + 3/ F(uy,)dz — 3 flup)upde.
R3 R3 R3 2 R3



We deduce that {un} is bounded in H} ,(R3).
Set ®(v):= 1 [ [v]?dz,Yv € H(R?). Then S(c) =@ ({4 }). Thus, there exists a
sequence {A,} C R such that

I Il(un) - )‘n‘I)’(un) [—0

as n — oo, which implies that
— (a + b/ |Vun]2dm> Au, — f(un) = A, +o(1)in H L (R?).
R3

(4.5)

We conclude that for all p € H}!

rad

(R?),
<a+b / |Vun|2dw) / Vu, - Vod — / Fun)pdz = An / ungpdz + o(1) || @ |-
R3 R3 R3 R3

(4.6)

We can estimate /,, as follows.

Lemma 4.7 & The sequence {\,} is bounded in R and \, = — = 62—_;’# Jgs [un|Pdz + o(1).

c2?

Proof. By relation (4.6) and since u,, € S(c), we obtain

(a + b/ ]Vun|2da:> / \Vu,|?dz — / fluy)u,de = )\n/ lu,|?dz + o(1) = A, + o(1),
R} R} R? R}

which implies

An = é [(a—}-b/Rg |Vun|2das> /R3 |V, |*dz — /Rg f(un)und:c} + o(1).

(R3), we know that {\,} is bounded in R. Moreover,

combining with Q(u,) — 0 as n — oo we see that

By the boundedness of {u,} in H

rad

[ Jrs f(un)undz — 3 [po Fuy)de — [ps fun undm] o(1)
= LZ[ Jis Fun)undz — 3 [o F(“n)dw] +o(1)
- %[% ng plual? 4 fun ) =3 f (Slunl? + § funl) | +0(1)

& g 1 fpa [unlPdz + o(1).



rad(R3)
such that u, — u in H! ;(R3) and u,, — u in L}(R3) for 2 < ¢ < 6 and u,(z) — u(z) ae.
z € R3. Since £ < p < 6, then

lim/ |un|pda::/ |ulPdz,
n—oo R3 R3

From the boundedness of {u,} in H} ,(R?), up to a subsequence, there exists u € H}

(4.7)

which completes the proof. O

Lemma 4.8 & There exists u* = p*(c) > 0 such that u # 0 for all p > p*.

Proof. Suppose that u = 0. Then taking into account relation (4.7) and Lemma 4.7 one has

lim [ps [up|Pdz = 0 and lim X, = 0. Combining with (4.6), we get that
n—oo

n—oo
2
a/ \Vu,fdm—l—b(/ \Vun]2da:> — || un ||S= o(1).
R3 R?

Up to a subsequence, we have

2
a/ |Vun|2da:+b</ |Vun|2d:z:> —1>0
R3 R3

and

I 16— 1

asn — oo.
If I =0, we deduce from the expression of I(u,) that ,(c) = 0, which is a contradiction.

Hence, [ > 0. By the definition of S, we have

fRs |Vu,|?dz

I 3

a Vu,|?dz +b Vuy,|?dz)?
Sl' Jis | | ({]R3| *dz) —>l-l
a | un H6 a

S <

as n — oo. It follows that [ > a*S*. Consequently, relation (3.17) yields

. : 2
Yu(e) =lim I(uy) = lim {%a Jos [Vun2dz + & (fgs [Vun|2dz)” — £ [os [un|Pde

n—00 p

5 Juslunl*de} > 51> fratst,

a contradiction. This completes the proof.o



Subsequently, by virtue of the concentration-compactness principle, we can obtain the following

lemma. The proof is similar to the proof of Lemma 4.1 (¢¢¢) and we omit it here.

Lemma 4.9 wu,, — u in L(R3) for p > u*.

4.3.1 Proof of Theorem 4.2

Fix p > p*. By Lemma 4.7, we may assume that A\, — A. as n — oco. Combining with Lemma
4.8 and (3.17), we deduce that

1
lim A\, = —— - lim / |un|pdw—— : / |ulPdz < 0,
c?

n—00 c2? n—00

and so A, < 0. By relation (4.6) together with A, < 0, we obtain

lim a/ |V, |2 de = a/ |Vu|?dz and lim || u, [|3=] « ||3.
R3 R3 n—o0

n—oo

Hence, u, — uwin H} ;(R3) and || u ||2= ¢. The proof is now complete. o

4.4 Asymptotic analysis in the mass supercritical case

In this section, we study the asymptotic behavior when ¢ tends to infinity and provided that
1?4 < p < 6. By Theorem 4.2, for any ¢ > 0, there exists u* = p*(c) > 0 such that as p > u*,
problem (P) has a solution (u., ) € H'(R?) x R with [p |uc|*dz = ¢* and A, > 0. By the
proof, we also know that I(u.) = 7y,(c).

4.4.1 Proof of Theorem 4.3
We start with some auxiliary properties.
Lemma 4.10 & For any u € H'(R*)\{0}, the following properties hold:
(i) there exists a unique T(u) € R such that Q(7(u) * u) = 0;
(i) I(r(u) * u) > I(T * ) for any T # 7(u).
Proof. (i) We first observe that
diTI(T xu) = ae’ [5, |Vul?dz + be' ([gs |Vu|2d:z:)2 — €% [os [u|®da
_3up2) e T [gs [ulPde = Q(T * u).

2p

It follows from Lemma 4.4 that I(7 * u) reaches the global maximum at some 7(u) € R, and so



Q(r(u) »w) = - I(r(u) ) = 0.

In the sequel, we prove that such 7(u) is unique. By contradiction, suppose that there exist
T1(u) < T2(u) such that Q(7;(u) * u) = 0, where 7 = 1,2. By straightforward computation, we
obtain

e2m (u) e 21'2 u)

a [ | ] f]R3 |Vu|2dac _ Su(pp 2) [e@ﬁ(u),%(u)_

3(p—2)

o227 (u)—dry () } Jos [ulPda + [e2n@) — 2n@)] [, [u[0da,
which is a contradiction due to the fact that 222 5 2 > 4.
(ii) This is a direct consequence of (). O
Set
2(c) = {u € S(e) : Qu) = 0}.
Then the following property holds.

. <
Lemma 4.11 d ~,(c) uel,%f)I( u).

Proof. For any u € 2(c), we have u € S(c) and Q(u) = 0. The above argument between
Lemmas 4.5 and 4.6 implies that there exist 7 (u) < 0 < 75(u) such that

71(u) *u € S(c)and 75(u) * u € S(c).
Define
g9(t) = [(1 —t)m(u) + tre(u)] *u € T, Vt € [0, 1].
Then, by Lemma 4.10 we get that

Yule) <max I(g(t)) =masx I([(1 = t)7a(u) + tra(w)] ¥ w) = I(u),

which is our conclusion. O
Lemma 4.12 J v,(c) — 0as ¢ — +oo.
Proof. Take u € S; N L®(RY) and set u, := cu € S(c) for any ¢ > 1. By virtue of Lemma 4.10

(2), there exists a unique 71(c) € R such that 71(c) x u. € Z(c). As a consequence, by Lemma
4.11 one has

2 2
0. < vu(e) < inf I(u) < I(ry(c) ¥ up) < Ee%(c)/ Vul2de + Zetetnte / Vul2ds ) .
ue9(c) 2 R3 4



To conclude the proof, it suffices to show that

lim c2e2(9) = .
c—-+00

As a matter of fact, by Q(7(c) * u.) = 0 we know that

ae?m(©)¢? ng |Vu|2dw + betm(e)cd (fRz |Vu|2dw)2

— %ﬁe@ﬁ(@ci’ Jas |ulPdz + 5718 [ |ulbda,

namely

a [gs |Vu|?dz + be? 2 ([ |Vu|2ala:)2

= P2 TR A€ 2 [ [ulPda + €™ Oct [ |ulSda

= D[220 E ¢ [, |ulPde + et [, |ul®de.

S—p

Since lim ¢7 = 400, we conclude that lim c2e?m(©) = 0. g
c——+00 c——+00

The proof of Theorem 4.3 is now a direct consequence of Lemma 4.12.

4.5 Historical comments

Consider the Kirchhoff equation
- (a—i—b/ \Vu\Zdw> Au+ Au = f(u) in R®,
R3

(4.8)

where a,b > 0 and A € R. The presence of the nonlocal term ( S |Vu|2da:) Aw causes several
technical difficulties that make the mathematical analysis of problem (4.8) particularly interesting.
At the same time, the interest of studying Kirchhoff-type equations comes from the physical
background of such problems. Usually, u denotes the displacement, f(u) is the external force, b is
the initial tension, while a is related to the intrinsic properties of the string, such as the Young
modulus.

This first model of the Kirchhoff equation is without forcing term and with Dirichlet boundary
conditions and it describes the transversal free vibrations of a clamped string in which the
dependence of the tension on the deformation cannot be neglected. This is a quasilinear partial
differential equation, namely the nonlinear part of the equation contains as many derivatives as the

linear differential operator. The Kirchhoff equation is an extension of the classical d'Alembert wave



equation for free vibrations of elastic strings. Kirchhoff's model takes into account the changes in
length of the string produced by transverse vibrations.

There are two substantially different viewpoints in terms of the frequency 4 in problem (4.8).
One is to regard the frequency 4 as a given constant. In this situation, solutions of problem (4.8) are
critical points of the corresponding action functional on the working space. The other point of view
is to regard the frequency A as an unknown quantity to the problem (4.8). In this situation, it is
natural to prescribe the value of the mass so that 4 can be interpreted as a Lagrange multiplier.

Nowadays, some physicists are very interested in the solutions satisfying

lul*dz = c¢* >0
R3

for a priori given c, since the mass admits a clear physical meaning. For example, from a physical
point of view, the mass || « |2 may represent the number of particles of each component in Bose-
Einstein condensates or the power supply in the nonlinear optics framework. In addition, such
solutions can give a better insight of the dynamical properties, like orbital stability or instability,
and can describe attractive Bose-Einstein condensates.

In order to study solutions of problem (4.8) satisfying the normalized condition [, |u|?dz = ¢?,

it suffices to consider the critical point of the functional

1 b ?
E(u) = ECL/R3 \Vu|*dz + Z(/Rs \Vu\Zd:c) - /Rs F(u)dz

on the constrained manifold

S(c) := {u c H'R®) : [ |u|?dz = CQ}.

R3

For instance, Guo, Zhang and Zou [65] studied the existence and blow-up behavior of the

normalized solutions for the equation
- (a + b/ |Vu|2dm) Au+ V(z)u = pluPu+ Iu,
RN

(4.9)

where 1 < N <4 and 2 < p < 2*. Ye [158] pointed out that 2 4 % is the L?-critical exponent for
(4.9). In Ye [157] it is the existence of normalized solutions to problem (4.9) with p = 2 + % and
V = 0. Chen, Radulescu and Tang [27] established the existence of the normalized solutions for

Kirchhoff-type equation



- <a 4 b/Rg yvu\2dm> Au— = K(2)f(u),

where f € C(R, R) satisfies general L?-supercritical or L?-subcritical condition. When 174 <p<6
, Zhang and Han [162] considered the existence of normalized solutions for problem (P) by
calculating the threshold of the mountain pass level. The approach developed in this chapter is
different and easier than their method. Alternatively, we also consider the Z2-subcritical case. We
point out that p > 4 only ensures the corresponding Lagrange multiplier is negative, see the proof

of Lemma 4.1 (4i1).

4.6 Final remarks, perspectives, and open problems

This chapter establishes a foundation for Kirchhoff equations with Sobolev critical exponent in the
framework of normalized solutions. The analysis is developed in the three-dimensional case but it
can be extended with similar arguments to higher dimensions N > 3. The novelty in the study
developed here is that it mixes the nonlocal term a + b || Vu ||2, the Sobolev critical term |u|? ~2u
, and the L? -constraint, with the exponent p in both subcritical and supercritical regimes in the L2-
sense.

The content of this chapter is based on the results established in [93]. Related properties on
normalized solutions can be found in [69], [156] (for Choquard equations) and [31], [28] (for
Schrodinger-type equations with critical exponential growth) [94] (for critical Schrdodinger
equations), and [97] (for Schrodinger-Bopp-Podolsky systems with logarithmic reaction).

Some interesting open problems associated with the analysis developed in this chapter are stated
in what follows.

The first problem proposes to refine the analysis in the case of a general nonlocal term.

Open Problem 1. The analysis carried out in this chapter is done for the nonlocal term
M(s) = a + bs. For more general M satisfying certain conditions, can one still get normalized
solutions with Sobolev critical exponent? What conditions on M ensure that the mountain pass

energy is below the critical threshold for compactness?

If N = 2, then the Sobolev critical exponent 2" is +oco. In this case, one can study Trudinger—
Moser critical growth with Kirchhoff term and L2-norm constraint. The next open problem

highlights the case of low dimensions.

Open Problem 2. Study problem (P) if N = 2.



The following perspective generated by the problem studied in this chapter is concerned with

orbital stability/instability of the normalized ground state.

Open Problem 3. In mass supercritical case with L?-constraint, the ground state energy is
often negative and mountain-pass type. In this case, the Kirchhoff term complicates the virial
identity for stability analysis. It seems that the stability of normalized solutions for Kirchhoff

equations with critical exponent problems is largely open.
We now propose an open problem in the nonlocal defocusing case for the Kirchhoff equation.

Open Problem 4. Physically, b > 0 is relevant in the expression of the nonlocal term M.
Mathematically, if b < 0, the geometry changes drastically. Establish whether normalized

solutions can exist only for small positive values of c.

The following research direction bridges Kirchhoff equations, critical exponent, and potential
theory.

Open Problem 5. Study the following non-autonomous Kirchhoff equation under various
hypotheses on the potential V(x):

— (a+b [ps [Vul|’dz) Au+ Au = plulP *u+ V(z)|u/'uv inR3,
u >0, [ |ul?de =, in R3.

4.7 Glossary

Concentration-Compactness Principle: It is a fundamental tool in the calculus of variations and
nonlinear PDEs, particularly for problems where compactness is lost due to invariance under
non-compact symmetry groups (such as, translations, dilations). This principle systematically
analyzes how sequences of functions can fail to be precompact in Sobolev embeddings and

describes the possible defects of compactness.

Gagliardo—Nirenberg Inequality: This is a basic interpolation inequality in Sobolev spaces that
controls intermediate derivatives by interpolating between lower-order and higher-order
derivatives. In essence, it says that the Z”-norm of some derivative of u can be controlled by
part of a higher derivative and part of the function itself.



Virial Identity: This is essentially the Pohozaev identity, which is a crucial integral identity
derived by testing the equation with x - Vu. This identity, combined with the equation itself,
imposes a relation between the norm of a solution and its energy level, which is particularly

restrictive in the critical case.

Nonlocal Defocusing Case: It corresponds to b < 0 in the nonlocal term. Mathematically, this
means that the effective diffusion coefficient M decreases as the gradient norm increases. This

can lead to loss of ellipticity if M becomes negative, causing ill-posedness.
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Kirchhoff equations with double-behavior reaction

DOI: 10.1201/9781003797159-5

This chapter highlights the challenges of a Kirchhoff problem with mixed nonlinearities in the context of the
existence of solutions with prescribed mass. This is a natural constraint in problems stemming from physics,
such as standing waves in quantum mechanics. The analysis developed in this chapter bridges techniques from
the well-studied theory of normalized solutions for semilinear equations to the more complex nonlocal Kirchhoff
case, establishing optimal existence results for a broad and generic class of nonlinearities with a specific double
growth behavior.

In this chapter, we investigate the existence of normalized solutions to the following Kirchhoff equation with

double-behavior reaction

— (a+b [z |[Vu|? dz) Au + Au = f(u) inR?,
fRz ‘u|2 dr = 027

(A u) € R x HY(R?),

where a,b,c > 0, and the parameter A € R is the frequency (or chemical potential). The reaction term fis a
nonlinearity whose growth is superlinear but subcritical.

The difficulty generated by the nonlocal term (fg; [Vu|? dz)Au prevents the direct application of standard
variational methods for normalized solutions. The double-behavior growth refers to our focus on nonlinearities
f(u) that behave like:

(i) L? -subcritical at the origin and L?-critical at infinity;

(ii) L?-critical at the origin and L?-supercritical at infinity.

These hypotheses create a double-energy behavior: the associated energy functional is unbounded from below on
the mass constraint, but exhibits a local minima geometry for certain mass levels.

The analysis is developed on the natural constraint set defined by the Pohozaev identity associated with the
problem. This is a key technical tool to handle the nonlocality and the Lagrange multiplier. A major technical
hurdle is overcoming potential lack of compactness due to the unboundedness of the domain (entire Euclidean
space). This is achieved by using a strict subadditivity inequality for the energy, which is verified by the generic
class of nonlinearities used in this study.

A feature of the analysis developed in this chapter is that it bridges the variational methods for normalized
solutions (developed by Jeanjean, Bartsch, Soave, etc.) with the specific analysis required for Kirchhoff-type
nonlocal operators. Why this case is fundamental? Because, in comparison with the semilinear case (b = 0), this

problem addresses the following challenges:

(1) scaling arguments failure: standard scalings used for semilinear problems do not work in a proper way;
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(ii) interaction with mass constraint: the nonlocality interacts with the L2-constraint in a subtle way, making
it difficult to apply established theories for normalized solutions (such as the Cazenave-Lions method or

the Jeanjean mountain pass approach) without significant new ideas;

(iii) lack of compactness: the problem inherits the usual lack of compactness from working in the entire space
and gains additional complications from the nonlocal term when analyzing minimizing sequences.

The basic abstract tools in this study are the following:

(a) the Pohozaev manifold constraint, in order to “tame” the nonlocal term;

(b) fibering map analysis to handle the mass constraint;

(c) strict subadditivity, which is the primary tool to prevent splitting of sequences and ensure compactness;

(d) critical point theory on manifolds,

all adapted to the intricate nonlocal structure of the Kirchhoff problem.

5.1 Statement of the problem

This chapter is concerned with solutions of the following Kirchhoff equation

—(a+b [ |[Vu|?* dz) Au+ du = f(u) inR3
Jgs u]? dz = 2,

(\u) € R x HL(R?),
(5.1)

where a,b,c > 0, the nonlinearity f(u) corresponds to the L?-subcritical, L?-critical, L?-supercritical, and
Sobolev critical cases, which is more general than the sum of two powers.
A related problem was studied by Ye [158] who considered the Kirchhoff equation

- <a +b [ |Vu? dm) Au = u+ |uP*u inR?
R3

(5.2)
where p € (2,6). Ye showed that for any given ¢ > 0, we have
a(c) € (—o0,0], if pe(2,p);
O'(C) = — 00, if pe (ﬁa 6)7
(5.3)
where
_ 14 ) 1/m3 2 2
p=—, o(c):= inf E(u), S.:=3uecH (R°): lul dz = ¢* ¢,
3 u€eS, R3



(5.4)

b 21
E(u) ::% R3|Vu|2dm+z</Rs|Vu|2dm) _Z/Rf“ |u|? dz.

For the L?-subcritical case, that is, if p € (2,p), Ye obtained the sharp existence of global constraint
minimizers for (5.2) by solving the minimization problem (5.4) If p € (5, D), Ye also found a local minimizer
. . o e . . o . ~ 10
which is a critical point of E|s, by constructing a geometry of local minima for £, where  := 5-.
For the L2-supercritical case when p € (p, 6), since the minimization problem (3.4) is not available due to

(5.3), in order to look for a critical point of E|g_, Ye [158] took the minimum on a suitable submanifold

M= {u €8c:J(u) = %E (u) |1 = 0}

and showed that .., is a natural constraint of E|g, . This is done by using the Lagrange multiplier method, where
ul(z) :=t7u(te), Vt>0,uc H'(R3),

andu! € S, forallt > 0ifu € S,.

For the L?-critical case, that is, if p = p, Ye [157] proved that equation (5.2) has a solution (u., A.) which
satisfies ( fR3 |2 dw)% =c¢ > c* for some ¢* > 0. In another paper, Ye [159] analyzed the concentration
behavior of normalized solutions. We also refer to Qi and Zou [132] who obtained the exact number and
expressions of the positive normalized solutions for the nonlinear Kirchhoff equation (5.2). More generally, when
|u[P~2u is replaced by K (z)f(u), the existence and multiplicity of normalized solutions were studied by Chen,
Rédulescu and Tang [27].

Li, Luo and Tang [92] were concerned with the existence and asymptotic behavior of Kirchhoff equation
- (a + b/ |Vul|? dm) Au = u+ [uP2u+ alu|T %  inR?
R3

under the normalized constant fR3 u?dx = c?, where a,b,c > 0,2 < g<p<p<borp<qg<p<6,a>0,
and A € R appears as a Lagrange multiplier. They applied the methods introduced in Soave [140] to obtain the
following results:

In Table 5.1, we explain some notations:

a by 2-pp b D9—Pp q 4—pp
* 2\ 45 ) + () (%Tq) e PEpyg
a* = ;
cp(177p)+ q(l—zgl)z(:mp) CP(1*7p)+ q(lfzgl(:l;pwp) (gpp )
_ 4-prp
o e p(qy, —4)b } { q(4 —pyp)b ] o 1 )
X e — —
L 4(avg — PYp) 5 1 L 4(avg — p1p) 67 P+ i)



" 2(5)T { 12p (aJVA-+-b572A2)]Ig¥ 1
(6 =
(6 —py)6y L4—p1 \ 3 12 (1)

)

09—PIp

& = ( 8(4 — pp) > w B ( 8(4 — ) > na
P\ ave(ave — 2)(avg — pp) @vo(@ve — 2)(avg — Pp) ’
Vul?d 2 2 pd
Si= inf M,A:z b7 +\/a=7+by ’
weD B0} ( [y |ul6 da)s 2 4

1
(fgs [u]? dz) ™
Cp= sup o =

weH RN} (fos [Vu|? da) = ([gs u? dz) ™

TABLE 5.1
Classification of solutions for a Kirchhoff equation with power-type double-behavior
reaction <1
D q a Classifications of solutions
2<p<pP,p<qg<6b 0 < @ <min {a,,a*} A local minimizer
2<p<p,qg=6 0 < @ <min {a,,a*, a™ A local minimizer
p<p<qg<6b a>0 A mountain pass solution
p<p<b6,gq=6 a>0 A mountain pass solution

In what follows, we extend these results to a general framework. More precisely, we address the existence of

normalized solutions for Kirchhoff equations in the following cases in this paper:

(i) fis L?-subcritical at the origin and L?-critical at infinity;

(ii) fis L?-critical at the origin and L2-supercritical at infinity.

The aim in this chapter is to provide a general class of nonlinearities and find the relationship between the

solutions of problem (5.1) and of the following equation

—(a+b [3 [Vu|* dz) Au+ du = f(u) inR?
Jgs u|? dx < 2,
(\u) € R x HY(R?).

(5.5)

In addition, we introduce the set

D, := {v c H'(R?) : / v dz < 02}.
R3

The idea of working with D, was introduced by Bieganowski and Mederski [11] in the context of
nonlinearities with L?-critical or L2-supercritical growth at the origin and L?-supercritical and Sobolev-subcritical
at infinity. The first advantage is that the weak limit of a sequence in the L>-ball D, still belongs to D,., while this
is not the case with the L2-sphere S, because the embedding H!(R?) — L2(R?) is not compact, not even

studying radially symmetric functions. This makes it easier to obtain a minimizer of / over suitable subsets and



gives additional information to use when we verify it belongs to S... The second advantage of working with D, is
that the Lagrange multipliers coming from this constraint are nonnegative because they are associated with a
minimizer. This property is helpful when one has no other way to obtain information about the Lagrange
multipliers.

Under standard assumptions about f(u), Bieganowski and Mederski [11] proved that the solutions of (5.1)
(resp., (5.5)) are the critical points of the energy functional

b 2
I:ueHl(R3)l—>2/ |Vu|2da:+—</ |Vu|2da:> —/ F(u)dz € R
2 R3 4 R3 R3

restricted to the C! manifold S, (resp., D,) with the Lagrange multiplier A € R, that is, they are critical points of

the functional
1/m3 A 2
uEH(R)HI(u)—FE lul”dz € R
R3

for some A € R, where F(t) = fot f(s)ds. Moreover, every critical point of the above functional belongs to
Wz’cq(]R3) for all ¢ < oo and it satisfies both the following Pohozaev equality

lo
2
a Vu|2d9:+b</ |Vu|2dw> =6/ F(u)dm—S)\/ |u|? dz
R R? R? R?

and the Nehari identity
(I'(u),u) + )\/ |u|? dz = 0.
R3

By a linear combination of the two equalities above, every solution satisfies

2
3
P(u) ::a/ |Vu|2da:+b(/ |Vu|2dm> — = | H(u)dz=0,
- - 2

R3

where H(u) := (f(u),u) — 2F(u) ((-, ) is the scalar product in R).

The above arguments show that it is natural to introduce the constraint
P(u) :={u e H'(R*)\{0} : P(u) =0},

which contains all the nontrivial solutions to (5.1) or (5.5) and does not depend on A.

Observe that every nontrivial solution of (5.5) belongs to & N D and every nontrivial solution of problem
(58.1) belongsto N S. C N D..

Define

m(c):= iDncf I

Definition 5.1 By a ground state solution of problem (5.5) we mean a nontrivial solution which minimizes

the energy I among all the nontrivial solutions.

In particular, if (X, u) solves (5.5) and I(u) =infznp, I, then (A, w) is a ground state solution.



Definition 5.2 By a ground state solution of problem (5.1) we mean that (A, u) solves (5.1) and
I(u) =infgnp, I.

For the case (i), we assume the following hypotheses.

(Ag) F € CY(R) and there exists C > 0 such that |f(t)| = |VF(¢)| < C(|t| + |¢|®) for every t € R.
(Al) Noo:= lim|tH+oo %? < +00.
(AQ) lithO % =0.

(Ag) o= lim; .o % > 0.
We also need hypotheses about the radii ¢, namely
%nwcﬁ(lfﬁ)Cg <1,

(5.6)

esleo

N 1 1( ¢ \
"70 ma'x _’_ YT b
2°2\ w3

(5.7)

where @ is the unique positive radial solution of (5.19). In particular, if o, = 0 (resp., o = 00), then relation
(5.6) (resp., (5.7)) is automatically satisfied. In addition, for ¢, R > 0, we set

Df = {uGDC:H Vu ||2< R} and mf:=inf I.
DR

For the case (ii), we assume that there exists k € [0, +00) such that F is of the form
— K 6
Flu) = F(u) + £lul

for some F:R — R. We set f = VF, H(u) = (f(u),u) — 2F(u), h = VH, h:=VH, and consider the
following assumptions:

(Bg) f and h are continuous and there exists C' > 0 such that |h| < C(|u| + |u|®).

(B1) n:=lim sup I\Tt(lf’) < +o00.
t—0

EO) _ 4 o;if k€ (0, 4+00), then lim inf Z& > 0.

(B2) Ifk =0, then limy ‘tﬁﬁ im inf 5

(Bs) limyy 100 o =0.
) < (h(u), u).

H (u
F< H<AJ4F.

—~
os}
ot
SN—
:.o|oo



We also need hypotheses about the radii ¢, namely
8 P (1)
5 nCﬁc 7)< 1.
(5.8)

In what follows, if fi, fo : R — R, then we write f; < fy if and only if f; < fy and for every € > 0 there
exists t € R, [¢| < e such that f1(t) < fa(?).

Remark 5.1 We observe that lim;_.« EIORS! if condition (Bs) holds. Moreover, if F, H satisfy (B1) —(Bs),
then F, H > 0. If (By) and (Bs) hold, then I and P are of class C*.

F(t
[¢]?

The main results of this chapter are the following.

Theorem 5.1 & Assume that conditions (Ag), (A2), (43) hold and

9 a \*
c’ < 2<_6K0> ,
(5.9

where K is defined in (5.12). If ¢, — ¢, R,, — Ry (where Ry > 0 is defined in Lemma 5.1), and u,, € Dfn"
are such that I(u,) — mfl, then there existu € S, N Dfl and Ay, > 0 such that u, — u up to translations
and up to subsequences, I(u) = mf < 0, u has a constant sign, is nowhere zero, and (A, w) is a solution of
problem (5.1).

Remark 5.2 [n view of Theorem 5.1, we give the existence of local minimizers in the case that the nonlinearity

is L%-subcritical at the origin. In this case, we do not distinguish between nonlinear terms that have L*-
subcritical, L*-critical, or L*-supcritical growth at infinity. In fact, one of the purposes of this chapter is to

understand what reasonably minimal hypotheses we need both for the various steps and for the main results.

The following result establishes the existence of global minimizers with negative if the nonlinearity fis L*-

subcritical at the origin and L?-critical at infinity.

Theorem 5.2 & Assume that conditions (Ag) —(As), (5.6) and (5.7) hold. Then there exists a solution
(A, u) € (0,00) x S; of problem (5.1) such that 0 > I(u) =infp_I =infg I. Furthermore, if f is locally
Lipschitz continuous or F is even, then every minimizer of I|p_ has a constant sign and, up to a translation,

is radial and radially monotone.

Theorem 5.3 < Assume that (Bgy) —(Bs5) and (5.8) hold and




infpp, I < %% (bn—%yi” + /et 4 4ay3>

5 1 1 2
+52 (bn‘?&”?’ + \/(bﬂ‘?&”)? + 4a§”3) )

(5.10)

if k € (0,00).

(i) Then there exists u € & N D, such that I(u) =infenp, I . In addition, u is a radial, nonnegative,
and radially nonincreasing function of class C*, provided that F is of the form

F(u) = F(u) + Blul,
(5.11)

where ' : R +— [0,00) is even, p < ¢ < 6 and 8> 0.

(ii) If, moreover, (B4, =) holds, then there exist A € (0,00) and w € P NS, such that (\,u) is a
ground state solution of problem (5.1).

Remark 5.3 [n view of Theorem 5.3(ii), we observe that the obtained ground state u of equation (5.5) belongs to

0D, = S.. This means that u is a ground state solution of equation (5.1), too.

In what follows, for 1 < p < oo, the norm in LP(R?) is denoted by || - ||, for simplicity. We assume that the
Hilbert space H*(R?) is endowed with the standard norm || u ||>= [, (|Vu|? + u?)dz.

5.2 Reaction L2-subcritical at the origin and L2-critical at infinity

In this section, we discuss the existence of solutions to problem (5.1) in the case that the nonlinearity fis L?-
subcritical at the origin. Let us start with the proof of the existence of negative-energy solutions by giving a
proper estimate below of the energy functional 7 on D,. In view of (Ay), we see that if F'(§) > 0 for some £ > 0
(which occurs if condition (A3) holds), then

F(t)

Ky= sup ———= >0
04ter t2 +t6

(5.12)

is well defined. Here, we point out that whenever we mention K, we implicitly assume that F' > 0 somewhere
and Ky < 4o00. So from (5.12) and the definition of ., for u € D,

a b
I(u) =25 [ Vu [& +o IV I3 —Ko(l w3 + [l w [1§)
a b _
> 2 Vg || Vu Ko~ Ko | Vu |}
a _
> 5 [I'Vu I3 —Koc® — Ko’ % || Vu [|5,



(5.13)

which implies that | p, is bounded below on bounded subsets in H1(RR?).
Define the mapping g : (0, +00) x (0, +00) — R by

a
gle,t) == 3~ Koc*t ™2 — Ko7 31

It follows that
I(u) > g(c, || Vu ||2) | Vu |3 forallu € D..
(5.14)

Lemma 5.1 & The following properties hold:

(i) For every ¢ > 0, the function t — g(c, t)t? has a unique critical point, which is a global maximizer.

(ii) If (5.9) holds, then there exist 0 < Ry < Ry such that g(c,R;) = g(c, R2) =0, g(c,t) > 0 for
t € (R1,Ry), and g(c,t) < 0fort € (0, Ry) U (Rz, +00).

(iii) If t > 0 and c; > co > 0, then for every s € |t<2,t| , we have g(cs, s) > g(c1,t).
c1

(iv) If ¢ satisfies (5.9), then there exists € > 0 such that (5.13) is verified by every ¢ € (c — €,c + €) and
the functions ¢’ € (c — €,c+ €) — R;(c') € (04 00), © € {1,2} with R; defined in (ii) , are invertible
and of class C'.

Proof. Tt follows from the geometry of g(c, t) and straightforward computation that (i) and (ii) hold true. We also
remark that g(ca,t) > g(c1,t) forall ¢ > 0. Furthermore,

ca K, e\
—t) — t) = — |1 — | — t*>0.
g (627 ) ) g(cl7 ) y?) l (01 ) ] = 0

Then by (i) and the regularity of g(cs, -), property (iii) holds true. Finally, by the regularity of g, dg(c, R1) > 0,
0:9(c, R2) < 0 and the implicit function theorem, we obtain that (iv) holds true. o

We remark that if u € H'(R?)\{0} and s > 0, then s * u := s%u(s) satisfies
[sxule=lulz and [[V(s*u)2=s| Vul.
The following property establishes that the infimum of / on Df is negative.
Lemma 5.2 &) Assume that (Aq) and (As) hold. Then m® € (—o0,0) for every ¢, R > 0.

Proof. We first observe that the estimate given in (5.13) implies mf > —oo. Next, for all
u € D.NL*(R3)\{0} and s > 0,

b 1
I(s*xu) = 52 (% | Vu ||§ +S2Z | Vu ||§ - F(s%u)dx).
(s1)7 Jus

From (A3), we have F(s2u) > 0 a.e. in supp u for sufficiently small s > 0. So, using Fatou's lemma and (A )

again, we observe that



3
F(s?u)dx = +o0.

lim T

s—07" ( sg)p R3

This means that I(s % u) < 0 for sufficiently small s > 0. Since s*u € Df for small s > 0, we deduce that
mE € (—o0,0) for every ¢, R > 0. O

Next, we claim that mfl cannot be achieved on 6Dfl. Indeed, it follows from Lemma 5.1(ii) and Lemma 5.2

that there exists € > 0 such that for any s € [R; — €, Ry],

mi
0> g(e,s) > —=.
fg(,)sz%

Then combining (5.14) and Lemma 5.2, we have for any u € D,, it holds that Ry — € <|| Vu [|2< R; and

Ry
m.

2R?

I(u) > g(c, || Vu|l2) | Vu[3> R > mt.

We now establish a very useful subadditivity property of m%1.

Lemma 5.3 J Assume that conditions (Ay), (As) and (5.9) hold. Then for every ¢ € (0, c) there holds

R Ry Ry
mf < mfmf
R

Nar is achieved.
c"—cC

Furthermore, the above inequality is strict if at least one between m® and m

Proof. We first show that for any o € [1, £],

(5.15)

and the inequality is strict if mfl is achieved and o > 1. By relation (5.14), Lemma 5.2 and the definition of

mf, one has that for every e > 0 small enough, there exists u € D1 such that
9@ || Vull2) | Vu [3< I(u) < m® + e <0.
(5.16)

On the other hand, if || Vu ||2> Ry - £, then combining Lemma 5.1(iii) with ¢; =c¢,ca =¢, t = R; and

c
s =|| Vu ||2, we infer that

9(& | Vu l[2) = g(e, R1) = 0.

=

&=L
This contradicts relation (5.16). Hence w € D © .
Define v(+) :=u (T) € ng and

3

a

b

(o g

mf < I(v) = o2 ( a | Vu ||% + | Vu H% —/ F(u)dm) < 02I(u) < JZ(mfl +e),
2 R3

2
3

which implies (5.15) by the arbitrariness of .



Now, if m?l is achieved and o > 1, we can take u € D?l as the minimizer and similar to the above argument,

we have

mi < g% I(u) = e®m2".

(5.17)
When &% > ¢? — 2, we get

2 2 _ &2
W g R, C—C R (?le LB
52 c — c Ver—g®

Here, the inequality (1) (resp., (2)) is strict if m?l (resp., mﬁlczj) is achieved. Similarly, when & < ¢ — &2,

we get
2 =2
2 S ——, —mP ks (i) mh__ 4+ m
— C2 _ 62 Ve—e2 Ve—e2 C2 _ 62 ver—g — Ve—a2 c °

2 2

Here, the inequality (3) (resp., (4)) is strict if milczj (resp., mfl) is achieved. In particular, if &2 = ¢* — ¢

(that is, v/2¢ = ¢), by relation (5.15), it holds that m%@ = 2m!", while the inequality being strict if m2" is
achieved follows from (5.17). Thus, the proof of Lemma 5.3 is completed. o
The following property gives the relative compactness in L?(IR?) of minimizing sequences.

Lemma 5.4 <& Assume that (Ag), (As), (A3) and (5.9) hold. If ¢, — ¢, R, — Ry and {u,} C H'(R?)
satisfies u, € DEn for every n € N, I(un,) — m&, then there exist {y,} C R® and @ € D \{0} such that
| V@ ||2< Ry and un(- + yn) — @ in LP(R3) for any p € [2,6).

Proof. We observe that since {u,,} is bounded in H!(R3), in view of the interpolation inequality and the Sobolev

embedding, it is enough to verify the statement for p = 2. Hence suppose by contradiction that

lim sup / |u,|? dz = 0.
B(y,1)

nﬁ+ooy6R3

Then by Lemma I.1 in Lions [100], we know that for any g € (2,6), lim,,_, || uy ||q= 0.
Now, we fix ¢ € (2,6) and € > 0. By (C;) and (5.12), there exists C = C(q, €, K) such that for every ¢t € R,

F(t) < et? + CJt|? + Kt°.

Since g(¢, R1) = 0 for € < 1, by Lemma 5.2, it holds that

. . a b
0 > mf = i T(w) > timsup (5 1 Vun I3 +5 1 Vun I ¢l un 13 ~C | ua g Ko | Ux 1)

a KoR}
e 03 L ) lim sup || Vu, H% +lim sup || Vu, szl —ec?
2 S n—+oo n—+00

Koc® s b 4 2 2
> hnn%ligop | Vun, |5 —i—ZhnHiEip | Vuy, |5 —ec® > —ec?,
1

which is a contradiction. Thus, there exists {y,} C R? such that



lim sup/ (- + yn)|* dz > 0.
B(0,1)

n——+0o

This means that there exists @ € D.\{0} with || V& ||2< R; such that v,(z) := un(x + y,) — @(z). So,up to a
subsequence, we have v,, — 0 in H!(R3) and v,(z) — 0 fora.e. z € R3.
Denote ay:= || @ ||2 and assume by contradiction that aig:= lim,,_, || v, ||2> 0 along a subsequence. In

view of (Cg) and the Young's inequality, for every § > 0, there exists Cs > 0 such that for all ¢, s € R,

1 1
|F(t+s)— F(t)] < / |f(t + 75)]||s]dr < C/ (|t + 78| + [t + 7s°) |s|dr
0 0
< C (It + [s]+ L + [sI°) Is] < 8(£% +t°) + Cs(s* + 5°).
Then using the Brezis-Lieb lemma in [14] and the weak convergence in H!(R?), we obtain that

Jim (w3 = 1o 13) =1 @ I3,

lim (|| Vun |3 = || Vou [I3) =[l V@ [I3

n—-+0o0o
and

lim (I(un) — J(vn)) = J(@),

n—-+o0o

where
a bA
Iw)i= 2 Vulf +22 | val I - [ Flu)ds,
R3

and A:= lim,, || Vu, ||3. In particular, we have a3 < c? — af and || Vv, ||< Ry forn > 1.
Next, we define for every n,

{'Un if || Un H2S a2,
Dy 1=

i i [ on [l2> ao.

Then %, € DE1. Using (A(), we obtain by straightforward computation that

Jim (7o) = (@) = 0.
Thus, by Lemma 5.3 and the fact that I(¢), J(t) are continuous, we conclude that m%* is nonincreasing in c. So,
up to a subsequence,

mf = lim I(u,) = J(@)+ lim J(@,) > I(@)+ Jlim I(5,) > mf + mf

n—-+0o n—+00
Ry

>m
- 2 2
,/a1+a2

This means that mgll is achieved at @ and using Lemma 5.8 again, we obtain

> mb

Ry

maR1 +mf > m .
1 Qaz 24 o2
ajta;




This is impossible. So, the proof of Lemma 5.4 is completed. o

5.2.1 Proof of Theorem 5.1: existence and asymptotics

Suppose that {c,} C (0,+00), {R,} C (0,+00), and {u,} C H}(R?) satisfies u, € Dfn" for every n € N,
I(uy,) — m%f1. Then in view of Lemma 5.4, there exists @ € D,\{0} with || V& ||o< R; such that replacing
Un (- + yn) with u,, we can assume that, up to a subsequence, u, — @ in Hl(R3) and u, — @ and a.e. in R3.
Moreover, I(@) > mf,

Let v,, := u,, — @. By weak convergence, we have

lim (|| Vun |13 = || Voa [I2) =l V@ 13> 0,

n—-+00
which implies that || Vv, ||[< R; for n > 1. Furthermore, by Theorem 2 of Brezis and Lieb [14], we have

mf = lim I(u,) > lim J(v,) + J(@) > lim I(v,) +m&.

n——+o00 T n—+oo T n—+oo

Combining g(c, Ry1) = 0, relation (5.12) and lim,,_, 1 || v ||2= 0, we obtain
0 > lim I(v,) > lim |5 || Vou |3 =Kol v I + Il v [19)]
“n—+oo “n—too |2

KR! ?
> (2 _ 0 1> lim || Vo, H%: KLC lim || Vv, ”32 0.

n—-+00 R? n—+00

This means that lim,, , || Vv, ||2= 0, that is, u, — @ in H*(R®). Then it follows from Lemma 5.2 that
I(@) =lim, 400 I(un) = mf < 0and || Vi ||2< Ri. So, there exists Az € R such that

- <a+b/ Vd2dm)Aﬂ+/\ﬂﬂ: f(@) inR>.
R3

In particular, if Az < 0, then by the Pohozaev identity, we have

2
a/ |Vﬂ|2dm+b</ |Vﬂ|2dm> :6/ F(a)da:—3/\a/ a2 dz 26/ F(@)ds,
R3 R3 R3 R3 R3

which yields that

b 2
0> I(d@) > %/ |va|2dx+§(/ |Vﬂ|2dx> .
R3 R3

This is a contradiction. Thus, A; > 0. We also have 4 € S..
We now claim that @ has a constant sign. Denote @.:= max {+@,0} and c.:=| @y ||2. Then

+iy € DB DRI || @g |2 - || @— |[2> 0, then in virtue of Lemma 5.3 and ¢? = ¢ + ¢2,
mP = I(@) > I(ay) + I(—a_) > mfj +mlf > mh,

Thus, mi1 is achieved at @, and mf is achieved at —@_. Then using Lemma 5.3 again, we obtain

mﬁl +mf > m® This is impossible and the claim is true. In addition, since



— <a+b . \Va|? dw)AfH— ()\,ﬁ- max {—@o})u —max {@o}u

by the maximum principle in Gilbarg and Trudinger [63], it holds that @ does not vanish. The proof of Theorem

5.1 is now complete. O

5.2.2 Global minimizers with negative energy
This section is devoted to the proof of Theorem 5.2. We start with some auxiliary properties.

Lemma 5.5 & Assume that conditions (Ag) —(As) and (5.6) hold. Then I|p, is coercive and bounded from

below.

Proof. By (A1) and (Ay), for every € > 0 there exists C, > 0 such that for any u € H(R?),
F(u) < Ceu® + (€ + 7o) [ul”.

Combining Lemma B.1 and (5.6), we obtain that for every u € D,

a b -
1) > 5 | Vuld g | Vuld~Cellwlf+etnw) | ull

Y

b _ _

7 1Vl =Cec® = (e + o)™ 7O || Vu |3
b _ ,

= <Z — (e +7700)cp(1”’1’)6’]’;> | Vu ||3 —Cec?.

We conclude that Lemma 5.5 holds true for sufficiently small €. o
We now recall that for w € H!(R3)\{0} and s > 0, we define s * u(x) := sTu(sz). In particular, we know

that || w [|l2=] s *w 3.

Lemma 5.6 < Assume that conditions (Ay), (As) and (5.7) hold. Then infp, I < 0.

Proof. Given u € L®(R3) N D./\{0}, we have

—~
V)
e
S
N—r

2
as b F
I(s*u):T | Vu ||§ 45t (Z | Vu H%_/]R?'

In view of (As), it holds that F(s*w) > 0 and

b F(s?
I(sxu) < s* |5 || Vullf +5 |\Vu||§—/ Flotu) 4
R3

()

bl

for sufficiently small € > 0. Hence if o, = 400, then

[ F(stu)
lim

—0* 3
)

dxr = +oo.

Sl

If ny < 400, then



F(s%u)

(s%)ﬁ

. a b a b 5
limsup [ = || Vu |3+ || Vu [|3 — de | < = || Vu |3+ | Vu I3 —no | w |2
2 4 RS 2 4 p

s—0*

So the statement holds true if u € D, and
a 2, b 4 P
a3+ vu <l u
(5.18)
By [91], let w € H(R®) N L*°(R?) be the unique positive radial solution of the problem
- (a +b . |V dx) Av+v=|v"?v inR>

(5.19)

If we fix u(z) := w (%) for some ¢ > 0, then it follows from (5.7) that w € D, and relation (5.18) holds true if

1

1 c? *
< t <min — | 1
v/ 21 [ wll3

(5.20)

This completes the proof of Lemma 5.6. 0

Lemma 5.7 I Let dq,dy > 0 and suppose that (Ag) —(Az) hold. Then

(i) m(y/d2 + dB) < m(dy) + m(ds):

(ii) if m(dy) or m(ds) are attained at a nontrivial function, then

m<¢ﬁ+@><mwg+mwﬁ

Proof. (i) Fix €>0. Then there exist ug, € Dg, NCE(R?) and wug, € Dg, N C°(R3) such that
I(ug,) < m(di) + € and I(ug,) < m(ds)+ e. Moreover, we assume that the supports of w4, and wug, are
disjoint. Hence

I(udl +ud2) < I(U’dl) + I(udz)
and
2 2 2_ 42 2
| wa, + ua, I3=| wa, 15 + [ wa, [5<5 dy +dj.

This implies that

m (\/d% + d%) < I(ug, + ugy) < m(dy) +m(da) + 2e.



(ii) Without loss of generality, we assume that m(ug,) is achieved. Then we let u € Dy, \{0} such that
I(u) = m(d,). On the other hand, we let e > 0 and v € Dy, such that
2

1) < mld) + — 2 e < m(dy) + 2
m 76 m —E€.
YT Ry P

Then for every s > 1, we obtain

Vo3 +

_/]RB F(v)dm] < sl(v)

m(sda) < T(0(/5%) = s | 22
2

d2
<s m(d2)+d+d2€ <s (d2)+d—16
(5.21)
If d; > ds, then it follows from (5.21) that
dy di d  d; di
m(dy) =m (d—dQ) d_g m(dz) + d_% + d—?e = d—%m(dg) +¢,
while if d; < da, then it follows from (5.21) that
d? +d3 d? +d3 d2 d? +d3
m \/d2+d2>=m ! 2dy | < 2L 2 | m(dy) + 2_e|l =22 2 m(dsy) + .
( 1 2 d; 2 = d% ( 2) d% n dg d% ( 2)
Thus by the arbitrariness of ¢, we see that
d2
m(dl) S d—;m(dg) lf d1 2 d2,
2
<\/d2+d2) < di+dy (do) ifdy <d
m m i .
1 2] = dg 2 1 2
(5.22)

Furthermore, arguing as in (5.21), we find that m(+/sd;) < sm(d;) for every s > 1. Then in view of (5.22), if
dl Z d2, then

If d; < ds, then

d3 4 dj d?
m <\/d21’ - dg) < 1d2 2m(dy) = d—;m(dQ) + m(dy) < m(dy) + m(dy).
2 2

This completes the proof of Lemma 5.7(ii). O



Lemma 5.8 < Assume that conditions (Ag) —(As3), (5.6) and (5.7) hold. Then every minimizing sequence for
I|p, is relatively compact in LP(R3), up to translations, for all 2 < p < 6.

Proof. Suppose that {u,} C D, satisfies lim,_, I(u,) = m(c) =infp, I. Then by Lemma 5.5, the sequence

{u,} is bounded. Moreover, if

lim max / ul de =0,
n—+00 ycR3 B(y,1)

then by Lemma I.1 in [100], we obtain that u, — 0 in L?(R®), whence [p: F(u,)dz — 0 from (A;) and (A»).

In addition, up to subsequence, u, — 0 in H*(R3) and u,, — 0 a.e. in R3. Therefore, hIB Jrian (uy) > 0, which
contradicts Lemma 5.6. Thus, there exist u € D\{0} and y,, € R such that, up to a subsequence,

Vp = Un(- —yn) —u— 0 in H'(R®)
and v, — 0 a.e. in R3. From Theorem 1 of Brezis and Lieb [14], we get

lim [J(u,) — J(vn)] = J(uw),

n—-+0o0o
where

a bK
Iwi= 3 Vu g+ 25 |Vl - [ Fude
R3

and K:= lim,, ;0| Vu, ||3. If

lim max / v2dz =0,
B(y1)

n—-+00 y6R3

then using Lemma I.1 in [100] again, the statement holds true. If not, as before, there exist v € H'(R3)\{0} and

2, € R3 such that, up to a subsequence, w,, — 0 a.e. in R3,

Wy, 1= vn(-—zn)fvéo inHl(R?’),

Jim [T(wa) = J(wn)] = J(v), and - lim ] (5 = [ wa 5] =l llz + 1] o 13
Then
lim inf || wn |13 = || w [l — || v 3= lim inf || w, [3=: d* > 0.
Ifd > 0, we let @, := 5w, € Sg. 1t follows that

lim [J(w,) — J(@,)] = 0.

n—+o0o
Using now Lemma 5.7(i), we obtain

m(c) = lim I(u,)> J(u)+ J(v)+ ngglm J(wy) = J(u) + J(v)+ ngrfoo J(wy,)

n——+00

> m(c1) + m(c2) + m(d) >m (\/c% +c2+ d2) > m(c),



where ¢1:= || u ||2 and co:= || v ||2. This implies that the above inequalities are in fact equalities. In particular,
since m(c1) and m(c2) are achieved, by Lemma 5.7(ii), we know that

m(c) > m(c1) +m(cz) + m(d) > m (\/c? + 3+ d2> > m(c).

This is impossible.
If d=0, then w, -0 in L*(R®) and by (A;) and (Asz), [ps F(wn)dz — 0 as n — +oco. Thus,
lim +1(£1Of J(wy) > 0.1t follows that

m(c) :nl—i}-&l-loo I(uy) > J(u) + J(v)+ n1—1>I—&I-loo J(wy) > m(c1) +m(c2) > m <\/c% + c%) > m(c).

We can get a contradiction as before. The proof of Lemma 5.8 is now complete. O
Lemma 5.9 < Assume that conditions (Ag) —(As), (5.6) and (5.7) hold. Then infp, I is achieved.

Proof. Suppose that {u, } C D, satisfies lim,,_, o I(u,) =infp_ I.In view of Lemmas 5.5 and 5.8, there exists
u € D such that, up to a subsequence and translations, u,, — u in H*(R?) and u,, — u in LP(R3)(2 < p < 6),
and u, — u a.e. in R® as n — +o0, which yields

inf I =lim I(uy) > I(u) >inf I.

D, n—oo D.

We conclude that infp_ I is achieved. O

Then it follows from Proposition A.1 of Mederski and Schino [114] that there exists A > 0 such that

Proof of Theorem 5.2. From Lemmas 5.6, 5.9, we see that there exists u € D, such that I(u) =infp_ I < 0.

— (a+b/ Vu2dm>Au+)\u: f(u).
R3

Assume by contradiction that A = 0. By bootstrap regularity, v € Wlif(]l@) for every p < oo. Then u satisfies
the following Pohozaev identity

2
a/ |Vu|2dac+b</ Vu2dm) :6/ F(u)dz,
RS RS RS

which yields that
0> I(u) = = || Vu ||2 42 | Vu |4
3 2712 z

This contradiction implies that (A, u) € (0,+00) x H(R®) solves problem (5.1). If f is locally Lipschitz
continuous, we can argue as in the proof of Theorem 1.4 in Jeanjean and Lu [79], otherwise, the result follows

from the properties of the Schwarz rearrangements. o

5.3 Reaction L2-critical at the origin and Lz-supercritical at infinity



In this section, we establish the existence of ground state solutions for problems (5.1) and (5.5) in the case that
the nonlinearity fis L>-critical at the origin and L2-supercritical at infinity and we also give the relation between

these ground states. First of all, by Lemma 2.1 of Bieganowski and Mederski [11], we have the following result.

Lemma 510 & Let fi,fo € C(R) and suppose that there exists C >0 such that
|fr(@)] + [ f2(u)] < C(|ul? + [ul°) for every uw € H(R?). Then f1 X fa if and only if f1 < f» and

[ 1@ - pwlds <o

for every u € HY(R3)\{0}.

In what follows, we always assume that condition (Bg) holds. Our purpose is to establish the relation between

the energy functional /and # N D...

Lemma 5.11 { Assume that conditions (B1) —(Bs) and (Bs) hold. Then
inf {|| Vu |3:u e 2N D.} > 0.

Proof. From (B1) —(Bs3), (Bs) and Lemma B.1 (Gagliardo—Nirenberg inequality), we infer that for every € > 0,
there exists C, > 0 such that for every u € & N D,

ol Vulf+b | Val =5 [ Hlde<6(Colulf+e+n) )
<6 (COf || Vul§ +(e +mChet || Vu ),
which implies that
a | Vu 3= 6 (C.C¢ | Vu |§ +(e+mClet || Vullf).

We conclude that inf {|| Vu [|3: u € 2N D.} > 0.0
Now, recall that for u € H'(R?)\{0} and s >0, we define the maps (s*u)(z):= s%u(sm) and
P(s) :=I(s *u).
Lemma 5.12 & Assume that conditions (B1) —(Bs) hold and let w € H'(R3)\{0} be such that
bl Vu |l
8wl

(5.23)

Then there exist s1 = s1(u) > 0 and sy = s2(u) > s1 such that every s € [s1, 2] is a global maximizer for y
and y is increasing on (0, s1) and decreasing on (s2,+00). Moreover, s xu € & if and only if s € [s1, s2],
P(s*u) > 0ifand only if s € (0, 1), and P(s *u) < 0 if and only if s > sa. If (B4, <) holds, then s1 = sa.

Proof. From (B1), we see that

2 4 2 F %
w(s) =2 [ |Vu? da + bi(/ |Vu2dm) 7/ (> 4 0
2 R3 4 R3 R3

g3




as s — 0™ and by (Bj), one has lim;_,, 9(s) = —oo. On the other hand, it follows from (B) and (Bj) that for
every € > 0, there exists C, > 0 such that

F(u) < (e+n)[ul? + Celul®.

Thus by (5.23), we have

2 4 2
P(s) > 2/ |Vu|? dz + bi(/ Vu2da:) —54(17+e)/ \u|ﬁda:—C’€sﬁ/ |ul® dz > 0
2 Jrs 4 R3 R3 R3

for sufficiently small ¢ and s. Thus, there exists an interval [si, s3] C (0,+00) such that 1|, 3 =max 1.

Furthermore,

2 H(s3/2
'L/J'(s):as/ |Vu2dm+bs3(/ |Vu|2d:c) —g H) g
R3 R3

R3 S 5
and the function

H 3/2
s € (0,+00) — g dz
R3 S

is nondecreasing (resp. increasing) by (By4) (resp. (B4, <) and Lemma 5.10) and tends to +oo as s — +oo by
(B2) and (B5). This implies that ¢'(s) > 0 if s € (0, s1) and 9'(s) < 0 if s > s and that s; = s if (By, <)
holds.

Finally, we obtain

2
H(s3/2
sY'(s) = as® | |Vul?dz + bs* / |Vul?dz ) — 3 / H(s"7) dz = P(s xu).
R3 R3 2 R3 83

We conclude that s*xu € & if and only if s € [s1,s2], P(s*u) >0 if and only if s € (0,s;1), and
P(s*wu) < 0ifand only if s > s5. The proof of Lemma 5.12 is completed. o

Remark 5.4 We observe that (5.8) implies (5.23) provided that u € D.. Indeed, it follows from(5.8) and the
Gagliardo—Nirenberg inequality that

_ _ _— o b
0| wlB<n- CZ || Va3l w 577 < nC2P =) || Vu ||< 5 Vel
Lemma 5.13 J Assume that conditions (B1) —(Bs) and (5.8) hold. Then I is coercive on 2 N D..
Proof. For all u € &, by (Bs), it holds that

1) = 1) - 7P = 5 [ vupae+ [ 2aw) - Gde o

Thus, [ is nonnegative on & N D..
In the following, suppose that {u, } C & N D, satisfies lim,,, 1o || Vu, ||2= “+00. Then we define

$pi= | Vup ||3'>0 and v, := s, * uy,.



Note that when s, — 0, || vy, [|2=|| w ||2< cand || Vv, ||2= 1, which yields that {v,} is bounded in H!(R3). If
we assume that
n—+oo yeR

lim sup max / lun|? daz > 0,
' By

then there exist {y,} C R® and v € H'(R?) such that, up to a subsequence, v, (- + y,) — v # 0 in H'(R®) and
Vn(- + yn) — va.e. in R3. Thus, by (B»),

I(u, F(u,
0 < ) _  a : 2_/ (“)4dx: a 2+£_5;/ Flun(snz))dz
| Vun 3 7 2| Vun I3 4 Jrs || Vg |3 2| Vu, |5 4 R?
_3
a b 7/ -3 a b F(sn>vn) 5
=————+——3s, F(sn2vn)dw=7+——/ ——— v, [P dx
2| Vun |2 4 s 2| Vun 5~ 4 Jes |5 7y, 15

|vn(z + yn)|P dz — —oo.

3
_ a b / F(sn > vn(@ + yn))
= oo 2 T4 -3 b

2 || Vu, H2 4 R3 ‘Sn 2’Un(l’ +yn)|p

This contradiction implies that

n—+00 ycR3

lim max / [un|? dz = 0.
B(y,1)

1

Then from Lemma 1.1 in Lions [100], we deduce that v,, — 0 in Lp(R?’). Since s,,” * v, = u, € &, it follows

from Lemma 5.12 that for every s > 0,
= bst 3
I(u,) = I(s, *v,) > I(s*v,) = — + - 8 F(s>v,(s))dz.
R3
Since

lim F(s%%v,(s"))dz = 0,

n—+0o00 R3

we obtain that 1113 +ian (up) > “752 + %4 for every s > 0, that is, lim,, ;o I(uy) = +00. The proof of Lemma
5.13 is now complete. O

Lemma 5.14 & Assume that conditions (B1) —(Bs) and (5.8) hold. Then p:= infpnp, I > 0.

Proof. From the Gagliardo—Nirenberg inequality and relation (5.8), we obtain that for every € > 0 there exists
C. > 0 such that

Fu)dz < C.C§ | Vull§ +(e+m)CEe? ) || Vu |3

R3
o b

< (Cfcg | Vo [|3 +eCPePt-) 4+ §> | Vu 3.

Choosing

6:=—— and e€:

(5C:C8)

=



and since | Vu ||2< §, we obtain
3b
[ P < 11 7ull}
s 8

which yields that I(u)> % | Vu ||3. Then taking uw€ PN D, such that || Vu|[;<4, we obtain
I(u) > ¢ || Vul3.
Define

]

§i=-——+ and v:=s=*u.
| Vu I3

Obviously, || v ||2=]|  ||2< cand || Vv ||2= é. From Lemma 5.12, we get

I(w) > I(v) > % | Vo 1= % 54> 0.

The proof of Lemma 5.14 is completed. O

Lemma 5.15 & Assume that k € (0,+00), conditions (B1) —(Bs), (5.8) hold, and there exist p < p < 6,
P < q < 6 such that

. F(u) . F(u)
lim inf >0 and liminf >0
[ul—0" |u? lul—c0  |u|?
(5.24)
with max {p,q}/2— min {p,q} < —1. Then
p <ot <%(bn_%5ﬂ3 + \/(bl‘é—%y?’)Z + 4aY3)>
-1 1 1 2
+ b“l; (%(bn_?ﬁm + \/(bn_7y3)2 + 4a5’3)> .
(5.25)
Proof. Consider the Kirchhoff equation
- <a+b |Vu|2dm>Au:u5 in R®.
R3
(5.26)

1
%, where € >0, K >0 and
e€“+|z|*) 2

K?= % (by T+ VBRI 1 4a> is a positive ground state solution of problem (5.26). Here, the best Sobolev
constant . is achieved by 4. Since &, ¢ L*(R?), let 0 < ¢ € C;°(R?) radial such that ¢ = 1in B, and o =0
in R3\ By, where B, stands for the closed ball centered at 0 of radius 7. For every € > 0, define

By straightforward computation, the function ®.(z) = K¢, =: K

1
K ,__ -7 K ,__ K
u; =k 1p®. and v.:=-—7u; €D,

[KCIP



By Struwe [141, p. 179], we obtain that
| V(g 3= K25F + O(e),
| 9. 3= K577 + O(e?),
| o 3= Ce + O(e?),

where C depends only on ¢.

We now show that
/ |<p(§e|iX{ga<I>521} dz > 6637%i
RS

for some positive constant C and sufficiently small € > 0, where ¢ € {p, q} and xr stands for the characteristic
function of T. Indeed, suppose that |z|> < K 2(362)% — €2 If € is sufficiently small, then z € B; and
o(2)®(z) = ®(x) > 1. It follows that

(Pq)e iX . dx > / . 1y | P, ide = é’é”‘%ﬂ
/I'gs | ‘ {p2}>1 {|z\§(}{2(362)7—62)7} ‘ |

Next, we define s, > 0 such that s * v¥ € &2. Based on the argument of Lemma 5.6, for every § > 0, there
exists C5 > 0 not depending on € and x such that

K 4 K (14 K ||D K
as? | Vof |13 +bst | VoF 13 <6 (sin+ ) || oF 5 +58Csk || vz IF)

p L K K
<6 (si(n+0)CLet || Vor |13 +5ECon || vf I1F)

Then by using (5.8), we obtain that

i @l VUElS _ a  [[V(e®) |15 - | ue 3
©T Cmllve g Cok I 2 II§

In addition, F'(u) > 0 for u # 0. Then taking ¢ sufficiently small, we get

p < Ixv) <= [ Floxot)da
+ max / |Vor |2 dx—i——(/ V" |? da:) ——Fi/ |v”|6dx]
< [ Bloonot)da Gt | Var (34t | 9o I et o7 I
— [ Floxuyie+ “”3% (%(bn—%y?’ + /(s t %) +4a§’3)>
bk~ T

+

1. s 2
13 <§(bn—?5/3 + \/(65_75’3)2 + 4a,73)> + O(e),

where



DIV +y8 | o [ +an | v IR Ver I

2k || vE IIg

Now we estimate [ps F/(se * vf)dz as e — 0. Combining (5.24), (Bz) and (Bs), we find that there exists
C > 0such that F(u) > C|ul? if |u| < 1and F(u) > C|u|?if |u| > 1. Hence in virtue of p,q < 6, we obtain

F(scxvf)dz > C’sE / vel? X o) n|<1} dw—i—C’se / |ve ‘q 7v’“|>1} dz

R3

! 7_ -p D
> || oo |, /RS 2| X{j(oeyhari<a) dx

3(L-1)—
0o G [ ot ey do

3 1)p-N
>0 | pp, | /RS90‘1’6|pX{(sf)%vﬂq}x{wb)l}dw

' (3-1)a-N
0o Y [ e s X de

3
(2-1)p

. -N 3_1)¢—-N min
> ¢ min { || o [ p F ) [ oy g do

C/I || SD@ H_ma‘x{pQ} -3 37—m1n{p,q}

3 %{M} 5 max{pg} min{pa}
> C/l o o > C"’e—2
- 2 3 max{p,q. maxip,q. -
(Ce)2~—+  +0(e =2 )
Here, C',C",C" > 0 are constants and 0 < i < 1. Then the followin hold
) 5 g properties ho

3, max{pa} mmép»q}

O(e) —C"e <0

for sufficiently small € and p is chosen so that

p<rnt|L(2on s 1 s T2 42050 ) + 2 (Sontst 4y (o E)2 4 dar) 2
5 12\ 2 '

The proof of Lemma 5.15 is completed. o
Comparing with (5.24), we give other sufficient conditions for (5.25) to hold.
Lemma 5.16 < Assume that conditions (B1) —(Bs) hold and k € (0, 00). Then

(i) If n =0 and lim,; % = 00, then there exists co > 0 such that (5.25) is satisfied provided that

c > Cp.

(ii) If relation (5.8) holds and lim;_, | 0]

R = 400 , then there exists kg > 0 such that (5.25) is

satisfied provided that k < K.

Proof. () We only need to show that p — 0 as ¢ — +o00. By contradiction, suppose that ¢, — +0co0. We take

u € L®(R3) such that || u ||s= 1. In particular, we also assume that ¢, > 1. Denote u, := c,u satisfying
3

| wn |[2= ¢n. Then in view of Lemma 5.12, there exists s, > 0 such that v, := s u,(s,-) € &. Note that

| vn [[2=I| un [|2. Then



. a b
0 <inf {I(w) :w e P, || w 2= ea} <I(vn) <5 Il Von [ + [1Von [

a b
= S (sncn)? || Vu ||5 + (sncn) | 'V [[3.

) |

Thus, it is enough for us to prove that s, c,, — 0. We observe that

3
a(sncn)® | Ve |15 +b(snea) | Vullz = a || Vou |5 46 (| Vou 5= 5 /Rs H(vy)dz

3 3
= 55;3 H(s?cpu)dz
R3
and
H(s; cu)
7 3 3 2 Sp Cpll -
W | Vu |2 +b || Vu ||5= — n7cn4/ H(s?cyu)dz = Ecﬁ %Mp dz,
SnCn R3 R3 |5'r§ cnu|p
which implies that
H(s2
fm [ e g g,
n—+00

R
R |82 cpulP

3
This means that s; ¢,, — 0.

= 00, there holds

In what follows, we fix € > 0. In view of (Bs) and lim;_,¢ %

4
H(s) > gF(s) > e tsb
for |s| small enough. Then considering u € L>®(IR?), for n large enough, we have

3 . 13 4 3
I Vel +0 1 Vulf = goile,t [ Hlsfemde > e GoTe sl el | ull

a
(8ncn)?
= 2 (sne)?

which implies that s,,c,, — 0 as n — 4oc0.

(ii) Take any u € D.\{0} and observe that (5.23) holds. Based on Lemma 5.12 with k = 0, there exists § > 0
such that § x u € 2,

as’ bs* s F(sTu)
c < I(5%u) <max I(s*u) <max | — || Vu ||z +— || Vu |3 — dz |,
>0 2 4 R3 s3

s>0

(5.27)
and the latter expression of (5.27) is finite. Thus we choose k(¢ > 0 sufficiently small such that
b 2
kot l% ( Lion 27844/ bka‘75”3)2—|—4a5”3)> 2 ( (bs~t.73 4/ (b $.79)2 —|—4a§’3)> ]

is greater than the right-hand side of (5.27). The proof is now complete. O



Remark 5.5 We now provide explicit examples of nonlinearities that satisfy the assumptions of Lemma 5.16. Let
€ > 0 be small enough. If f(u) =min {|u|*"¢, |u|%}u and K is not sufficiently small, then we can use Lemma
5.16(j) provided that c is large enough, but not (ii). On the other hand, if F is of the form (5.11) and
f(u) =min {|u|*, \u|%+e}u, then if ¢ is not large enough, we can use Lemma 5.16(ii) provided that x is small

enough, but not (4).

Lemma 5.17 & Assume that conditions (B1) —(Bs) and (5.8) hold and either k = 0 or k € (0,00) and relation
(5.25) is satisfied. Then p is achieved.

Proof. Suppose that {u,} C &N D, satisfies lim, , o I(u,) = p. Then it follows from Lemma 5.13 that
{l|un||} is bounded. Moreover, by Theorem 1.4 in Mederski [113], we find {@;}*, C H'(R3) and
{y5}32, C R3 for any n > 1 such that y% = 0, lim,,_, o |y, — yl| = 0if i # j, for every G : R3 — R of class
C!, there holds, up to a subsequence,

un(-+9%) = @ in H'(R*)asn — +oo,
i
. 2 o ~ |2 : 702
Jim /R3 [Vuy,|* dz = jgzo /R3 Vi) dz+ Jim /]RS |Vol,|? de,

lim sup G (up)dz = Z G (t;)dz,

n—-+00

where

. i .

v (@) :=un(z) — ) (T — yp)-
=0
Define & :={i > 0: 4; # 0}. Now we let k € (0, 00) such that relation (5.25) is satisfied. We claim that
&/ # (). Assume by contradiction that @; = 0 for every ¢ > 0. Then combining (B;), (Bs), and (Bs5), it holds
that
H H
lim 20y B

u—0  u? lujs00  ub

and

2
3
a/ |V, |* dz + b / |Vu,|?de ) == H(up)dz :E undm+ﬂ/ uS dz
R3 R3 2 Jgs 2 Jps R3

:I‘i/ uS dz + o(1)
R3

2 3
a/ |Vu,|? dx —I—b</ |Vu,|? dm) < 5”_3/-;(/ Vun|2d:n) +0(1).
R} R? R?

In addition, in view of Lemma 5.11, we know that lim, o [is |Vtn|* dz > 0. Then

This means that



n—+00

S l( n_%f3+\/(bn’%y3)2+4a5’3) —}—i l(bm_%ﬁﬁ?’—i-\/(b/f%J”'&)?—i—4a5”3) :
- 3\ 2 12\ 2 ’

which contradicts the assumption (5.8). Thus, & # 0.
Next, we claim that for every i € &, there holds either u,,(- + y%) — @; in D¥*(R3) or

2
3
a/ |Vﬁi|2dm+b(/ |Vﬁi|2dm> < = H(a;)dz.
R RS 2

R3

p=lim I(u,)= lim (I(un) - %P(un))

Assume by contradiction that there exists ¢ € & such that, up to a subsequence, v:= lim, fRS [Vu,|?dz >0
and

2
3
a/ |Vﬂi|2daz+b(/ |Vﬁi|2dm> > — | H(u;)dz,
R3 R3 2 R3

(5.28)
where v, := u, (- + y%) — @;. Using Vitali's convergence theorem, there holds
/ [H(up) — H(vy,)]dz / / f—H — sU; dsd:z:—/ / — s1;)U; dsdz
R3 R3 R3
— / / h(@; — st;)t; deds = / / ——H — sti;)dsdz
0o Jr3 R3
R3
(5.29)
as n — +o00. Then passing to a subsequence, we obtain
2 2
a </ |V, |? dz +/ |Vii; |2 dw) + b( |V, |2 dw) + b(/ |Vii; |2 dm)
R? R3 R3 R3
3
—|—2b/ |V, dz / |Vi;|? de = — (/ H(vy)dz +/ H(ﬂi)d:c> +o(1).
R3 R3 2 R3 R3
Combining with (5.28), we obtain
> 3
a/ Vo, |* dz + b(/ |V, |? dm) < —/ H(v,)dz + o(1).
RS R3 2 R3
(5.30)

Now we define R,, > 0 such that v,(R,,-) € &. We show that R,, — 1 as n — +oo. In particular, if

3

— | H(vy,)dz <a/ |V, | dw—|—b</ |V, dx)
2 R3



holds for all n, then by (5.30) and since v > 0, we infer that R,, — 1 as n — +4-oo0. If, passing to a subsequence,

2
3
a/ |an|2dm+b(/ |an|2dm) < — H(v,)dz
R3 R3 2 Jps

holds, then we deduce that R,, > 1. We observe that

lim (|| wn |15 = | on [13) =II @i [3> 0.

n—+00

Then v, € D, and v,,(R,,-) € & N D, for a.e. n. Thus using (5.29), the Brezis-Lieb lemma and (B5), we obtain
that

s
IN
~

—
<

o(B) = Toa(Ro) — 7 Poa(R)

1 3
= — — an2d$+— —H(v,) — G(v,)dx
FEd AR O S ORI
< %/ |V, |? dz —l—/ —H(v,) — G(v,)dx
a 9 3
< — |Vup|*de + [ —H(u,) — G(uy)dz + o(1)
4 Jrs R: 8
1
= I(un) = 5y P(un) +0(1) = I(uz) + o(1) = p + o(1),

4

which yields that R,, — 1. Hence

2
a/ |Vu,|* dz —I—b(/ |V, dm) = E/ H(vy)dz + o(1) = Ii/ v dx + o(1)
RS R3 2 Jgs R3

On the other hand, using the fact that

and

(@) > (@) — %P(ai) + %P(ai) > [ §H(@) - P(a)dz >0,

where
_a 5  bA 2 1 2
I= 5 IVl +2 | Vuli = [ Fds, i lim | T, |3

we deduce that

p= lim I(u,) > I(q;)+ lim I(vy,)

n—+00

>K7T l%(é(bn_%y?’—i—\/(lm_% )+4a5ﬂ3)> 1b2( (br~ 2,5/’3+\/ b7 )2—|—4ay3))2].




This is impossible. Thus, for every i € &, there holds either u,(- + %) — 4@; in DY(R?) or

2
3
a/ |Vﬂi|2dm+b</ |Vﬁi|2d:c) <= [ H(a)de.
R3 R3 2 R3

Let i € /. Based on the above conclusion, if

2
a/ |Vﬁi|2dx+b</ |Vﬁi|2dm) < E H(d;)dz,
R3 R3 2 R3

then there exists R > 1 such that @;(R-) € & and @;(R-) € D.. So by Fatou's lemma and (Bj), we deduce that

1

R

< lim inf |2 | Vu, |13 + EH(un) — F(uy)dz
n—00 4 R3 8

p < I(@(R)) = I(@(R") — —P(i(R)) =

2w 24— [ 2 HaE) - Fa
: IV g [ H@) - P

- 1 T _
= 117Illl>cl>£1f [I(un) - ZP(un)} = llrrlgg)lff(un) =p,

which is a contradiction. Hence uy,(- + 3%) — @ in DY?(R?). Then combining the Brezis-Lieb lemma and the

interpolation inequality, there holds

H(u, ~@)de < O(H n @ 2+ || un — @ ||g)
R

~ - T ~ 16(1—7 ~
<C(lun—al3un—allg™ ™+l un—a§) 0

and [y H(up)dz — [, H(4;)dz as n — oo for some C>0and 7= %. This means that @; € &N D,.
Moreover I(@;) = c¢. When we consider the case k = 0, similar to the above argument, we easily get the

conclusion of Lemma 5.17. o

Lemma 5.18 < Assume that conditions (B1) —(Bs) and (5.8) hold, F is of the form (5.11), and either k = 0 or
k € (0,400) and (5.25) holds. Then p is achieved by a nonnegative and radially nonincreasing function.

Proof. Let i € &2 N D, such that I(@) = p is given by Lemma 5.17. Let u be the Schwarz rearrangement of ||.
In addition, let 1 = s1(u) be defined by Lemma 5.12. In virtue of the properties of the Schwarz rearrangement,

we have
P(l1%u) = P(u) < P(a) =0,
which along with Lemma 5.12 yields that s; < 1. This means that P(sq * @) > 0

Define ¢ := %(( —-2) >4
It follows that



1
p <I(sy1*xu)=I(s1*u) — —P(s1*u)
S

a 2 (b b 2\
- — [Vu|*de+s7 | — — — |Vu|* dz
§ R3 4 § R3

a
2
1 3 5, 3 E3 1 1 3
+—3/ —H(sju) — F(s{u)dz — [1—((2)}/ s7ul¢ dz
1 5 ¢ RS

b b 2
<2(a_a / il2 d 4(0 0 al2 d
31<2 g) R3|Vu\ T + s i R3|Vu| x

3
2

1 3 . 3 _ 1 1 3
+—3/ —H(sfu)—F(slu)dm——Sﬂ {1——((—2)}/ \slu|<d:c
1 YR 81 S R3
1
— I(s1 %) — ~P(sy+ ) < I(s1 ) < I() = p,
S

which implies that I(s; * u) = c. This completes the proof. O

The following lemma concerns the sign of the Lagrange multiplier when the corresponding constraint is given

by an inequality and the critical point of the critical point of restricted functional is the minimizer.

Lemma 5.19 & Let 5 be a real Hilbert space and f,¢,% € CY(H#). Suppose that for every
z € ¢ 1(0) N ~1(0), the mapping

(¢'(z),9/(2)) : # — R?
is surjective. If T € € minimizes f over
{xes:¢(x) <0 and o¢(z)=0},
then there exist X € [0,+00) and o € R such that
f'(@) + 2Ap(Z) + op(z) = 0.
Proof. We argue similarly as in the case m = n = 1 provided by Proposition A.1 in [114]. O

Lemma 5.20 & Assume that conditions (B1) —(Bs3), (B4, X) and (5.8) hold. Then the following properties hold.

(i) Letu € @ N D, such that I(u) = p and u is radial. Then u is of class C”.
(ii) If, in addition, F is of the form (5.11) and u is nonnegative, then u € 0D.,.

Proof. (i) In view of Lemma 5.19, we set f = I, ¢(u) =| v ||2 —c?, ¢(u) = P(u), u € # = H'(R?). Then
there exist A € [0, +00) and o € R such that

—a(l — 20)Au — b(1 — 40) </R3 |Vu|? dm) Au+ du = OF(u) — o%@H(u)

(5.31)

and u satisfies the Nehari identity



2
a(1—20')/ |Vu|? dz +b(1—40')(/ |Vu|2da;) —i—/\/ u? dz
R? R R?

(5.32)
Then if o = +, then using (By, =), (B5) and (5.32), we obtain that
3 3
0 > [ ihw)u) — (fu)ude = [ (h(),u) ~ Hu) - 27 (u)d
R3 R3
3
> —H(u) — 2F(u)dz > 0,
Re 4
which is a contradiction. Thus, o # % and u satisfies the Pohozaev identity
2
a(l— 20)/ |Vul?dz  +b(1 — 40) (/ |Vu|? dm) + 3)\/ u? dz
R? R? R?
+6/ o- iH(u) — F(u)dz = 0.
w2
(5.33)

Combining (5.32) and (5.33), one has

a(l —20) /R3 |Vaul? dz  +b(1 — 40) (/R3 |Vau|? da:>2 + %/R?' o3 (%(h(u),w - H(u))
—H(u)dz = 0.

This and the fact that u € & imply that

4a0 2 l u),uw) — u — u)ar =
(1-40) [ H(u)dz+=5 [ |Vu dw—i—/Rso3(2<h( ), u) — H( )) H(u)dz = 0,

which yields
_ 4a 9
R3

Then by (By, =), we have o = 0. Moreover, by Theorem 2.3 of Brezis and Lieb [15], we deduce that u is of
class C2.

(ii) First of all, we claim that w € 8D,. Assume by contradiction that || u ||2< ¢. Then A = 0 and by relations
(5.32), (5.33), we infer that

[ [t ) ~ 6F@)ds ~o.
R3

(5.34)

In virtue of (Bs5),



(5.35)

for every z € R®. Since F satisfies (B5), there holds 613‘(u(ar;)) > f(u(z))u(z). On the other hand, we observe
that 68|u(x)|¢ > B¢lu(z)|® by ¢ < 6. Thus, it follows from (5.35) that the above inequality is actually equality.
Since ¢ < 6, we have 8 = 0 or |u(z)|* = 0 for every z € R3. This means that

6F(u(z)) = f(u(z))u(z)

for every z € R3. Now since u € H'(R?) N C?, there exists an open interval # C R such that 0 € .# and

6F(t) = f(t)t fort € . Then F(t) = £16 for t € # and u solves

- <a+b/ |Vu|? dac) Au = kuS.
R3

Since u > 0, then up to a scaling and translations, u is an Aubin-Talenti function, which is not L?-integrable. So
u € 0D,.. o

Proof of Theorem 5.3. The statement (i) of Theorem 5.3 follows from Lemmas 5.17 and 5.18. For Theorem
5.3(ii), using Lemma 5.20(i), we obtain that u is of class C2. Combining Lemma 5.19, there exist A € [0, c0) and
o € R such that (5.31) holds, which along with the proof of Lemma 5.20(i) implies that ¢ = 0. Moreover, by

Lemma 5.20(ii) and the maximum principle [50, Lemma IX.V.1], the conclusion of Theorem 5.3(ii) holds true. o

5.4 Historical comments

The Kirchhoff equation (5.1) is related to the stationary analogue of the problem

{utt - (a+ be |Vu|? d:c)Au = f(z,u), (z,t) € Q x (0,+00),
u(z,t) =0, (z,t) € 0Q x [0, +00).

(5.36)

Kirchhoff [88] introduced problem (5.36) as an extension of the D'Alembert wave equation
0%u po E [F 2 0%u
4arr _<T+E ; dz | 5z = H@w)

for free vibrations of elastic strings, where p denotes the mass density, u denotes the lateral displacement, p is

@
ox

the initial axial tension, # denotes the cross section area, E is the Young modulus, L denotes the length of the
string and f stands for the external force. Kirchhoff's model takes into account the changes in the length of the
string produced by transverse vibrations. Some early classical studies of Kirchhoff equations can be seen in
Bernstein [10] and Pohozaev [128].

Equation (5.36) received much attention only after Lions [99] introduced an abstract framework to the
problem. Some interesting results can be found in [Z, 22, 38]. In [Z], Arosio et al. studied the Cauchy—Dirichlet
type problem related to (5.36) in the Hadamard sense as a special case of an abstract second-order Cauchy

problem in a Hilbert space. Cavalcanti et al. [22] considered the question of the existence and uniqueness of



regular global solutions for the Kirchhoff—Carrier equation subject to nonlinear boundary dissipation without
restriction on the initial data and obtained uniform decay rates by assuming a nonlinear feedback acting on the
boundary. D'Ancona and Spagnolo [38] proved the existence of a global classical periodic solution for the
degenerate Kirchhoff equation. They also explained the Kirchhoff equation as an example of a quasi-linear
hyperbolic Cauchy problem that describes the transverse oscillations of a stretched string. In particular, problem
(5.36) with @ = 0 models a string with zero initial tension. This is called the degenerate Kirchhoff equation, see

Iturriaga and Massa [77] and Pucci and Radulescu [129].

5.5 Final Remark, perspectives, and open problems

This chapter deals with the study of normalized solutions for Kirchhoff-type equations with non-homogeneous
nonlinearities exhibiting a double-behavior growth, for instance f(u) ~ pi|u/’ 2u near zero and
f(u) ~ p2|u|??u near infinity, with p, ¢ in different ranges.

Why the case of a double-behavior reaction is important? Because this specific interplay between the growth
of the reaction near origin and at infinity relative to the L>-critical exponent is a central technical feature, which
creates a competition between two different variational geometries. A major effort consists in handling the lack
of compactness due to the Sobolev supercritical growth at infinity (which is still subcritical in the Sobolev sense)
through the interplay with the mass constraint and the Kirchhoff term.

The content of this chapter is based on the results established in [19]. Related properties can be found in
Autuori, Colasuonno and Pucci [8] (for polyharmonic systems), Bieganowski, Mederski and Schino [12] (for
polyharmonic equations and curl-curl problems), Cai and Rédulescu [17, 18] (for (p, g)-equations), Chen, Jin,
Radulescu and Zhou [25] (for Choquard equations), Jeanjean, Zhang and Zhong [81, 82] (for Schrodinger
equations), and Liu and Radulescu [101] (for quasilinear problems with nonlocal reaction).

The main perspectives generated by the analysis developed in this chapter are the following:

(1) Existence and multiplicity properties: It is highlighted a generic class of nonlinearities for which the

problem admits multiple normalized solutions.

(11) Unification of scattering regimes: The double-behavior of the nonlinearity creates a competition between
a focusing effect at small masses and a defocusing effect at large masses, leading to richer structure. This
nonstandard behavior of the reaction term allows to handle cases where the associated energy functional
is:

— coercive, due to the growth near zero (in the L?-subcritical case);

— non-coercive, due to the growth near infinity (in the Z?-supercritical case).

(iii) Interaction with the Kirchhoff term: The study clarifies how the nonlocal term ([gs |Vu|?dz)Au
interacts with mass-preserving constraints. This acts as an additional feedback that influences the
geometry of the energy functional, often making the compactness analysis (Palais-Smale condition) more

delicate, especially at critical frequencies A.

The open problems inspired by the analysis carried out in this chapter are primarily in the directions of critical
exponents, generalized operators, stability analysis, transition from generic to explicit results, extension to

different domains, and asymptotic analysis.



The first problem proposes to refine this analysis for the Sobolev criticality.

Open Problem 1. <& Study problem (5.1) when the growth at infinity of the nonlinearity reaches the
Sobolev critical exponent. In this case, the compactness loss is more severe. Can one establish existence and

multiplicity properties for generic reaction terms in this case? What are the possible blow-up scenarios?
The second open problem proposes to generalize the nonlocal structure.

Open Problem 2.

(i) Study problem (5.1) for more general nonlocal terms, for instance of the type M( [, |Vu|*dz) Au with
a wider class of functions M.
(i) What about fractional operators like

(a +b [ [ lute) —uw)Ple - y|N+2S) (~A)u?

A major research direction concerns dynamics and stability properties of the normalized ground state
solutions. This is important because the Kirchhoff term makes the spectral analysis of the linearized operator

around such solutions highly non-standard.
Open Problem 3. Study orbital stability/instability of solutions to problem (5.1).

The analysis developed in this chapter proves that most nonlinearities (in a topological sense) yield

multiplicity of solutions. The following open problem proposes the transition from generic to explicit results.

Open Problem 4. & Can we find verifiable, explicit criteria on f(beyond the double-behavior asymptotics)
that guarantee multiplicity of solutions to problem (5.1)?

Next, we propose to develop this analysis in the case of bounded domains.

Open Problem 5. The entire Euclidean space offers translation invariance. The lack of translation

invariance complicates the topological arguments for multiplicity.

(i) How do the results translate to bounded or exterior domains with Dirichlet/Neumann conditions?
(i1) In the case of bounded domains and for the pure mass-supercritical case, study the existence of a
mountain-pass solution for any prescribed mass. Also, solving the pure supercritical case on bounded

domains remains a significant challenge.

A very interesting open problem is concerned with the limiting case when the coefficient of the nonlocal term

converges to zero, recovering the standard semilinear Schrodinger equation.



Open Problem 6. What is the behavior of the solutions found in this chapter as the Kirchhoff parameter b

goes to 0?7 Does one recover the results in the semilinear case, and is the convergence singular?

5.6 Glossary

Pohozaev Manifold Constraint: It is a variational tool that encodes a necessary condition (Pohozaev identity)
satisfied by all solutions. This method transforms an indefinite variational problem into a coercive

minimization problem.

Fibering Map Analysis: It is a powerful technique used to construct and analyze constraint manifolds like the
Nehari and Pohozaev manifolds. This method transforms the search for critical points in an infinite-

dimensional space into a scalar optimization along parameterized rays.

Strict Subadditivity: For normalized solutions of Kirchhoff equations, this is the key compactness condition.
Once strict subadditivity is established, the concentration-compactness technique yields existence of ground

states and, with additional topological arguments, multiple normalized solutions.

Jeanjean Mountain Pass Technique: It is a groundbreaking method in critical point theory, specifically
designed to find nontrivial solutions of nonlinear elliptic problems with strong lack of compactness,
particularly those with indefinite nonlinearities. This technique is a sophisticated variant of the classical

mountain pass theorem of Ambrosetti and Rabinowitz.

Cazenave-Lions Method: It is also known as the concentration-compactness method via minimizing sequences
and is a fundamental technique for proving existence of ground states for elliptic equations. This method is

particularly effective for problems with scaling invariance and lack of compactness.
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Part I1I of this volume deals with concentration properties of solutions for several classes of nonlinear

systems with Kirchhoff nonlocal term.

Why concentration properties of solutions?

Because this study gets to the heart of one of the main analytical challenges for the Kirchhoff equation.
One of the reasons is that concentration properties of solutions are crucial for Kirchhoff problems because
they determine whether the energy functional associated with the equation satisfies the Palais-Smale
compactness condition. This property is the cornerstone of applying powerful variational methods to
establish the existence of weak solutions.

In this chapter, we investigate the existence and concentration of positive solutions for the following

class of fractional p-Kirchhoff problems:

(ePa + P 3b[uls,) (—A)su+ V(z)uP~! = f(u) IR,
ue WP(R?), u>0 in R3,

where ¢ is a small positive parameter, a and b are positive constants, s € (0,1) and p € (1, 00) are such
that sp € (3,3), (—A)3 is the fractional p-Laplacian operator, f: R — R is a superlinear continuous
function with subcritical growth and V : R* — R is a continuous potential having a local minimum. We
also prove a multiplicity result and relate the number of positive solutions with the topology of the set
where the potential J attains its minimum values. Finally, it is established an existence result when
f(u) = u? + yu""!, where v > 0 is sufficiently small, and the powers ¢ and r satisfy 2p < q < p* < r.
The main results extend and complement concentration properties known for simpler cases (like the
classical Schrodinger equation or the fractional Laplacian) to this much more general and complex setting.
The problem studied in this chapter models both nonlocal continuum mechanics with long-range
interactions and patterns arising in fractional quantum mechanics and anomalous diffusion.

The analysis developed in what follows features two distinct nonlocal effects that interact:

() Fractional p-Laplacian (—A);: this operator is itself nonlocal, as it depends on values of the
function across the entire space, not just local gradients. The fractional p-Laplace operator is
degenerate when p > 2 and singular when 1 < p < 2. This affects the regularity theory and the

linearization around solutions.
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(ii) Kirchhoff term (a + b[u)%,): this term accounts for nonlocal elasticity effects and it multiplies the
main differential operator and depends on the global Gagliardo seminorm [u§, of the solution. In
such a way it is introduced a second layer of nonlocality, in the sense that the coefficient of the

equation itself depends on the overall energy of the solution.

Additionally, the presence of the potential V' creates concentration properties of solutions. This potential
represents a heterogeneous external field; for instance, an electrostatic potential in a quantum dot, or a
density trap in Bose-Einstein condensates. The concentration result (as € — 0) describes the localization
of states (like electrons or bosons) in low-potential regions, which is a fundamental phenomenon in
quantum mechanics and condensed matter physics.

A hierarchy of the basic abstract tools used in this chapter is now described.

(a) Foundation: fractional Sobolev spaces and embeddings;

(b) Existence framework: mountain pass theory, maximum principle, Ljusternik-Schnirelmann category

theory, and Nehari manifold analysis;
(¢) Localization technique: penalization method with tail estimates;

(d) Qualitative properties: fractional regularity and decay estimates,

all adapted to the intricate nonlocal structure of the Kirchhoff problem.

6.1 Statement of the problem

Consider the following fractional p-Kirchhoff equation

(ea + €*P73b[u? ) (—A)u+V(z)u?™ = f(u) in R3,
ue€ W(R3), u>0 in R3,

(Pe)

where € > 0 is a small parameter, a,b > 0 are constants, s € (0,1) and p € (1,00) are such that

sp € (%,3), (—A); is the fractional p-Laplacian operator which, up to normalization factors, may be

defined for every function u € C°(R?) as

Aveu(a) — 2 L [u(e) — u()P (@) —u) e
(-8l =2tim | Rt dy (weR?),

and WP (IR3) is the fractional Sobolev space of functions u € LP(R?) such that

/ / |u uw)l” dxdy < oo
' RS J RS \fﬁ_ ’3“1’

endowed with the natural norm



[ [fp= [ulg, + [ulp.
Assume that V € C°(R3, R) satisfies the following assumptions:

(V1) there exists V7 > 0 such that Vq:= inf, s V(z);
(V) there exists an open bounded set A C R3 such that

0< Vy:=inf V <min V.
A oA

We suppose that f € C°(R,R) vanishes in (—o0, 0), and fulfills the following conditions:

(f1) f(@t) =o(t** 1) ast — 0",

(f2) there exists v € (2p, p¥), with p¥ = 3& such that

f(t)

tooo tv—1

¢
(fs) there exists ¥ € (2p, p}) such that 0 < 9F'(t) := 19/ f(r)dr < tf(t) forallt > 0,
0

f(t)

t2p_1

(f1) the mapt— is increasing in (0, 00).

We emphasize that under the control of the fractional parameter s € (0, 1), the condition sp € (<, 3)
forces p € (£, 00). In particular, the restriction sp € (2, 3) implies that 2p < p}, therefore condition (f3)
makes sense. A typical example of function which satisfies (f1) —(f4) is given by f(t) = Zle a;thi!
with @; > O notall null and 2p < r; < p} foralli € {1,...,k}.

The following result establishes a connection between the global maximum points of solutions and the

infimum of the potential ¥ on A.

Theorem 6.1 <& Assume that conditions (V1) —(Va) and (f1) —(fa) are fulfilled. Then, there exists
€0 > 0 such that, for all € € (0,€p), problem (P,) has a positive solution u,. Moreover, if n, denotes a
global maximum point of u,, then lim._,o V(ne) = Vo, and there exists C > 0 such that

063+sp

e3+tsp + |m _ n€|3+sp

ue(z) < Ve € R,

The proof of Theorem 6.1 relies on suitable variational arguments. We first adapt in a suitable way a
penalization argument which consists in modifying the nonlinearity f outside A, considering an auxiliary
problem and then we check that, for € > 0 small enough, the solutions of the modified problem are
solutions of the original one. In order to achieve this purpose, we look for critical points of the
corresponding energy functional ... The main difficulties that arise in the study of .#, are related to the

presence of the Kirchhoff term [u]5,(—A)? and the lack of compactness caused by the unboundedness of



the domain R®. Indeed, in general, it is not trivial to prove that the weak limits of bounded Palais-Smale
sequences are critical points of .. when we consider Kirchhoff problems. Moreover, the non—Hilbertian
structure of the fractional Sobolev spaces W *P(R3) when p # 2 makes this analysis rather tough. To
circumvent these difficulties, we develop some arguments which take care of the nonlocal character of the
leading operator (—A); and that allow us to recover the compactness of the functional #; see Lemma

6.4. After that, we show that the solution of the modified problem is also a solution of the original one by

combining a Moser iteration argument [120] with the Holder continuity result established for (—A);.
Finally, we establish a decay estimate for the solutions of problem (P,).
In the second part of this chapter, we deal with the multiplicity of positive solutions to problem (P,). In

this case, we replace (V) by the following assumption:
(VY) o=ViandM ={z € A:V(z) =V} #0.

We recall that if Y is a given closed set of a topological space X, we denote by caty (X) the Ljusternik-
Schnirelmann category of Y in X, that is, the least number of closed and contractible sets in X which cover
Y; see Willem [153] for more details.

Theorem 6.2 & Assume that conditions (V1) —(V3) and (f1) —(f4) hold. Then, for any § > 0 such
that

M; = {z € R®: dist(z, M) < 6} C A,

there exists €5 > 0 such that, for any € € (0,¢€5), problem (P, has at least caty,(M) positive
solutions. Furthermore, if u, denotes one of these positive solutions and . € R3 is a global maximum

point of u,, then

11—% V(ne) = W.

In order to prove Theorem 6.2, we need to use some suitable variational and topological arguments.
More precisely, to obtain multiple solutions, we study the modified functional .#, on the associated Nehari
manifold A;. Anyway, due to the fact that f is only continuous, the Nehari manifold .4, is not
differentiable and some well-known arguments for C'-Nehari manifolds do not work in our situation.
Next, we use a technique in which the main ingredient is to make fine comparisons between the category
of some sublevel sets of the modified functional ., and the category of the set M.

In the last part of this chapter, we consider the case when the nonlinearity f'has a critical or supercritical

growth. More precisely, we study the following nonlocal problem

(ePa + €2 P3bu)f ) (—A)Su+ V(z)uP ! =ul ! +yu™! inR3,
u€ WP(R®), u>0 in R3,



(6.1)

where €,y > 0 and the powers ¢ and r are such that 2p < g < p; <.

Theorem 6.3 < Assume that conditions (V1) —(V2) hold. Then, there exists vy > 0 such that, for any
v € (0,70), there exists e, > 0 such that, for any € € (0,€,), problem (6.1) has a positive solution u,.

Moreover, if n, denotes a global maximum point of u,, then lim, o V(n.) = V,.

Remark 6.1 If we assume (V1) —(Vy), then the conclusion of Theorem 6.2 holds true for ¢ and y
sufficiently small.

Differently from the study of (P,), an additional difficulty arises in the analysis of problem (6.1).
Indeed, when r > p:, equation (6.1) becomes supercritical, and we cannot directly apply variational
techniques because the corresponding energy functional is not well-defined on the fractional Sobolev
space W *P(IR®). To overcome this hitch, we truncate the nonlinearity involving the critical or supercritical
power, and we consider a new subcritical problem for which it is possible to apply the existence result
given by Theorem 6.1. Then, after proving a priori bound (independent of y) for the solution of the
truncated problem, we use a suitable Moser iteration argument [120] to prove that, if y is small enough,

this solution also satisfies the original problem (6.1).

Notations: If A C R?, we denote by A° = R*\ A. We use the notation |u|zs(4) to indicate the L(A)-
norm of a function u : R* — R, and by |ul, its L%(R?)-norm. We write %, (z) to denote the ball centered
at z € R? with radius » > 0, and, when = = 0, we put B, = %,(0) and B¢ := B:(0).

6.2 The modified problem

6.2.1 Work space stuff

We define D*P(R3) as the closure of C2°(IR?) with respect to

// lu(z) —vW)l” ,
@ Jou Jeo |x—y\3+sp v

Let us denote by W*P(R3) the set of functions u € LP(R?) such that [u]s, < co, endowed with the

natural norm
H U H;g,p ::[u]g,p + |’U,’£

We have the following well-known embeddings, see the monograph by Molica Bisci, Radulescu and
Servadei [119].



Theorem 6.4 & Let s € (0,1) and p € [1,00) be such that sp < 3. Then there exists a constant
C, := C.(s,p) > 0 such that, for any u € D*P(R3), we have

ulf, < Clulf,,

Moreover, W*P(R3) is continuously embedded in L1(R3) for any q € |p,p%], and compacily in L} (R3®)
for any q € [1,p3).

We will often use the following vanishing-Lions type result (see Lemma 2.2 of Ambrosio and Isernia
[4D).

Lemma 6.1 < Let s € (0,1) and p € (1,00) be such that sp <3, and v € [p,p%). If {tun}nen is a
bounded sequence in W*P(R?) and if

lim sup / |un|"dz = 0,
TL—)OOyeRg ‘@R(y)

where R > 0, then u,, — 0in L°(R3) for all o € (p,p%).
We also recall the following useful technical result (see Lemma 2.3 of Ambrosio and Isernia [4]).

Lemma 6.2 ¢ Let u € W*P(R3) and let ¢ € C>°(R3) be such that 0 < ¢ <1, ¢ =1in By and ¢ = 0
in $5. Set ¢r(x) = ¢p(x/r). Then,

[upr —ulsp, -0 and |up, —ul, — 0.
In order to study problem (P,), we use the change of variable  — ez and we look for solutions to

(a + b[u}gp)(—A);u +V(ex)uP~! = f(u) inR3,
ue WS(R?), u>0 in R3.

(Pe)
Now, we introduce a penalized function. First of all, without loss of generality, we may assume that
0 € Aand V(0) = V4.

Let K > 2p and ay > 0 be such that

(6.2)

and we define



and

oo 1) = {xm')f(t) F (- xa@)F@) it >0,
0 if t < 0.

Then g satisfies the following properties:
@) fip 550
(g2) g(z,t) < f(t) forallz € R3, ¢ > 0,
(93)
(1) 0 < 9G(=z,t)
(i) 0 < pG(=,t)

= 0 uniformly with respect to z € R3,

g(z,t)t forallz € Aandt > 0,
g(z,t)t < %tp forallz € A°and t > 0,

g(z,t)

t2p71

<
<

(94) for each z € A the function

g(z,1)
t2p—1

is increasing in (0, 00), and for each = € A¢ the function

is increasing in (0, ag).

We remark that if u, is a solution of the problem

(a+blulsy)(—A)ju+ V(ex)uP ! = g(ex,u) inR3,
ue WP(R3), u>0 in R3,

(6.3)

with u(z) < ag for all z € AS, where A.:={z € R3 ex € A}, then g(ex,u.) = f(u.). Therefore,
ve(z) = uc(x/€) is a solution of problem (P,).

For any € > 0, we consider the following fractional space

= {u c WP(R3) : | V(ex)|u|P dz < oo}

RS

endowed with the norm
il =afull, + [ Vieo)u” do

In order to study problem (6.3), we look for critical points of the C!-functional .#, : 5 — R defined
by

1 b
Aw) =5l + gl — [ e

For any u, p € J%. the differential of .#, is given by



(F), ) = fn [ LD 20 )00 00) g

‘ [y

B [ [ LU0 ) )00

R

+ Jzs V(ex)|u|P~2up dz — Jrs 9(ex, w)ep da.

We denote by A4 the Nehari manifold associated with .#, that is,
A i={u € A\ {0} (I[(u),u) = 0},
and we define

o= inf Z.(u).
= g S

Next, we show that .. has a mountain pass geometry in the sense described by Ambrosetti and
Rabinowitz [1].

Lemma 6.3 & The functional Z. satisfies the following conditions:
(i) there exist a, p > 0 such that I (u) > a with || u ||e= p;

(ii) there exists e € F€ with || e ||> p and F(e) < 0.

Proof. (i) Using assumptions (g1), (92), (f1) and (f2), for any given ¢ > 0 there exists a positive
constant C; such that

g, )] < ¢t~ + Cclt” .
Thus, using Sobolev embeddings we have

1 b 1 -
Fe(u) = — ui’—i——u?’—/Gex,udmZ— ul? =CC |l ul? —C¢ | ul?.
(W) = o Tl 4o i . (ez, u) o lelle —Cclulle =Celful

Consequently, we can choose a, p such that I, (u) > aand || u ||e= p.
(ii) Let u € C=(R3) be such that u >0, u#0 and supp(u) C A.. In view of (g3) —(i) and
9 € (2p, p;), we can see that, for some constants C,Cy > 0 and for any ¢ > 0

tP bt 9 9
F(tu) < > | w|? —&-%[u]sﬁ,—Clt v’ dz+Cy — —0c0 ast — oo,
As

which completes the proof. o

Invoking the mountain-pass theorem without (PS)-condition (see Willem [153]), we deduce the
existence of a Palais-Smale sequence {uy, }neny C S22 such that

F(un) = cc +0(1) and &/ (u,) = o(1),
(6.4)

where



ce:= inf max £ (y(t))and T, := {fy € C°([0,1],52) : v(0) = 0, Z.(y(1)) < O}.

velte(0,1]

(6.5)

We use the following equivalent characterization of ¢, which is more appropriate for our purpose:

ce = inf max Z(tu).
e N0} 150

Moreover, from the monotonicity of g, it is easy to check that for all u € S \ {0} there exists a unique

to = tg(u) > 0 such that
He(tou) =max F(tu).
Lemma 6.4 < The functional &, fulfills the Palais-Smale condition at any level c € R.

Proof. Let {u, }nen be a sequence satisfying (6.4). Let us prove that {u, } nen is bounded in S#,. Using
(g3), we obtain that

|
A
e
S
S
N—

|
Sy
/'\

I (Un), tn)
— 5 ) lun [[€+0 1 — 5 )[u L [\ lg(ex,u — 9G(ex, uy,)|dz
9 n 9 " SP ) Ac n Unp y Un
g€z, up)un — ﬂG(ez, up)|dz
=) Nun 2 +3 Jylg(e, wn)un — 9G ez, uy)|dz

[
=) w12 =52 [y, View) unl? da

~ ) ) a2

Thanks to ¢ > 2p and K > 2p > 3, we deduce that {u, },en is bounded in . From Theorem 6.4 we

ce +o(1)

"@l»—l
?":

v+

vV
—~ e~ %=

D= ™= *E|>—A

v

may assume that u,, — u in JZ.
Now, we prove that for any 7 > 0 there exists R = R(n) > 0 such that

— p
lim sup/ (a/ [un(2) — un(v)] dy + V(em)|un{p) dx <n.
c R(;
R

n—00 |$ - y|3+31’

(6.6)

For any R > 0, let 9 € C®(R®) be such that ¥z = 0 in B, g =1 in Bsp, 0 <p <1, and
[Vyr| < € where C is a constant independent of R. Since {¢gu, }nen is bounded in 7, it follows that

<‘ﬂe’(un)a ¢Run> = On(].), that is



|un Unp )’p »
@+ b Un SP /1R3 /1;3 |$ _ y|3+sp "Q[)R(IL')d:L’dy + /]R3 V(ex)|un{ ¢R dz
=o(1) + /]R3 g(ex, uy)Yru, dz
R I e e

|z — y[>+eP

un(y)dady.
Take R > 0 such that A, C Bg. By the definition of yy and (g3) —(3¢) we get

/Rs /]1; ’un(al - y|3+sp)‘ Vr dedy + (1 B %) /1; V(Ew)‘u”|p¢R dr < 0(1)_
[n(2) — un(y)[P*(un(2) — un () (Wr(z) ~ ¥r(y))
(a+ blun]?,) / /
R3 JR3

‘ZL' _ y‘3+sp

un(y)dzdy.

(6.7)

Let us note that, from the boundedness of {up}ney in %, we can suppose that
a + blu,]t, — £ € (0,00). Now, using the Holder's inequality and the boundedness of {uy, }nen in J£ we
have

/ / [un(2) = un(y)|"*(un(@) — un()) (Vr(z) — Pr(Y))
R3 JR3

’l‘ _ y|3+sp

Wr@) —vr@IP o\
<o</Rg/RS R(z y|3+sp un(y)| dxdy)-

un(y)dzdy

(6.8)

On the other hand, by the definition of y, and using polar coordinates and the boundedness of {u, }nen
in J#,, we obtain

[Yr(z) — Pr(y)”
/Rs /Rs |:1: — y\3+5p |un(x){pd:cdy
[Yr@) = VR o / / [Wr(z) — ¥r(y)?
Un () |Pdedy+ up(z)|Pded
[ e sy [ B @) sy
dy c dy
<C Un(Z p(/ 7>d1:—|—— Up (T p(/ 7)6&1:
]Ri"‘ ( )| >R ‘x_y‘3+sp RpP R3| ( )| y—s|<R ‘:E _y‘?ﬂ-sp—p
dz C dz
<C un(x)|” / 7>d + == unmp(/ 7)daz
Re" ( )‘ ( |z|>R |z|3+sp Rp ‘ ( )| l2l<R |z|3+3P*P
< C/ ‘un ‘pd.'E (/ p3p+1 ) + ﬁ/ ’un(x)‘pdm (/(; pspierl
[ v S | oo

/un |pda:<Ri—>O as R — oo.

IN

Rsp



Gathering the last relation together with (6.7) and (6.8), we infer that (6.6) is satisfied. In particular, by

Fatou's lemma we have

(6.9)
Moreover, from (6.6) and (6.9), we deduce that
u, — win L7(R*)  for any o € [p,p}).
(6.10)
Indeed, for any n > 0 there exists R = R(n) > 0 such that, for any » large enough, we have
Uy — u|§ = |up — U|I£p(g3R) + |up — “|§p(@§)
<N+ |up — U‘ﬁp(ggﬁ)
1
<n+ —+ V(ex)|u, — ul? dz
V]_ %&
— _ _ P
crvc [ (o] Lonle) o) =) O 4, iy, ) o
25 \ Jrs |z — y|3+ep
< K17,
that is u,, — w in LP(R?). Then, by interpolation, it follows that (6.10) is verified.
Now, from the boundedness of {u, } e and the growth assumptions on g we get
/ (9(ex, up)u, — glex, u)u)(u, — u)dz
R3
< (Jun2 4 [uls ) [un — ulp + C (Junly ™+ [uly ) [un — ul,
< Clu, —ulp + Clu, —ul,
which together with (6.10) implies that
111}1(1) (9(ex,un)u, — g(ex, u)u)(u, — u)de = 0.
n R3
(6.11)

In what follows, we prove that || u, —u |[c— 0 as n — oco. Let ¢ € # be fixed and denote by
B, : 7, — R the linear functional on J#; defined as

B = [ [ 1)) ellte) o) o,

|z — y[3*+er

for all v € F#.. Moreover, by Holder's inequality, it is clear that B, is continuous on JZ,.



It follows from u,, — v in JZ that

lim ((a+ b[un)?,) — (a+ bu]?,)) By(un, — u) =0,

n—00

6.12)

where we used the fact that (a + b[u,]5p) — (a + blul%p) is bounded in R.
On the other hand, by wu,—wu in %, S£/(u,)—0, and (6.10), we know that
(L (up) — £L(u),un, — u) — 0 asn — oo. Then, by (6.11) and (6.12), we obtain

o(1) = (I (un) — F(v),un — u)
( + b[un] )Bu (un - u) ( + b[un] u )
+((at+blunl2,) — (a-+bul?,)) Bu(tn — ) / V(ex) (Junl?2un — [ufP~2u) (un — u)da

— /R3 (9(ex, up)u, — glex, u)u)(u, — u)dz
=(a+ b[un]zs),p)(Bun(un —u) — By(upn — u))

+/RS V(ex)(|un|P *uyn — |[u|P*u)(u, — u)dz + o(1).

It follows that

n—oo

i P Up —u) — By(u, —u ) (|tn P 2ty — [u|?%uw) (up — u)dz | = 0.
i (@ blunl2,) (B ()~ Bl — ) + [ Vi)l 2~ u)wy — u)de ) =0

Since (]z|P22 — |w|P~2w)(z — w) > 0 for all z,w € R, we can see that
(a+ b[un]g,p)(Bun (un —u) — By(un —u)) >0,
and by (V1) we also have
V(ex)(|un|? 2un — [ulP*u) (u, — u) > 0.
Therefore, we deduce that
lim. (@ -+ blun]2,)(Bu, (0 — ©) — Bu(un — ) = 0,

n—oo

p=2, |, |P2 _ —
lim IR3V(<€x)(|un| Up — |ulP""u)(u, — u)dz = 0.

(6.13)

In what follows, we shall apply Simon's inequalities, see Appendix B. We first suppose that p > 2.
Then, by (6.13) and (B.1), we obtain



=
3
|
£,
=
|

b = [ @)~ unl) — ula) + )Pl — i dady

<e / / [ttn () — 20 () P (tn () — 20n(3)) — Ju2) — () P> (u(x) — u(y))]
R3 JR3

X (un(z) — un(y) — u(z) + u(y))|z — y| "+ dzdy
:Cp[Bun(un—u) By (up —u)] = o(1).

In a similar way, by (V1) and (6.13), we get

/ V(ea)un — ul? dz < c, / V(ex) (un2un — [ulP~2u) (wn — w)dz = o(1).
R3 R3

In conclusion, || u, —u ||.— 0 asn — oo.

Now, we consider the case when 1 < p < 2. Since u,, — u in F%, there exists k£ > 0 such that
|| wn, ||e< & for all n € N. Hence, by (6.13), (B.1) and Holder's inequality we can see that

ftn — 6], < Cp(Bu (tn — ) — Bu(un —w))* (([wnl?, + [u]2,) ™

» p2-p) »(2-7)
< Cy(Bu(un — 0) — Bu(un — w)* ([unlig + [l )

where we used the following inequality

(@a+b)7 <a® +b7 Va,b>0,1<p<2.

In a similar way, we obtain that

ol

. V(ex)|up — ul? dz < C) (/Rs V(ex)(|un|P2un — |uP~2u)(un — u)d:r) = o(1).

Then we can infer that || u,, — u ||.— 0 as n — oo. This ends the proof of lemma. o
As a byproduct of Lemma 6.3, Lemma 6.4 and mountain pass theorem [1], we deduce that for all € > 0
there exists u, € S such that .Z,(u,) = ¢, and £/ (u,) = 0, that is u, is a weak solution to (6.3).
Let v~ := min {u, 0}. Using (&#/(u),u") =0, g(x,t) = 0 fort <0, and
2 —yl" (@ —y)(z” —y ) 2| —y P Ve,yeR,
we can infer

lu |2 <a/ / Y)IP 2 (u(e) — u(y)(w (@) — v (y)

| —y|Vrer

dxdy
—l—/ V(e:r:)|u|p_2uu_ dz

/ / )P (u(z) — u(y))(u”(z) — v (y))

|z — y|N+sp

dxdy = 0,



which implies that u~ = 0, that is u > 0 in R®. By a Moser iteration argument [120], we obtain that
u € L®(R?) N E°(RY) (see Lemma 6.8 below). By the maximum principle, we infer that u > 0 in R®. o

6.2.2 The limiting problem

Let us consider the following family of autonomous problems, where y is a positive parameter,

(-4 BulZy) (~A)3u + pu ) = f(u) Y,
ue WP(R3), u>0 in R3.

(6.14)

The energy functional associated with problem (6.14) is given by
& _ 1 b b e b F(u)d
H(u) - Ea’[u]s,p + %[u]s,p + ,u|u|p - R? (u) €L

which is well defined on the space 5%, := W *P(R") endowed with the norm
[ [ :=afulf, + plul.

Then &, € C*(5%,,R) and for any u, p € J,

. DI (u(z) —u) (@) ~ o)
(&) (), /R 3 /R 3 dzdy

|:B— |3+sp

" / DI (@) —uw) (@)~ 2w) ;.\
5 v Jms

|z — y[>+er

-l-,u/ lulP2up d:t—/ f(u)p dz.
R3 R3

We denote by .4, the Nehari manifold associated with &),, that is,
N = {u € AN\ A{0}: (&) (u),u) = o},

and

= B, 5

Arguing as in Lemma 6.3, we obtain that &), has a mountain-pass geometry and

d, = inf max &,(y(t)) = inf max &,(tu),

Y€l Ltel0,1] ues\{0} t>0

where

Dy i= {7 € CO0,1), ) : 7(0) = 0,8,((1)) < 0}.



Lemma 6.5 J Let {un}nen C H, be a (PS). sequence for &, such that u,, — 0. Then we have either
(@) up, —0inJ,, or

(b) there is a sequence {yn}nen C R3 and constant R, 8 > 0 such that

n—00

lim inf/ |un|? dz > B.
Br(yn

Proof. Assume that (b) is not true. Then, by Lemma 6.1 we deduce that
u, — 0 in L°(R?) for all o € (p,p?).
(6.15)

From (6.15) and (f1) —(f2) we can infer that

F(up)dx = f(up)un, dx =0(1) asn — oo.
R3 R3

On the other hand, arguing as in Lemma 6.4, we know that {u,}nen is bounded in %, and we may

assume that u, — u in 7. Taking into account that (&), (u,), un) = 0, we get
o I bl = [ ) do = o(0),

which implies that || u,, ||,— 0 as n — oo, that is (a) holds true. o
Now, we prove the following existence result for problem (6.14).
Theorem 6.5 J For all u > 0, problem (6.14) admits a positive ground state solution.

Proof. Using the mountain-pass theorem without (P.S)-condition, there exists a Palais-Smale sequence
{un}nen C €, for &, at the level d,. Arguing as in Lemma 6.4, we know that {un}nen is bounded in

J€,, so we may assume that

U, = u  in G,
u, = u inL¢ (R®)forallo € [1,p}).

Moreover, by Lemma 6.5, it follows that u is nontrivial. Now, for any ¢ € C>°(R3) we have
)P 2 — —
/ / I (w@) —uw)(e@) —eW) g ¢ #/ P2 dat
R3 JR? |z — y[3+sp R3

/ / YIP 2 (ulz) — u(y)(p(z) — ¢(y)

’JJ _ y|3+sp

dxdy — / f(u)p dz =0,
R3

(6.16)

where BP:= lim,, o [un]5,. By Fatou's lemma we have



6.17)

Our aim is to prove that the equality holds in (6.17). Assume by contradiction that [u]%, < BP. Taking
¢ =u in (6.16) we have that (&,(u),u) <0. From assumptions (f;) and (f) we can see that
(€, (t1u), t1u) < 0 for some 0 < t; < 1. Thus, there exists 7 € (t1,1) such that (&, (Tu), 7u) = 0. Now,

using 7 € (0, 1), the fact that ¢ — %f(t)t — F(t) is increasing for any ¢t > 0, and Fatou's lemma we can

infer that
1, 1 .
dy < Eu(tu) — %(@(TU)JW < Ep(u) %Wu(u), )
. 1
< h}gglf <éz'ﬂ(un) — %Qf’é(un),un)) =d,,

(6.18)

which gives a contradiction. Hence [u]§, = BP. Therefore, by (6.16), we deduce that &, (u) = 0, that is

&, admits a nontrivial critical point u € J%,,. By the maximum principle, we deduce that « > 0 in R3.
Finally, proceeding as in (6.18) with 7 = 1, we conclude that u is a ground state solution of problem
(6.14).

Let u™:= min {u, 0}. Using (&,(u),u”) =0, f(t) = 0 fort <0, and

lz—yP?(z—y)(@ -y )=z —y [P Va,yeR,

we can infer

u(z) — u(y) P2 (u(z) —u u () —u~
ety <o [ U ) ) g,
i o, [ U l) ) =) o

= f(w)u™ dz =0,
R3

which implies that 4~ =0, that is v > 0. By a Moser iteration argument [120], we obtain that

u € L®(R?) (see Lemma 6.8 below). From the maximum principle, we can infer that > 0 in R3. o

Remark 6.2 & We conjecture that if s € (0,1) and p € (1,00) are such that sp < 3, f(u) = u?* with
q € (p,p}), then it is possible to obtain an existence result for problem (6.14) if b > 0 is small enough.
The idea is to apply the Struwe-Jeanjean monotonicity trick by considering the truncated functionals
& Hy y(R?) = R, with k € N, X € [, 1], defined by

rad

Jwlll b | w7,
EF (v) = — K 2 _ N | F(u)d
b,,\(u) P + 2p X kP [u]s,p By (u) T,



where y is a cut-off function with support in the ball $Bs. Then, once proved that there exists a sequence
{Aitien € o, 1], Aj = 1, and {u;} jen C HE4(R?) such that each u; is a critical point oféab]f)\j, one has

to show that for all k > 0 large, there exists by > 0 such that, for all b € (0,bo), || u; ||, < kfor all j € N.
After that, arguing as in Ambrosio [2], the existence result for problem (6.14) follows.

We conclude this section by proving a very interesting relation between the levels ¢, and dy;,.

Lemma 6.6 ¢ We have lim supc, < dy,.

e—0

Proof. Let w be a positive ground state of problem (6.14) given by Theorem 6.5 with u = V4. For any
€ > 0 let ¥ () :=9(ex) where ¢ € C°(R?) is such that

1/)(:E) =1 ifx € %,
() =0 ifzec B
0<9<,

and consider the function w(z) = ¥.(z)w(z). For simplicity, let us assume that supp(¢)) C B2 C A.

By Lemma 6.2 and the dominated convergence theorem we can infer that, as € — 0,

we = w€W(RY) and &y (w.) — & (w) = dy,.

(6.19)
Now, for each € > 0 there exists £, > 0 such that
Fe(tewe) :r?ﬁ)x Fe(twe).
Hence, (#!(t.w,),w.) = 0 and we have
2 || we || +b tP w2 —/ f(tewe)tewe dz,
which implies that
a 1 f(t we) 2
tp[ welb +t—p V(ea:)|wepdm+b[We]sp_/RsW w? dz.
(6.20)

By the growth assumptions on /it follows that ¢, — o > 0. Our aim is to prove that ¢y = 1. Taking the
limit as € — 0 in (6.20) and using (6.19) we get

a 1 9 fltow)
Tl [ vlep da bl = [ ) da,

From the above relation, w € A4, and (f4) we deduce that ¢y = 1. On the other hand, we can note that



te
cé%gﬂmg;mm@:&mw+g/a%@—mﬁm.
> R3

Hence, using (6.19), since t. — 1 and V(ex) is bounded on the support of @, we conclude the proof. o

6.2.3 Proof of Theorem 6.1

For € > 0, let u, be the mountain pass solution of problem (6.3). For any €,, — 0" we denote by

Up = U, In:=HF, I =56, and c,:=c

Then, u, satisfies
(a+ blun)t ) (—A)un + V(ex)ul ™' = glex,u,) inR>.

Lemma 6.7 & Let €, — 0 and {up}nen C H, be such that %, (u,,) = ce, and Z)(uy,) = 0. Then there
exists {fe, }nen C R® such that the translated sequence

Un(m) = un(q3 + :gfn)

has a subsequence which converges in WZP(R3). Moreover, up to a subsequence,
{Ye, }nen := {€ne, }nen is such that y., — yg for some yo € A such that V(yg) = Vj.
Proof. Using (#] (uy,),u,) = 0 and assumptions (g;) and (g2), we deduce that there is x > 0 such that

| wn [le,> x>0 foranyn e N.

Taking into account %, (u,) = ¢p, (Z,(un),un) =0 and Lemma 6.6, we can argue as in the proof of
Lemma 2.3 to deduce that {uy, } nen is bounded in J2,.

Now, proceeding as in the proof of Lemma 6.5, we prove that there are a sequence {Je, }neny C R? and
constants R, 8 > 0 such that

lim inf/ |un|Pdz > B.

n—oo

R(Ten)

Hereafter, we denote by {§y }nen the sequence {Fe, }nen. Set @ () := un(x + §r). Then {@y }nen is

bounded in W*?(R?), and we may assume that
@, — @ weakly in W*P(R?).
(6.21)

Moreover, @ # 0 in view of

/|MWw>ﬂ
Br

(6.22)



Now, we set ¥, := €,3n. Let us begin by proving that {y, },en is bounded in R. To this end, it is
enough to show the following claim.
Claim 1. lim,_,« dist(y,, A) = 0.

Indeed, if the claim does not hold, there is § > 0 and a subsequence of {y, }nen, still denoted by itself,
such that

dist(y,,A) > 8§ VneN.

Then we can find » > 0 such that 4,(y,) C A for all n € N. Since @ > 0 and C>=°(R3) is dense in
W*P(IR®), we can find a sequence {t;}jen C C°(R?) such that ¢; > 0 and 1; — @ in W*P(R?). Fixed
J € Nand using ¢ = 1; as test function in (&, (u,), ¢) = 0 we get

// |in () — n (y) P2 (n () — () ($5(2) — ¥5(y))

|z —y[**eP

dxdy

vl [ / (@) = WP *((z) — () (@) — V(1)

|z —y|>+eP dedy

+ [ Va2t do= [ g a, da,

(6.23)

where fn = €, + €,7y. Taking into account that u,, > 0, ¢; > 0 and the definition of g, we can see that

/ng(gmﬁn)l/’jdm :/ . (gnaan)¢jdx+/%) (gnaﬂn)¢jdw

L

S/ _|un‘ 7211711/)] dili—i-/ f Up, ¢] dz.
B

€n

(6.24)
Gathering (6.23) and (6.24) we have
[ [ BB ) )y,
b, /IRg /R3 |G () —&n(y)ipQ(T;(iz:)y‘—gi;(y))(zﬁj(w) —¥;(y) dedy
v (1 _ %) [l e < [ , @)
(6.25)

From (6.21) and the facts that y; as compact support in R3 and €,, — 0 we can see that



[ ] o) = Gl i) S ) = 0D 4

|z — y|3*+er
@(z) — a(y) P2 (a(x) — a(y) (Y;(z) — ;)

— dxdy asn — oo
R JR? |z —y|3tep

and

/ flan)yjde —0 asn — oo.
B

The above limits together with (6.25) and [@, |5, — BP imply that
a/ ja(z) — a(y)|P 2 (@(z) — a(y)) (¥;(=) — ¥;(y))
R JR? |z —y|3tep

o [ [ 1) 500 ) l) )

|z — y[>+e

dxdy

dxdy

+W(th>/\mp%%dm§&
K ]R:}

Taking the limit as j — oo we have
ul? 4+ bBP|ul? Vi1l L) g <0
a[u]s,p + [U]&p + Vi - f ’U|p < U.

This gives a contradiction in view of (6.22). Hence there exists a subsequence {y,}nen such that

Claim 2. y, € A.
Using the definition of g and (6.23) we can see that

“j[ [ () — ()72 (@n (@) — @n(y)) (¥5(2) — $5(y))

|z — y[3rer dedy

R3 JR3
Up(x) — Uy p-2 Up(T) — Up, L) — V¥j
e, [ [ Bl =B 0e) ) =) o,

_ y|3+sp

+ [ VEa P awde< [ f(@)do
R3 R3
Taking the limit as n — oo we get

dxdy

a/ ji(z) — a(y) [P~ (@(z) — a(y)) (;(z) — ;)

‘:I: _ y’?)—l-sp

b [a(z) — ay)|"*(a(z) — a())(i(z) — i)
+W&¢43W P dzdy

+ [ Vi tayda < [ @y, e




Passing to the limit as j — co, we obtain
alilt, + BLalE, + Vin)lal} < [ f@)ide
Using Fatou's lemma we have [a]}, = [u]5, < BP, which combined with the above inequality yields
alilz, + bfal2, + Vil < [ f(@ade
Hence, there exists 7 € (0, 1) such that 7@ € Ay(y,). Let dy,,) be the mountain pass level associated with
SV (yo)- By Lemma 6.6 we can see that
dv(y,) < Ev(y,)(Th) < h,{gi?ffn(un) = li%g(i)glfcn < dy,.

Thereby, dy(y,) < dv;, and this implies that V' (yo) < Vy = V/(0). This together with the definition of
yields that V(yo) = Vp. From assumption (V3) we have that yo ¢ OA, thus yo € A.

Claim 3. @, — @in W*P(R3) as n — oo.

Consider the set Kn = EA — ¥, and define the functions

1 ifzeA,
L= T and R@)=1-().
0 ifzeAj

Introduce the following functions:

M= (5 - 5 )V @Narme. 1w = (-,

@)= | (5 - 5 ) V@I + G0 1a(0)n(o) Gl )| R2(e)

> |(5-7) - & |vEmree),

In the light of (f3), K > 2p > f—_pp, and (g3), we can see that the above functions are nonnegative.
By (6.21) and Claim 2, we can deduce that i, (z) — %(z) a.e. € R® and €,§, — yo € A, from which
we can infer that X% (z) — 1, hl(z) — hl(z), h2(z) — 0and h3(z) — h3(z) a.e. z € R3.

Now, using Lemma 6.6, the invariance of R® by translation and Fatou's lemma we can deduce that



1
dy, > lim supc, = lim sup (J (un) —

(i) )

m supey = lim st 7
— 1ig:sogp [(% - —) ot <2i - —> TS /Rs(h;(x) + h2(z) + hf;(:z:))dx]
>timint (3= 5 )alaalz, + (55 - —) 2+ [ (@) + @) + i)

1 1 5
> (3= g Jalalz, + (5 - 5 o+ [ (@) + 1 @de > ay
Therefore,
7}5& [an].zs),p = [ﬂ}{;p

(6.26)
and hl — h', h2 — 0,and h3 — h3 in L}(R®). Hence we can infer that
tim [ V@)@l do= [ Vil do
and thus
lim, [aaly =
(6.27)

Combining (6.26) with (6.27), and using the Brezis-Lieb lemma [14] we get
| @n—alf,—0 asn— oo.
This completes the proof. O

Lemma 6.8 < Let {ii, }nen be the sequence given in Lemma 6.7. Then, @, € L™ (R3) and there exists
C > 0 such that

linloo < C VneN.
Moreover,
Un(z) — 0 as |z| — oo uniformly inn € N.
(6.28)

Proof. For any L > 0, let @, ,:= min {&@y, L}. Let o > 1 and define the function

U(ii) = Lro(n) = @n T V) € S



We note that £ is increasing, so for any a,b € R it holds (a — b)(4(a) — £(b)) > 0. We introduce the

functions

Let us point out that

Hence, from Theorem 6.4 and the above inequality we get

- a1
(L@, > O L (@)l = O lanag, I,

s

$Hp —
(6.29)

On the other hand, for any a, b € R, it holds
2'(a —b)(L(a) — £(b)) = |L(a) — ZL(b)[.

Indeed, when a > b we have
2'(a —b)(b(a) — £(b)) = (a—b)P"1(£(a) — £(b)) = (a — b)P~ 1/ 0 (r)dr
—(a- b)Pl/b (L' (7)) dr > (/ 2/ dT) — (L(a) — L)),

where in the last inequality we used the Jensen inequality. A similar argument works when a < b.

Therefore, we deduce that

2 () (2) — 2L (@) (y) "

|
< Jiin(2) = Gn(®)I? 2(@n(@) — @ () (@n (@)@ (z) - an(m)@ ().

(6.30)
Using £(iy,) as test function in (6.3) we get
[ () — ()P 2(@n(2) — G () (@n(2)T0 V(@) — an(m)ahs V()
’ dxd
a/R3 /Ra |z — y|3+ep i
(@ () — ()P (@n(2) — () (@n(@)h (@) — aay)n ()
p,p/l;} /]RS ‘w_ ’3+Sp dmdy

4 / V() @nlPal% Y da = / 9, )82 da,
R3

R3

6.31)



where &, := €,z + €,§,. Putting together (6.30) and (6.31) we get

L)y + [ VENPa ) da

() — ()P 2 (@n(@) — Gn () (@n(2)T0 V(@) — an(m)an V()
<ol [

’CI: _ y|3+sp

p / / i (@) = i (y) P> (i8n(2) — () (@ (@)L, (@) — An@)iily, " (¥))
P Jos g

‘x _ ’3+sp

+/ V(&) iy, " de :/ 9(En, @n)an@lo Y de.
R3 : .

(6.32)
From (6.29) and (6.32) we can infer that
PO, o
@iy < oPCLL (@), < / (&ns )iy, ) do
R
<o?C [ g(&n, un)unup(a Y dz.
R3
(6.33)
Using the growth assumptions on g we have that for all ¢ > 0 there exists C; > 0 such that
lg(z,t)| < CHP T+ CltP* ! forallz € R®and t € R,
which together with (6.33) implies
@ ag, P < Co® ( / (lanP@hs ) de + / Cclan P aho da:)
R3
Choosing { sufficiently small we deduce that
|Unag |p < Cap/ |G, pSﬂ’L)Z Y de.
(6.34)

Now, let o0 = p?; and fix R > 0. Using the fact that 0 < %, < %, and the Holder's inequality, we

obtain



Ps—Pp
_pt plo—1 pp, . T
uﬁsu’i(z ) dz = / ay P(a,a,” )P de
R3 ’ RS ’

- zip . pip
= / iy P (@, " )P do + / P (ptyt, )P da
{@,>R} {@n<R}

< ( / a? dm) ’ ( / (G, )P dm) " 4 Rpi? / @b de.
{an>R} R3 ’ {ﬁn<R}

Since {4y, }nen strongly converges in LP: (R3), we can see that for any R sufficiently large

Ps—

P . 1
“p <
(/{ﬂn>R} tn dm) ~ 2Co?’

and thus we deduce

~p; ~p(0—1) 1 ~ ~£§;_p * 2 = -}
/R3 Uy Uy, , dz < 5007 (/Rs(u"uL’" )P da:) + RP ”/R3 Uy’ dz.

(6.35)

Putting together (6.34) and (6.35) we have

|Gnaf !

i* < CUpRpsp/ @b dx < oo,
El Rs

(©3)?
and letting L — oo we deduce that @, € L™ » (R3?).
Now, taking the limit as L — oo in (6.34) we have

~ O ~ps+p(c—1
|un|c£* < Cap/ RSO
El Rs

which implies

1 1

* pi(o—1) 1 * _ p(o-1)

(/ ﬁzps d:II> < (Co-)ﬁ (/ {L%-FP(U 1) d:I:> )
R3 R3

For m > 1 we define o,,1 inductively so that p} + p(oy+1 — 1) = pioy, and o1 = %}. Then we have

N T
D Om P3(Om+1-1) 1 _pom p3(om-1)
</ o da:> < (Copyp) omert an’™ dx .
R3 RS

Set

1
* P; (om—1)
Dy = abm dx .
R3

Using an iteration argument, we can find Cy > 0 independent of m such that



m
H Coji1) "’f“ k11 Py < CoDh.
k=1

Taking the limit as m — oo we get |ty |0 < C foralln € N.

Now, we note that ., is a solution to
(—A), i = [9(enT + €nlin, Un) — V(€nT + €nfin)is, ](a + blu,|? ,p)*1 =:h, inR>.

Moreover, h, € L®(R?) and |h,|s < C for all n € N. Indeed, this last inequality is a consequence of the
growth assumptions on g, |t,|e < C and a < a + b[i,]5p < C for all n € N. Then, using Corollary 5.5
in [75] we can deduce that @, € C%*(R®) for some a > 0. From this fact and (6.21) we infer that (6.28)
holds true. o

Corollary 6.1 There exists ng € N such that

un(z) < ag Vn>mngand Ve € A7 .
Hence, u, is a solution of problem (P..).

Proof. By Lemma 6.7 we can find {fn}nen C R? such that @y = un(- + §a) — @ in W*P(R?) and
Yn = €x8n — Yo for some yo € A such that V(y,) = V.
Now, if we choose 7 > 0 such that 8, (yo) C $a(yo) C A, then B - (i’—“

n

) C A.,. Hence, there exists

n1 € N such that forany y € B - (gn) we have

2r
< — Vn >ng,
€n

Yo

Yo
‘y—— <|y—nl + 1|7

n n
and consequently

A{ C B () foranyn >mn;.

In the light of Lemma 6.8, there exists R > 0 such that
Un(z) <ag for|z| > RandVn €N,
which yields
Un(z) = Up(z — Jn) < aog forz € B(y,) and Vn € N.
On the other hand, there exists ny € N such that

B (Gn) C B(in) Yn > na.

Hence, choosing ny =max {n1,ns}, we can infer that

A¢ C %; (Un) C Bi(Un) ¥n > ny,

and then



up(z) <ag Vz € A{ andVn > ny.

The proof is now complete. O

Proof of Theorem 6.1 Let u, be a nonnegative solution of problem (6.3). Then, there exists ¢y > 0 such
that

u(z) <ap Va € AfandVe € (0,¢),

that is u_ is a solution of problem (P,) for € € (0, ). Consider v () := uc(z/€) for any € € (0, €) and
note that v, is a solution to (P,). Let 7, be a global maximum point of v,. It is easy to see that there exists
7o > 0 such that v (n.) > 7o for any € > 0. Set z,:= "T — Je. Then z, is a global maximum point of

Ue(x) = ue(x + Pe) and e (ze) > 7 for any € > 0. We claim that

lim V(ne) = Vp.
e—0

If the above limit is not true, then there exist €, — 0 and § > 0 such that
V(ne,) >Vo+6 VYneN.

(6.36)

By Lemma 6.8, we know that @, (z) — 0 as |z| — oo uniformly in n € N. Therefore, {z., }nen is
bounded. Moreover, for some subsequence, there is yo € A such that €,g., — yo and V(yo) = Vp.
Therefore, ., = €52, + €,Je, — Yo Which combined with the continuity of ¥ yields V(n,,) — Vp. This
contradicts (6.36). Accordingly, V(n.) — Vy ase — 0.

Next, we provide a decay estimate for v.. Using (6.28) and (g1 ), there exists Ry > 0 such that
Vi

dc(z)?! vz € B,

g(ez, Ge(z)) < o Ue

Therefore,

V1 __p71
. 1= Y
2(a + bds,)

i

- a1 balt, [9(696 + €Je, Ue) — <V(6m + €Je) — 7>ﬁz€71]

. Vi 1 -
A 4 @l < (A,
(=A)E Jr2(a—i—bA§’)u6 < (FAple+

IN

m [g(ea: + €Je, Ue) — —u{:’—l] <0 in4%j;,
€ls,p

6.37)

where A; > 0 is such that a + buc]5, < a + bAY, for any € € (0, €g). Applying Lemma 7.1 in [42], we

can find a continuous positive function w and a positive constant C such that

C



(6.38)

and

Vl -1 .
—-A)? ——wP" >0 RB%
( )pw—i- 2(a+bA11’)w > in Bp,

(6.39)

for some Ry > 0. Thanks to the continuity of %, and w, there exists C; > 0 such that
Y=t — Crw <0 forl|z| = Rs,

where R3:= max {Rj, Ry}.
Taking ¢ =max {1, 0} € W*(25) as test function in (6.37) and using (6.39) with @ = C1w, we

can deduce that

(Y)IP*(ae(z) — e(y)) ($(z) — ¢(y)) Vi _p1
0= /R /R |z — g3t Ayt Sy bAD) /R e ¢ de

/]R3 /Rs ‘aj—y’3+sp ( ) ¢(y))d:1:dy+ 2(a+bA11’) \/]R?'['U:Iej wP ](]Sda:,

(6.40)

where

Ge(,y) = |te(z) — Ge(y) P (Te(z) — Ge(y) — [@(z) — @(y)[P~* (D(z) — @(y)).

Therefore, if we prove that

/Rz /Rs |z — |N+8p (¢(z) — ¢(y))dzdy > 0,

(6.41)

it follows from (6.40) that

Vi / o1 1
P L — a? " — P de >0
~ 2(a+bAY) {a€>u')}[ ) (& = %)

which yields that
{z € R®: |z| > Ry and @i.(z) > @} = 0.

To achieve our purpose, we first note that for all ¢, d € R it holds

dP%d — [P 2 = (p — 1)(d o) / e+ t(d — )P 2.



Taking d = @.(x) — @(y) and ¢ = W(z) — W(y) we can see that
AP 2d — |eP2e = (p— 1)(d — ) I(,9),
where I(z,y) > 0 stands for the integral. Now, recalling that
(x—y)(z" —y") > |zt —y"|*forallz,y € R,

we have

which gives (|d|P~2d — |c|[P~2¢)(d(x) — ¢(y)) > 0, that is (6.41) holds true.
Therefore, ¢ < 0 in &5, , which implies that @ < Crw in B, , that is Ge(z) < C(1+ |z|>**P)~1 in
A, Consequently,

o) = (2) (2 a) (2 i)

€

C Ce3+sp
< T _ o [3tsp | 3t = 13+
L+ |2 g3t 3P 4 |z — efe[3TeP
Ce3+sp

>~ 63‘|‘sp + ‘CE _ n6’3+sp

and this ends the proof of Theorem 6.1. o

6.3 Multiplicity of solutions

In this section we deal with the multiplicity of positive solutions to problem (P,). To achieve this result,

we need some auxiliary properties.

6.3.1 The generalized Nehari method

Let us denote by
Ne:={u € A : (I (v),u) = 0}
the Nehari manifold associated with problem (6.3), and define
T ={u€ A |supp(u") N A > 0} C H.

Let S, be the unit sphere of ¢ and set S} := S, N S . By the definition of S and using the fact that
JE7F is open in S, it follows that S} is an incomplete C'-manifold of codimension 1, modeled on %
and contained in the open % . Thus, 5 = T,S} @ Ru for each u € S}, where



TS, = {UE% B.( /Vea: |ulP™ 2uvd:c—0}

and

= [ [ o)l ale) _wle)le) = o) o,

|z — y|3+er

The next result is fundamental to overcome the non-differentiability of the Nehari manifold .4 and the

incompleteness of S

Lemma 6.9 & Assume that (V1) —(Vy) and (f1) —(f4) hold. Then, the following properties hold.

(i) For each u € 7" , let hy : Rt — R be defined by h,(t) := Z.(tu) . Then there exists a

unique t,, > 0 such that h!,(t) > 0 for allt € (0,¢,) and h!,(t) < 0 for allt € (¢, co).

(ii) There exists T > 0 independent of u such that t,, > T for any u € St . Moreover, for each

compact set K C ST there is a constant Cx > 0 such that t,, < Ck for any u € K.

(iii) The map e : H," — N given by m(u) = tyu is continuous and m¢:=melg+ is a

u

homeomorphism between ST and A . Moreover, m_*(u) = fluellc *

(iv) If there is a sequence {un fneny C ST such that dist(u,,dST) — 0, then | me(uy,) ||e— oo

and Z.(me(un)) — oo.

Proof. (i) We know that h,, € C1(R",R), and by Lemma 6.3, we have that h,(0) = 0, h(t) > 0 for
t > 0 small enough and h,(t) < 0 for ¢ > 0 sufficiently large. Then there exists a global maximum point

t, > 0 for A, such that k! (t,) = 0, that is t,u € A"

Now, we aim to prove the uniqueness of a such ¢,. Assume by contradiction that there exist t; > ta > 0

such that h! (t1) = h!,(t2) = 0, or equivalently

R / glea, tuyu da,
R

270 | 2 b2 ]2, = / (e touu da.
R

Dividing both members of relation (6.42) by tfp T we get

| w || o [ 9lex,tiu) o
—tzl, + bluld, = . 7(751”)21)71 uPdz,

and similarly, dividing both members of (6.43) by tgp ~1 we obtain

(6.42)

(6.43)



u||? €x, tous
H pH6 b[u]?;:/ gler, t2u) )u2pda:.
t2 k R3 (tgu)zl’*l

Subtracting the above identities, and taking into account the definition of g we can see that
1 1 T, t1u T, tau
(7))l = [ S - f ) s
tl t2 R3 (tlu) (tQ’U,)
[ [ sty
Aen{tyu>ae} (t1u)?® (tau)?
€x,t1u t
+/ [9( ,2171) B g(ew,;i) ]u2pdx
Acn{tu<ag<tu} (tlu) P (tzu) P

+/ [g(ew,;ﬁul) B g(e:r,?ul) ]u2pdm
Aen{tu<ag} (tlu) P (tQu) P~

1 /1 1
> — (—p — —p> / VouPdz
K tl tz Aen{tau>ag}
1 t
+/ [E - f( 22u)71 :|u2pd$.
Acn{tyu<ao<t u} K (tlu)p (tz’IL) P

Accordingly, in view of £; > to, we have

1 PP Vi 1 tou
lule < VouPde 4+ 102 / [_0 S )1]u2pda:
Acn{tou<ao<tiu}

~ K Jantusan) ty— 1 K (tiu)?  (t2u)*
1 174 v
— VouPldz — 5 2 5 / 0 uPdz
K Aen{tau>ap} tl - t2 Aen{tau<ao<tiu} K
tP tou 1 1
+— ! m / f(—221updm < —= [ Voulde < — || u|?.
t]_ - t2 Agﬁ{t2u§ag<t1u} (t2u)p K A¢ K

Since u # 0 and K > 1, we get a contradiction.
(i) Let w € S . By (4) there exists ¢, > 0 such that k! (¢,) = 0, or equivalently

gt ul b = [ gler taujuds.
R

From (g1) —(g2) and Theorem 6.4, for all £ > 0, we obtain

tﬁfl < / glex, t,u)ude < &80 + C’gtzfng,
RS

and choosing ¢ sufficiently small, we can find 7 > 0, independent of u, such that £, > 7.
Now, let K C ST be a compact set, and assume by contradiction that there exists a sequence
{un}nen C K such that ¢, :=¢t,, — oo. Therefore, there exists u € K such that u,, — u in J#. From the

proof of (i) in Lemma 6.3 we get

Fe(tnuy) — —oo.



(6.44)

On the other hand, fixed v € A/, by (#/(v),v) = 0 and (g3), we can infer

€

SU0) = 0) = (S0

— -2 1
> (52 ) 1wl + (P i+ 5 [ loter,opo— 96 (er, s

d—0p d—p\ 1 1 9—0p
> —= p_ & | P > _ I P
> (ZE) vz - (55 % Agv<ew>vdx_(1 ) (52 ) 1o

Taking into account that {¢, u,}neny C A, K > 2p > 3,9 > 2p, from the above inequality and (6.44),
we obtain a contradiction.

(iii) Firstly, we note that 7., m, and m_! are well defined. Indeed, by (i), for each u € S there
exists a unique m(u) € A". On the other hand, if u € A then u € .. Otherwise, if u ¢ ST, we get

|supp(u™) N A =0,

which together with (¢g3) —(4¢) yields

| wl? S/ g(em,u)ud:n:/ g(em,u)udw—l—/ g(ex,u)u dx
R A¢ A

€

_ /A olex, utu* dz < % | Viewpar < % P

(6.45)

and this leads to a contradiction because K > 1. Consequently, m_!(u) = ||17H €St m_

1

is well

defined and continuous. From u € S/, we can see that

t,u U

me ' (me(u)) = m " (t,u) =

€ u

ltawlle — fTulle

which implies that m, is a bijection.

Next, we prove that 7. is a continuous function. Let {u, }nen C J£7 and u € S£ 7T such that u,, — u
in #Z. Since m(tu) = m(u) for all t > 0, we may assume that || u, ||=|| u ||= 1 for all n € N. By (3)
there exists ¢y > 0 such that ¢,, :=¢,,, — t¢. Since t,u, € A, we have

0w 2 4082w, = [ gleatuun)taun da.
R

Letting n — oo, we obtain

w2 +0 a2, = | glew, towtou de,
R



which implies that tou € 4. By (i), we deduce that ¢, = ¢, and this shows that M. (u,) — Mme(u) in
J . Therefore, . and m, are continuous functions.

(iv) Let {un }nen C S} be such that dist(u,, dST) — 0. Observing that for each 7 € [p, p] and n € N
it holds

Uy Lr(a) < of fun = vl <G of [l un = v

then by (g1), (92), (g93) —(#%), we obtain

S G(ex, tup)dz = fACG ex, tu, d:c—i—fA G(ez, tuy,)dz

| /\

e fAC ex)|ug|Pdz + [, F(tu,)dz
tp | uy |2 +Ct% fA (u,r)?Pdz + Cat” fA S)dx
£+ Cit?dist(uy, 0SF)? + Cht dist(un, 6Sj)”

| /\

IN

from which we find
P
limsup | G(ex,tu,)dz < ¥ vt > 0.

n—00 R3

(6.46)

Taking in mind the definition of m.(u,,) and using (6.46), we have

lim inf Z, (m.(u,)) > lim infﬂE (tun)

n—oo
bt2P t? K—p
> lim inf [_ | [P Ty [Un]gf'},] %2 ( K >tp.

This implies that for all ¢ > 0

1 b K—p
o 1 P P
hggf{p | me(un) [ 4+ o) }>hm1nff (me(un)) > ( e >t ,

and recalling that K > 2p > p, from the arbitrariness of ¢ we get Z(mc(u,)) =00 and

|| me(un) ||e— coasn — co0. O

Let us define the maps
1&6:%+—>R and . :S = R,

by 1[’6(“) = 'ﬂe(me(u)) and ¢, := '(/A)e‘S:“
The next result is a consequence of Lemma 6.9 and Corollary 2.3 of Szulkin and Weth [144].

Proposition 6.1 < Assume that (V1) —(Vy) and (f1) —(f4) are satisfied. Then the following properties
hold.

(a) . € CY (A, R) and



(I (he(u)),v) Yu € AT,V € A

€

(b) ¢ € CYSHR)and
(YL(w),v) =[ me(u) ||e (L (me(u)),v), YveT,S;t.

(¢) If {un}tnen is a (PS)q sequence for y,, then {m¢(un)}nen is a (PS)q sequence for S, . If
{un}nen C A is a bounded (PS)q sequence for Z. , then {m " (un)}nen is a (PS)q sequence
Jor ..

(d) wuis a critical point of v, if and only if m.(u) is a critical point for Z. . Moreover, the

corresponding critical values coincide and

inf .(w) = inf 7 (u).

ueST

Remark 6.3 As in Szulkin and Weth [144], we can see that the infimum of . over N has the following

minimax characterization.

ce =inf S (u) = inf max Z(tu) = inf max Z(tu).

ueN uest t>0 ueSE t>0

Now, we prove the following result.

Corollary 6.2 d Let d € R. Then y, satisfies the (PS)g condition on S} .
Proof. Let {up }nen C ST be a (PS) sequence for y, at the level d. Then

Ye(un) - d and  YL(u,) — 0in (T,,S})".

Un™e

By Proposition 6.1-(c) it follows that {m(u,) }nen is a (PS)4 sequence for ., in ;. Then, by Lemma
6.4, we can see that #, fulfills the (PS)4 condition in J#, so there exists u € S such that, up to a

subsequence,
me(un) = me(u) in H2.
Applying Lemma 6.9-(4i7), we conclude that u, — u in S. o

Now, we deal with the autonomous problem (6.14). We denote by ,}i’jf the open subset of J#, defined

as
A= {ue A, supp(u)| > 0,

and S; =S,N e%’f, where S, is the unit sphere of J],. We note that S/J[ is an incomplete C'-manifold
of codimension 1 modeled on 7], and contained in C%”#*. Thus, €, = TuS;r @ Ru for each u € S:[,
where TS} := {u € 7, : Bu(v) + p [ |ulP"2uv dz = 0}.

Arguing as before, we can see that the following results hold.

Lemma 6.10 < Assume that (f1) —(f4) hold. Then the following properties hold.



(i) For each u € " , let h: RT — R be defined by hy(t) := &,(tu) . Then there exists a
unique t,, > 0 such that h!,(t) > 0 for allt € (0,¢,) and h!,(t) < 0 for allt € (¢, co).

(ii) There exists T > 0 independent of u such that t, > T for any u € S;“ . Moreover, for each

compact set K C S;{ there is a constant Cx > 0 such that t, < Cx for any u € K.
(iii) The map 1, : K" — AN, given by ™y (u) = tyu is continuous and my :=yls: is a
homeomorphism between S, and A, . Moreover, m;l(u) = ﬁ
w
(iv) If'there is a sequence {un}nen C Sj such that dist(uy, 0S;)) — 0, then || m(uy) [|,— oo

and &,(m,(u,)) — oo.

Let us define the maps
@bﬂze%”,f%]l% and @bM:S;—HR,

by i'u(u) 1= &y (1ho(u)) and ¢, := @Zu’S,f-
Proposition 6.2 < Assume that (f1) —(f4) are satisfied. Then,
(a) ¢, € C'(#,",R) and

_ () lw

(W (u),0) = T (8 (w)),v) Yu € H Yo € S,

[ u
(b) ¥ € C'(S},R)and

(P (w),v) =l mu() u (£ (mu(w)),v), Yo eTLS,.

c) If{up}tnen is a (PS)q sequence for y,, then {m,(u,)}nen is a (PS)q sequence for &, . If
Iz I 2
Up bnen C A, is a bounded (PS)q sequence for &, , then {m;;*(u,)}nen is a (PS)q sequence
1 Iz It
Jor w,.
d) wu is a critical point of vy, if and only if m,(u) is a critical point for &, . Moreover, the
iz I 7

corresponding critical values coincide and

inf ¢, (u) = inf &,(u).

u€eS;; ueN,
Remark 6.4 As in Szulkin and Weth [144], we can see that the infimum of &, over A, has the following
minimax characterization:

d, :ulelj/; &,(u) = ein%ffr?g)x &, (tu) :uie%f; max &, (tu).

Next, we give a compactness result for the autonomous problem which we will use later.

Lemma 6.11 & Let {up}nen C A, be a sequence such that &,(un) — d,. Then, {up}nen has a

convergent subsequence in Ft),.



Proof. Since {up }neny C A}, and &, (uy,) — d,,, we can apply Lemma 6.10-(4i¢), Proposition 6.2-(d) and
the definition of d, to infer that

Unp

v ) =
n |l

ES; Vn € N

and

Yu(vn) = Eu(un) — d, = inf 9, (v).

vES;;

Let us introduce the map % : g: — R U {oo} defined by setting

Yu(u) ifucS],
F(u):= {oo ifue BS;.

We note that

N =t

(D) (S,,d,), where §,(u,v):= || u — v ||, is a complete metric space;
. —+ )

(i) Z e C(S#,R U {o0}), by Lemma 6.10-(iv);

(iii) Z is bounded below, by Proposition 6.2-(d).

Hence, invoking the Ekeland variational principle to &, we can find {9, }nen C S; such that {9y, }nen

is a (PS)g4, sequence for y, on S and || 9, — vy, ||,= 0n(1). Then, using Proposition 6.2, Theorem 6.5

and arguing as in the proof of Corollary 6.2, we obtain the conclusion. O

Remark 6.5 By Lemma 6.6, (V1) and (V3 ), we obtain that lim._,q c. = dy,.

6.3.2 The barycenter map

In this subsection, our main purpose is to apply the Ljusternik-Schnirelmann category theory to prove a
multiplicity result for problem (6.3). We begin with some technical results.

Lemma 6.12 & Let €, — 0 and {uy}nen C AL, be such that S, (un) — dy,. Then there exists
{Gn}nen C R3 such that the translated sequence

Up(z) :=un(z + Jn)
has a subsequence which converges in Jy,. Moreover, up to a subsequence, the sequence

{Yn }nen 1= {€nTn }nen is such that y,, — yo € M.

Proof. Since (F! (uy),un) = 0 and & (u,) — dy,, it is easy to see that {uy, }nen is bounded. Let us
observe that || u, ||, 0 since dy, > 0. Therefore, arguing as in Lemma 6.5, we can find a sequence
{Fn}nen C R? and constants R, a > 0 such that



lim inf/ |up|Pdz > a.
BR(gn)

n—0o0

Set @y, () := up(z + §5). Then, {@y }nen is bounded in S, and we can assume that
U, — @ weakly in S,

for some @ # 0. Let {¢,}nen C (0,400) be such that @, := ¢, @, € Ay, (see Lemma 6.10-(7)), and set
Yn 1= €,0n. Then, from u,, € A and (g2), we can see that

dy, < &y (Un) < %['Dn]g,p + % Jis V(enz + yn)[0n|? dz + %[671]3{; — Jps F(on)dz
ath

o [unlbp + % ng V(enz)|un|P dz + % [un]il; — fR3 G(enz, thuy,)dx

= I, (thun) < Z (uy) = dy, +0(1),

IN

(6.47)
which gives
&, (tn) — dy, and {0y, }nen C A,
(6.48)

In particular, relation (6.48) implies that {,, } e is bounded in £, so we may assume that ¥,, — 9.
Obviously, {t,}nen is bounded and we have t,, — to > 0. If t; = 0, from the boundedness of {, }nen,
we get || T [|vy=tn || @n ||v,— 0, that is &y, (?,) — 0 in contrast with the fact dy, > 0. Then, t; > 0.

From the uniqueness of the weak limit we have © = tgu and @ # 0. By Lemma 6.11, we deduce that
U, — Din %Vo’

(6.49)

U, v .
which implies that 4,, = . — 7. —uin H,, and
n 0
&y, (0) = dy, and (&y,(?),0) = 0.
Next, we show that {y, }en has a subsequence such that y,, — yo € M. Assume by contradiction that
{Yn}nen is not bounded, that is there exists a subsequence, still denoted by {yn}nen, such that

|yn| — +o00. Take R > 0 such that A C %Br. We may suppose that |y,| > 2R for n large enough, so, for
any x € Bpye,, We get [en® + Yn| > [yn| — |€nz| > R. Then, we deduce that

” Up, HI{)/U SH Up, HZIj/O +b[ﬁn]g§3 = f]Rs g(Gn:C +ynaﬁn)'&n dz

= f‘@R/En f(ﬁ")a" dz + f%§/5n f(in) iy, dz.

Since 4, — @ in J£y,, from the dominated convergence theorem we can see that



[ fan)andz = o).

R/en

Recalling that f(,,)d, < %| P, we get

1
| @ %< = [ Volaal” de + o),

R/en

which yields

(1= 5) 1o < ot

Then we obtain a contradiction thanks to @, — @ # 0. Thus, {y,}nen is bounded and, up to a

subsequence, we may assume that vy, — yo. If yo & A, then there exists 7 >0 such that

Yn € Br2(yo) C A* for any n large enough. Reasoning as before, we get a contradiction. Hence, y € A.
Next, we prove that V(yg) = Vp. Assume by contradiction that V'(yg) > V;. Taking into account (6.49),

Fatou's lemma and the invariance of R? by translations, we have

dy, =&y, (v) < hm 1nf[ [On)5p + = ng (€n + Yp)|Tn|? dz + & o [0n) sp fR3 (On, da:}
< li}g}){}ffen( nUn) < h}gg}fﬂen (up) = dy,

which gives a contradiction. O

Now, we aim to relate the number of positive solutions of problem (6.3) to the topology of the set M.

For this reason, we take § > 0 such that
= {z € R3 : dist(z, M) < 6} C A,

and we consider n € C°(R4, [0,1]) such thatn(t) = 1if0 <t < % and n(t) = 0ift > 4.
For any y € M, we define

Wey(2) i=n(lez — yl)w (w - y)

€

where w € £, is a positive ground state solution to the autonomous problem (6.14) (whose existence is

guaranteed by Theorem 6.5). Let £, > 0 be the unique number such that

I?§)X I(tVey) = Ie(te¥Vey).

Finally, we consider the map ®, : M — .4 defined by setting
P (y) ==t ¥y
Lemma 6.13 J The functional ®. satisfies

lim . (®.(y)) = dy, uniformly iny € M.

e—0



Proof. Assume by contradiction that there exist 69 > 0, {yn }nen C M and €, — 0 such that
|f€n(@€n(yn)) - dVO| > dp.
(6.50)

€l —

Let us observe that, by using the change of variable z = ,ifz € %’ 4, it follows that €,z € %;

€n

and then €,z + y, € Bs(yn) C Ms C A. Then, recalling that G = F in A and n(t) =0 for ¢t > 4§, we
have

tP

jfn(éﬁn(yn)) = - || \Ilenyyn ”p +b 5" €n yn f]R3 enm’ ten‘Ilfnvyn)dx

= %([n(lenzbw b+ fRa (enz + yn><n<|enz|>w<z>>f> dz)
S n(ensl)wl — fus F(ten(lens])w(2))dz.

Now, we verify that the sequence {t., }ncn satisfies ¢, — 1 as €, — 0. By the definition of ¢, it
follows that (#, (®c,(yn)), ®e,(yn)) = 0, which gives

e 2 000 13, = [ [ SOTEEIEI) ety

te, ten(|enz)w(2))%

(6.51)

where we used the fact that g = f on A. Since n =1 in & s C P for all n large enough, from (6.51) it
follows that

te, te,w(z))%1

1 f(te,w(2))
— || ¥, P +b|0, 2 > w(2)|?P dz.
9., 12+ n,ynJ,p>/%%{( Jw(a)

Since w is continuous, we can find a vector 2 € R3 such that

Then, by (f4), we deduce that

1

ftow(2)
¥ 12, #0005 > [

W] |w(2)|*| B |-
(6.52)

Now, assume by contradiction that ¢, — co. Let us observe that Lemma 6.2 yields
| ¥eon [l w Iy € (0, 00).

(6.53)



From t., — oo and (6.53), it follows that

W 12, 61200 )%, — lui,
(6.54)
On the other hand, by (f3), we have
lim M = oo0.
R (tqw(E)
(6.55)

Putting together (6.52), (6.54) and (6.55) we get a contradiction. Therefore, {t. }nen is bounded and, up
to a subsequence, we may assume that t. — to for some ¢y > 0. Indeed, from (6.51), (6.53), (f1) —(f2)
we can see that ¢p > 0. Hence, letting n — oo in (6.51), we deduce from (6.53) and the dominated

convergence theorem that

& Il vl = [ LS ae
(6.56)
Since w € Ay, we can see that
| w ||}, +blw]?, = /R fw)w da.
(6.57)

In the light of (6.56), (6.57) and (f4), we deduce that ¢, = 1. Accordingly, taking the limit as n — oo in
(6.51), we obtain

lim jen(q)@“yn) = éDVO('LU) = dVO,

n—oo
which contradicts (6.50). The proof is now complete. O

At this point, we are in the position to define the barycenter map. For any § > 0 given by Lemma 6.13,
we take p = p(8) > 0 such that M5 C 4B,, and we consider 7" : R3 — R3 given by

z if|z] < p,

We define the barycenter map 3. : A4 — R? as follows



_ ng Y(ex)|u(z)|? dz
Jes [u(@)|P dz

Be(u) :

Arguing as in Lemma 3.14 of Ambrosio and Isernia [4] we can prove the following result.

Lemma 6.14 & The function 5, satisfies the following limit

ligé Be(®e(y)) = yuniformly iny € M.

Now, we introduce the following subset of A"
N ={uc N : I.(u) <dy, + hi(e)},

where hi(€):= supyep |Le(Pe(y)) — dv,| — 0 as € — 0 by Lemma 6.13. By the definition of h;(e), it
follows that, for all y € M and € > 0, ®(y) € 4/’17; and J’fz # (). Moreover, as in Lemma 3.15 in [4], we

can see that the following lemma holds true.
Lemma 6.15 & For any § > 0 there holds

lim sup dist(Be(u), Ms) = 0.

0 P
€E— uEJVE

Before proving the multiplicity result for the modified problem (6.3), we recall the following useful

abstract result whose proof can be found in Benci and Cerami [9].

Lemma 6.16 & Let I, I} and Is be closed sets with I; C I, and let w: I — Iy and 1 : I; — I be two
continuous maps such that mwop is homotopically equivalent to the embedding j: 1y — Is. Then
catr(I) > catr,(I).

Theorem 6.6 < Assume that (V1) —(Vy) and (f1) —(f4) hold. Then, given § > 0 there exists €5 > 0 such
that, for any € € (0, €s), problem (6.3) has at least cat s, (M) positive solutions.

Proof. For any € > 0, we consider the map a, : M — S defined as a.(y) = m_1(®(y)). By Lemma

6.13, we have

P_I% Ye(ae(y)) :li_% F(®:(y)) = dy;, uniformly iny € M.
(6.58)
Set
57? ={w € S : ¥ (w) < dy, + hi(e)},

where hi(€):= sup,cp [Ye(ac(y)) — dy,| — 0 as € — 0 by (6.58). Since Ye(ac(y)) € Z we deduce

that ,57? # () for all € > 0. From Lemma 6.13, Lemma 6.9-(#4¢), Lemma 6.15 and Lemma 6.14, we can
find € = € > 0 such that the following diagram is well defined for any € € (0, €).



3, m.! me Be
M— ®(M) = a(M)— ®.(M) — Ms.
In view of Lemma 6.14, and decreasing € if necessary, we can see that B.(®.(y)) = y + (¢, y) for all
y € M, for some function 6(e, y) such that |0(e, y)| < % uniformly in y € M and for all € € (0, €). Then,
we can see that H(t,y):=y+ (1 —1t)0(e,y) with (¢,y) €[0,1] x M, is a homotopy between
Beo®. = (Bcome)o(m_to®,) and the inclusion map id : M — Mj. This fact together with Lemma

6.16 implies that
cato, (myoe(M) > catpr(M).
(6.59)

Therefore, by Corollary 6.2 and Corollary 28 in [144], with ¢ = ¢ < dy, + h1(€) = d and K = a.(M),
we can see that ¥, has at least cat,, (yr)c (M) critical points on 57;* . Taking into account Proposition 6.1-
(d) and (6.59), we can infer that .#, admits at least cat (M) critical points in ;. O

6.3.3 Proof of Theorem 6.2

Take & > 0 such that Ms; C A. We begin by proving that there exists € > 0 such that for any € € (0, €;)
and any solution u, € Ji/: of (6.3), it holds

’uE’Lm(Ag) < a/O.
(6.60)

Suppose by contradiction that for some subsequence {€y}nen such that €, — 0, we can find u., € ,/f/;
such that &/ (u.,) = 0 and

|Ue, | Lo(ac ) = 0.
(6.61)

Since &, (u,) < dy, + hi(e,) and hq(e,) — 0, we can proceed as in the first part of the proof of
Lemma 6.7, to deduce that # (u.,) — dy,. Then, by Lemma 6.12, we can find {§, }neny C R3 such that
Un = Ue, (- + ) — @ in WP(R?) and €,7,, — yo € M.

Now, if we choose 7 > 0 such that %,(yo) C B2 (yo) C A, we can see that ,@_n(i’—:) CA. In
particular, for any y € 93& (gn) it holds

_ Y%

€n

< S (r+o(1)) < 2r for n sufficiently large.
€n €n

Yo . N
‘y—e— < |y — Gnl + |Fn

n

Therefore, for any n big enough we have A{ C %% (7). On the other hand, using (6.28), we know that
Un(z) = 0as|z| — oo

uniformly in n € N. Hence, there exists R > 0 such that



Un(z) < ap forall x| > R,n € N.

Consequently, uc, (z) < ag for any x € B4 (7,) andn € N.

Since there exists v € N such that for any n > v, we have
A¢ C B (n) C Br(Tn),

we deduce that u, (x) < ag forany z € A¢ and n > v, which is in contrast with relation (6.61).
Let €5 > 0 given by Theorem 6.6 and we fix € € (0, €5), where €5:= min {é;, €5}. In view of Theorem

6.6, we know that the problem (6.3) admits at least cat ps,(M) nontrivial solutions. Let us denote by u, one

of these solutions. Since u, € A, satisfies (6.60), by the definition of g it follows that u, is a solution of (
P,). Then d(z) := u(z/¢) is a solution to (P,), and we can conclude that (P,) has at least cat s, (M)
solutions.

Finally, we study the behavior of the maximum points of solutions to problem (156). Take €, — 0" and
consider a sequence {u, }nen C F2, of solutions to (156). Let us observe that (g;) implies that we can find
~ > 0 such that

Vi
glex,t)t < fotp forany z € Rt < 7.

(6.62)
Arguing as before, we can find R > 0 such that
[ 2 (B ) < V-
(6.63)
Moreover, up to extract a subsequence, we may assume that
[wnl L= (Ba(5.)) = 7-
(6.64)

Indeed, if (6.64) does not hold, in view of (6.63) we can see that |u,|e <. Then, thanks to
(F! (un),un) = 0 and (6.62), we get

,
|2, < / olen, ) d < 2 / P d
R3 R3

which yields || u,, ||,= 0, and this is an absurd. Accordingly, relation (6.64) holds true.

Taking into account (6.63) and (6.64) we can deduce that the maximum points p,, € R? of u, belong to
PBr(Yn). Therefore, p, = ¥, + g for some g, € Br. Hence, 0, := €,3n, + €,gy is the maximum point
of Uy (x) = up(x/€,). Since |g,| < R for any n € N and €,§, — yo € M (in view of Lemma 6.12), by

the continuity of V, we can infer that



lim V(ne,) = V(yo) = Vo,

n—0o0

which ends the proof of theorem. o

6.4 Ciritical and supercritical fractional Kirchhoff problems
This section is devoted to the existence of positive solutions to

(ePa + €2P-3b[u]? ) (—A)su+ V(z)up™t = ut™t + yu™! inR?,
u€ W (R3), u>0 in R3.

After rescaling, we study the following Kirchhoff problem

(a+ b[u]’;p)(—A);u +V(ex)uP !t =u? !t +yu1 inR3,
ue WSP(R?), u>0 in R3,

(6.65)

where v > 0 and the powers g and r are such that 2p < ¢ < p; <.
In what follows, we truncate the nonlinearity ¢(u) := u4~! + yu"~! in a suitable way.

Let K > 0 be a real number, whose value will be fixed later, and we set

0 ift <0,
¢y (t) =t 4 ! ifo0<t<K,
(L +yK 9t ift > K.

Then ¢, satisfies the following properties:

(¢1) lim $(t) =0;

t—0 ¢2p-1

¢4 (?)

(¢2) lim po

(¢3) 0 < q®,(t) <te,(t) forallt > 0, where ®,(t) = fot ¢~ (7)dT;

= 0 for some v € (g, p*);

t
4) t— /() is increasing in (0, 0o).
t2p71

Moreover
¢, () < (L+ K" 9t for all t > 0.
(6.66)

Therefore, we consider the following truncated problem



(a + b[u]’;p)(—A);u + V(ex)uP™! = ¢(u) in R3,
u€ WP(R®), u>0 in R3.

(6.67)

We remark that weak solutions of (6.67) are critical points of the energy functional .Z, : 5 — R
defined by

1 b

2
egla) = — | ull +ooluly ~ [ @ (e

o p 0 2p ’ R3 ’

Using Theorem 6.1, we know that for any « > 0 there exists €(y) > 0 such that, for any € € (0, &(7)),
problem (6.67) admits a positive solution u. .

Now, we prove that it is possible to estimate the #.-norm of these solutions uniformly with respect to y.

Lemma 6.17 & There exists C > 0 such that || u., ||c< C for any € > 0 sufficiently small and uniformly

iny.

Proof. A simple inspection of the proof of Theorem 6.1 shows that any solution u., of problem (6.67)

satisfies the following inequality
Ier(tey) < dvyy + hy(e),

where dy,, is the mountain pass level related to the functional &%, ,, and h,(e) — 0 as € — 0. Then,

decreasing €(v) if necessary, we may suppose that
Fen(tiey) < dy,,+1  foranye e (0,€(y)).
(6.68)
Using the fact that dy; , < dy, o for any v > 0, we deduce that
Fen(tiey) < dyo+1 foranye € (0,€(7)).

(6.69)

From (¢3) and ¢ > 2p, we infer that



1
Fen(ticy) = Ten(tey) — E<=ﬁel,7(“e,7)’ Uesy)

1 1 1
= (5 a) Mol (g Yool [ Gty = (e

1 1
1 —) | e 2.
D q

(6.70)

Putting together relations (6.69) and (6.70), we have

1
p
ey o= | (24 ) @na+ 1| foranye e @.e02)
The proof is now complete. O

Next, we claim that u., is a solution of the original problem (6.65). To do this, we will show that we
can find Ky > 0 such that for any K > K, there exists 9 = o(XK) > 0 such that

[Uey|loo < K forally € [0, 7.
6.71)

In order to achieve our purpose, we use the Moser iteration technique [120]. For simplicity, we set

U :=U,. For any L > 0, we define uz:= min {u, L} > 0, where o > 1 will be chosen later, and let

wp = uug -1 . Taking uL( Dayin (6.67), we can see that

/ / P *(u(z) - uly) (@)t (@) —ulhl” W)

R3 JR3 ‘m — y’3+sp Y
iz, | / 9| *(u(@) — u) ey’ @) —u@pl” @)
RS J RS |z — y[>*P Y

p(a 1)u dz — Viex)|u pup(afl) dz.
¢7 L
R3

(6.72)

Using (6.29) and (6.30) with @,, and 4y, , replaced by u and u; respectively, we can note that

71
a

. < alZ W)

$,p

V)72 (u(@) — u(y)) (u(@)ed V(@) — uly)ul ()
<a/Rs /Rs

|z — y[3*+er

/ / Y72 (u(z) — uly)) (u(@)ul " (@) - u(y)ul" ()
42 s Jps

| — y[>+er



On the other hand, by (6.66) and (V7), we obtain

¢, (wu] " uda / V(ea)ufPuh” " do < (1+ K" / utdy "V da.
R3 R3 R

Putting together (6.72), (6.73) and (6.74) we get

lw,
RS

Now, by Holder's inequality, we have

P}

/]R3 uqui(afl) dz < |u]g;p|wL|p

which together with (6.75) yields

ps—(a-p)

oP _ o—
< TC*(l—i-’yK’" q)/ uqui( Y de.

oP _ _
wiffy < T Cu(U+AK" Dl fwr |
ps—(a-p)

Set

C K +*— =
’Y’ a

so that (6.76) becomes

]wL Z*.

P p q-p
p < 07 Crxluly,

wr

On the other hand, by Theorem 6.4 and Lemma 6.17 we know that
ul?, < C. |l u [P< C.C7,

which together with (6.77) gives

lwr, z; < UPC%KM1|'LUL|Z*7

where M, := (C.CP)5".

c
(1+~4K"% and a":=a"(s,p,q) =

*

pp,

p;—(g—p)

(6.74)

(6.75)

(6.76)

6.77)

(6.78)

Now, we observe that if u® € L (R?’), by the definition of w;, ur, < u, and (6.78), it follows that



|wL|§; < dPCy g Mi|ully. < .
(6.79)
Passing to the limit as L — o0 in (6.79) and using Fatou's lemma we have

i1
pio < (C%KMl)WU” ||

lu
(6.80)

whenever u’®" € L'(R3).

Now, we set o := p_%i > 1, and we observe that, being u € LPs (R?’), the above inequality holds for this

o

choice of ¢. Then, using the fact that o2a* = pto, it follows that (6.80) holds with ¢ replaced by o°.
Therefore, we can see that

4 2 Lli1y 1.2
p:U—Z S (077KM1)17020'02 |U|a.2a* S (C’Y,KM].)I) o 42 o° o2 |u’0,a*.

|u
Iterating this process and recalling that oo™ := p}, we can infer that for every m € N

1 N
[ulprom < (CopeMy) == 37 o503 [y

pi*

(6.81)

Taking the limit in (6.81) as m — +o00 and using Lemma 6.17, we get
[uloo < (Coxe M) 0% My,

(6.82)

1_
where My := Cf C and

) ! i = < d ¢ i J <
1:=— — - o0 an 2 = Iy Q.
P = o) g o)

Next, we find some suitable values of K and y such that the following inequality holds
(C%KMI)(SIU&MZ < K,

or equivalently

L (CM )\t e
1+~yKT—qs(KMfl>“ll< 1> 7

a

Take K > 0 such that

C.M\ ' &
a1> o —1>0,

rear;



and fix o > 0 such that

L (CM N\ 1
Y<7 < [(KMl 1)51 <T> o _1] Kr-a°

Therefore, thanks to (6.82), we can infer that
|u|o < K for all y € [0,],

that is u = u., is a solution of (6.65). This ends the proof of Theorem 6.3. O

Finally, we point out that, by assuming g > 2p (since we aim to use Theorem 6.1), the combined effect
of concave-convex type growth 1 < g < 2p, r > p} has been excluded. Anyway, when e =1, s € (0,1)
and p € (1, 00) are such that sp < 3, the potential V' is constant, and p < ¢ < p} < r, we suspect that it is
possible to obtain an existence result to (6.65) with b > 0 sufficiently small. Indeed, one can truncate the
nonlinearity ¢(u) as before, and taking into account Remark 6.2, we can deduce an existence result for
problem (6.67), provided that b > 0 is small enough. Combining this fact with a Moser iteration argument,

the desired existence result for problem (6.65) follows.

6.5 Historical comments
Whena =€ =1,b = 0and p = 2, equation (P,) becomes a fractional Schrodinger equation of the type
(=A)u +V(z)u = f(z,u) inR3
(6.83)

introduced by Laskin [90] in the study of fractional quantum mechanics. Equation (6.83) has been widely
considered in these last years, and several existence and multiplicity results to (6.83) have been
established by applying suitable techniques and assuming different conditions on the potential J and on
the nonlinearity f. On the other hand, when s =€ =1 and p = 2, problem (P,) reduces to a classical

Kirchhoff equation of the type

- <a+b/ |Vu2da:>Au+V(x)u: f(z,u) inR3,
R3

(6.84)

which is related to the stationary analogue of the Kirchhoff equation

L
o E 2 _
PU (h + oL |, |t dx)uM =0

(6.85)



proposed by Kirchhoff [88] as an extension of the classical D'Alembert's wave equation for describing the
transversal oscillations of a stretched string. The parameters appearing in problem (6.85) have the
following meaning: L is the length of the string, / is the area of the cross-section, £ is the young modulus
(elastic modulus) of the material, p is the mass density, and p, is the initial tension. We notice that
nonlocal boundary value problems like (6.84) model several physical and biological systems where u
describes a process which depends on the average of itself, as for example, the population density.

Concerning perturbed Kirchhoff problems, He and Zou [70] proved a multiplicity result for the
following Kirchhoff equation

- (a€2 + ba/ |Vu|2da:> Au+V(z)u=g(u) inR?
RS

(6.86)

provided that € > 0 is sufficiently small, under the following condition on V introduced by Rabinowitz
[L33]:
Voo = lim infV(z) > inf V(x), where Vy < oo,
|| 00 zeR?

and g is a subcritical nonlinearity. We refer to Figueiredo and Santos Junior [54] applied the generalized
Nehari manifold method and Ljusternik-Schnirelmann theory to deduce a multiplicity result for a class of
Kirchhoff equations requiring that the potential ¥ fulfills (V) —(V3). Later, He, Li and Peng [72] obtained
the existence and multiplicity of solutions to (6.86), when (V;) —(V2) are in force, and g(u) = f(u) + u®,
where f € C'! is a subcritical nonlinearity which does not satisfy the Ambrosetti-Rabinowitz condition
[L].

In the nonlocal framework, Fiscella and Valdinoci [57] proposed a stationary fractional Kirchhoff
variational model in a bounded domain  C RY with homogeneous Dirichlet boundary conditions and

involving a critical nonlinearity

M (f]RN |(—A)%u12dx)(—A)su = Af(z,u) + [u[*?u inQ,
u=0 inRV\ Q,

(6.87)

where M : Rt — R™ is an increasing continuous positive Kirchhoff function whose typical example is
given by M(t) = a + bt, with a > 0 and b > 0, f is a superlinear function with subcritical growth at
infinity, and A > 0 is a parameter. This model takes care of the nonlocal aspect of the tension arising from
nonlocal measurements of the fractional length of the string.

On the other hand, a great attention has been devoted to the study of fractional Kirchhoff problems
involving the fractional p-Laplace operator (—A);. For instance, Pucci, Xiang and Zhang [131] obtained a

multiplicity result for a nonhomogeneous fractional Kirchhoff-Schrédinger equation assuming that the



potential V satisfies a Bartsch-Wang type condition. Fiscella and Pucci [36] dealt with stationary fractional

Kirchhoff p-Laplacian equations involving a Hardy potential and different critical nonlinearities.

6.6 Final Remark, perspectives, and open problems

This chapter deals with the study of concentration properties of solutions for the fractional p-Kirchhoff
equation in the three-dimensional case. Why the concentration analysis in this case is important and

innovative? There are at least three reasons for this study, as follows.

(1) Problem complexity: the analysis of this class of Kirchhoff equations tackles a triply nonlocal

problem (fractional + Kirchhoff + potential well) on the whole space.

(i) Methodological innovation: the study provides a blueprint for asymptotic analysis via the limit

problem strategy and uniform estimates.

(iii) Theoretical impact: the study highlights new theoretical ideas based on potential-induced

concentration, distinct from critical exponent bubbling.

The content of this chapter is based on the results established in [6]. This study was extended by Liu,
Rédulescu and Yuan [108] in the context of fractional Kirchhoff equations with discontinuous reaction and
by Sun, Fu and Liang [143] in the two-dimensional case (fractional p-Kirchhoff problems with critical
exponential growth).

The main perspectives generated by the analysis developed in this chapter are the following:

(1) Physical perspective: The Kirchhoff term introduces a nonlocal dependence of the elasticity on the
total strain energy [u]% ,, making the equation relevant to problems arising in may applied fields,
such as fractional elasticity theory, nonlocal continuum mechanics, phase transition in
heterogeneous media with long-range interactions, or pattern formation where the medium's

properties depend on the overall deformation.

(i) Analytical perspective: This study shows how competing effects (Kirchhoff nonlocality, fractional

diffusion, critical growth) interact. By summarizing, their effects are the following:
— the Kirchhoff term can prevent concentration phenomena in certain regimes;

— the existence of positive solutions depends on a threshold in the parameter y associated with

the critical/supercritical reaction term;

— compactness recovery is possible below certain energy levels linked to the best fractional

Sobolev constant.

Some open problems inspired by the model studied in this chapter are the following.

Open Problem 1. &



(1) Study what happens as b — 0, which corresponds to the case of degenerate fractional p-Kirchhoff

equations.
(ii) Study the case of singular Kirchhoff nonlocal terms of the form M(t) = a + bt~®, where

a > 0).

The next research direction is concerned with the analysis of sign-changing solutions.

Open Problem 2. This chapter deals with positive solutions. What about the existence of nodal
solutions and their concentration properties? Does the nonlocal Kirchhoff term affect the number of

sign-changing solutions?

Consider the following fractional p-Kirchhoff equation with Hardy potential:

(ePa + €2 P73b|@| ~Plulf,) (—A)Su + V(z)uP ! = f(u) nR3,
ue€ WP(R3), u>0 in R3.

(6.88)

Open Problem 3. 4 Study the concentration properties of solutions to problem (6.88) in relationship
with the interplay between Kirchhoff term, Hardy singularity, and critical nonlinearity.

Another interesting direction is about related problems in relationship with the fractional order s and the

fractional p-Laplace operator.

Open Problem 4. Study the asymptotic analysis as s — 0" and s — 1. In the second case, does
the solution converge to a solution of the classical p-Kirchhoff equation?

The anisotropic case associated with variable exponents complicates the functional setting.

Open Problem 5. Study problem (P,) in the case of the fractional p(z)-Laplace operator (if the
constant p is replaced by a variable function p(z)).

Finally, we propose the following new research direction concerning problem (P,) in the framework of

fractional double-phase operators.

Open Problem 6. Replace (—A)s with the nonhomogeneous fractional operator (—A)2 4 (—A)2,

where 1 < p < q.



6.7 Glossary

Fractional p-Kirchhoff Equation: This is a prototypical equation for studying doubly nonlocal
nonlinear phenomena. It stands at the intersection of nonlocal calculus of variations, nonlinear elliptic

PDEs, and mathematical modeling of complex materials.

Morse Theory: This is a refined method at the interplay between the topology of a manifold and the
critical points of a function defined on it. In PDEs, it is used to study the multiplicity, stability, and

bifurcation of solutions to variational problems.

Ljusternik—Schnirelmann Theory: It is a powerful method to generate critical points, which
complements the Morse theory by providing existence and multiplicity without needing

nondegeneracy or detailed local analysis.

Moser Iteration: It is a fundamental tool to prove boundedness and L™ estimates for solutions of elliptic

equations.



7
Magnetic Kirchhoff equations with critical growth
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Why magnetic Kirchhoff equations? Because moving from Kirchhoff to magnetic Kirchhoff equations shifts
the focus from classical elasticity to quantum mechanics, introduces the deep physical principle of gauge
invariance, and creates a much more challenging and interesting set of mathematical problems centered on
new types of functional spaces and concentration phenomena. Introducing the magnetic field in the study of
Kirchhoff equations creates a host of new analytical difficulties, such as:

(1) Loss of compactness: the standard embedding property is no longer compact in the magnetic case
and new techniques like the magnetic concentration-compactness principle are needed to overcome
this.

(i) Concentration properties: the magnetic field can influence the precise location and shape of the

concentration of solutions.

(iii) Interaction of nonlocalities: the problem features a fascinating interplay between the Kirchhoff
nonlocality and the magnetic nonlocality.

In this chapter, we study the following nonlinear magnetic Kirchhoff equation with critical growth

— (ae2 + be[u]i/e) Aygeu+ V(z)u = f(lu®)u+ |u/*v inR?
u € HY(R3,C),

where € >0 is a parameter, a,b > 0 are constants, V :R?> —+ R and A:R3 — R3 are continuous
potentials, and f: R — R is a nonlinear term with subcritical growth. Under a local assumption on the
potential 7, combining variational methods, penalization techniques and the Ljusternik-Schnirelmann
theory, we establish multiplicity and concentration properties of solutions to the above problem for ¢ small.
A feature of the analysis developed in this chapter is that the function fis assumed to be only continuous,
which allows to consider larger classes of nonlinearities in the reaction.

The study developed in what follows allows to handle the simultaneous effects of:

(i) monlocal Kirchhoff coefficient affecting the principal part;
(i) magnetic field breaking Euclidean symmetry;

(1) critical exponent causing lack of compactness;
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(iv) competing nonlinearities: the interaction between the subcritical term and the critical nonlinearity

creates a delicate balance in the energy estimates;

(v) magnetic concentration-compactness: adapting Lions' concentration-compactness principle to the
magnetic setting is a key tools, as the magnetic field affects how mass can concentrate or vanish at
infinity.

A hierarchy of the basic variational tools used in this chapter is now described:

(a) mountain pass theorem, as the primary tool to prove the existence of nontrivial solutions;

(b) Palais-Smale condition, as the central analytical challenge (the critical growth directly threatens the

compactness).

All adapted to the intricate nonlocal structure of the Kirchhoff problem.

7.1 Statement of the problem
We are concerned with multiplicity properties and concentration phenomena for the following nonlinear
magnetic Kirchhoff equation with critical growth

— (0,62 + be[u]i/e) Agjeu+ Viz)u= f(lu®)u+ |u/*v inR?

u € HY(R?,C),

(7.1)

where € > 0 is a parameter, a,b > 0 are constants, V : R3 — R is a continuous function, the magnetic
potential A : R® — R3 is Holder's continuous with exponent a € (0, 1], and —A 4u is the magnetic Laplace

operator with the following form
1 9 2 2 1
A= (7v - A(m)) u=—Au— ZA@) Vu+[A@@)u— —udiv(A(z),

while the definition of [u]% will be given in the next section.

The main purpose in this chapter is to investigate the qualitative properties of solutions to problem (7.1),
by combining a local assumption on V' and adapting the penalization method and the Ljusternik-
Schnirelmann category theory.

We make the following assumptions on the potential V-
(V;) There exists Vg > 0 such that V(z) > Vj for all z € R?;
(V,) There exists a bounded open set A C R® such that

Vo =min V(x) <min V(z).

Observe that



M:={zecA:V(z) =V} #0.
Assume that f € C(R, R) is a nonlinearity satisfying:

(f;) £(t) =0ift <0, and lim, - 44 = 0;

(f;) There exist o,q € (4,6) and p > 0 such that

a=2 t
f(t) > pt™ Vt>0, and lim A 2) = 0;

t——+o0 tq%

(f3) There is a positive constant 4 < 6 < 6 such that

0 t
0< @) <tf(t), vt >0, where F(t) = / £(s)ds;
2 0

(fy) The mapping ¢ — @ is strictly increasing in (0, co).

The main result in this chapter establishes the following multiplicity and concentration property of
solutions.

Theorem 7.1 < Assume that V satisfies (V1), (V2) and fsatisfies (f1) —(fa). Then, for any § > 0 such
that

My :={x € R* : dist(z, M) < §} C A,

there exists €5 > 0 such that, for any 0 < € < €5, problem (7.1) has at least cat,(M) nontrivial
solutions. Moreover; for every sequence {e,} such that €, — 0" as n — +o0, if we denote by u., one

of these solutions of problem (1.1) for € = €, and 1., € R? is the global maximum point of |u., |, then

lim V(n.,) =V,
en—0t

Due to the presence of the magnetic field A(z), problem (7.1) cannot be changed into a pure real-valued

problem, hence we must deal directly with a complex-valued problem. This fact creates several new
difficulties in employing the methods to deal with our problem. On the other hand, due to the presence of
the nonlocal term, it is possible that the weak limit of a bounded Palais-Smale sequence of the Kirchhoff
equation is not a solution of this problem. Moreover, since the problem we deal with has critical growth, we

need more refined estimates to overcome the lack of compactness.

7.2 Abstract setting

For u : R® — C, let us denote by



Consider the function spaces
D4Y(R3,C) := {u € LY(R?,C) : |V 4u| € L*(R*,R)},
and
H}(R? C):={ue DY(R3C):ue L*R3C)}.

Then DY, (R3,C) and H}(R3, C) are Hilbert spaces endowed with the scalar products

(u,v)p:=Re | V,uVvdz, foranyu,ve DY(R3 C),
R3

(u,v) g = Re/

(VAuVAv + uE) dz, foranyu,v e Hj(R? C),
R?)

where Re and the bar denote the real part of a complex number and the complex conjugation, respectively.
Let || u ||p and || u || 4 denote the norms induced by inner products (u, v)p and (u, v) 4, and (u,u)p = [u]?

On H}l(]R3,C), we will frequently use the following diamagnetic inequality of Lieb and Loss [98,
Theorem 7.21]

IV au(z)| > |V|u(z)]].
(7.2)

Moreover, making a simple change of variables, since A4, = €2Ay4 /e and [u]y =2

€ €

[u]% /> We observe

that problem (7.1) is equivalent to

—(a + b[u]i)AAsu + Ve(z)u = f(|u/?)u+ |u|*u  inR3,

(7.3)

where A.(z) = A(ex) and V. (z) = V(ex).
Let D, and H, be the Hilbert spaces obtained as the closure of C®°(RY,C) with respect to the scalar

products

(u,v)p, 1= Re/ aV 4,uV 4 vdz

R3

and

(u,v)e := Re/ (aVAEuVAEv + Ve(m)uﬂ) dz
R3



respectively, where a > 0. We denote by || - || p, and || - || the norms induced by inner products (-, -) p, and
<., '>e-

The diamagnetic inequality (7.2) implies that, if we€ Hj (R%C), then |u] € H'(R®,R) and
| ||<C | ul. Therefore, the embedding H. < L"(R3,C) is continuous for 2 <7 <6 and the
embedding H, — LI _(R3,C) is compact for 1 < r < 6.

loc

For compact supported functions in H*(R3, R), we have the following property.
Lemma 7.1 & [fu € H'(R3,R) and u has compact support, then w := €40y c H,.

Proof. Assume that supp(u) C Bg(0). Since V is continuous, we have
/ Ve(z)|w|?dz = / Ve(z)|w|?dz < C || u ||5< +oo0.

R3 Br(0)

Moreover, since V and 4 are continuous, we obtain
/ |V wl?dz = / |Vw|?dz +/ |A.(z)|?|w|?dz + 2Re/ 1A, (z)wVwdz
R3 R3 R3 R3
< 2/ |Vw|?dz + 2/ |Ac(z) 2| w|da
R? R?

<C [/ |Vu|*dz +/ u2d:v} < +oo
R3 R3

and we conclude the proof. o

7.3 The modified problem

To study problem (7.1), or equivalently, equation (7.3), we modify in a suitable way the nonlinearity f so

that, for € > 0 small enough, the solutions of such modified problem are also solutions of the original one.
More precisely, choosing K > 2, there exists a unique number ag > 0 verifying f(ag) + a2 = Vy/K by
(f1), where ¥} is given in (V7). Consider the function

2o JF®)+ ()%t <a,,
1) := {Vo/K, t> az,

and introduce the penalized nonlinearity g : R® x R — R by setting
g(z, ) := xa(@)(F(t) + (¢7)%) + (1 — xa(2)) f(2),
(7.4)
t
where x5 is the characteristic function on A and G(z,t) := / g(z, s)ds.
In view of (f1) —(f4), we observe that g is a Carathéodory Eunction satisfying the following properties:

(91) g(z,t) =0 foreach t < 0;



. g(z,t)
(g 2) tli%i t

g3) g(z,t) < f(t) +t2 forallt > 0 and any z € R3;

= 0 uniformly in z € R3;

g5) 0 < G(z,t) < g(z,t)t < Vpt/K, foreach z € A, t > 0;

(
(94) 0<6G(z,t) < 2g(x,t)t foreachx € Aandt > 0;
(
(g ( t) .

¢) foreach z € A, the function ¢ —
9(,t) 7)

is strictly increasing in ¢ € (0, +00) and for each = € A°, the
function ¢ —

is strictly i mcreasmg in (0, ao).
Next, we consider the modified problem
(a+ blu)% )AA u+ Ve(z)u = g(ex, |u|>)u  inR3.
(7.5)

Note that, if u is a nontrivial solution of problem (7.5) with

lu(z)|* <ap forallz € AS, A.:={zcR®:exc A},
then u is a nontrivial solution of problem (7.3).
The energy functional associated to problem (7.5) is

Tw) = Sl + 5 [ Vi@luPde + ik, - 5 [ Glen, o
R3

2 Jps

| e

for all w € H,. Then J, € C'(H,,R) and its critical points are weak solutions of the modified problem
(15).
We denote by .4 the Nehari manifold of J,, that is,

e = {u € H\{0} : J.(u)[u] = 0},

and define the number c, by

ce = nf Jo(u).

Let H." be an open subset H, given by
H ={u€ H, : |[supp(u) N A.| > 0},

and S} = S. N H., where S, is the unit sphere of H,. Note that S is a non-complete C'':!-manifold of
codimension 1, modeled on H, and contained in H. Therefore, H, = T,,S;” €@ Ru for each u € T},S,
where T,,S = {v € H, : (u,v) = 0}.

Now we show that the functional J, satisfies the mountain pass geometry.
Lemma 7.2 { For any fixed € > 0, the functional J, satisfies the following properties:

(i) there exist B,r > 0 such that J.(u) > Bif || u ||c=r;



(ii) there exists e € H, with || e ||.> r such that J.(e) < 0.
Proof. (i) By (g2), (g3) and (f2), for any ¢ > 0 small, there exists C: > 0 such that
G(ez, [u|?) < Jul* + C¢lul® for allz € R3.

By the Sobolev embedding it follows that

1 b
oty [ Ve@llde s gl -5 [ tae- 5[ e
R3 R3

Il 112 =C1C [l un |2 —C2C¢ || un |12

Je(u)

Y

o= e

>

Hence we can choose some 3,7 > 0 such that J.(u) > Bif || u ||.= r small.
(ii) For each u € H, \ {0} with supp(u) C A.. By the definition of g and ( f3), we have

bt 1 _— t6 6
lul? +T[1A5—5/ Fa G [l

t2
2
t2
<L+ TR

hence J, (tu) — —oo as t — +oo and the conclusion follows. O

Je(tu) =

Since f is only continuous, the next results are important because they allow to overcome the non-

differentiability of .47 and the incompleteness of S_".

Lemma 7.3 < Assume that (V1) —(Va) and (f1) —(f41) are satisfied, then the following properties hold:

(A1) Foranyu e HJ, let g, : RT — R be given by g,(t) = J:(tu) . Then there exists a unique
ty > 0 such that g,,(t) > 0in (0,t,) and g,,(t) < 0in (ty, 00).

(A2) There exists T > 0 independent on u such that t, > 7 for all w € S} . Moreover, for each
compact W C S there is Cyy such that t, < Cy , forallu € ¥

(A3) The map m.: H} — A given by m.(u) = ty,u is continuous and m. = Mm.|g: is a

u

homeomorphism between S} and N: . Moreover, m_'(u) = f[uel] *
€

(A4) Ifthere is a sequence {u,} C S such that dist(u,,0S) — 0, then || m.(u,) ||.— oo and
Je(me(up)) — oo.

Proof. (A1) Arguing as in the proof of Lemma 7.2, we have g, (0) = 0, g,(¢) > 0 for ¢ > 0 small and
gu(t) <0 for ¢t > 0 large. Therefore, max;>o g,(t) is achieved at a global maximum point ¢ = ¢,
verifying g/ (t,) = 0 and t,u € A%.

Now, we show that ¢, is unique. Arguing by contradiction, suppose that there exist t; > ¢ > 0 such
that g/ (t1) = g/,(t2) = 0. Then, for i = 1,2,

tia[u]ﬁs—i-t / Ve(z)|u|’dz + t3b[u ]A —/ glez, t2|u)®)t;|u|*de.
R3



Hence,

alul? + V.(z)|u|?dz ex. t2|ul? 2
S Ve tentt
ti ‘ R3 tz

which implies that

(1 1 )(a[u}i—k/mj/}(x)]updw) :/R3(g(e:c,t?|u|2) _ g(em,t%luIQ))‘u‘4dw

GRS 3 |ul? t3lul?

/ (Q(Ew,t%lﬂz) B 9(6w,t§|U|2))’u4dm
~ Janigup<a<ey Y tE|ul? t5lul?

N (S ) _ glemBIuE)y 1y,
Aer{ap<tluz} N t3]ul? t3|ul?

—/ (E 1 _f(t§IU|2)+t§IUI4>|u|4dw
Aen{E2ul2<ap<tzluz) N K t]|ul? t3]ul?

N 1/(1 1 / Vol {2d
| = _ = olu Z.
K\ t}  t5 ) Jacnfa<t2lu)

Since t1 > t9 > 0, we have

%

(a[u]iJr/ VE(:I:)]uszc)

R3

t2¢2 Vo 1 t2|u|?) + ti|ul*
2122/ (_02 2_f(21 ‘2)22’)|u|4dm
t5 =t Jacnigup<ao<eiuy N K 1]yl t5|ul

1

K Jaenfap<ezlul?)

' iluas < - [ Volultde < = lul?

which is a contradiction. Therefore, max;~¢ g, (t) is achieved at a unique ¢ = t,, so that ¢/,(¢) = 0 and
tyu € .

(A2) ForVu € S, by (A1), there exists a unique ¢,, > 0 such that
o+ 3B}, = /]R glem, )t da
From (g2), the Sobolev embeddings and ¢ > 4, we get
t, < Ct3 /Rg lu|*dz + Cetd ! /Rz u|%dz + t° /]R:s lu|®dx < C1lt2 4 CoCtd ! + Cat?,

which implies that ¢,, > 7 for some 7 > 0. If # C S_ is compact, suppose by contradiction that there is
{un} C # with t,, :=t,, — oo. Since the set # is compact, there exists a u € # such that u,, — u in
H,. Moreover, using the proof of Lemma 7.2(ii), we have that J. (¢, u,) — —oo.

On the other hand, let v, :=t,u, € A%, from the definition of g and (g4), (g5) and 4 < 6 < 6, it
yields that



1, 11 , (1 1 A
— — — > - — — _ = —
Jwn) = Ju(on) = gLl = (5 ) w2+ (5 - 7 ool
1 1
+ [ (Gotee, foaPoal? = 3Gz, o)) da
(3 ; )
11 , 1 , 11 1 )
> (= -2 = >(= -2 . .
> (3-5) (1o 25 [ Veolnlas) = (3 - 3) (1= ) I1on 1
Thus, substituting v,, := t,,u, and || v, ||.= t,, we obtain
11 1 J.(vn)
- _ = - — ) < <
0< (3 0)(1 _K>-— g =0

as m — oo, which yields a contradiction. This proves (A2).

(A3) We first observe that M., m, and m_! are well defined. Indeed, by (A42), for each u € H,
there is a unique m.(u) € AZ. On the other hand, if u € A;, then u € H.". Otherwise, we have
|supp(u) N A;| = 0 and by (gs5), it follows that

Il |12 +bluly,

/ olex, [ul?)|ul*dz = / glee, [uf?) ulde
R3 A

1 1
< — 2 < — 2
<% /Rgl/(sw)|u| dz < T | w |z,

which is impossible since K > 2 and u # 0. Therefore, m_*(u) = ”;‘” € S is well defined and

continuous. From

t,u

=u, Yue S’
tu || ulle ’ =’

m; (me(w) = m (t,u) =
we conclude that m, is a bijection. We now prove that m. : H” — 4; is continuous. Let {u,} C H;
and u € H" be such that u,, — w in H,. By (A2), there is a ¢y > 0 such that ¢, :=¢,, — to. Using

thu, € A, we obtain
tia[un]i + ti/ Ve(2)|un|?dz + tib[un]i = / glex, t2|u,|*)t2 |u,|2dz, Vn €N,
R3 R3

and passing to the limit as n — oo in the last inequality, we obtain

tgafuly + t%/

[ V@lude + tipfulh, = [ ofen,tul?)eifulda.

We obtain that tgu € A7 and ¢, = to. This proves m.(u,) — m.(u) in H. Thus, m. and m, are

continuous functions and (A3) is proved.

(A4) Let {u,} C S be a subsequence such that dist(u,,dS;) — 0, then for each v € 85 and
n € N, we have |u,| = |u, — v| a.e. in A.. Therefore, by (V7), (V2) and the Sobolev embedding, for any
t € [2, 6], there exists a constant C; > 0 such that



. . 1
s < 08 =0 0 G ([ inE [ (900 =i 4 Vi, — o)’
< C; dist(un, 8S.")

foralln € N.By (g2), (g93) and (gs), for each ¢t > 0, we have

/ Glex, 12 [un|?)da g/ (F(Elual?) +
RN A

t2
< Clt4/ |un|4d9c—|—C2tq/ |un |?dz + —/ |un|6d9c—|— — || un |y§
A, A, 6 A, K

6 6
\nl

d +—/ (ex \un| dx

t2

< Cstdist (un, 0S)*+Cytidist (u,, 0S)?+Cstdist (u,, 8S.)5 + i

Therefore,

2
lim sup/ G(ex, t?|up|?)dz < t—, vt>0.
- K

n—oo
On the other hand, from the definition of m, and the last inequality, for all £ > 0, we have

o o N 2 K-2
117gg1fJ5(mg(un)) > hrrgéngg(tun) > hgg(l)glf; || wn ||§ %= Iw t2,

which implies

K—2
t2,Vt>0.
K

.. 1 b ..
tim inf{ || me(un) I+ [me(un)]lh, | > lim inf.J (e () >

n—oo

From the arbitrary of ¢ > 0, it is easy to see that || m.(u,) ||.— oo and J.(mc(u,)) — oo as n — co. We

conclude the proof of Lemma 7.3. O

Now we define the function
. H' >R,

by U (u) = J.(7.(u)) and we denote ¥, := (T,)] .

From Lemma 7.3, arguing as in Corollary 10 of Szulkin and Weth [144], we obtain the following
property.
Lemma 7.4 < Assume that (V1) —(Va) and (f1) —(f4) are satisfied, then

(B1) ¥, e CY(H,R) and
(e (w))[v], Vu € H and Vv € H..

(B2) ¥.c CYSI,R)and

UL (u)v =[| me(u) [[e Ji(e(u)[v], Vv € TS,



(B3) If{un}isa (PS).sequence of ¥, , then {mc(uy)} is a (PS). sequence of J,, If {u,} C N
is a bounded (PS). sequence of J,, then {m 1 (uy)} is a (PS). sequence of V..

(B4) wu is a critical point of ¥, if and only if m.(u) is a critical point of J. Moreover, the

corresponding critical values coincide and

iSI}f \Ile.:ijl/gf Je.

As in Szulkin and Weth [144], we have the following variational characterization of the infimum of J,

over A:

ce = 1nf Je(u) = inf sup J.(tu) = inf sup J.(tu).
ueN; 3 ueHa t>0 u€esS, e t>0

(7.6)

The following result is important to prove the (P.S), condition for the functional J...
Lemma 7.5 d Let ¢ > 0 and {u,} is a (PS). sequence for J,, then {u,} is bounded in H..

Proof. Assume that {u,} C H, is a (PS). sequence for J,, that is, J.(u,) — c and J!(u,) — 0. By (g4),
(95) and 4 < 6 < 6, we have

e+o(D) + o) e |+ = Ju(wn) = GIwlun] = (5 = 3) w12+ (5 - 5 )l
*/Rs (go(ee, funlunl? — 5 Clez, ful*) ) da
> (3 ) I 12+ [ (Gotems ualunl® — 5 Gle funl))do
> (5 -7) a2 - / Gea Junf)d
> (5 a) el g [ Ve > (; 5 o) N I

Since K > 2, from the last inequality, we obtain that {u,} is bounded in H,. o

(CI e

Define

abS? L5 S6
4 24

Co =

((624—4 - )3/2+b3),
(7.7)

where S is the best constant for the Sobolev embedding D*?(R3, R) — L%(R3,R).
The following lemma provides a range of levels in which the functional J, verifies the Palais-Smale

condition.

Lemma 7.6 < The functional J, satisfies the (PS). condition for any ¢ € (0, co).



Proof. Let (u,) C He be a (PS), for J.. By Lemma 7.5, (uy) is bounded in H,. Thus, up to a subsequence,

u, = uinH and u, — win L] (R3,C)foralll <r < 6asn — +oo.

Step 1. For the fixed € > 0, let R > 0 be such that A C Bp/»(0). We show that for any given { > 0,
for R large enough,

lim sup/ (a|V a.un|?* + Ve(2)|un|?)dz < ¢.
B%(0)

n—00
(7.8)
Let o € C™(R3, R) be a cut-off function such that
¢r=0 =z € Bg;(0), ¢r=1 z€Bx(0), 0<¢r<1, and [V¢r|<C/R
where C > 0 is a constant independent of R. Since the sequence (¢ruy) is bounded in H,, we have
T (un)[$rtn] = o(1).

Therefore,

aRe/ VAEunVAf(gbRun)dm—i—/ V;(x)|un2¢Rdm+b[un]?45Re/ VA unV A (Pruy)dz
R3 R3 R3

= /R3 g(ex, |un|2)|un|2¢Rdm +o(1).
Since W = u,Vogr + gme, using (gs), we have
[ @V atnf? + Ve(@)ln ) e
< /]RS g(ex, |un|®)|un|*¢rdz — (a + b[un]i)Re /}R3 iU,V 4,u,Vordr + o(1)

1

< = Ve(x)|un|*prdz + C‘Re/ izTnVAEuandem‘ +o(1).
K Jgs RS

By the definition of @5, the Holder's inequality and the boundedness of (u,,) in H,, we obtain
1 9 9 c c
(1= %) [ (@lVaunl® + Vel@) un)bnde < 2 || wn 2] V.t 2 +o(1) < Z- +o(1)
R3

and so relation (7.8) holds.

Step 2. For any R > 0, the following limit holds:

lim sup/ (a|V g.un|? + V(@) |un|?)dz = / (a|V g.ul? + Vo(z)|u|?)dz.
Bg(0)

n—00 Bgr(0

(7.9)

Let ¢, € C*(R3,R) be a cut-off function such that



¢p=1 ze€By0), ¢,=0 z€B;,(0), 0<¢,<1, and [Ve, <C/p
where C > 0 is a constant independent of p. Let
Py(z) = M(u,)|Vaun — Vaul® + Ve(@)|uy — ul®

where M(un) = a + b [ps |V 4, un|?dz. For the fixed R > 0, choosing p > R > 0, we have

/BR P,(z)dz < /]R3 Py (2)¢,(z)dz

= M) [ | Vaun = VauPoy(@)dz+ [ V@), —uPs,(o)dz

R3
_ 71 2 3 4
- Jn,p o Jn,p+‘]nyp+‘]nyp’

(7.10)

where

Jv%,p = M (un) /R3 |VAsun|2¢P(x)d93 +/ m(x)|un|2¢p(m)dx - /R3 gl(ez, |un|2)‘un|2¢pdxa

R3

J,f’p = M(un)Re/ V4. unV 4, up,(x)dr + Re/
R3

Ve(z)unug,(z)dx — Re/ glex, [un|?)unue,(z)dz,
R3 R3

Jnp=—M(un)Re / (Vaun — Vau)Vaupy(z)de — Re / Ve(z)(un — u)ug,(z)dz,

R3 R3
and

J;ip = Re Ag glex, |un|?)un (u, — u)¢,(x)de.
‘We obtain

Ty = L)) = M )Re | 09 a0, Voo
and
J2, = J.(un)[¢pu] — M(un)Re / uV 4,u,Vo,dz.
R3

Then

lim limsup‘J,}p‘ =0, lim limsup‘J,%p‘ =0.
P—=0  psoo ’ P70 poo ’

On the other hand, since the sequence {u,} is bounded in H,, we assume that [, |V 4, u,|2dz — 12,
Then



J;:”p = —(a+ bl2)Re/ (Vau, — Vau)Vy (up,(z))dr — Re Ve(z)(uy, — u)(ud,(x))dx
R3 R3

+(a+ bl2)Re/ (Va,u, — Vg u)iuVe,dr + o(1)
R3

—(a+bl)(u, — u,ug,(z)) + (a+ bl2)Re/ (Vau, — Vg u)iuVe,dr + o(1),
R3

hence
. . 3 |
phﬁrgo h:;r;sip ol =0.
Now we prove that
. . 4 |
}g{)lo llrrfljgp Jnpl = 0.

(7.11)
First we show
lim / |up|®dz = / |u|Sd.
noe JA. A.
(7.12)
Using the boundedness of (u,,) in D, and the diamagnetic inequality (7.2), we may assume that
V]u|? = and Ju,|® = v
(7.13)

in the sense of measures. By the concentration-compactness principle, we can find an at most countable
index 7, sequences (x;) C R3, (u;), (v;) C (0, 00) such that
= V2 + Y pid,
iel
v=|ul®+ Z vidy, and Syil/?’ < p;
icl

(7.14)

for any ¢ € I, where §,, is the Dirac mass at the point x;.

Let us show that (z;);cr N A = 0. Assume, by contradiction, that z; € A, for some i € I. For any
p >0, we define () = p(=*) where 3 € C&°(R3,[0,1]) is such that ¢y =1 in B}, ¥ =0 in
R3\ By and || V¢ [| oo(r3,R)< 2. We suppose that p > 0 is such that supp(¢),) C A.. Since {th,u,} is
bounded in H,, we can see that J.(u,)[¢,un] = 0, (1), that is,



(a+ b[un]is) / IV g |2, d + (a + b[un]iE)Re / i1,V g u, Vi, da + / V(@) |29
R3 R3 R3
= [ gtem, fua a0z + o(1) = [ f(uaPunlyd + [ o+ of0).
R3 RN RN
Using the diamagnetic inequality (7.2) again, it follows that
(a0 [ Fluall*boda) [ VlunlPiyde + (ot bunlh )Re [ 0V a0, ,da
R3 R3 } R3

[ funPlun e+ [ de + o).
RN RN

(7.15)
Due to the fact that f'has the subcritical growth and y, has the compact support, we have that
timlim [ lua Py tim [ Al de = 0.
(7.16)
Now, we show that
lim, 11725;;)‘ /R U,V 4, un Vi, da| = 0.
(7.17)

Because of the boundedness of {u,,} in H,, using the Holder's inequality, the strong convergence of (|uy|)
in LY (R R), |u| € LY(R*,R), |V1p,| < Cp~* and | Bay(z;)| ~ p*, we have that

0 <lim limsup‘/ T,V o u,Vip,dx <11m hmsup/ [un Vp,| |V 4 un|dz
RS

=0 nooo n—00

<lim lim (/ ‘U_nv¢p|2dm) 1/2[Un]A < C lim (/ |u|2dac) 12 _
BZ/J( i) (zl)

p—0n—o00 p—0

which shows that relation (7.17) holds.

Then, taking into account (7.13), (7.15), (7.16) and (7.17), we can conclude that v; > ap; + bu?.
Together with the inequality SI/il/ s < p; in (7.3), we have

3
Wi > %(b + vV b%+4aS73).
(7.18)

Now, from (f3), (g94) and (g5), we have



1
(un) — T2 a] +0(1)
a2+ [ (Gotee. P f? = 5Gle, ) da + o(1)
1 1

H Unp ||§ +/ ( (6&7, |un| )|un‘2 - _G(€x7 |un| ) dZC + _/ |un|6dac—|—o(1)

Y 2

1
(/ avl¥imiias + [ Ve@hnl?) ~ 5 [ Gem e+ 55 [l +o)
A A 2 Jae 12

a 2 l_ 1 2 L 6

1 /A5¢p|V|un| dr + <4 2K> / Ve(x)|uy|“dz + / Vplun|®dz + o(1)
a

Z/A Y, Vu,|| dw—i——/ P, |un|®dz + o(1).

Vv v Il
Ny I N N

v

v

From the above arguments, (7.14) and (7.18), we have

1 1 a 1
c > — . Z a,(x;)pi + . Z Yp(xs)v; > Vs + VY
{icl:z;eA.} {icl:z;eA.}
- aS bS?+Vb2S*+4aS 1 (b5’2+\/b254+4a5)3
> — Py = Co,
4 2 12 2

which gives a contradiction. This means that relation (7.12) holds.

Next, we observe that
‘Jép‘ < / ‘g(exa ‘un|2)un(un - u)‘dm + / ‘g(em, ‘un|2)un(un - u)‘dm
(R3\A)NBy, (0) A.NBy,(0)
By the Sobolev compact embedding H, < L] _(R3,C) for 1 <r < 6, and (g5), we have
/ ‘g(ew, |t ? )t (1, — u)‘dw — 0, asn — o0.
(R¥\A<)NBy,(0)

Moreover, using the Sobolev compact embedding H, — LITOC(R?’, C) for 1 < r < 6, again, and (7.12),

we have,
/ ‘g(eaz, |t |H)un (wn, — u)‘dw — 0, as n — oo.
A.NBx,(0)

Thus, (7.11) holds. Moreover, by (7.10), it follows that

0 < lim sup/B P,(z)dz < lim sup(|Jn17p| +J2 1+ T3+ \Jﬁ’p|) =0.
R

n—oo n—oo

Then,

n— o0

lim sup/ P,(z)dz = 0.
Br



Thus, relation (7.9) holds.
Step 3. From (7.8) and (7.9), we have

2

lul < limint | w, [2< lim sup | u, |2

<timsu{ [ (@auf+ Vi@t [ (@ V@) )
Br(0) B%(0)

n—oo
R

< / (a|Vau
Br(0)

Passing to the limit as { — 0 we have R — oo, which implies that

2 4 V(@) |u)?)dz + C.

| [|2< lim inf || w, [|2< lim sup || u, |2<]| w 2.
n—00 n—00

Then u, — w in H, and we complete the proof. O
Since f'is only assumed to be continuous, the following result is required for the multiplicity property in

the next section.
Corollary 7.1 & The functional V. satisfies the (PS). condition on S at any level ¢ € (0, cp).

Proof. Let {u, } C S be a (PS). sequence for ¥.. Then ¥, (u,) — c and || ¥.(u,) ||.— 0, where || - ||.
is the norm in the dual space (T, S )*. By Lemma 7.4 (B3), we know that {m.(u,)} is a (PS). sequence
for J, in H,. From Lemma 7.6, we know that there exists a uw € S such that, up to a subsequence,

me(u,) — me(u) in H,. By Lemma 7.3 (A3), we obtain
up — uwin S,

and the proof is complete. O

7.4 Multiple solutions of the modified problem

7.4.1 The autonomous problem

For our purpose, we need to study the following limit problem
—(a +b / \Vu\zdm) Au+ Vou = f(jul>)u+ |u|tu, u:R>—R,
R3

(7.19)

whose associated C!-functional, defined in H!(R3 R), is

Iy (u) := l/ (a|Vu|? + Vou?)dz + b (/ |Vu|2clalc)2 - l/ F(u?)dz — 1 (u™)dz.
0 2 R3 4 R3 2 R3 6 R3

Let



Mo ={uec H'(R3R)\ {0} : I{,O(u)[u] =0}
and

Cyy = ulertl/fi;g IVO(U)-

By (f1) and (f4), for each u € H'(R? R)\{0}, there is a unique ¢(u) > 0 such that

Iy, (t(uw)u) =max Iy, (tu) and t(u)u € Ay.

Then, using the assumptions on f, arguing as in Willem [153, Lemma 4.1 and Theorem 4.2] we have that

0<ecy = max Iy, (tu).

inf
ueH1(R3,R)\{0} >0
Now, we estimate the ground state energy cy, and show that cy, € (0, ¢o).
Lemma 7.7 Assume that (f1) —(fa) hold, then 0 < cy, < co.

Proof. For § > 0, the function ws : R® — R defined by

51/4

a7
(3 +[af)7?

ws(z) =

is a family of functions on which S is attained. Let ¢ € C5°(R?, [0, 1]) be a cut-off function with

¢=1 z€B,;,(0), ¢=0 zec B(0),
then we define the test function by vs = ws/ || ws ||, Where us = ¢vs. Since

2 4 6
Iy, (tvs) := t—/ (a|Vvs|? + Vov3)da + L (/ |V05|2dx>2 _1 / F(t*v})dz — t—/ vSdz,
2 Jgrs 4 R3 2 Jrs 6 Jgrs

under the conditions (f1) —(f41), we obtain that for small § > 0, we have max;~¢ Iy, (tvs) < co. Thus, since

0 < ¢y, < ¢p, we conclude the proof. o
Let Hy := H'(R? R) and define by H the open set of H,, given by
H ={u € Hy : |supp(v™)| > 0},

and S = Sy N H, where S, be the unit sphere of H,.

Then S, is a non-complete C'!-manifold of codimension 1, modeled on H, and contained in Hy .
Therefore, Hy = T,S;” @ Ru for each u € TS, where T,,S; = {v € Hy : (u,v)o = 0}.

Arguing as in the proof of Lemma 7.3, we have the following property.

Lemma 7.8 < Let Vi be given in (V1) and suppose that (f1) —(fa) are satisfied, then the following
properties hold:

(al) Foranyu e Hy , let g, : RT — R be given by g, (t) = Iv,(tu) . Then there exists a unique
tu > 0 such that g,,(t) > 0in (0,t,) and g,,(t) < 0in (ty, 00).



(a2) There is a T > 0 independent on u such that t, > 7 for all u € S;° . Moreover, for each
compact W C Sy there is Cy such that t, < Cy , forallu € #.

(a3) The map m: HS — Ay given by m(u) =tyu is continuous and my =Mo|s; is a

homeomorphism between S;~ and N . Moreover, m ™ (u) = m

(ad) If there is a sequence {u,} C Sy such that dist(u,, S, ) — 0, then || m(uy) ||o— oo and
Iy, (m(uy)) — oo.

We consider the functional defined by
To(u) = Iy, (M(w)) and Tg:=Tys,.

Arguing as in Willem [153]Proposition 9 and Corollary 10, we have the following property.

Lemma 7.9 J Let V; be given in (V1) and suppose that (f1) —(fa) are satisfied, then
(b1) ¥, € C'(Hy,R)and

[ m(u) [lo

V! (u)v =
" [l [lo

Iy, (m(u))[v], Vu € Hy and Vv € H.

(b2) ¥, € CH(SS,R) and
Wh(u)o = m(w) o T, (M) [o], Vo € TS
(3) If{un}is a (PS). sequence of ¥, then {m(u,)} is a (PS). sequence of Iy, . If {un} C A
is a bounded (PS). sequence of Iy, , then {m~1(u,)} is a (PS). sequence of ¥y.
(b4) w is a critical point of Wy if and only if m(u) is a critical point of Iy, . Moreover, the
corresponding critical values coincide and infg: o =inf 4 Iy,
We have the following variational characterization of the infimum of Iy, over A:

cy. = inf Iy (u) = inf sup Iy (tw) = inf sup Iy (tu).
v = inf Iy, (u) Jnf sup v, (tu) Jnf sup v, (tu)

(7.20)

The next result is useful in later arguments.
Lemma 7.10 & Let {u,} C Hy be a (PS’)CV0 sequence for Iy,, then problem (7.19) has a positive ground
state solution.

Proof. By (f3), it follows that

1 1
ey +0(1) +0(1) || un = Iy (un) = - (Iy; (un)y wn) = | wn |I*



Thus, (uy,) is bounded in H!(R3,R). We can assume that there exists u € H!(R3, R) such that u,, — u in
HY(R3R),u, — uwin L} (R% R) and u,, — v a.e. inz € R3.

Now we show that (u,) is non-vanishing. Otherwise, assume that (u,) is vanishing, then Lions'
concentration-compactness principle implies that u, — 0 in L"(R3,R) for any 2 < r < 6. By the compact
embedding and (f1) —(f2), we have [p; F(u2)dz — 0 and [, f(u2)u2dz — 0 as n — oco. Moreover,

using the former limits, it follows that

1 b 1
cv, = = [ (a|Vun|* + Vou?)dz + —( |Vun]2d:r)2 — = / (u,)8dz + o(1),

2 R3 4 R3 6 R3

(7.21)
and
/ (a|Vun|? + Voul)dz + b(/ |Vun\2dx)2 - / (u)Sdz + o(1).
R3 R3 R3
(1.22)
Suppose that

lim [ (u))%z=1>0.

n—00 [fp3

If I = 0, then relations (7.21) and (7.22) imply that ¢y, = 0, which contradicts with ¢y, > 0. Then [ > 0,

using the definition of S, we have

a/ |Vu,|?dz —l—b(/ |Vun|2daz)2 < / (u,h)bdz + o(1) < 53(/ |Vun|2d:1:)3 +o(1).
RS RS RS R

(7.23)

If fgs |Vun|*dz — 0, then

/ (u,)bdz < S_3</ \Vun\zdm)?’ — 0,
R? R?
which contradicts with I > 0. Thus [g; |[Vu,|*dz - 0. By (7.23), we have
S3
/ |V, |*dz > 7(b + Vb%+4aS573) + o(1).
R3

(7.24)

Using (7.23) again, it follows that

6
(/ \vun\de)2 > 083 + %(H Vb2 + 4aS-3) + o(1).
]R3



(7.25)

From (7.24) and (7.25), we can obtain
ey, = —/ (a|Vun|? + Voul) da:+— / \Vun|2da: +0o(1)

> 5/ |Vun|2dx—|—— / |Vun|2dac +o0(1) > ¢+ 0(1)
R3

which contradicts with cy, < ¢q. Thus, {u, } is non-vanishing, that is, there exist R,n > 0, and {g,} C R3
such that

lim uldz > 1.

(7.26)

By the invariance of the translation of Iy,, we may assume that {§, } is bounded, so u # 0.
Now we claim that Iy, (u) = 0. Assume that there exists ¢ > 0 such that [, [Vu,|*dz — ¢*. Since

I (un) — 0, then u is a solution of the following equation
—(a+bA)Au+Vou = f(lu*)u+ (u™)?, uwe HY(R?R).
(7.27)

It suffices to show that 1* =[5, [Vu|?dz. From the weakly lower semi-continuous of the norm, it is easy to
obtain that ¢* > [, [Vu|?dz. Then, by (7.27), we have (I, (u),u) < 0. By (fs), there exists ¢ < 1 such
that tu € Ag. By (7.27) again, it follows that

1
cy, < IVO (tu) — ZI{/O (tu) [tu]

1 1 1
= —/ (thu|2+V0(tu)2)dm+/ ( F(|tu|®)[tu)? F(|tu|2))dw—|—— (tu™)de
4 R3 R3 4 12 3
1 1
< — - 2) ul? 2 L +16
< / alVal? + Viu?)do + [ (TP - 5F(u?))do+ 35 [ @)'ds
1 2 2 1 oy, 2 L 2 1 416
< 2 @ Voo + [ (APl — 5 F () )do+ o5 [ () + o)
R3 R3 R3
1
= Iy, (un) — ZI{/O(“H)[UH] +0o(1) = ey, +o(1).
Thus, t = 1 and
lim l/ (a|Vun|2+V0u2)dac+/ (lf(|un\2)|un|2 F(|u| ))dm+i ()"
n—oo 4 R3 n R3 4 12

_ 1 2 2 1 ay2 L 2 1 +16
=1 [ ava - Vouydo+ [ (Al = 2F(u?))do+ 5 [ @)



Then ¢ = [p, |[Vul?dz and u, — w in H'(R3,R). Therefore, Iy, (u) = 0 and Iy,(u) = cy,. Then u is a
ground state of problem. From the assumption of f; w > 0. Moreover, using the standard argument, we

obtain that u(z) > 0 for € RY. The proof is complete. O

Arguing as in the proof of Lemma 2.3 in Zhang and Zou [161], there exists a positive radial ground state
solution of problem (7.19), which implies that this solution decays exponentially at infinity with its gradient;
moreover, this ground state solution is of class C?(R®, R) N L®(R3, R).

Lemma 7.11 & Let {u,} C A be such that Iy(uy,) — cv,. Then {u,} has a convergent subsequence in
H,.
Proof. Since {u,} C A, from Lemma 7.8 (a3), Lemma 7.9 (b4) and the definition of cy,, we have

Up

[ un [0

v, = mfl(un) € Sar, Vn €N,

and

Uo(vn) = Io(un) — ey, :ulergﬁ Wo(u).
0

Although S, is not a complete C! manifold, we still can apply the Ekeland variational principle to the
functional & : H — R U {oo} defined by & (u) := Wo(u) if u € Sy~ and &y(u) := oo if u € OSy, where
H =5 is the complete metric space equipped with the metric d(u,v):= || u — v ||o. In fact, by Lemma
71.8(a4), &y € C(H,R U {o0}), and from Lemma 7.9(b4), &5 is bounded below. Therefore, there exists a
sequence {@,} C Sy such that {3} is a (PS).,, sequence for ¥, on ;" and
| o0 — vn [lo= o(1).
Arguing as in Lemma 7.10 and Lemma 7.9, we conclude the proof. o
Now, we establish the relationship between ¢, and cy;.
Lemma 7.12 The numbers c, and cy, satisfy the following inequality
lli% ce = cy, < Cp.
Proof. Let n € C(R3, [0, 1]) be a cut-off function such that = 1 in B, and supp(n) = B, C A for
some p > 0. Let us define w.(z) := nc(z)w(z)e4(0)*, where n.(x) = n(ex) for e > 0, w is a positive and
radial ground state solution of problem (7.19). We observe that |w| = n.w and w. € H, in view of Lemma

Z.1. Arguing as in the proof of Lemma 4.6 in Ji and Radulescu [83], we obtain
li . 2_ 2
tim|| we 2= w I,
(7.28)

lim | weA —/ |Vw|?dz,

e—0



(7.29)

and

lim/ |Vwe|6da::/ |Vw|®dz.
=0 JRr3 R3
(7.30)

Let t. > 0 be the unique number such that

Je(tewe) :r?gaox Je(twe).
Then ¢, satisfies
tf(a[wg}i + /3V5(:c)|w€]2da:) +bttwdly = /sg(em,tg\we|2)tf]w€2da:
R R
— [ @ plepds [ i
R3 R3

where we use supp(n) C A and the definition of g(z, t). Moreover, combining the facts that n = 1 in B s,

u is a positive continuous function and hypothesis (f4), we have

1 1
(ot + [ Vi@lalas) oot = [ Aol [ Rlods
€ R3 R3

> / (07 (ol ) @) eal o (@)dz
> [ fERE)

€ I By0(0)
>

i 2,2 2
t2 /Bp/z(o) fltew () (2)dz

t2 2
zf(e’)/)/ w2(z)dz
t2
€ By/2(0)

for all 0 < € < 1 and where v =min {w(z) : |z| < p/2}.

Ift. — 400 as € — 0, by (f4), we deduce that [we]ja — 400 which contradicts (7.29). Therefore, up to
a subsequence, we may assume that t — g > 0 as € — 0.

If t. — 0, using the fact that f'is increasing, the Lebesgue dominated convergence theorem and relation

(7.30), we obtain
a[we]i +/ Ve (2)|we|?dz + btf[we]is = / (2 we|?)|we|2dx + / td|we|Sdz — 0, ase — 0,
R3 RS R3
which contradicts (7.28). Thus, we have ty > 0 and

to/ (a|Vw|? + Vow?)dz + bty / |Vw|? d:c / f(tiw? towzdm+/ to|w|°dz,
R3 R3



so that tow € A7;,. Since w € A7, we obtain that to =1 and so, using the Lebesgue dominated

convergence theorem, we get

lim [ F(ftww.]?)de = / F(w?)da.

e—0 R3 R2
Hence
liE% Je(tewe) = Iy, (u) = cy,.

Since ¢, <max;>g Je(twe) = Je(tewe), we can conclude that limsup, .o ce < cy,. Moreover, by (7.6),

(7.20) and Iy, (|u|) < Je(u) for any w € H,, we have cy, < c.. Then cy, < lim iOIlfCe- Combining with the
e—

previous arguments, we conclude that lim. o ¢, = cy, < co. The proof is now complete. O

Remark 7.1 From Lemma 7.8 and Lemma 7.6, we see that for € > 0 small, problem (1.5) has a ground

state solution u, such that J.(ue) = ce and J!(u.) = 0.

7.4.2 Auxiliary asymptotic properties

In what follows, we prove a multiplicity result for the modified problem (7.5) using the Ljusternik-
Schnirelmann category theory. We first provide some useful preliminaries.

Let § > 0 be such that M5 C A, w € H'(R3,R) be a positive ground state solution of the limit problem
(7.19), and n € C*°(R™, [0, 1]) be a nonincreasing cut-off function defined in [0, +00) such that n(t) = 1 if
0<t<é§/2andn(t) =0ift > 4.

For any y € M, let us introduce the function

Ve (@) 1= n(lew — (= ) exp iy (),

where
)= 3 A
Let t. > 0 be the unique positive number such that
I?f(*)x Je(tWey) = Je(teVey).
Note that t. ¥, , € A;.
Let us define ®, : M — A} as
D (y) =1t T,y

By construction, ®.(y) has compact support for any y € M.
Moreover, arguing as in Lemma 7.8, the energy of the above functions has the following behavior as
e—0".



Lemma 7.13 d The limit

holds uniformly iny € M.

Now we define the barycenter map.
Let p > 0 be such that Ms C B, and consider T : R3 — R3 defined by setting

z, if |z| < p,

T(z) ;:{

pz/lz|, if |z > p.

The barycenter map 3. : A7 — R3 is defined by
1

[l

Be(u) : /Rs Y(ex)|u(z)| de.

We have the following asymptotic property.

Lemma 7.14 d The limit
lim B:(®:(y) =y
holds uniformly iny € M.
Proof. Assume by contradiction that there exist & > 0, {y,} C M and €,, — 0 such that
Bz, (®c, (yn)) — yn| = .
(7.31)
Using the change of variable z = (e,2 — y,,)/€n, We can see that

N Jas(Y(enz + yn) — yn)n* (lenz))w’ (2)d2
Jrs 1 (len2])w? (2)dz

5571((}671 (yn)) =UYn

Taking into account that {y,} C M C Ms; C B, and applying the Lebesgue dominated convergence

theorem, we obtain
|/85n(q>8n(yn)) - yn| = 0(1),

which contradicts relation (7.31). The proof is now complete. O
Now, we prove a useful compactness property.

Proposition 7.1 &_ Let £, — 0" and (u,) C A%, be such that J. (un) — cv,. Then there exists
(§in) C RY such that the sequence {|v,|} C H'(R? R), where v,(x) := un(x + §n), has a convergent
subsequence in H*(R3,R). Moreover, up to a subsequence, Yy, := €,ijn — y € M as n — +oo.



Proof. Since J! (un)[un] = 0 and J;,(un) — cv,, arguing as in the proof of Lemma 7.5, we have that there
exists C' > 0 such that || u,, ||, < C foralln € N.

Arguing as in the proof of Lemma 7.10 and recalling that cy, > 0, we have that there exist a sequence
{@,} C R? and constants R, 8 > 0 such that

n—00

lim inf/ lu,|2dz > B.
Br(fin)

(7.32)

Now, let us consider the sequence {|v,|} C H(R3,R), where v,,(z) := u,(z + Jy). By the diamagnetic
inequality (7.2), we get that {|v,|} is bounded in H!(R3 R), and using (7.32), we may assume that
|vn| — vin HY(R3,R) for some v # 0.

Let now ¢, > 0 be such that 9, := t,|v,| € A, and set y,, 1= €,Yn.-

Using the diamagnetic inequality (7.2) again, we have

ey, < Io(oy) SI?E(,_)X Je, (tuy) = Je, (un) = ey, + o(1),

which yields Iy(%,) — cy, as n — +oo.

Since the sequences {|v,|} and {#,} are bounded in H!(R3,R) and |v,,| - 0 in H'(R3,R), then {¢,} is
also bounded and so, up to a subsequence, we may assume that t,, — ¢, > 0.

We claim that ¢y > 0. Indeed, if ¢, = 0, then, since {|v,|} is bounded, we have ©,, — 0 in H(R? R),
that is, I(%,,) — 0, which contradicts cy, > 0.

Thus, up to a subsequence, we may assume that @,, — ¥ :=tyv # 0 in H!(R?,R), and, by Lemma 7.11,
we can deduce that ¥, — @ in H(R3, R), which gives |v,| — vin H!(R3,R).

Now we show the final part, namely that {y,} has a subsequence such that y, — y € M. Assume by
contradiction that {y,} is not bounded and so, up to a subsequence, |y,| — +00 as n — +o00. Choose
R > 0 such that A C Bg(0). Then for n large enough, we have |y,,| > 2R, and, for any z € By, (0),

|5n$ +yn‘ 2 ‘yn| - 5n|m| > R

Since u,, € A%,, using (V1) and the diamagnetic inequality (7.2), we get that
[ @V Ionl + Valo )z < alonf?, + [ Viena + yn)lonfde + b,
R3 R3

< [ stewtumloPlfde< [ foa oo

BH/Sn (O)

—|—/ f(|vn|2)|vn|2da:+/ |v,|®dz.

R/en 0 BR/En
(7.33)

Since |v,| — vin H'(R® R) and f(t) < V/K, we can see that (7.33) yields



min {1, V(1 - %)}/Rg(ywvnnz’ + loaP)dz = o(1),

that is |v,| — 0 in H1(R3,R), which contradicts to v # 0.

Therefore, we may assume that y,, — yo € R3. Assume by contradiction that yo & A. Then there exists
r > 0 such that for every n large enough we have that |y, —yo| <7 and Bs.(yo) C A Then, if
x € B, (0), we have that |e,z + yn — yo| < 2r so that €,x + y, € A and so, arguing as before, we
reach a contradiction. Thus, yg € A.

To prove that V(yo) = Vj, we suppose by contradiction that V(y) > Vj. Using the Fatou's lemma, the
change of variable z = = + ¢, and max;>¢ J., (tu,) = Je, (u,), we obtain

1 b 1
ev, = Do(@) < 5/ (@l Vo + Viw)aP)de + 3 ([ [VoPdz)? - 5/ F(jo?)da
R3 R3 R3

.1 -2 -2 b -2, )2 1 - 2
gh}ggfb /Rs(a|an| + V(en + yn)|n|?)dz + / V| dm) -5 [, Fonl )dm)
t2
:u%g;)gf(?"/ (@] [un][2 + V(en2)un|2)da + 22 / Vs de)? /F|tnun| )dz)
< lim infJ, (t,u,) < liminfJ. (u,) = cy,
n—oo n—oo

which is impossible and the proof is complete. o

Let now
N ={u e N : J.(u) < cy, + h(e)},

where h : RT — R, h(e) > 0ase — 07.
Fixing y € M, by Lemma 7.13, |J.(®:(y)) — cv| — 0 as € — 0%, we get that A, # 0 for any & > 0
small enough.

We have the following relation between A, and the barycenter map.
Lemma 7.15 d We have

hm sup dist(8:(u), Ms) = 0.
S0+
uEN,

Proof. Lete, — 0" asn — +oo. For any n € N, there exists u,, € </V;n such that

sup inf |Be,(u) —y| = inf |Be,(un) — 9l +o(1).
ue(/Vm yeM;

Therefore, it is enough to prove that there exists {y, } C Mjs such that

Tim |6, (un) — yn| = 0.

By the diamagnetic inequality (7.2), we can see that Iy, (t|u,|) < J, (tu,) for any ¢ > 0. Therefore,
recalling that {u,} C A, C A,, we can deduce that

v, §n£1>abx Iy, (tlunl) gng%x Je, (tuy) = J;, (un) < ey, + h(ey)



(7.34)

which implies that J, (u,) — cy, as n — +oo. Then Proposition 7.1 implies that there exists {§,} C R3
such that y,, = €,9, € M; for n large enough.

Thus, making the change of variable z = = — g,,, we get

+ fR3(T(€nZ +Yn) — Yn)|un(z + gn)|4dz

o) = o Tn = G

Since, up to a subsequence, |uy,|(- + ) converges strongly in H!(R3,R) and €,z + y, — y € M for any

z € R3, we conclude. 0

7.4.3 Multiplicity of solutions for the modified problem

The following result establishes a relation between the topology of M and the number of solutions of the
modified problem (7.5).

Theorem 7.2 & For any 6 > 0 such that Ms C A, there exists €5 > 0 such that, for any € € (0,&5),

problem (7.3). has at least cat (M) nontrivial solutions.
Proof. For any € > 0, we define the function 7. : M — S by
me(y) = m: N (De(y)), Yy € M,

By Lemma 7.13 and Lemma 7.4 (B4), we obtain

lim ¥ (7 (y)) =lim J(®(y)) = cv,, uniformly in y € M.

e—0 e—0
Hence, there is a number € > 0 such that the set S := {u € SF : ¥.(u) < ¢y, + h(e)} is nonempty, for
all € € (0, €), since 7 (M) C S . Here h is given in the definition of 4.

Given § > 0, by Lemma 7.13, Lemma 7.3 (A3), Lemma 7.14, and Lemma 7.15, we can find €5 > 0 such
that for any € € (0, &5), the following diagram

MY a0 " w0 ™ 8.00) 5 M
is well defined and continuous. From Lemma 7.14, we can choose a function ©(e, z) with |O(e, 2)| < %
uniformly in z€ M, for all €€ (0,€) such that B.(®.(2)) =z+ ©O(¢,2) for all z€ M. Define
H(t,z) = z+ (1 —1t)O(e, 2). Then H :[0,1] x M — Mjs is continuous. Clearly, H(0, z) = B:(®.(2)),
H(1,z) = z for all z€ M. That is, H(t, z) is a homotopy between .o ®. = (8 om.) om,. and the
embedding ¢ : M — Mj. Thus, this fact implies that

cat (ar)(me(M)) > catp, (M).

(7.35)



By Corollary 7.1 and the abstract category theorem [144], ¥ has at least cat . 57 (7c(M)) critical points on
S . Therefore, from Lemma 7.4 (B4) and (7.35), we have that J, has at least cat (M) critical points in
A which implies that problem (7.5) has at least cat 57, (M) solutions. o

7.5 Proof of Theorem 7.1

The idea is to show that the solutions u, obtained in Theorem 7.2 satisfy
lue(z))? < ag forz € A°

for ¢ small. The key ingredient is the following result.

Lemma 7.16 & Let ¢, — 0" and u, € JV;n be a solution of problem (1.5) for € =e¢e,. Then
J., (un) — cv,. Moreover, there exists {§,} C RY such that, if v,(z) := un(z + §n), we have that {|v,|} is
bounded in L™ (R R) and

lim |v,(z)] =0 wuniformlyinn € N.
|z| =400

We use the Moser iteration method to prove the above lemma. For our problem (7.5), there is more one

nonlocal term and the nonlinear term has the critical growth for problem. The proof follows as in Ji and
Rédulescu [83, Lemma 5.1], just after making some appropriate changes.

Proof of Theorem 7.1. Let § > 0 be such that Ms C A. We want to show that there exists £5 > 0 such that
forany € € (0,£;) and any u. € A solution of problem (7.5), it holds

| ue H%OO(Ag)S ao-
(7.36)

We argue by contradiction and assume that there is a sequence &, — 0 such that for every n there exists
u, € A, which satisfies J! (un) = 0and

| wn H%w(Agn)> @o-
(7.37)

Arguing as in Lemma 7.16, we have that J. (u,) — cy;, and therefore we can use Proposition 7.1 to obtain
a sequence {g,} C R3 such that Yn = EnYn — Yo for some yo € M. Then, we can find » > 0, such that
B, (y») C A, and so B, /., (n) C A, for all n large enough.

Using Lemma 7.16, there exists R > 0 such that |v,|*> < ag in B$(0) and n large enough, where
Vn = Un(- + §n). Hence |u,|* < ag in B%(9n) and n large enough. Moreover, if n is so large that 7/e, > R
,then A{ C B Jen

and proves the claim.

(Jn) C B%(§n), which gives |up|? < a for any z € A¢ . This contradicts relation (7.37)



Let now €5:= min {&s,&s}, where & > 0 is given by Theorem 7.2. Then we have at least catyz, (M)
nontrivial solutions for problem (7.5). If u. € 4% is one of these solutions, then, by (7.36) and the definition
of g, we conclude that u, is also a solution to problem (7.3).

Finally, we study the behavior of the maximum points of |&.|, where 4. (z) := u.(x/¢) is a solution to
problem (7.1), as e — 0%,

Take €,, — 0™ and the sequence {u,} where each u,, is a solution of (7.5) for ¢ = &,,. From the definition

of g, there exists y € (0, ag) such that

Vo

e t?, forallz € RY,|t| <.

glex, t*)t? <
Arguing as above we can take R > 0 such that, for n large enough,
Fun Nl 2= 85w < -
(7.38)
Up to a subsequence, we may also assume that for » large enough
Il (|2 (Ba(.) > 7-
(7.39)

Indeed, if (7.39) does not hold, up to a subsequence, if necessary, we have || u, ||< 7. Thus, since

J! (ue,) = 0, using (g5) and the diamagnetic inequality (7.2) that
/ (@[ |2 + Volun|2)dee + b(/ Vi |%dz)? < / G(En [un?)un 2
R3 R3 R

3
Vo
< 07 /R3 |u,|2dz.

Since K > 2, we obtain || u, ||= 0, which is a contradiction.
Taking into account (7.38) and (7.39), we can infer that the global maximum points p,, of |u,, | belongs to

Bgr(9n), that is p, = ¢, + ¥y, for some g, € Bpr. Recalling that the associated solution of problem (7.1) is

Un(z) = un(z/ey), we can see that a maximum point 7., of |Gy,| is 9., = €,Jn + €ngn. Since g, € Bp,

enln — Yo and V(yo) = Vo, the continuity of ¥ allows to conclude that

T}l_}ngo V(nsn) =W.

The proof is now complete. O

7.6 Historical comments

For problem (7.1), there is a vast literature concerning the existence and concentration of solutions for the

case without magnetic potential, that is, if A = 0. The first result in this direction was given by Floer and



Weinstein in [58], where the case N = 1 and f = i is considered. In [43], del Pino and Felmer studied the

following problem

—e2Au + V(z)u = f(u)in Q,
u=00n0,u>0in,

where Q is a possibly unbounded domain in R, N > 3. By introducing a penalization method, they found
solutions of the above problem that concentrate around the local minimum of V. More precisely, the authors
assumed that there exists a bounded open set A C €2 such that

;g{ V(x) <min V(x),

(7.40)

and the nonlinearity f satisfies the subcritical growth condition. In [70], He and Zou considered the

following fractional Schrodinger equation
e*(=A)*u+ V(z)u = f(u) +u* ' inRY,

where V satisfies the local assumption (7.40), and f'is subcritical. By using the Nehari manifold method and
the Ljusternik-Schnirelmann category theory, the authors obtained the multiplicity of positive solutions. We
notice that f'is only continuous in [70], hence the Nehari manifold is only a topological manifold. Thus, the
critical point theory in C! manifold cannot be applied in this framework. To overcome this difficulty, He and
Zou [10] applied the method developed by Szulkin and Weth [144]. There are also many results about the
existence, multiplicity and concentration of solutions for Kirchhoff equations, that is, provided that A = 0
and a,b > 0. In [127], Perera and Zhang studied the existence of solutions for Kirchhoff equation by using
the Yang index and critical groups. Later on, He and Zou [70] studied the existence, multiplicity and
concentration properties of positive solutions for problem (7.1) without critical term and magnetic field by
using the Nehari manifold method, the penalization technique and the Ljusternik-Schnirelmann category
theory. We notice that the nonlinear term fis a C' function in this paper, which allows to apply the critical
point theory in C! manifolds. Next, He and Zou [71] applied the method introduced by Szulkin and Weth
[144] and studied multiplicity and concentration behavior of positive solutions for a fractional Kirchhoff
equation where the nonlinear term f'is only continuous.

The first result involving the magnetic field was obtained by Esteban and Lions [49]. They used the
concentration-compactness principle and minimization arguments to obtain solutions for £ > 0 fixed and
N = 2,3. In particular, related with the content of this chapter, we also refer to Ji and Radulescu [83] who
used Nehari manifold analysis, penalization techniques and the Ljusternik-Schnirelmann category theory to
study multiplicity and concentration results for a magnetic Schrodinger equation in which the subcritical
nonlinearity f € C(R, R). Multiplicity and concentrating phenomena for magnetic Kirchhoff equations with
subcritical growth and continuous reaction were studied by Ji and Radulescu [85], while the supercritical

case was studied by Gao and Tan [61].




7.7 Final remarks, perspectives, and open problems
This chapter deals with the study of concentration properties of solutions for the magnetic Kirchhoff

equation with critical growth in the three-dimensional case.

Why magnetic Kirchhoff equations with critical growth?

Because this is a triply nontrivial problem, by combining three basic concepts, as basic features of equations
of this type:

(a) Magnetic: it breaks translation invariance;
(b) Kirchhoff: it couples local and nonlocal behavior;

(c) Critical growth: it creates concentration phenomena.

The most promising immediate perspectives associated with the analysis developed in this chapter seem
to be the following direction:

(1) Fractional magnetic Kirchhoff problems: the analysis of the same equation after replacing the
magnetic Laplace operator (—A) 4u with the fractional magnetic Laplacian (—A)* . In this case,
study concentration properties for s € (0, 1) with critical growth 25 = 2N /(N — 2s).

(ii) Variable order magnetic Kirchhoff equations: the study of problems driven by the magnetic p(x)-
Laplacian defined as —div(|V au|P®) 2V 4u).

(iii)) Double-phase problems driven by the operator
—div(|VaulP 2V au + a(z) |V 4u|T 2V qu),
where a > 0 is a suitable modulating potential.
(iv) Higher-order magnetic Kirchhoff equations: the analysis of a related Kirchhoff problem driven by

the biharmonic magnetic operator Aiu.

The content of this chapter is based on the results established in [84]. This study was complemented by
Deng and Luo [44] in the context of magnetic Kirchhoff equations with competing potentials and by Liu
and Qian [103] for fractional Choquard-Kirchhoff equations with magnetic field.

Some open problems generated by the model studied in this chapter are the following.

Open Problem 1. & Study the concentration of solutions to the magnetic Kirchhoff equation with
Ginzburg-Landau nonlinearity

—(ae2 + be[u]i/e) Ageu+V(z)u= % u(l—|u?) iR
u € HY(R3,C).



Another interesting direction is concerned with general nonlinearities which do not fulfill the Ambrosetti-

Rabinowitz condition (f3).

Open Problem 2. Study concentration properties of solutions to problem (7.1) with Berestycki-Lions

nonlinearity.

The following open problem is concerned with the critical case with Hardy nonlinearity. Interesting issues
in this case are the magnetic Hardy inequalities and the concentration-compactness with magnetic Hardy

potentials.

Open Problem 3. & Study the multiplicity and concentration of solutions to the following magnetic
Kirchhoff equation with Hardy singular potential

| ‘2*—2

- (ae2 + be[u]i/e) Ageu+ V(z)u = f(lu*)u+ uma “  inRY,
u € H'(RY,C).

The next problem is concerned with the study of the magnetic Kirchhoff equation for other unbounded

domains.

Open Problem 4. Study concentration properties of solutions to problem (7.1) in the case of exterior
domains or cylindrical domains. How does concentration occur without boundary constraints?
What about the case of domains with corners or cracks? Does concentration still occur at specific

geometric points?

Finally, we propose a thorough analysis in the framework of evolution equations with magnetic potential.

In this case, the nonlocal term complicates stability analysis.

Open Problem 5. J Study orbital stability of concentrating solutions for time-dependent magnetic
Kirchhoff equations and describe the gradient flow structure with magnetic field. Establish blow-up

properties versus concentration phenomena in the time-dependent setting.

7.8 Glossary
Magnetic Laplace Operator: This is a fundamental operator in mathematical physics that generalizes the
classical Laplacian to include the effects of magnetic fields.

Magnetic Field in Kirchhoff Equations: It creates a rich mathematical structure with deep physical

interpretations, mainly in the context of quantum mechanics, continuum mechanics, and Ginzburg-



Landau superconductivity theory.

Magnetic Kirchhoff Equation: It is a complex-valued, nonlocal elliptic equation that combines quantum

mechanics (magnetic Laplacian) with continuum mechanics (Kirchhoff nonlocality).

Diamagnetic Inequality: This is a fundamental result that relates the gradient of a function's magnitude to
its magnetic gradient. The inequality shows that the magnetic gradient norm dominates the ordinary

gradient norm of the magnitude.

Magnetic Sobolev Space: This function space generalizes standard Sobolev spaces to accommodate the
magnetic gradient V,. Current relevant research directions include magnetic Strichartz estimates,

magnetic Bourgain spaces, and magnetic modulation spaces.



8

Fractional Kirchhoff equations with
discontinuous reaction

DOI: 10.1201/9781003797159-8

Why Kirchhoff equations with discontinuous reaction? This study is important since it shifts the
problem from the smooth world of standard critical point theory to the more complex terrain of
nonsmooth analysis, specifically for applications where the response is not continuous or the
forcing term is not a function but a multivalued map. The key feature of this analysis is that it
combines three major analytical complexities (nonlocality, nondifferentiability and potential-
driven localization) into a single challenging problem. This triple interaction implies the

following challenge layers:

(1) The operator is nonlocal in two ways, making compactness hard to obtain.

(i1)) The discontinuous reaction implies that the associated energy is not differentiable (only

locally Lipschitz), so standard critical point theory fails.

(iii) In order to establish concentration of solutions and to prove localization, one must show

decay outside a prescribed set and rule out energy leaking to infinity.

This chapter is concerned with the analysis of concentration properties of solutions to the

following fractional Kirchhoff equation with discontinuous nonlinearity

(e22a + €273b [o, |(—A) Tul?dz) (—A)*u+ V(z)u = H(u — B) f(u)  inR3,
ue H*R3), u>0 in R3,

where €, 3 > 0 are small parameters, a € (3,1) and a, b are positive constants, (—A)® is the

fractional Laplacian operator, H is the Heaviside function, V' is a positive continuous potential,
and fis a superlinear continuous function with subcritical growth. The main result in this chapter
deals with the existence and multiplicity of solutions, as well as with concentration properties of
solutions for small values of two positive parameters. The main feature is that the reaction term is
allowed to be discontinuous with respect to the unknown function, which naturally arises in the

applied sciences. For instance, equations of this type can model various physical processes in


https://doi.org/10.1201/9781003797159-8

continuum mechanics, phase transition, and materials science where long-range interactions
(fractional diffusion), nonlocal elasticity (Kirchhoff term), and discontinuous responses (stick-slip
friction) are present.

The problem simultaneously combines three layers of nonlocality, which are given by the
fractional Laplace operator, the Kirchhoff term, and a nonsmooth nonlinearity that introduces a
multivalued structure. The analysis often involves comparing the original problem with a limit or
auxiliary local problem (where € is effectively set to 1 or the Kirchhoff term is simplified) to gain
information about the concentration profile. This allows to provide a unified treatment for a

complex model featuring multiple nonlocal effects and nonsmoothness.

8.1 Statement of the problem

Consider the following fractional Kirchhoff equation:
(e2a+ et3 [ |(—A) 2 ul?dz) (—A)*u+ V(z)u = H(u — B)f(u)  inR3,
ue H¥R?), u>0 in R3,

(K)

where a € (0,1) and a, b are positive constants, €, 3 > 0 are positive parameters, H is the

Heaviside function given by

1, ift>0,
H(t) = {0, if t < 0.

The operator (—A)? is the fractional Laplacian defined as .Z ~1(|£|**# (u)), where Z denotes
the Fourier transform on R3. The potential V : R® — R is a continuous function satisfying the

following conditions introduced by Rabinowitz in [133]:

(Vo) there exist Vj, Vo > 0 such that

Vo:= inf V(z) < lim infV (y) = V,

zeR3 ly|—o0
and f : R — R is a continuous function fulfilling the following hypotheses:

() f(t) =0forallt < 0and f(t) = o(t®) ast — 07,

(f) There exists 4 < p < 27, — 1 such that



t
lim 1) =0,
t—oo tP

6

where a € (%, 1),2% = 5752

is the fractional critical exponent.
(f3) The function ¢t — % is increasing in (0, 00).

(f4) f(t) > ~t° forall t > 0 with somey > 0ando € (3,p — 1).

Conditions (f;)—(f3) imply that

(8.1)

where F(t) = [} f(s)ds.
In order to study problem (K), we use the change of variable z — ex and we look for solutions

to

(a+b [5 \(—A)%uPda}) (—A)*u+ V(ex)u = H(u — B)f(u)  inR?
ue€ H*R?), u>0 inR>

(Ke)

Despite the challenges posed by the discontinuous reaction term (the Heaviside function), the
main result in this chapter not only guarantees the existence of positive solutions, but it also

describes their shape by establishing that they concentrate as the parameters become small.

Theorem 8.1 Assume that conditions (Vy) and (f1) — (fa) hold. Then, there exist €*,3* > 0
such that problem (K.) has a positive solution ucg for all € € (0,€*) and € (0,8%).

Moreover, there exists a maximum point z. g € R® of u. g such that

lim V(ex.g) = Vp.
AT VieTas) = Vo

For such a x.gp, the function v (x) = u.(x + z.pg) converges to a positive ground state

solution of the autonomous Kirchhoff equation

<a + b/RS y(—A)%ude) (—A)u+ Vou = f(u), ue HO(R®).




We observe that the associated energy functional is only locally Lipschitz due to the effect of
the Heaviside function, so that we are not able to use variational methods for C!-functionals.
Next, we establish a relationship between the mountain pass level and infimum of the energy
functional on the Nehari manifold. Then, we use the Fatou lemma to prove the existence of
positive ground state solutions for the corresponding limit equation. However, the Nehari
manifold method does not work for locally Lipschitz continuous functionals, and so some new
technique need to be developed to obtain fine estimates to the mountain pass levels. Finally, with
the presence of the Kirchhoff term, the main obstacle arises in getting the compactness of the
corresponding locally Lipschitz continuous energy functional. Precisely, this does not hold in

general, namely, it is not clear that for any ¢ € C{°(RY),
\(—A)%un\2dx/ (~A)fun(—A)f pda — / \(—A)%uﬁdx/ (—A)fu(—A)% pda,
R3 RN R3 RN

where {u, }nen is a (PS)-sequence of the energy functional satisfying u,, — u in H*(R3). Then,
it is not certain that weak limits are critical points of energy functional. For this reason, it is
necessary to give a specific profile decomposition of the Kirchhoff term (fg, [(—A) % u,|2da)?
which enables us to establish refined energy estimate to the mountain pass level. Finally, the
above information together with the mountain pass geometry behaviors of energy functional

helps us to obtain the compactness.

8.2 Variational setting

In what follows, we outline the variational framework for problem (K) and recall some
preliminary results. For details, we refer to the monograph by Molica Bisci, Radulescu and
Servadei [119]. For any « € (0, 1), the fractional Sobolev space H*(R?) is defined by

He(R?) := {ueL (R®) : %eﬂ(ﬂ@?’xﬂ@)}.
z—y

We have

u(y)|® / $y2
dedy = C, d
/Rf‘/Rf’ \m— ’3—0—204 ((—=A)>ul*dz,

where



We endow the space H%(R?) with the norm

1/2
ey s=( [ JuPao+ [ 1(-8)%uPa)
R3 R3

The function space H(R®) is also the completion of C§°(R3) with || - ||gags and it is
continuously embedded into L(R?) for g € [2,2}]. The homogeneous space D*?(RR3) is

3+2a

Da’2(R3) — {u c LZZ,(R?)) . "T(x) _|1ﬁl)‘ € LZ(R?, % R3)},
T — Y| 2

and it is also the completion of Cj° (R?) with respect to the norm

) 1/2
1 [l s :=( / |<—A)?u|2dw) .
R3

Let
E:= {u c H*(R?): /RS V(z)uldr < oo}

be the Hilbert space equipped with the inner product

N1~}

(u, v)E::a/Rg(—A)%u(—A) vdarH—/R3 V(z)uv dz,

and the corresponding induced norm

1/2
| wl := (/ al(=A)2u|dz + V(m)uZd:L'> .
R3 R3

We now recall some definitions and basic results on the critical point theory of locally
Lipschitz continuous functionals as developed by Chang [23], Clarke [37], and Motreanu and
Radulescu [121].

Let £ be a real Banach space. A functional I : E — R is locally Lipschitz continuous,
I € Lipi,.(E,R) for short, if given u € E there is an open neighborhood V :=V, C E and
some constant K = Ky > 0 such that

[I(ve) —I(v1)| < K ||ve—v1 ||, v;€V,i=12.

The directional derivative of / at « in the direction of v € E is defined by



. . Iu+h+ M) —I(u+h)
I"(u;v) =limsup .
h—0 )10 A

So I°(u; -) is continuous, convex and its subdifferential at z € E is given by
OI%(u;2) = {u € E*: I°w;v) > I%u; 2) + (u,v — 2), v € E},

where (-, -) is the duality pairing between E* and E. The generalized gradient of / at u is the set
OI(u) = {u € E* : {u,v) < I°u;v),v € E}.

Since 1°(u;0) = 0, 8I(u) is the subdifferential of 1°(u;0). A few definitions and properties

will be recalled below. dI(u) C E* is convex, non-empty and weak -compact,
M (u) =min {|| p || g-: p € 8I(u)},

and
OI(u) = {I'(w)}, ifIec CY(E,R).

A critical point of / is an element uy € E such that 0 € 0I(uy) and a critical value of / is a real

number ¢ such that I(ug) = ¢ for some critical point ug € E.

ptl

2a,=—— om o
By a solution for (K,), we understand a function u € Wl;: » (R?*) N H*(R?) verifying

{ (a4 [ [(=A)F ul’dz) (~A)*u + V(ex)u € [f _(u(2)), fa(u(z))]a.e. inR?
u € H*R3),u > 0inR?

(K)

where fg(t) = H(t — 8)f(t), f5(t) = lim supf;(t + &) and fH(t) = liggoiyffy(t —9).

6—0+

Now we recall the following mountain pass theorem for locally Lipschitz functionals, which
was established in Radulescu [134].

Theorem 8.2 & Let I € Lipi,.(E,R) with I(0) = 0 and satisfying:



(i) There exist r > 0 and p > 0 such that I(u) > p for || u |=r,u € E.
(ii) There is e € E \ B,(0) with I(e) < 0.

Set

:= inf I > 0,
c:i= infmax (v(s))

where
[':={y e C([0,1], E) 7(0) = 0,I(y(1)) < 0}.
Then ¢ > p and there is a sequence {u,} C E verifying I(u,) — cand I'(u,) — 0in E’.
For the next two auxiliary properties, we refer to Chang [23] and Clarke [37].

Lemma 8.1 & Let {u,} C E and {p,} C E* with p,, € 0I(uy,). If u, — u in E and p,, — p in
E*, then py € 0I(u).

Lemma 82 Let R>0 and ¥(u ng u)dz and Ypr(v f Bx dx, where
= fo g(s)ds. Then, U c szloc(Lerl (R®),R), Vg€ szloc(LpH(BR(O)),R),
0¥ (u) € LFI:_I(R?’) and 0V g(u) € L% (BR(O)). Moreover, if p € 0¥ (u) and { € 0¥ g(v), then

p(z) € [g(u(z)),g(u(z))] a.e.in R
and
¢(z) € [g(v(z)), g(v(z))] a.e.in Bg(0).
The following Lions-type lemma in fractional Sobolev spaces is due to Secchi [135].

Lemma 8.3 < Assume that {u, }nen is bounded in H*(R3) and

lim sup / lu,|2dz = 0,
B.(y)

n_>°°ye]R3

for some r > 0. Then u, — 0 in L*(R3) for all s € (2,2%).

8.3 Existence of solutions to problem (K,) ife =1

The energy functional associated with problem (K,) if e = 11is Ig : E — R defined as

2
B = lu P+ ([ -8t upa) - [ Fuwas, wes,



with Fi(u) = [’ fu(s)ds. We remark that Is € Lipjoc(H*(R?), R).

We now verify the functional /4 satisfies the mountain pass geometry.

Lemma 8.4 J The following properties hold.
(i) There exist > 0 and p > 0 such that Ig(u) > p for || u [|=r,u € E.
(ii) There is v € E \ B,(0) with Ig(v) < 0.
Proof. (i) Observe from the definition of / that for any 8 > 0, there exists Cz > 0 such that

fu(t) < Cgt?, forallt € R.

(8.1)
So from Sobolev's imbedding inequality, we infer that

1 C 1
Tg(u) > = [lu|? ——2- / wfPtde > = [|u > =C || u [P,
2 p+1 Jps 2

Hence there exist r, p > 0, independent of f, such that for || u ||= 7, Is(u) > p > 0.
(ii) Take e € C°(R?) \ {0} with e > 0 and © := |{z : e(z) > B}| > 0, then by (f4) one has

2 , bt o 0\
Ig(te) = - | el + (/RS [(—A)ze] dm) -/ Fy(te)dx

$2 bt . 2
§—||e||2+—(/ |<—A>fe|2dm) [ Pl - F(p)a
2 4 \Jrs {te(z)>B}

< e+ B ([ caytepar) = X0 [ leptiae + F(8) - jsupple(@)}
<5 le /L 1e el'de) — 5 @e x - |supp{e(x)}|,

which implies that

Ig(te) - —o0, as t— +oo.

(8.2)
So, take ¢t > 0 large enough, then v = tge satisfies v € E \ B,(0) with I3(v) < 0. o
Combining Lemma 8.4 with Theorem 8.2, there exists a sequence {u, } C E satisfying
Is(uy,) — ¢ and Alg(u,) — 0,
(8.3)

where ¢ is the mountain pass level of the functional /.



Lemma 8.5 & The sequence {u,} is bounded in E.

Proof. Set

Afw) =5 lu]? + (/ (- 2u\2dsc)2, Blu) := / Fa(u)dz,

Let {w,} C H*(R3)* be such that Mg(u,) =| wn ||g+ and w, = A’(u,) — pn, where
{pn} C 0B(u,). Then

2
i 1245( [ 16-2)Fundz) = G+ pava)

(8.4)

Since py, € [f  (un()), fu(un(z))] ac. in R3, then by (8.1) we have
(PnyUn) > [ (un)upde > / flup)uyde > 4/ F(u,)dz.
rs H {un>B} {un>B}

It then follows from (8.4) that

1 1 1
co+0(1) = Tstn) — ~{wmrtun) = = ||t (12 += {pry ) — / Fir(un)da
4 4 4 T

1
I un 1%

(8.5)

which concludes the proof. O

Recalling (8.3) and Lemma 8.5, there exists a subsequence of {u,} (still denoted by {u,})
such that

Up = up inE, u, —up in L (R?), s€(2,2)).

(8.6)

emma 5.6 <! Let {pny C Up ) WIh py, — Po 1N %1 . lnen
L 8.6 4L 0B ith in L R®). Th

po(@) € [f  (u(2)), fr(u(z))] a.einR>.

Proof. Since u, — u in E, we have u, — u in L”*'(R?). Hence, for any ¢ € Cg°(R?), we

obtain



/ u,pdr — upde, / pncpdm—>/ popde.
R3 R3 R3 R3

Recalling Lemma 8.1, we obtain

po(@) € [f , (u(2)), Fu(u(z)] a.c. inR>.

The proof is now complete. O

Lemma 8.7 < Let {u,} C E be the sequence defined in (8.3). Then there exist a sequence
{yn} C R3 and constants R, > 0 such that

n—oo

lim inf/ uldz > 1> 0.
BR(yn)

(8.7)

Proof. Suppose by contradiction that (8.7) does not hold. Then it follows from Lemma 8.3 that
u, — 0 in L¥(R?) for s € (2,2%). By (8.1) and (8.4), there exists {p,} C 0B(u,) with

pn € [fH(un(w)),}H(un(a;))] a.e in R? such that

Il wp ||2§ /R3 pnundr < /R3 }H(un)undw < /{ 5 f(un)updz — 0.
Up >

(8.8)
This implies that u, — 0 in E. Furthermore, Ig(u,) — 0 as n — oo, which contradicts cg > 0.
The proof is complete. O

Let co, be the mountain pass level associated with the functional I, : H*(R*) — R defined
by

Io(u) = 5 /Rg(a\(—A)%u\2 + Voou?)dz + % < . |(—A)%u|2dm> 2 — /]R?’ F(u)dz.

(8.9)

Lemma 8.8 & Assume that there exists B1 > 0 small such that (1 + 52)05 < Cx for fixed
B € (0, B1), then ug # 0.

Proof. Suppose on the contrary that ug = 0. By Sobolev embeddings together with Lemma 8.7,

we obtain {y,} is unbounded. Thus, up to subsequence, |y,| — +oo.



Set v, () := up(z + yn). We observe that {v,, } is bounded in H*(R?). Recalling Lemma 8.7,
up to subsequence, there exists v € E'\ {0} such that for s € [1,27})

v, ~v in E, v, —v in Li (R®).
(8.10)

For any R >0, let pp € C°(R*) be such that pgr(z) =1 in Bz and ¢gr(z) =0 in
R3\ {Bagr}, with 0 < ¢ < 1 and |Vpg| < &, where C is a constant independent of R. Since
the sequence {(¢rv,)(- — yn)} is bounded in £, we obtain

N1}

(@b ) [ (=) Fun-A)Homn)( ~p)de + [ Vieua(on)( ~v)da

R3

_ /R pa(orvn) (- — yn)dz +0(1), v e E.

(8.11)
Using the fact that p,, € [fH(un(a:)), fu(un(2))] a.e in R3, we have
[ pateron)— e < [ Futevapnde < [ fon)onprde
R3 R3 R3
(8.12)
It follows from (8.10) that
/ f(vp)vpprde = / f(v)vprdx + o(1).
R3 R3
(8.13)

Observe that

[ (A u(-8) (prn) — e =G, [ [ Pt enlS) gag,

L. /Rg/Rg vn(z) — vn(Y)]lpr(z) — Pr(Y)] o () dzdy.

|£l?— |3+2a

(8.14)

Using the Holder's inequality, the boundedness of {u,} in E and |Vypg| < %, we have



// [vn(z —vn )][wR()—wR(y)]vn(y)dmdy
r3 JR3 y‘3+2a

erW)® , 1
<[l vn D20 dzdy ) /2
o (/] / 0L o hasay

1
<[l vn [1H2a —// 2 dxd>1/2
Fonllp <R2 o S ycan T — g A

¢ 2 2 o 1/2 C
< g llvn Iz </Rs vn(y)dy/0 e ) < 22

(8.15)

where we have used polar coordinate transformation in the third inequality. Taking into account

relations (8.11)—(8.15), by Fatou's lemma we infer that

)2¢r(x) 2
b 20 0
(@ +b | v|%}.)Ca / /R3 |ac— ’3+2a dmdy—i—/}RnggoRdm

/ f(v)vprde —l— —
(8.16)
Let R — 400 in (8.16), then
(a+b]v3e) /R3 |(—A)>v|%dz + /R3 Viov?dz < /]1{{3 f(v)vde.
(8.17)

Since v # 0, there exists t € (0,1) such that tv € A4, where A4 is the Nehari manifold
associated with I, given by

N :={uec E\{0}: I (u)u=0}.
As a consequence, using (f3) and Fatou's lemma, we have

2

L (tv) — %I;o(tv)tv - [ (-2) 50 4 Vow?lda + /R 3 H F(tv)to — F(tv)] dz

< li,igiglf <% | wp ||? +/]R3 (%f(un)un - F(un)>dm>

(8.18)



Recalling the definitions of f " and ? 1, we deduce from (f}) that there exists 5; > 0 such that
f(t) < Vytd fort € (0,51) and then by (8.5) and cs < oo, We have for large n

Flun)updz = /

f(un)uyde —I—/ f(un)u,de
{un<p}

{un>B}
<B unl” + /R S y(wn)undz < 46%(cs + 0(1)) + /R [t (un)unda

=H

]R3

(8.19)

for any fixed 8 € (0, 51). Putting (8.19) into (8.18), setting co, =inf,c 4 I(u) and using (8.18),
we obtain

1
Coo < Ino(tv) — ZI;o(tv)tv

< lim inf (l | wn [|? +8%(cs + o(1)) +/
n— 00 4 R3

(%IH(%)% - FH(un)>dw>
=R (i I un I* +6%(es +0(1)) + /]R (%pnun - FH(un)) dm)

< lim inf (Iﬁ(un) — %(A’(un) — Py un) + B(cs+ o(1))> = (14 B%)cs,

n—oo

which is a contradiction. Therefore, ug > 0 and uy # 0. O

The next result establishes the existence of mountain pass solutions to problem (K,) withe = 1

, that is, there exists ug € E satisfying
Ig(up) = ¢ and 0 € 0Ia(uyp),

where ¢4 is the mountain pass level associated with /5.

Lemma 8.9 & Assume that there exists 81 > 0 such that (1 + *)cp < coo for fixed B € (0, B1).
Then problem (K) with e€e=1 has a nontrivial solution wuo € E, and the set

A :={z € R3: ug(z) = B} has null measure. Moreover,

Is(uyp) =max Is(tuy).

Proof. In view of Lemma 8.8, u, given in (8.6) is nonzero. Hence, there exists 8 > 0 such that

| wn [|2e:— 9B as n — oo, where {u,,} has been defined in (8.3). Indeed, we need to prove that
ptl

ug € Wlij’T (R3) N H*(R3) and uj solves



(a +b |(—A)%u|2dm> (—A)*u+V(z)u € [fH(u(:B)), fg(u(z))] a.e.inR3.
RS -
Since {u, } C Eis a (PS)cg sequence, there exists {p, } C 0B(u,) such that

[ (a8 un -8 ot Viu)de

( [(—A) % uy|? da:) / A)Tu, )%vdx:/ ppvdz, veEE,
R3

(8.20)

with p,, € [fH(un( ), f i (un())] a.e. in R3. It then follows from the boundedness of {u,}, the

definition of H, (f}) and (f;) that the sequence {p,} is bounded in L7 (R3) Thus, up to
subsequence, there exists pg € L7 (R?’) such that

pun—po in L7 (R,
(8.21)

which implies by (8.6) that for any v € E

/ [a(=A)2ug(—A) v+ V(z)ugv|dz +bB [ (—A)*ug(—A)*vdz = / povdz.
R3 R3 R3

(8.22)

Recalling Lemma 8.6, one has po elf H(ug (), fr(uo(z))] a.e in R®. From elliptic regularity

theory, we deduce that u € W2e s (R3 ). As a consequence, from (8.22), we immediately obtain

that u, is a nonnegative weak solution of the following equation

{ (a+bB)(—A)°u+V(z)u = Hlu— B)f(u) a.e. inR?,
u € H*(R?),
(8.23)

whose energy functional is

Jg(u) = a4 +2b’%) I(—A) % ul?dz + % V(z)u’dx — / Fg(u)dz.
R? R? R3

By using the Stampacchia theorem, we deduce that A = {z € R® : uo(x) = B} has null measure
for f small enough. Using v =wu,:=min {ug,0} in (8.22) and the fact that



po € [f  (uo()), fr(uo(x))] ae. in R3, we have
(a +bB) /RB((—A)%W(; V(@) ug [2)dz — /R poug dz = 0.

So, by the maximum principle, ug > 0. Moreover, by the iteration method, we obtain that

ug € L®(R3). Using Proposition 2.9 in Silvestre [137] and 2a > 1, we have uy € CH%(R3) for

s € (0,2a — 1). Using the maximum principle of Silvestre [137], we conclude that u > 0 in R3.
Note that one of the following cases must occur.

Case 1. B =|| ug ||%az- Thus, up, — ug in D*?(R3) as n — oo. By relation (8.23), u, is a
nontrivial weak solution of problem (K;). Moreover, by the Holder's inequality and the

fractional Gagliardo—Nirenberg—Sobolev inequality, we have

‘/ pn(un — uo)dx| + ‘/ — po)uodz
R3 R3

<[l pn 222 | wn = o 173 +o(1)

/ (pnun — poug)dz
R

3(p-1)

pr1-222
<Ol pnllzell un —uo ||D | un —uo | +o(1)
= o(1).

As a consequence, letting v = u,, in (8.20) and v = u in (8.22), we have
= w0 = [ (put — po)da + o(1) = o(1),
R

hence u,, — ug in £ as n — oo.

Case 2. || g ||%.>< 8. We claim that there exists t* € (0, 1) such that

max Ig(tug) = I(t up).

(8.24)

Since h(t) := Ig(tuo) is locally Lipschitz, then 4 is differentiable almost everywhere. A direct
computation shows that there exist §, ¢y > 0 such that

h(t) > 0, forallte (0,0) and h(t) <0 forallt > to,

(8.25)

which implies that there exists ¢* > 0 such that relation (8.24) holds. Let I C R denote the set of

the points where 4" does not exist, hence |I| = 0. The claim is proved by showing the following



assertion:

(@) h'(t) >0 for any t € (0,t*)NI¢ and h'/(t) <O for any t € (t*,+o0)NI¢, where
t* € (0,1).

Using the chain rule for locally Lipschitz functions, there exists w € 0Ig(tug) such that
h'(t) = (w, ug). Thus, there exists pg € dB(tu) satisfying

B (t) = t( / ol (—A) o2z + / V(a;)ugdx> 8 | o [[4ae — / potoda.
R3 R3 R3
It follows from 0 € 8J(uy), |A| = 0 and relation (8.22) that

(@+b8) [ 1(—A)Fuo2dz + / Veylde = | fu(uo)ueds.

R3S | R3 R3S

(8.26)

Based on the above facts, we obtain

h'(t) = t< fu(uo)updz — bA || wo H%M) + 3 Il wo H}l)a,z — /3 pouode.
R

R3

This relation together with |A| = 0 and the fact that py € [jH(tuo(x)),?H(tuo(w))] a.e in R3

implies that
R'(t) < t(/3 fu(uo)updz — 3fH(tu0)u0dJ:) + 3 I| wo H4Da,2 —bAt || wo H%a,z
R R

[ (wo) [, (tuwo) b
_ 43 (/R3 Ht2 ugdz — /R?’ HTuoda: +b || ug || Das 7 | wo H%)m?)

: bB
o[ I ga [ I e = )
{u>py 1t {tu>p} T t

(8.27)

Similarly, we can also obtain

U tu b
B (t) > ¢ (/ L;))uodaz—/ £( 30) woda +b || ug (4. — o || g \|§,a,2>.
{uo>B} {tuy>py 1 t

Define 5 : (0, +00) — R by

U tu b
J(t) ::/ f 20) uodx —/ [ 30) uodx + b || uo H4Da,2 —— |l uo HZDa,z.
{uwo>B} t {tuo>p} t t




Obviously, 5#(1) < 0 due to || ug ||%..< &.

It follows from (f;)—(f;) and (8.27) that there exists £ € (0,1) such that S#(£) =0 and
h'(t) < 0 forall t € (£,+00) N I¢. Based on (8.25) and the above facts, 4 has a global maximum
in t =t* € (0,f]. Thus, assertion (a) is obtained and then the claim is true. Recalling the

definition of Cp, We obtain
cg < Iﬂ(t*uo).
(8.28)

Observe by |A| = 0 and the definition of H that

/ FH(Uo)d{L‘ =0.
{uo=5}

(8.29)

Since ¢* is a global maximum point of h(t), there exist a sequence {t,} C (t*,+o00) N I°¢ with
t, — t* and p,, € 0B(t,up) such that

h'(t,) = t(/ al(—A)Fuo|?dx + V(m)u%dm) + 135 || o || e —/ prnuodz < 0,
R3 R3 R3
which implies by (8.28), (8.29), the definition of Iz and ¢,, € (0,1) that
1
cg < Ig(t*ug) < Ig(tpug) — Zh’(tn)tn + o(1)
2

£2 1
< | uo |2 —/ Fy(tyug)de + —/ pntruodz + o(1).
4 R3 4 R3

It follows that



£
< | ug ||2+/ Lttt uo)toda + o(1)
4 {tauo>p} 4

—/ (tute) — F(B))da - / Fu(tu)da
{tnu0>5} {tnuo<p}

1
| uo || +/ {Zf(tnuo)tnuo — F(t nuo)] dz + / F(B)dz + o(1)
{tnquﬁ} {t u0>ﬁ}

2
i
1 1
< glulre [t - Fu)|de s [ P
{uo>8} {uo>8}
1
4

o 2+ [ [58, twoho— Futun|as+ [ Futuojas

uo<p}

.. 1 9 1
{5l 24 [ 31, o~ Fatun)|ac

lim inf [Ig(un) i <wn,un>] < cg,

IN

IN

IN

n— o0

(8.30)

which is a contradiction. Here, w,, has been defined in Lemma 8.5. We conclude that Case 2 does

not occur and the proof is complete. O

8.4 Problem (K,): qualitative and asymptotic analysis

Consider the Hilbert space
E.:= {u € H*(R?): /R3 V(ex)u?dz < oo}
endowed with the norm
= [ fal-a)5uP + Viea)ulda,

The energy functional associated with problem (K,) is given by

2
Lopu) = 5 [ |2 + (/ (- zu|2dm> . / Fulude, ue B,

Using the same argument as Lemma 8.4, we can prove that I.g has the mountain pass

geometry. The mountain pass level of I, g is denoted by c g, namely



cepr= Inf max Iep(7(s)) > 0,

where

L= {y € C([0,1], B)) 7(0) = 0, L5(~(1)) < 0}.

8.4.1 Existence
Define Iy, : H*(R?) :— R by

1

Iy, (u) := 5 /R}((1|(—A)%u|2 + Vou?)dzx + %( (—A)%u|2da)> - | F(u)de,

R3|

where Vj € (0, Vio). There exists a positive function v € H*(R®) such that Iy, (v) = 0 and
Iy, (v) = cy,, where cy, is the mountain pass level. Define the Nehari manifold of Iy, by

My, ={u € H*R?) : Iy (uw)u = 0},

then cy, =infue s, Iv,(u).

For any R > 0, let o € C°(R?) be such that pg(z) =1 in Bg(0) and pg(z) =0 in
R3\ {B3r(0)}, with 0 < pr <1 and |Vyg| < £, where C is a constant independent of R.
Define

vr(z) := pr(z)v(z).
It follows that
vg —v in H%R?) as R — +oo0.
For each R > 0, there exists tg > 0 such that

IVO (tR’UR) :I?ga(,)x IVo (t’UR).

Thus, I{/O(tR'vR) =0and

1 .
42 ]R3(|(—A)71)R|2 + Vovg)da + b(
R

2
a t
(—A)TvR|2dm> = —f( RVR) v%dm.

| 3,3
RS R3 thR

(8.31)

Since I{/O('v) = 0, we obtain that tz — 1 as R — oco. Thus, tgvp — vin H*(R?®) as R — oo.
It then follows from cy, < c that there exist 6 > 0, R > 0 such that



)
CVO—|—5<COO and IVO(tR’UR)<CVO—|—§.

(8.32)

Similarly to the proof of Lemma 8.4, there exists ¢, > 0 such that I, g(t.tgvr) < 0 uniformly for
€, 8 > 0 small enough. Let us consider v(t) = tt tgug for t € [0,1], and then v € T'.. By the

definition of cc g, we have

5 < I 5(~y(t)) = I 5(tt = I p(tt
cep <max Los(v(t)) =max Los(ttrvr) = les(ttrvr)

(8.33)

for some ¢ > 0 which depends on parameters €, 3, R. For each R > 0 given, there exist positive
constants C1,Cs > 0 such that C; <t < Cs for €,8> 0 small enough. Without loss of
generality, we assume that V(0) = Vj. For any o > 0, there exists ¢y > 0 such that

0<V(ex)—Wy <o

forall € € (0,¢€9) and € Bag(0). It then follows that

V(ex)(trvg)ide < / (Vo + 0)(trvg)dz.

R3 R3

By virtue of the above facts, from (f;)—(f3), we deduce that there exist C's, Cy > 0 such that

g
Ce,8 SIVo(ttR'UR)‘i‘§/ (trvg)ide
R3

—I—/ F(tRUR)dJI + / F(B)dx
Born{trvr<p} ByrN{trvr>pB}

< ¢y, + Cro + Crp*,
(8.34)
where Cg, C are independent of €, 8. Thus, there exist o, 8* > 0 small enough that
(14 B%cep < (14 B%)[ey, + Cro+ CrBY < coo

for any B € (0, 5*). Therefore, it follows from Lemma 8.9 that problem (K,) has a nontrivial
solution u. g € H%(R3) for €, B > 0 small enough. Moreover, I, g(ue ) = ccp.00 O

8.4.2 Concentration



Let u, g be the solution of equation (K,) obtained above. Then there exists p. g € Lprl (R3) such

that u. g solves

(a+Db [ |(—A)2u|?dz) (—A)*u + V(ez)u = pes  a.e.in R,
ue H*R?®), u>0 inR?3

(8.35)

with pe g € [IH(uEﬁ), fu(uep)] ae. in R3. Taking €, B, — 0 arbitrarily, we denote u,, = uc, g,

and p, = pe, g, -
In the next arguments, we compare the minimax levels cy, and ¢, g,

Lemma 8.10 < We have

lim Ce,,B, = CV, > 0.
n—o0

Proof. Due to the arbitrariness of ¢ in relation (8.34), we deduce that lim supc,, g, < cy,. Now it
n—o0

suffices to verify that

11rrlri>g1fcemgn > cy,.

(8.36)

In fact, we assume on the contrary that there exist positive integer N large and 6 > 0 small such

that ¢, 3, < cy, — 6 for alln > N. From Lemma 8.9 and the definition of ¢, g,, we have

cemﬂn = Ienw@n (/u’emﬂn) :Ifrll>a’3( Iemﬂn (huemﬂn) < CVO - 5

for any fixed n > N. Again by the definition of cy,, we know that cy, <maxp~o Iy, (hue,g,). It
follows from the fact that Vo < V(e,z) for all givenn > N and z € R? that

ey, — 6 >max I, 5, (huc, 5,) 2max Iv,(hue, 5,) > cv,

which is a contradiction. Thus, relation (8.36) holds and the proof is complete. O

Lemma 8.11 There exist a sequence {y,} C R® and constants R,T > 0 such that

lim inf/ uidz > 1> 0.
Br(yn)

n—oo

Proof. Suppose on the contrary that the conclusion does not hold. Using similar arguments as in

the proof of Lemma 8.5, we obtain that {u,, } is bounded in H%(R3). It then follows from Lemma



8.3 that u,, — 0 in L*(R3) for s € (2,2%). By virtue of (f;) and (f,), for any ¢ > 0, there exists
C. > 0 such that f(u,) < e|up| + Ce|un,|P. So from the definition of Fj and the fact that

pn € [f  (un), fr(un)] ae. in R3, we obtain

/ Fy(uy)dz — 0, / pnupdz — 0, asn — oo,
R3 R3

which implies that

1 1
o(1) =l un [I2, + Il tn Ipee  and  ce, 5, +0(1) = 5 [ un ||, + || in || Doy

which contradicts Lemma 8.10. The proof is complete. O

We know that {u,} is bounded in H*(R?). Take v, := u,(x + @) such that v, — v # 0 in
H*(R®) and v, (z) — v(z) a.e., in R3. Then v, solves the following equation

(a+b [5[(—A)2v,|2dz) (—A) %, + V,(z)v, = p, a.e. inR3,
v, € H*(R?), v, >0 inR?

(8.37)

with V,,(z) = V(e, + €,95) and pp(z) € [IH(vn(m)),?H(vn(w))] a.e. in R3.

Lemma 8.12 < The sequence {v,} has a convergent subsequence in H*(R3). Moreover, up to a

subsequence, Yy, := €,fe, — Y* € O, where © := {a: cR3. V(.’L’) — VO}-

Proof. For each v, choosing t, >0 such that v,:=t,v, € Ay, we deduce from
0 € 0I. , (u,) and Lemma 8.9 that

Iy, (tnvn)
tn /2, |2 2 th A

<= [ al(—A)Yv,|* + Vi (x)vi)de + —+b [(—A)2v,|*dz ) — [ Fg(tyv,)de
2 Jgs 4 R3 R3

= Ienynn(tnun) S I6n1nn(un) = CVO + 0(1)'

Since Iy, (v,) > cy,, we obtain that lim,, . Iy, (7,) = cy,.

We now show that {¢,,} is bounded. We argue by contradiction. In this case, since || u, [|2 is
bounded uniformly for n, we obtain that Iy, (9,) — —oo as t,, — +o0. This is not possible since
Iy, (v,) > ey, for all n € N. Hence, {¢,} is bounded. Up to a subsequence, we assume that
t, —t>0.1f t =0, then ¥, — 0 in H%(R?), because {v,} is bounded in H*(R?). Hence
Iy, (9,) — 0 as m — oo, which contradicts cy, > 0. So ¥, :=t,v, — ¥ in H*(R3)\ {0}. By



uniqueness, we deduce that ¥ = tv. Using Ekeland's variational principle, we obtain that

{v,} C A, is a Palais-Smale sequence of Iy, that is,
IVO(’I_}n) — v, I‘I/O(Tjn) —0 in Ha(R3).
(8.38)

Although Iy, is of C I class, we can still use similar arguments as in Lemma 8.9 to obtain @,, —
in H*(R®) and ¥ € A4, and so v, — v in H*(R?).
Let us show that y,, := €,7, is bounded. If not, then |y,,| — oo. It follows from ©,, € A7;, the

Fatou lemma and Lemma 8.9 that

1
cv, < Iy (0) < Iy, (tv) — ZI{/O(t'U)t'U

_ /R3 B (—A)* 22 4 (%V00 — %V())t%?} dz + /R3 <f(tv)tv — %F(tv))dm

< 1iminf<l |(—A)°‘/2tnvn|2dm+/ (lV(enm—l—yn)—l%)t%v%dw
4 Jgs 2 4

n—00 R3

+ / (f(tnvn)tnvn — lFH(tnvn)> d:c) = lim infT, g (tnun)
R3 4 n—oo

< liminfl, g (u,) = cy,

n—o00

which is a contradiction. Thus, {y,} is bounded. Up to a subsequence, we can assume that
Yn — y*. Moreover, since f(¢t) = 0 forall ¢ < 0, we haveas § — 0

_ 0, if t <0,
£ 0, fu(t) = { F(t), ift>0.

Hence, based on the facts that p,(z) € [fH(vn(w)),?H(vn(m))] a.e. in R® and v, — v in

H(R3), using the Lebesgue dominated convergence theorem, we deduce that for any
n € C(R3)

/ pnndx —>/ f(v)ndz, asn — oco.

R RS

For each n € C{°(R?), we then deduce from (8.37) and v, — v in H*(IR®) that
lim ((a+b | vn ||3)a,2)/ (=A)Y %, (—A)*pdz ~|—/ Vi (2)vpnde —/ ﬁnndm)
n— oo R3 R3 R3

= (@tblvlde) [ (-A)"u(-a) o+ [
RS

R3

V(y*)vndz — /R3 f(v)ndz.



Therefore, the limit v of the sequence {v,, } solves the equation
(@+b [ v[5e) (=) + V(y)v = f(v) nR".
(8.39)

Define the functional

1

* b
()= 3 /Rg(a|(—A)°‘/2u\2 PV )+ o v - /R Flu)da.

If V(y*) > Vo, then we can get a contradiction by similar arguments as above. So V(y*) = Vp
and I-(v) = cy,. It follows that v is a positive ground state solutions of problem (8.39). The

proof is complete. O

We can use the Moser iteration method [120] in the order to prove the following L -estimate
for problem (8.37).

Lemma 8.13 d Let u, € E., be a solution of problem (K., ) with €, — 0% and 8, — 0. Then
Vn = Un(- 4+ Gn) € L®(R3).
Proof. Since |A*| =0 with A* := {2 € R? v,(z) = B}, our argument is similar to that in

Lemma 3.2 of Ambrosio [3]. So we omit the details of the proof. O

Now, we claim that there exists ¢ > 0 such that || v, ||ooc> ¢ > 0. Otherwise, || v, ||o— 0 as

n — 00. By (f})—(f3) and the definition of 1, for n large enough, we have
a2, |2 2 Vo o
[a|(—A)Y v, | + Vyv; ]de < — v, dz,
R3 R3 2

which is a contradiction. Hence, from Lemma 8.13 there exist ¢, C > 0 independent of n such
that

c <[ vp ||< C.

(8.40)
Observe from (8.37) that v, solves the problem
{ (—A)%, +v, = xn a.e. inR3
v, € H*(R?), v, >0 inR3
(8.41)

where



@)= (a0 [ [Ca)F0aae) - Valeul 4o,

and V,,(z) = V(enx + €,9y) and p,(z) € [fH(vn(a:)), Fr(vn(z))] ae. in R3,

From (8.40) and the definitions of fH, fx» we deduce that {5, } is bounded in L*°(RR3). Using
the fact that v, — v in H%(R?), we see that there exists p*(z) € [fH(v(w)), fr(v(z))] ae. in
R3, such that p,, — p* in L (R3), and then p,, — p* in L*(R3) for s € [p]%l, 00). Hence, there
exists x € L4(R?) such that

Xn — X in Lq(]R?’) Vg € [2,+00),

and there exists C' > 0 independent of n such that || x, ||o< C. Based on above, v, can be

expressed as
V() := (K % xn)(z) = . H(x — 2)xn(2)dz,
where £ is the Bessel kernel and satisfies the following properties (see Felmer, Quaas and Tan
[51]):
(1) ¢ is positive, radially symmetric and smooth in R3 \ {0};
(2) there exists C' > 0 such that # (z) < —$5- forany z € R?\ {0};

||

(3) A € L"(R®) forany r € [1, 32-).

Arguing as in Theorem 3.4 of Felmer, Quaas and Tan [51], we have that
vp(x) — 0  as|z| — oo uniformly inn € N.
For ¢ > 0 given in (8.40), we can find R > 0 such that
vp(z) <c forall|z| > R

uniformly for n € N. Let x,, denote the maximum point of v,, then |z,,| < R. Moreover, we have

Zn = Ty + Yn Where z,, is one maximum point of v,. It is easy to check from Lemma 8.12 that
€nZn = €nTp + €nln — Y € O.
By the continuity of V, we have

lim V(eyz,) = V(y*) = V.

n—o0

The proof is now complete. O



8.5 Historical comments

When a = 1, b = 0, problem (K) reduces to the following fractional Schrodinger equation
2 (=A)u+ V(z)u = f(u) inR?
(8.42)

which has been proposed by Laskin [90] in fractional quantum mechanics, as an attempt to
extend the Feynman integrals from the Brownian like to the Lévy like quantum mechanical paths.
For such a class of fractional and nonlocal problems, Caffarelli and Silvestre [16] expressed
(—A)“ as a Dirichlet-Neumann map for a certain local elliptic boundary value problem on the
half-space. This method is a valid tool to deal with equations involving fractional operators to get
regularity and handle variational methods. Investigated first by Felmer, Quaas and Tan [51] via
variational methods, there has been a lot of interest in the study of the existence and multiplicity
of solutions to problem (8.42) when V" and f satisfy general conditions.

If o = € = 1 and R3 is replaced by bounded domain Q, then problem (K) formally reduces to

the classical Kirchhoff equation
— <a + b/ |Vu]2da:> Au+V(z)u = f(u) inQ,
Q

(8.43)

related to the stationary analogue of the Kirchhoff-Schrodinger type equation

O _ (a+b/ |Vu|2d:1f:)Au = f(t,z,u),
ot? Q
where u denotes the displacement, f'is the external force, b is the initial tension and « is related to
the intrinsic properties of the string. Equations of this type were first proposed by Kirchhoff [88]
in 1883 to describe the transversal oscillations of a stretched string. The solvability of Kirchhoft-
type equations has been well studied in a general dimension by various authors only after J.-L.
Lions [100] introduced an abstract framework to such problems.

In the nonlocal fractional framework, Fiscella and Valdinoci in [57], proposed the following

stationary Kirchhoff variational equation with critical growth

M (fpo [(—A) Ful?dz) (—A)%u = AMf(z,u) + [u*2uin Q,
u=0 inR?\Q,

(8.44)



which models nonlocal aspects of the tension arising from measurements of the fractional length
of the string. They obtained the existence of non-negative solutions when M and f are continuous
functions satisfying suitable assumptions. We also refer to several recent papers concerned with
the existence and multiplicity of solutions for fractional Kirchhoff equations via variational and
topological methods. For instance, Ambrosio and Isernia [3] considered the fractional Kirchhoff
problem

<a + b/Rg |(—A)%u|2dm> (—=A)% = f(u) inR?

(8.45)

where f is an odd subcritical nonlinearity satisfying the Berestycki-Lions assumptions. By
minimax arguments, the authors established a multiplicity result in the radial space Hf;d(R3)
when the parameter b is sufficiently small. Liu, Lou and Zhang [106], used the monotonicity trick
and the profile decomposition to prove the existence of ground states to a fractional Kirchhoff

equation with critical nonlinearity in low dimension.

8.6 Final remarks, perspectives, and open problems

The problem studied in this chapter merges three nonstandard features, as it is described in what

follows.

(1) Hybrid nonlocality: it couples two distinct forms of nonlocality, namely the nonlocal
fractional diffusion given by (—A)*u and the nonlocal Kirchhoff coefficient
Jzs |(—A) 2 u|?dz. In this framework, what happens with other nonlocal operators, like
the fractional p-Laplace operator (—A)s? In this case, the interaction between the

Kirchhoff term, the operator's growth, and the discontinuity will be nontrivial.

(1) Nonsmooth dynamics: by introducing the Heaviside function, the reaction term
becomes discontinuous. This moves the problem from the classical smooth variational
framework into the realm of nonsmooth critical point theory. The case studied in this
chapter involves the Heaviside function, which creates a single jump at u = f.
Problems with multiple discontinuities or more general discontinuous nonlinearities are

completely open and relevant for multi-threshold physical models.

(iii)) Concentration phenomena: analysis establishes of how solutions behave as € — 0 and
B — 0 is central. The analysis shows that positive solutions concentrate near minima of

the potential V(z), connecting the singularly perturbed problem to a limit autonomous



equation. A finer problem is to determine the asymptotic shape of the solutions as
€ — 0 and the convergence rate of the maximum points z. g to the minimum of the

potential V.

The content of this chapter is based on the results established in [108], while concentration
properties for Kirchhoff equations with exponential growth were subsequently obtained by Sun,
Fu and Liang [143].

Some open problems inspired by the analysis developed in this chapter are described in what

follows.

Open Problem 1. The analysis in this chapter assumes a specific nonlocal term
M(t) = a + bt. A broad open area is to consider general Kirchhoff functions M (t) that may
be degenerate (that is, M(0) = 0) or singular, which would alter the problem's geometry
significantly.

The following problem is concerned with the competition of the small parameters.

Open Problem 2. The analysis treats € and f as small positive parameters, but their relative
scaling could lead to different concentration behaviors and limit equations, which is

unexplored. For instance, consider the case 8 = €7 for some vy > 0.
What about the singular limit problem? This is what about the next problem is concerned with.

Open Problem 3. What happens when the fractional order a converges to 1°? One can
establish that the family of corresponding fractional solutions converges to a solution of a

classical (local) Kirchhoft equation with discontinuity?

The next research direction deals with the investigation of sign-changing solutions. We assume
that this analysis requires adapting methods like the Nehari manifold or fountain theorems to the

nonsmooth fractional Kirchhoff setting.

Open Problem 4. 1In this chapter it is established the existence of positive solutions. A
challenging next step is investigating nodal solutions or the existence of infinitely many

solutions.



Deepening the regularity of solutions is a very interesting open problem, which we formulate

in what follows.

Open Problem 5. This chapter establishes existence results, but the smoothness of these
solutions is unknown. Does the combination of a nonlocal operator and a discontinuous

nonlinearity allow for classical solutions, or what is the optimal Holder regularity?

Another unexplored direction is about a possible optimal notion of solution.

Open Problem 6. The analysis developed in this chapter is based on the concept of solution
in the Filippov's inclusion sense, which seems to be relevant for physical applications (phase
transitions or plasticity). Develop a similar analysis with other concepts of solutions, like

viscosity solutions.

Finally, we suggest to develop a thorough numerical analysis of solutions to Kirchhoff-type

equations with discontinuous reaction.

Open Problem 7. Develop robust numerical schemes to approximate solutions of fractional

Kirchhoff problems with discontinuous nonlinearities.

8.7 Glossary

Heaviside Function: It is also called the unit step function and is a discontinuous function
widely used in engineering, physics, and mathematics to model sudden changes, switches, or

signals that turn on at a certain point.

Discontinuous Reaction in Kirchhoff Equations: This usually arises in models where the

reaction term changes abruptly, often modeled with Heaviside or sign functions.

Differential Inclusion: It is a basic framework for dealing with discontinuous ODEs/PDEs, for

instance, fractional Kirchhoff equations with discontinuous reaction.

Nonsmooth Critical Point Theory: It is the main analytical method used to solve variational

problems with discontinuous nonlinearities.

Clarke Subdifferential: It is the natural extension of the derivative for dealing with functions

that are not differentiable in the classical sense. For a locally Lipschitz function f, the Clarke



subdifferential at a point is defined in two steps: definition of the generalized directional

derivative and definition of the subdifferential.

Mountain Pass Theorem for Locally Lipschitz Functions: It extends the classical Ambrosetti—

Rabinowitz theorem to a nonsmooth setting via Clarke's critical point theory.



9
Mass critical fractional Kirchhoff equations

DOI: 10.1201/9781003797159-9

Why mass critical fractional Kirchhoff equations are important? Because this class of Kirchhoff problems
represents a delicate and significant frontier in pure and applied nonlinear analysis, which is important for
modeling quantum phenomena and other patterns in the real world.

This chapter focuses on the constraint minimization problem associated with the fractional Kirchhoff

equation

(a4 b fon [(~A)7u’dz) (—A)*u + |z|*u = pu + fu¥ 1 inRY,
f]RN |U|2d.'11 = 13

where s € (N/4,1),N = 2,3,a > 0,b > 0 are constants, u € R is the corresponding Lagrange multiplier
and (—A)? is the fractional Laplacian operator, 8s/N + 1 is the corresponding mass critical exponent.

The purpose in this chapter is threefold:

(i) To establish the existence and non-existence of the L?-constraint minimizers to the degenerate
fractional Kirchhoff problem: the existence is proved under certain conditions involving the mass
parameter and the Kirchhoff coefficient, while no minimizers exists when the mass exceeds a

certain critical value.

(i1)) To prove some concentration behaviors of constraint minimizers: as the mass approaches a
critical threshold, the minimizers concentrate around a global minimum point of an auxiliary
potential related to the Kirchhoff term.

(iii)) To reveal the local uniqueness of constraint minimizers under double nonlocal effect: for
sufficiently small mass, the minimizer is shown to be unique (up to translation and phase) and

radially symmetric.

In particular, we establish some energy estimates, decay properties and uniform regularity to find that the
maximal point of constraint minimizer concentrates on the bottom point of the homogeneous potential.
Furthermore, we introduce several new techniques based on the combination of the localization method of
(—A)* and by establishing the nonlocal Pohozaev identity, which allows to get over some new challenges
due to the nonlocal property of (—A)* and the fact that ( [y |(—A)?u|?dz)(—A)*u does not vanish as
a ™\ 0.

In the analysis of this problem, three fundamental features interact:


https://doi.org/10.1201/9781003797159-9

(a) Fractional Kirchhoff term: the equation is nonlocal in both the fractional Laplacian operator and
the Kirchhoff coefficient.

(b) Mass critical exponent: the nonlinearity power corresponds to the critical case in the sense of the

Gagliardo—Nirenberg inequality, which leads to delicate compactness and blow-up behavior.

(c) Constraint minimization: solutions are obtained by minimizing the energy functional subject to a

fixed L2-norm.

9.1 Statement of the problem

This chapter is devoted to the study of the following class of mass critical fractional Kirchhoff equations

with mass constraint

(a+b fen |(—A)Tu|?dz) (—A) u + |z|*u = pu + Buv*tl inRY,
S |uPde =1,

9.1)

where s € (N/4,1), N =2,3,a > 0,b > 0 are constants, ;x € R is the corresponding Lagrange multiplier,
(—A)? is the fractional Laplacian operator defined by

(~A)ula) =C.P.V. /RN %dy -G RV\B,(z) % ’
for € RY, where P.V. is the principal value, and C . 1s a normalization constant.

A natural question in the analysis developed in this chapter is whether we can establish the concentration
of solutions and the local uniqueness of constraint minimizers of the energy associated to (9.1) as a ™\, 0?
This corresponds to the degenerate case in problem (9.1). To the best of our knowledge, there are no such
results in this field. Two intuitive difficulties arise in this analysis. On the one hand, some standard
regularity theories for classical elliptic problems are invalid due to the nonlocal properties of fractional
Laplace operators. On the other hand, the nonlocal Kirchhoff term will not vanish as a ™\ 0 and it will
cause great difficulty concerning the uniqueness since it could influence the rate of decay of solutions
sequence.

The energy functional associated to the weighted Kirchhoff equation (9.1) is defined by

8s+2N
N

2
Ea,g(u):—/RN(a|(—A)%u‘2+|x|2u2)dm—i—2</RN|(—A)%U|2CZ:1:> L

2 N+48 RN

for all u € H, where the weighted fractional space H is defined by

H:= {u c H*(RY): / |z|2u? < oo}.
RN



One can associate the normalized solution of equation (9.1) with the following constrained minimization
problem

,B):= inf E, .
(0 B):= ity Pas)

9.1.1 Exact threshold, blow-up and uniqueness for small masses

In order to consider the asymptotic properties of constraint minimizers, we first need to figure out their
existence under the degenerate condition, that is, if a = 0. Similar to the classical case, fractional
Gagliardo—Nirenberg—Sobolev inequality plays a crucial role in verifying the existence of a constraint
minimizer. Du, Tian, Wang and Zhang [47] established the following fractional Gagliardo—Nirenberg—

Sobolev inequality

4s—N

/RN ()| de < ﬁ(/ﬂ@ |(_A)%u($)|2dm>2</m IU(m)de) -

(9.2)

where @(z) is the unique radial positive ground state solution of the following equation

28w+ BNy ¥ 0 mp,

9.3)

with

/ (=8)Fp(a)*de = / p@)ide = o [ o) de
Y RY N +4s Jgv

9.4)

and

% < p(x) < H!Zﬁ forz € RV,

(9.5)

The first result in this chapter gives a sharp existence/non-existence property based on the mass
constraint. More precisely, the next theorem establishes the exact threshold for the existence of minimizers,
proving that there exists at least one minimizer at the threshold and there is no minimizer at the threshold

and above it.



Theorem 9.1 < Let o(x) > 0 be the unique positive solution of problem (9.3). Then we have the
following properties.

MIf0<B<p =

8s
L\ @ |3 . then there exists at least one minimizer to e(0, B).
(i) If B > B* , then e(0, B) has no minimizer.

Moreover, e(0, *) = 0 and e(0, 5) = —oo for all B > B*.

Next, we consider the concentration phenomenon of constraint minimizer as a \, 0. In such a way, we

characterize the blow-up profile and concentration at the origin as the mass approaches the critical value.

Theorem 9.2 & Let u;, be a nonnegative minimizer of e(ay, 8*) with ar, — 0 as k — oo. Then there
exists a subsequence of {uy}, still denoted by {uy} such that each u; has a unique global maximum
point Zj, with
lim z, =
fim 7 =0
(9.6)
and
N
- - b \*® T oo (RN
klggo €L ur(Erx + Z) = (W) e(z) in L=®(RY),
9.7)
where £y, is defined by
1
_ sa |l @ll3 [
Ek = 2 o .
Ja [2?¢%(z)dz
9.8)
Moreover, we have
lim =% =0
k—oo Ep
(9.9

We notice that in the process of establishing the concentration phenomenon of constraint minimizers,

some classical local elliptic theories such as De Giorgi-Nash-Moser theory, regularity theory and



comparison principle are no longer applicable. Therefore, some uniform regularity and decay estimates for
the solutions to the fractional Kirchhoff equation are established by taking full advantage of the Bessel
kernel and employing the Morse iteration. In addition, for the sake of subsequent uniqueness results, as in
Theorem 9.2, we need to verify the convergence of minimizers in L>(R") instead of H*(R"), where the
most convergence results of minimizers to fractional nonlinear equations were established in the latter
space.

Based on the above concentration phenomenon, the following result establishes the uniqueness of the

constraint minimizer for small masses.

Theorem 9.3 & Let u;, be a nonnegative minimizer of e(ax, 8*) with ar, — 0 as k — oo, then the

minimizer uy, is unique as k — oo.

9.1.2 Comments on Theorems 9.2 and 9.3

The basic idea to prove Theorem 9.3 is to get a contradiction by establishing nonlocal Pohozaev identities.
First, select two suitable u; and us which are scaling functions of two different constraint minimizers u,
and wu,. By studying the properties of fractional Laplacian, we can decompose
7:= (41 — U2)/ || U1 — U2 || as the linear combination of some functions consisting of the unique radial
positive ground state solution to (9.3). Next, we consider the localization method introduced by Caffarelli
and Silvestre [16]. More precisely, for a function u € H*(RY), set

(z,t) = Pslu] = - Py(z — 2, t)u(2)dz, (z,t) € RY ™= {(z,t) : 2 € RV, ¢t > 0},

(9.10)

where

425
2o =P e

9.11)

with a constant f; such that [y &4(x,1)dz = 1. Then @ satisfies

div(t'2*Va) = 0 z € RV,
l— %15& t1 2591w, t) = ws(—A)*u(z) =€ RV,

(9.12)

in the distribution sense, where w; = 217°T'(1 — 5)/I'(s). Without loss of generality, we may assume

ws = 1. Taking advantage of decay estimates and blow up analysis, we obtain a contradiction which



indicates the local uniqueness as a closes to zero sufficiently by establishing two nonlocal Pohozaev
identities.

Compared to the classical case, constraint minimizers in our problem only satisfy polynomial decay (it
can be exponential decay in the classical case) which requires more precision in our estimates. In the
process of our research, we find that the scaling functions used by Hu and Tang [Z3] cannot meet our
requirement of estimates due to the polynomial decay and the non-vanishing of the nonlocal fractional

Kirchhoff term. The testing function defined in this chapter, which is defined by

() = <2f*)_sk wn(Ffz) i=1,2,

achieves the best decay speed, which improves the accuracy of our estimates. As a new attempt, we believe
it will be useful in the relevant research of fractional nonlinear equations.

Some technique difficulties appear, for instance, the appearance of (—A)* makes the classical elliptic
regularity invalid, we have to set the decay estimate of |Vu| (where u stands for the constraint minimizer).
Moreover, the property of the linearized operator I' := (—A)* + % - 85+N gozv is also an important
topic of the research in this chapter.

Although the corresponding harmonic extension problem can help us to establish Pohozaev identities, we
have to deal with several new integral terms that never appeared in the classical local elliptic problems. As
a result, the nonlocal Pohozaev identity we establish may be the first result of the fractional Kirchhoff

equation and we believe it will be useful in the relevant research of fractional nonlinear equations.

9.2 Existence and non-existence of minimizers

In this section, we discuss the existence and non-existence of the constraint minimizer to e(0, 3) and we
shall distinguish three cases. We first recall the following compact embedding, see the monograph by
Molica Bisci, Radulescu and Servadei [119] for details.

Lemma 9.1 & The embedding H — LI(RY) is compact for all q € [2,2?).
Next, we give the proof of the existence/non-existence property.

Proof of Theorem 9.1. Fix B € (0, 8%). By the Gagliardo—Nirenberg—Sobolev given in (9.2), we have for
allu € Hwith || u ||2=1

83+2N

dz

Eoﬁ _fRN |l’|2 2d$—|— (fRN| 2u|2da:)2— N]X—is fRN|

(E B HsOH ) (IRN - ZU|2dw)2,

v

(9.13)

which implies that E g(u) is bounded from below in this case. Let {u,,} € H be a minimizing sequence of
e(0, B) for some B3 € (0, 5*). By relation (9.13), sequences { [n |[(—A)Zu,|?dz} and { [~ |2z|*uldz} are



bounded uniformly in n. By the weak lower semi-continuity of the norm in A and Lemma 9.1, we conclude

that e(0, B) has at least one minimizer.

For B > pB*, we take advantage of the cut-off function to prove the non-existence of minimizer of e(0, /)
in this case. Let w € 6;°(R?) be a cut-off function with 0 < w < 1, w(z) = 1 when |z| <1, w(z) =0

when |z| > 2 and |Vw| < 2, and define the following trail function

U.(z): AT (:c —zp

~ e (55 ot

where A, > 0 is chosen such that || U,(z) ||32= 1. From the polynomial decay of ¢, we have

1 1 T
— =1+ / W (=) —1|¢’dz =1+ 0(3N"2%) ast — oo.
A2 @113 Jrv\B40) [ (T?’) }

Following (9.4), [47, Lemma 3.2] and (9.15), we obtain

= A272s w( 5 )ele)—w( )o@
for [CAYU )P = 222 g, BSOSO
A272s ) _12s
< H;“g (fRN ‘(_A)“P(x)de"i'O(T 12 ))

=724+ 0(r71%) asT— oo,

852N

85+2N Ar P 8s+2N z 8s+2N
fRN|UT(m) N odr = Ssi2N fRNw N (7—_3)90 N dx
H‘P”z
N-+4s)r% _3N_36s_ 485>
= (Ntdo)r™ +O(7' 3N-36s N) as T — 00,
Nllglls"

and

A? 2
/ |z|?|U,(z) |2 dz = = / ‘E—ng‘ w? <%>902d$—> lzo|> asT — oco.
Y Bya(0) | T

e l3

Therefore, we derive from (9.16)—(9.18) that for 8 > §*,

b B

e(0,8) < Epp(u) < | 7 — — 4 |x0]2 + 0(7785) +0(1) - —c0 asT — oo,

2 3s
e lls

(9.14)

(9.15)

(9.16)

(9.17)

(9.18)



(9.19)

which implies that e(0, 3) has no minimizer for 8 > S*.
For 8 = §*, we may assume that there exists a positive constraint minimizer v, then taking ¢ = 0 in
(9.14), we can deduce from (9.19) that e(0, 3) < 0. Moreover, (9.13) shows that

Eyp-(v) > / |z|2v*dz > 0.
RN

Then we obtain e(0,8*) =0 and v(z) =0 in RY \ {0}, which is a contradiction to the fact that
Jon [v)?dz =10

9.3 Concentration phenomenon

In this section, we fix 8 = * and focus on some concentration phenomenon of the minimizer u, to e(a, 5*)
. Similar to the proof of Theorem 9.1, we can prove that for any a > 0, there exists a nonnegative
minimizer u, of e(a, 8*). On the other hand, there is no minimizer to e(0, %) as a = 0. Therefore, a nature
question is what happens in the limiting case, that is, if @ \, 0. We shall establish Theorem 9.2 dealing with
the concentration phenomenon of #, as a \, 0. As a bedding, the following property describes the limiting

behavior of the energy as a \ 0.

Lemma 9.2 < Let u, be a nonnegative minimizer of e(a, %), then

e(a,B*) —€(0,5*) =0 asa \,0,
Jov [(—A)Tug)?dz — 400 asa \,0,
a fon [(—A)Tug|?de — 0 asa \,0,
Jx 22 |ua|?dz — 0 asa N\, 0.

Proof. In view of Theorem 9.1 and (9.2), we have
e(a, ") = Eop(ua) > / (al (=) Fuq|* + [z[*ug)dz > (0, 5°) = 0.
RN

(9.20)
Defining U, (z) as in relation (9.14), it follows from (9.15)—(9.18) that
0 < e(a,B) < Eup(Uy) <ar® + |zo|* + Car 1% + C17% +0(1) asT — oo.
9.21)
Taking 2o = (0,0, ...0) and letting 7 = a~7, then (9.21) shows that
0<e(a,B) =0 asa\,0.

(9.22)



This relation and (9.20) yield
a/ [(—A)2ug|*dz — 0, / |z|?|ug|?dz — 0 asa \, 0.
RN RN

(9.23)

We now prove that
/ [(—A)%ug)?de — +oo asa \, 0.
RN

(9.24)

On the contrary, we assume that (9.24) is false, then relation (9.23) shows that there exists a sequence {ax}
with a — 0 as k — oo such that {u;} is bounded in H, where uj, := u,,. Thus, Lemma 9.1 implies that
there exists ug € H such that u; — uo weakly in H and ug — ug strongly in LP(RY) as k — oo for
p € [2,2}). It follows that

e(0,8") < H;?iiéleakvﬂ* (ur) :khj?o e(ar, %) = 0 =¢(0,8%).

This shows that u, is a minimizer of e(0, 8*), which is a contradiction. o

Next, we investigate the asymptotic behavior of the minimizers (up to scaling) and we give some

properties of the trail function.

Lemma 9.3 ¢ Let u;, be a nonnegative minimizer of e(ax, 8*) with ar, — 0 as k — oo, then there exist a

sequence {yr}, Ko > 0 and & > 0 such that the normalized function

1
N 5 T2
wi(z) = € up(epx + €1yr) where ¢ := (/ |(—A)7uk|2d:c>
RN

(9.25)

satisfies

k—o0

lim inf/ lwi|2dz > & > 0.
Bk, (0)

(9.26)

Moreover, for any sequence {ar} with a;, — 0 as k — oo, there exists a subsequence, still denoted by {ay},

such that zy, := eryr — 0 as k — oo. In addition, for any p > 0 small enough

r — Zk

N
ug(z) = £, " Wy, (

— 0 ask — oo forz € B¢(0),
Ek P

(9.27)



and, for some yg € RV,

wi(z) = wo(x) := (22* >§g0(|:v —yo|) ask — coin H¥(RM).

(9.28)
Proof. We divide this proof into six steps.
N
Step 1. Defining wy(z) := €7 ug(exx), we derive from Lemma 9.2 that
/ | N dz = 6%5/ lug| % da
R RN
els(N +4s .
= % [/RN(Owcl(—A)Mk2 + [z up)dz
b 2
t 35 (/ |(—A)?uk|2dw) - e(ak,ﬂ*)]
RN
b(N + 4s)
— W as k — oo.
(9.29)
We now claim that there exist a sequence {y.} C RY and Ky, § > 0 such that
lim inf/ [y |2dz > § > 0.
k0 Br, (yr)
(9.30)

Suppose by contradiction that for any K > 0, there exists a subsequence of {0y}, still denoted by {wy},
satisfying

lim sup / |y |2 dz = 0.
Bk (y)

k—)ooyeRN

8s+2N

By the fact that s € (IV/4,1), we deduce from the vanishing lemma that @y, — 0in L~ ~ (RY) as k — oo
, which contradicts (9.29). Then (9.30) shows that relation (9.26) holds.

Step 2. Applying Lemma 9.2 and (9.25), we have
/ |z|2uide = / lex + epyr|*wide — 0 ask — oo,
RV RN

which implies that

k—o0 k—o0

0 = lim inf/ lexe + eryr|*widz > lim inf/ lere + eryr|*wide.
RN BKO(U)



Since |z|?> — oo as |z| — oo, then (9.26) shows that {exy} is bounded in R¥. Up to a subsequence if
necessary, there exists a zg € RY such that z; := exyr — z¢ as k — oo. By Fatou's lemma, it then follows
from (9.26) that

2
lim widm > [0l 6,
00 2

lim inf/ lexz + exyr|*widz > ]a:0|2/
RN

k—o0 Biy0)

which shows that || = 0.

Step 3. Since u;, is a nonnegative minimizer of e(ay, 8*), then it satisfies the following fractional

Kirchhoff equation
s 8
<ak + b/ |(—A)7uk\2dx) (—A)°ur + |z ?u = prug + Brul i RV,
RN

(9.31)

where py € R is the Lagrange multiplier. It is easy to check that

8s+2N

2
O e e U I A
RN RN RN

(9.32)

and

S b S 2 N * M
e(ak”@’*):/ (ak|(_A)7uk]2+{x]2ui)dm + 3 </ |(—A)7uk|2dm> B / u, ¥ dz.
RN RN RN

" N+4s
(9.33)
Combining (9.25) and (9.33), it yields from Lemma 9.2 that
/RN [(—A) Twy|?dz = /RN lwi|? =1,
/H;{N w;HTZNda: = eis /]RN u,:HTZNdw — 76(]2\;\;;33) ask — oo.
(9.34)
Following (9.32) and (9.34), we have
prERE — w as k — oo.
(9.35)

By straightforward computation, we obtain that wy(x) satisfies the following equation



8s
(aksis +b)(—A)’wi + séslskw + skyk|2wk = ukséswk + Brw] N RY.
(9.36)

Applying (9.34), we conclude that {wy} is bounded in H*(RY). Passing to a subsequence, there exists
wy € H*(RY) such that

wy —wo >0 in H*(RY)ask — oo.

(9.37)
Since wy, satisfies (9.36), using (9.35) and passing to weak limit, we obtain
b(—A)wy = L2 s g mRY
2N
(9.38)

in weak sense. Furthermore, (9.26) implies that wy # 0. By nonlinearity regularity, we have that
wy € C2*(RY) for some a € (0, 1). Then, following [46, Lemma 3.2], we have
Cs wo(z +y) + wo(z — y) — 2wo(x)

—A)* === dy inRY.
( ) wo(x) 2 Jan |y|N+25 y m

Assume that there exists 2o € RY such that wg(zg) = 0, it then follows from wg(z) > 0 and wq Z 0
that
C wo(zo + y) + wo(zo — Y)

—A)?® = —— d 0.
( ) wO(wO) 2 Jan |y‘N+2s y<

However, from (9.38) we know that (—A)*wg(xzo) = 0, which is a contradiction. Hence, w(z) > 0 for any

x € RY. Comparing (9.3) and (9.38), the uniqueness of positive radial solution of (9.3) implies that

N

b 8s
wo(z) = <25*> o(|z —yo|), for someyy € RY.

(9.39)

Moreover, we derive from (9.2) and (9.39) that

/ |(—A)%w0|2dac:/ lwg|? dz = 1.
RN RN

(9.40)

In view of (9.34), (9.37) and (9.40), one has

8s
b) o(]z — yo|) for somey, € RY.

28+

’lUk—>w0::<



Step 4. Now we show that || wy, || o< 0o uniformly for large k. In fact, from (9.35), (9.36) and (9.40),
we have

(—A)w < 2'5* z?ﬂ
9.41)
Define
0 t <0,
h(t) := hr,(t) =< 7 0<t<T,

VTt -T)+T" t>T,
where v > 1 and T > 0. It is easy to check that h(¢) is convex and Lipschitz continuous, so
(~A)*h(wy) < B (wy) (—A)*wy

in the weak sense. Clearly, h € C1(R) N WL (RR) and it is positive, increasing and convex.

Set

)= [ (0(r))Par,

which is positive, increasing, convex and belongs to C*(R) N W 1°(R), then we have A'(t) = (h'(t))?
and h(t) — h(r) = B'(t)(t — r) for t,r € R. Also, by the Jensen inequality, the fact 0 < h(t) < |t|” and
0 < th'(t) < ~h(t) for r,t € R, we deduce 0<h(t)<|h|wlt] and
|h(t) — h(r)|? < (A(t) — h(r))(t — ). Thus, we conclude h(wi) € H*(RY) since h is Lipschitz
continuous and ~(0) = 0.

Assume that 1 < v < 2%/2, it has h(wy) <|| ' |le |wi|” € L*(RY). By using the Sobolev inequality,
relation (9.41) and the properties of h(t), we can see that

| R(wp) (3. <Ol (= )%h(wk) ”2
— h(wi(y))) (wi(z) — wi(y))
< C’AN /RN dxdy

|$ _ y|N+2s

—C [ (~A)Twp(—=A) h(w)dz < C [ (wi+we )h(wi)de
RN RN

<C / (wi +wee Dwph! (wp)de < C [ (wy +wo Dwg(h (wy))2da
RN
<20 [ (14w ?)(h(wy))da
RN

=20 [ (hwn)do+22C [ w7 (hwn))Pde.

(9.42)



Now let R > 0 be fixed, by the Holder's inequality, we have

[ oy e = [ (b))l Cde s [ (hw)u e
RY {wi<R} {wr>R}

2

2! %
w? dw) T

< R%2 | h(wy) | +( /

{wk>R}
(9.43)

Since {w;,} converges strongly in H*(R¥), then {w}} converges strongly in L% (R%), so we can choose
R > 0 sufficiently large such that

252
9+ 23 1
wdx < .
(w/{vwk>R} k > 2720

It follows from (9.42), (9.43) and the fact h(t) < |¢|" that

| (wg) [13,< 29°C(L + R*72) || hwi) [3< 2v°C(L + R%72) | wy [|3)-

From the Fatou's lemma and lim7_, | o hTﬁ(t) = t7, we deduce that

2 2
2% 2%

2 o 2t Y tim 2
locl, = ([ gmineed i) < g ([ 57 o)
<2y°C(1L+ B%2) |l 3],
which implies that wy, € L%7(RY) since 1 < v < 22—‘* Iterating this argument with v := 22—:, vi = %‘zfyi,l

and let 7; — +o0, we can obtain that wy, € L"(RY) where 7 € [2, +00). By Fatou's lemma, (9.42) and the
fact h(t) < |t|”, we have

|| wg §;7§ ’72(7/RN(11)?Y + wi:_2+27)dx.
(9.44)
By Holder's inequality and Young's inequality, we get that
[ wi e < w2 s ] el o] <l w7 (2i I w13+ 1w ||§;)-
(9.45)
Set
Li= w2,



then the fact wy, € L"(RY) shows that L < 400, where 7 € [2, +0). Let € = 1/(Ly2C). It follows from
(9.44) and (9.45) that

2 1 2 2
w35 29° (14 555 ) e < 0 w13

(9.406)
Letting 27y; = 23,1 in (9.46), we have
I w122, < (C¥E) ™7 1| w0kl s
which implies that
| w (27, < H Cv;) )77 || w 2070
j=
(9.47)
Letting ¢ — 400 in (9.47), we conclude that
w lt(C(F) i)
j=0 2%
| w (o< e (F) | <C.

Step 5. Next, we prove that wy — 0 as |z| — oo uniformly for large k. We rewrite problem (9.36) as

follows
(—=A)*wy, +wg = hp(z) nRY,
where
8s
hi = wy, + (e2%a + b) " (,ukaiswk + B w,) A e¥lerT + Ekyk|2wk).

Then hy € L™ (RN ) for large k, thus by the interpolation on the LP-spaces and the convergence of {wy} in
H* (RN), there exists b € L™ (RY) such that hy — hin L™ (RY) as k — oo for r > 2. We have

wy = H (z — y)hi(z)dy,
RN

where ¢ is a Bessel potential and it satisfies

(J#1) X is positive, radially symmetric and smooth in R\ {0}.
(/2) There exists C > 0 such that J'(z) < ‘,Ms for x € RV\{0}.

(3) H# € L"(RY) forr € [1,N/(N — 2s)).

Now argue as in the proof of Lemma 6.4 in Teng and Cheng [147], we conclude that



lim wg(z) -0 ask — oo.
|z|—o00

(9.48)
Step 6. We now show that (9.27) holds. In fact, Lemma 9.2 shows that there exists M > 0 such that
arer® +b< M uniformly for large k.

(9.49)

Following the proof of Lemma 4.3 in Felmer, Quaas and Tan [51], there exists a function Z" such that

1
0< %(:E) < W
and
4s — N)b
(—A)°Z + (87)3{ =0 inRN\Bg,(0) for some R; > 0.

ANM

Following (9.35), (9.36), (9.48) and (9.49), we obtain for large £,

(4s—N)b (4s — N)bwy,
—A)wp + ——7—wr < (“A)wp + ——————
CAwet Ty = CA e e )
8 _
—eflert + exyrlPwi + preitwi + frw] it (484]\va)b Wk

aksis +b
<0

for |z| > R, with R, large enough. By the comparison principle, we conclude that

C

wi(z) < Ti e uniformly for large k.

(9.50)

For any z € B;(0), we have

lz —zk| _ 2] P
—>— > — 5 4+o0 ask — oo.
€L 25k 28k

(9.51)

From (9.50) and (9.51), it follows that

_N T —z N c
uk(x) zskzwk< k>§8k2

Ek 1+|I;_:IC‘N+2S

< C
e -
= %k 1+ ’ 2§k ’N+2s

]

— 0 ask — ooforz € B;(0),



thus the proof of Lemma 9.3 is complete. O

Next, we recall Proposition 3.2 of Li and Bao [95], which establishes a regularity property that will ve

used in our proof.
Lemma 9.4 J Assume that g € C"(Bg(0)),r > 0 and u is a nonnegative solution of

(—A)°u=g(z) in Bg(0).

() If2s+r<1,thenuc CO+ (Bg (0)) with

K |

+1gl

)=¢

“ (B%i(“’)] |

| L (B%E (O))

(i) If2s+r>1,thenu € C12s1 (B§ (0)) with

C0.2s+r (B% (0)

I IVIRES [| (o) 719 ||CT(B%E(O)>]-

Proposition 9.1 < Let u; be a nonnegative minimizer of e(ag, 8*) with ar, — 0 as k — oo, then there

exists a sequence {uy}, still denoted by {uy}, such that each u;, has a unique global maximum point Zj,

satisfying

lim z; =0
k—o0

and

N

x b \*®
lim e ugp(erx + 21) = ( ) o(z) in L®(RY),

k—o00 2,3*

where () is the unique solution of (9.3), and €, — 0 as k — oo is defined by

1

e im (/RN |(—A)%uk|2dx>

Proof. Let z;, be a global maximum point of u;, it then follows from (9.31) and (9.35) that

|z

wr(z) > (‘5—“’“) " Cer

(9.52)

(9.53)

(9.54)

(9.55)



Combining this with (9.27), we derive that zZ — 0 as k — oo. Set

N
wi(z) = ef up(erz + Z1).

(9.56)

Then wy(x) satisfies the following equation

1

8s
(are® +b)(—A)*wy, + e’ lere + 21| *0p = pre’®r + fw) inRY.

(9.57)

We now claim that wy, satisfies (9.26) for some positive constants R, and ¢. Indeed, relations (9.50) and
(9.55) yield that there exists R; > 0, independent of &, such that st;kzk
we then deduce from (9.56) that

< Z. Since wy satisfies (9.36),

lim |W|2de = lim |wi|*da

k—o0 Bry+r,(0) k—ro0 Bry+r ( zk;kzk )

2/ lwg|?dz > 6 > 0,
B_ g, (0)

Ro+=L
(9.58)

which proves the claim. Similar to the proof of Lemma 9.3, one can further derive that there exists a

subsequence, still denoted by {w;} with

(N —4s)b

5 and Wy — Wy >0 in H*(RY)ask — oo,

prei’ —
(9.59)

where @ satisfies (9.38). Moreover, (9.58) implies that wy # 0. Thus, following Step 3 in Lemma 9.3, we
obtain wg > 0. Further, we obtain that

an(o) = (557 ) el

(9.60)
since the origin is the unique global maximum point of ¢.
We next prove the uniqueness of Zj as k — oo. Rewriting (9.57) as follows
(—A)*w), = Fi(z) mRY,
(9.61)

where



8s
Fi(z) := (are’® +b) [—sﬁsyekx + Zk| 2@ + preriop + o) +1].

By the fact that || Wy, ||oo< C and Z; — 0 as k — oo, we then deduce from (9.59) that {F}} is bounded
uniformly in L®(R") as k — co. Using Proposition 2.9 of Silvestre [137], we have

” W HCI,Q(]RN)S C (H W ||Loo(]RN) + ” Fy, HLOO(RN)) <C forac (0, 1) as k — oo.

Furthermore, since 6%3]6;@ + ZkP is locally Lipschitz continuous in RY, in view of z; — 0 as k — oo.

Applying Lemma 9.4 a finite number of times to (9.61), there exists some positive v € (0, 1) such that

H W, ”02’7(§/2)§ C |:” W, HLOO(BBRM) + H Fk "CW(BSR/4):| < C ask— oo,

1202 (RN) as k — oo for some v € (0,1). So, there exists

Wy € C2_(RY) such that wy — g in C2_(RY) as k — oo. Further, by using (9.59) we have that @y = g

loc loc

. Thus,

which shows that {w}} is bounded uniformly in C

wy — Wy inCE (RY)ask — oo.
(9.62)

Because the origin is the unique global maximum point of ¢(z), relation (9.62) shows that all global
maximum points of @y, stay in a small ball B,(0) as k — oo for some p > 0. Since ¢”(0) < 0, we know
that ¢”(r) < 0 for r € [0, p). By Lemma 4.2 of Ni and Takagi [123], we obtain that @, has no critical point
other than the origin and Zj, is the unique global maximum point of w;, as k — oo.

We now prove that relation (9.53) holds. It follows from (9.5) and (9.50) that for any € > 0, there exists a
constant R, > 0 independent £, such that

@), ‘(22 >%so(x)

€
<7 for any |z| > R. as k — oo,

which yields that

( 22* ) g90(96)

Following the proof of Proposition 9.1, we now address Theorem 9.2 on the local properties of

sup |wg(z) — wo(x)| < sup (|1I)k(ﬂc) +

|z|>R. |z[>R.

from which and (9.62) we can obtain (9.53). O

concentration points. Before proving Theorem 9.2, we first establish several auxiliary properties.

Claim 1. Define Ao := [~ |z|?¢*(z)dz, then we have

lim sup (o, 5)

e Ao Trs
a0 qTw slells




Indeed, let U, (z) be the trail function defined by (9.14). Taking =y = 0, we deduce from (9.16) and (9.17)
that

Ao
/ 22U (2) Pl = 22— (1+0(1)) asT — oo,
RN ¢ I3

(9.63)

and

Ao

e(a,B") = E.p(U;) < ar® 4+ aC7r 710 + NPT

(1+0(1)+Cr™* ast— oco.

(9.64)

1

LetT = (5%7) 7 then 7 — 00 as a , 0. We thus obtain from (9.63) and (9.64) that

as|o|13

A D) A B
e(a,f") <a 702 + = 5 0 5 (1+0(1)) + CT % +0(1) asa\,0,
as || ¢ I3 e llz \as el

which shows that

lim supM <1 —I—s)(L> .

L T

Claim 2. Let u; be a nonnegative minimizer of e(ag, 3*) as in Proposition 9.1 with ay — 0 as k — oo,

then the unique global maximum point zj, of u;, satisfies Z;, — 0 as k — oo and {i—:} is bounded.

In fact, if ‘i—:‘ — 00 as k — oo, then for any M > 0 large enough, we have

1 2
lim inf — / |z|>uidz = lim inf/ widz > M.
k—o0 Ek RN k—o0 RN

2k
T+ —
€k

(9.65)

Following (9.2), we deduce by calculation that there exists a constant C' > 0 such that
1
e(ak, B*) = Eqp(ur) > are,* + Mej; > CM T=a ™,

which is a contradiction in view of Claim 1 by choosing M > 0 large enough.
Proof of Theorem 9.2: Actually, Claim 2 shows that there exists zg € R such that

Zk
— —2zp ask — oo.
€k

(9.66)



Since ¢(x) is a radial decreasing function and decays polynomially as |z| — oo, we obtain

1 1
lim inf—/ z|2uide = 7/ |z + 20|%0% () dz
koo g2 Jpw k @13 Jr~

1 / Ao
> — [ jalfe¥(e)ds = 2.
1o 13 Jar E

(9.67)
Together with the Young's inequality, we derive from (9.64) that
* —2s )\062
e(ak,ﬂ ) = Eakﬁ*(uk) > ai€y + 5 ( + 0(1))
el
1 S 2 ﬁss
> (14 9)af 1+ o(1) (—” ¢ ”2) .
Ao
Hence
liininfe(f)Z( +s)< al 2) ,
R ST T3
(9.68)
where the equality holds if and only if
lim i =1 whereé&;:= (M) m.
k—oco Ef 0
(9.69)
In view of (9.68) and Claim 1, it follows that
* lis
lim infie(ak’lﬁ ) =(1+s) AU 5 .
koo TS sllells
k
Therefore, (9.53) and (9.69) show that (9.7) holds.
Next, we prove (9.9). Indeed, from the definition of e(ay, 5*), we know that
/ |z|?ul(z)dz < / |z|2u2 (x + Z)dz.
RN RN
(9.70)

By the decay estimate of wy, and ¢, we deduce from (9.69) that



2
€

lel3

/ |lz|2ui (2 + Z1)dz = (1+ 0(1))/ lz|2p?(z)de  ask — oco.
RN RN
(9.71)

Note that

1+0(1))e}
/ |z|?ul (z)dx >/ lexz + Zx| Wi (z)dz = (—1—07(2)5,6/ x
RN B (0) lell; /o
=

VEE

(9.72)

On the contrary, we assume that there exists a constant p > 0 and a subsequence of {i—’;} with

lj—z| > p > 0as k — oo. Then relations (9.70)—(9.72) show that

g2 7 |2 1+ o(1))e2
—kz/ z+ X ©*(z)dz < (—(3)k / lz|2*(x)dx ask — oo.
e l3 B_1 (0) €k | ¢35 RN
VEk
Applying the Fatou's lemma, we have
2 2 Z|? o 2 2
/ |z|“p”(x)dx </ lim inf|z + —| ¢°(z)dz S/ |z|“p”(x)dx,
RN RN k—oo €k RN

which is a contradiction. Thus, i—’; — 0 as k — oo, from which and relation (9.69) we can obtain (9.9).

This completes the proof. o

9.4 Local uniqueness

This section is devoted to studying the local uniqueness of nonnegative minimizers when a is small enough.
For this purpose, let {ar} be a sequence satisfies ar — 0 as kK — oco. By contradiction, let w1 and ugy be
two different normalized minimizers to e(ax, 8*) with || wx [|3= 1 for i = 1,2. Let Z3; and Za; be the

unique global maximal point of w1 and ug as k — oo, respectively. We rewrite (9.31) as
. 8
(ak + b/ |(—A)?uik\2da;> (—A)ugp + |z 2w = parwir + Bru) 1 in RM,i=1,2,
RN
(9.73)

where p;;, € R is the corresponding Lagrange multiplier. Define

2[8* sﬂ N
Ui () ==< 7 ) £ up(Epr + Z1x) i =1,2,

(9.74)



and

_ ﬁlk(m) — 'L_l,gk(w)

Ne(x) := .
i | G1x — B2k ||oo
(9.75)
One can check that @;;, and 7, satisfy
N
_9s b \* s 5 4= _ 12—
akai +b " / |(*A) 2 uik|2dm (*A) Uik + 8% leka: + zlk\2uik
2ﬂ RN
b _ s
HirE ik + RN, =1,2,
(9.76)
and
N
=2s b b * —A 2z = 2d — A7 =4s|= 5 12>
argy’ + : |(—A) 2 agk| *dz | (—A)*Tk + &) |ExT + Z1k| Tk
23 RN
b\ %
() [ A @t ) (- A) a8 P
253 RN
_48_
4o G uok(pik — p2r)  (8s+N)b o
= g + — — Aty + (1 — A)tgg] ¥ g,
H1k€g Mk H T — Uok Hoo 2N [ 1k ( ) 2k] Nk
(9.77)

where A € (0,1).

The following result establishes the polynomial decay of u;x, and |V |.

Lemma 9.5 < Assume that u;(i = 1,2) are two minimizers of e(ay, 8*) with ar, — 0 as k — oo and u,
is defined by (9.74), then there exist R > 0 large enough and 2s > p > 0 small enough such that

wir(z) < % as k — oo,
(9.78)
and
|V (z)| < __c for || > Rask — oo.
1+ |z|Ntes
(9.79)

Proof. Relation (9.78) follows from the decay estimate of u;; in Section 9.3. We now show that (9.79) is
true. In fact, @, € CV*(RY) for some a € (0,1) as k — oo. In particular, |Dig| € L®(RY) as k — oo.



Differentiating (9.76), we get

_2s b 4_1\2 S 6uzk _4s aulk
lakei +b(2ﬂ*) /RN(—A)Z @l dx]< 8y G+ e + 2l G

s Oty n E 83+Nu88 Ou;r
Pk ge, T2 N ik B,

—9 —4s+1(

7\~
ERT; + 21, ) Wik,

(9.80)
wherei =1,2and j = 1,2,..., N. By (9.59) and (9.69), we have
N —4s)b
/,Likgﬁs — % ask —>ocandi=1,2.
(9.81)

Using the fact that z1;, — 0 as k — oo, we derive from (9.78) and (9.81) that there exists ¢ > 0 large such
that

=4s b 8s+N — =4s
—pikEy — 5 u,k + & |EeT + Z1x|?

el () fiw (- A) P P

inf

=:pp>0 ask—+ocandi=1,2.
|z >0

(9.82)
Letv € H*(RY) be a positive radial solution of
(=A)* v+ pv =v¥ ! inRV,
(9.83)

From Frank, Lenzmann and Silvestre [59], we know that v € C(RY) and there exist constants
C5 > C7 > 0 such that

Cy
1+ ‘$|N+2S

Cy

———— zecRN
1+ |z|V+2s

<w(z) <

(9.84)

For large k and 9 > 9, set

pim (1 120 )
— "l_ - |V
1nf|z|§190 v

In view of (9.80) and (9.83), it follows that forall¢ = 1,2and j = 1,2,..., N,



8s
ou; - k54s — L8N gw + gls ERT + Z1k O
(_A)s ( Uik —’l_}> + Hik€y, 2 N Yik k | | (;;zk — poT
aks'k ( I
(Ex; + 2],) U Di
_ €, (Erzj + 21;) Uik _ (1 n || Dty Hoo> s
£ s inf| <y )
aé;’ +b(25*)4 Jen [(—A)2 | 2dz =t

]RN | %ﬂlk|2dm

(9.85)
+
Testing (9.85) with (a"”“ - ﬁ) , we get
8 1 s 6_i +
/ (—A)* < uk—@)(—Aﬁ( ik —@) d
RN 3$j 8:1:]-
=4s b 8s+N =4s _ _ +
—UikEE — ul + & |EkT + Z1kl” | O, |\ [ Ouy
+/N 2w e A - e (81;%_1)) de
R akek ( ) 45 fRN | %’E[/,Lk‘2dx J J
_2—4s+1 = 5 0 - . — +
_ / e (e + 2, Uik _<1+ |! lf)uzk ||oo)v%+1 <%uzk _ﬁ> dz,
N . ” s _ INIj;|<y, V X j
() o\ a
(9.86)

where ¢ =1,2and j =1,2,..

_ +

., N. According to the definition of ¥, we can see that (%Z"? — 1‘)) =01in
J

By, (0) as k — co. Moreover, we have that as k — oo

_2—4S+1 = . 5] _i s U; *
/ £ (ik% + 21) Uik _ (1 M)U%H (8“““ - @> dz <0
RN s .

n . inf| <y
akgzs_i_b(#;*)‘l fRN‘(_A)?ﬂidex |z|<Y

wherei = 1,2and j = 1,2,..., N. By the fact that ¥y > 1, we obtain from (9.82) that



R R £ LSS F N VT A
= — pov -7 dx
RN _9 15 2 9 ailij BiCJ
aEl +b(35 ) fan |(-A) Fanf2da
— WK — %SS;N u " el + 2u)? | day o\
= 9z, POU v dz
PO | anele + (2 )45 Jan (=) 7 @y 2d ! !
- _ +
Lot ) ()
sto(o) axj 8:17]'
0, |
= Po/ < u”“—f)) dr ask—oo,i=1,2andj=1,2,...,N.
RN Bwj
(9.88)
Let w; := %Z“f ., N. By straightforward computation we have
[ [ ) el i),
xdy
Ry JRN ’ZC— ‘N+2.s
o )
{wi(2)=0} {wl(y><0} Im— |
oo
{wi(z)<0} o {w;( y)>0} |$ - ’
2
+ / i:gys)) dxdy
{wi(@)>0} J {wi(y)>0} |$—y|
(9.89)
and
L 1= i Jen T
RY JRY \CL‘— |N+23 {wi(2)20} J {wi(y)<0} |€U— \NHS
wi (y)
+ / —————dxdy
fwi()<0} J {wi(2)>0} |=’0 - y!N“’s
2
+/ x:gy)) dxdy.
{wi(2)20} J {wi(y)20) |$ —
(9.90)

Following (9.89) and (9.90), it follows that

Jot (G

0u,k
oz

dz.

(9.91)



It then follows from (9.86)—(9.88) and (9.91) that fori = 1,2and j =1,2,..., N
2

s 8’L_Lik _ + aﬁik _ +
/RN =4 <6m]~ ‘“) d“”(’/w (&cj _”)

_ +
which implies that ( %1;’]’“ — 1‘1) = 0 in R®. Thus, we have

2
dr <0 ask — oo,

ol

Oy, C

6£Bj ST)SW ask—)oo,i:1,2andj:1,2,...,N.

By the same arguments as above, we can also obtain that — %Z“?
J

_Wask%oo,izlﬁand

j=1,2,...,N. This completes the proof of Lemma 9.5. O

To achieve the optimal decay frequency, denote

) 26\ 8 |
Uik(x) := (T) g2 up(Epx) fori=1,2,
(9.92)
and
N U(z) — Ugk(
() o= D OlD),
| d1k — G [|oo
(9.93)
where 7 < 0 satisfy
T <min {—25, *‘ffsfﬁ N =2,
—4s —4 <7 <min {25, 752} N =3.
(9.94)
In view of (9.74), (9.76), (9.92) and (9.93), it follows that
b\ i
e e I it / [(—A) 7 dg*dz | (—A)
23* RN
b s
+eR e i = padl i + 50 RN, i =1,2
(9.95)

and



N
b N _4g N Ry N
) sgc o 4)/ (I(=A)Z k| + |(—A) Tk |*) da(— A) "
RN

2 aks_zs(ZfT)(_A)s,;’k + b( 2ﬂ*

N

b E—T* —4s S A ~ S A S/ A ~ —48| =T ~

10 ) T [ ) ) (- 8) ol 8) o+ ) + 228 e
RN

e¢ (n1k — pok) (igp + ) + (8s+ N)b

N [ Adn + (1 - Ay ¥ g

= &1 (wak + por) Tk + | e — fiae |

(9.96)
Following (9.74)—~(9.76), we have
=4s
g, M1k — H2k) R
M(Ulk + Qag)
| @1x — G2k ||oo
b[28°\ >
> (I(=A) 2 au|* + |[(-A) 2 ax|*) dz
2 b RN
< / (A (g + ) () Fedn (i + i)
R
4sp* [ 28* -3 45N 454N i R R
- (alkN + Uy ) [Atiyy, + (1 — A)tgg] ¥ frda(diy + Gog)-
N b RN
(9.97)
Next, we claim that for any xy € RY, there exists a small constant § > 0 such that
/ [gzs(lfﬂ\(_A)%f,k\? + &l |era)® i + 72 |dS < Cen ') ask — oo,
0B;(z)
(9.98)

In fact, multiplying (9.96) by 7, and integrating over R, we have

s(2—T1 b %_‘r— —4s ERN EAN EIN
2 a7 () A [ Ayl (-8 s [ 1)t
R

+2E_'%3/ ‘52.’3‘27?%(1% — E_%s(ﬂlk + N2k) /N ’f]idiﬂ =: A1+ Ay + As + A4,
RN R

(9.99)

where




N
4sB* (28°\ F _qnn [ (AN iy
A= —— ( b ) €k /RN (“1kN +“2kN)

<(Aae+ (1~ DgafFda [ (@t aw)mds,
R

8s+ N)b (1, .
Ay e %gg N / (At + (1 — A)iisy] ¥ 2de.
RN

ms(rM < Cas k — oo, we can derive from the Holder's inequality that

By the fact that || @ |

A <0 [ )+ da)Pde [ (-8 il
RN RN

< Ce VOO0 [ A a4 ) Pde [ [(-A) e
RN RN

< CE_Zs(l—T) || U1g + Uog H%JS(RN) /RN |(—A)%7A7k|2d$

< C’s‘is(l_r)/ |(—A)Z7j|2de  as k — oo.
RN

(9.100)
Using the same argument of (9.100), we can obtain that
4| < O™ || i |1y
< cel v [59‘23“7‘” /R (-A) il + /R ) ﬁkdx]
< certn /RN (= A) > 7| 2dz + C’/RN Aide ask — oco.
(9.101)
Noticing that |77;| < 1, we conclude from Lemma 9.5 that
|As + Ay4| < CEI(CI_T)N as k — oo.

(9.102)

Thus, from (9.8), (9.35) and (9.99)—(9.102), we obtain that



0 [ Ay ide el [ galiide — (uet pael [ itdo
RN RN RN
< C [s‘is(l_ﬂ/ [(—A) 77y, 2da +/ fidz + éz(l_T)] as k — oo.
RN RN

Combining this result with Lemma 4.5 of Cao, Li and Luo [20], we obtain that (9.98) holds. Thus, we

obtain immediately the following estimate

| 7k |s@@m) < € as k — oo.
(9.103)

In order to deduce the limiting behaviors of 7, let us first study some basic properties of the ground state

@, which will be used later.

Lemma 9.6 & Let ¢ > 0 be the unique radial positive solution of (9.3) and let I' denote the corresponding

linearized operator given by

4s — N 8+ N s
— SON’
2N 2N

:=(-A)°+

Then we have the following properties:

(i) ¢ is nondegenerate in H*(R™) in the sense that there holds

Op Oy Op
Kerl' = ;
er spa,n{ Oz, Oxzy’ 7 Ozn |’

i) T (Fo+z- Vo) = —Wgo andT'(z - Vo) = 2s5(—A)%.

Proof. According to [59, Theorem 3], we know that (i) holds. Let w(z) > 0 be the radial positive solution
of

(—A)'w+w—wr ! =0,
(9.104)

Define

8s+ N s
N

L= (-A) +1- =

Following [59, (7.2) and (7.3)], we have that & (£-w + z - Vw) = —2sw. Thus, (9.104) shows that

8+ N & s
S;} w¥ (z - Vw) = 25w 1 — 2sw.

(—A)(z-Vw)+z-Vw —
(9.105)

In view of (9.3) and (9.104), it follows that



(9.106)
then
4s — N 8s+ N sn  (4s— N)s
—_ s . . _ . = _———m————
(=A)(z - Vo) + —557— (- Vo) =~ (2 - Vo) = sp 7 N
(9.107)
Moreover, since ¢(x) > 0 is the unique solution to (9.3), a straightforward calculation shows that
N 4s — N s
TG+ Ve)= (-A) (e Vo) + ———(z- V) —sp'F"
4 2N
8+ N s (45— N)s
TN e~ (z- Vo) = N ¥
in view of (9.107). This completes the proof of Lemma 9.6. 0
Lemma 9.7 < Under the assumptions of Theorem 9.3, there exists fjg € C1(RY) such that
Mk — fo  in CY(RY)ask — oo,
(9.108)
and
N
_ - Op
fo(z) = dop + do(z - V) + ; d; oz,
(9.109)
where dy, dy, d, .. .,dN are all constants.
Proof. By the fact that || @, || s~y < C as k — oo fori = 1,2, we deduce from (9.103) that
[ () e+ ) ()
R
B 7
< (/ [(=A) (@ + ﬂ2k)|2d$> (/ |(—A)7"7k|2d93>
RN RN
< | @k + Aok [ ms@y) || Tk @< C ask — oo.
(9.110)

Since Z1;, — 0 and || @1 |0 < C as k — oo, we derive from (9.59) and (9.76) that



b\ s )
(— ATy = ‘<aka-§s +b(2 ) / \(A)mlk\2d:c)
B RN

b s
~As| = = 125 s
X [—8k5|8k£8 + Zlk’ Uk + u2k6ksu1k + Eulk

(9.111)
Combining (9.73) with (9.74) yields that
b (25 2
,uikfis = e(ak,ﬂ*)éis + = |(—A)%ﬁik|2d$
2\ b RN
4sp* (2p°\ T E o
_N+4s<b> /RN“ik TR
(9.112)
This relation together with (9.75) implies that
b (28 \ *
_ds— M1k — M2k ° o 2 Lo 2
— = = | — —A —-A d
o = () T [t it
X /N(—A)%(’Elk + azk)(_A)%ﬁkdx'l_l,Qk
R
48,8* 218* *1*4_]\2 4s+N 4s+N 4s
= ( 7 ) /RN (alkN + Uy )[Aﬂ1k+(1—A)ﬂ%]m‘;kdm%.
(9.113)

By the fact that |7z < 1, || G2k [|eo< C and || G || grvy< C as k — oo for i = 1,2, we conclude from
(9.78) and (9.113) that

€i5ﬂ2k| M1k — Kok <C ask— oo.

| Wik — U2k ||oo
9.114)

We now rewrite problem (9.77) as

where



N -1
Fy(z) = (aka’is + b( 22* ) ' /}RN \(A)%ﬁQk\Zdw)

x {—b( 22* ) ¥ /R (=) (@ + ) (—A) Fida(—A) e

E¢ (pak — pak) Uk
| Tk — ok ||oo

L (Bs+N)b 5 ]

— &2 |ERe + 20kl Pk + kB TR +
N [Aﬁlk + (1 — A)ﬂ,gk] N1 |-

Since [7x| < 1, || @i ||o< C and || @y, || gs@y)< C as k — oo for i = 1,2, we deduce from (9.110),
(9.111) and (9.114) that Fi(z) € L®(RY) as k — co. Thus, using Proposition 2.9 of Silvestre [138], we
know that || 7, || ¢re@y < C for some o € (0,1) as k — oo. Passing to a subsequence, there exists some
function 7jp € C'1*(RY) such that relation (9.108) holds.

Moreover, (9.53), (9.69) and (9.74) show that

N
4s

s 23*
/ [(—A) 2 | *de — ( > ask — oofori=1,2.
RN

(9.115)

Taking k — oo in (9.77), we then derive from (9.113) and (9.115) that

ol

o 45— N_ 854N & b\ . .
(=A)T0 + —55— 0 — —5 5 770——2<2ﬂ*> /RN(—A) o(—A)2odz(—A)°p

268\ * . 8sB* [ 28*\ ' ® v
+2< A ) /RN(—A) p(=A) 2 Modzp — — ( A ) /RNSO fodzp,

o

(9.116)

from which and Lemma 9.6 we deduce that (9.109) holds. O

Until now, we have decomposed 7o and we need to verify that dg,dg,dy,...,dy = 0. Hereafter, we

consider the relationships between the parameters.

Lemma 9.8 < Assume that dg,dy,d, . ..,dy are defined in (9.109), then

Proof. We first claim that

s 8 s
d1/ (*A)78¢ (A)?cpd$+---+d1v/ (—A)z
RN xI1

(9.117)



Indeed, from (9.3) we have

s—N Op
2N RN (9:8, de

1 _A 2 _A 2 7
d / (—A) i (—A)2pdz +d

di 854N BQD .
—— der = =1,2,...,N.
9 RN p N 8331 L 0 ? )4y )
(9.118)
Applying Lemma 9.6, we conclude that
S 8 S S 8 S
i [ ) B pda iy [ (-8)E 5P (A e
RN 0z RN Orn
4s — N Op 4s — N Op
TN J P T TN TN L ey
_d1(8$+N)/ (P¥ agodx_.u_d]\r(&?-i-N)/ ¥8¢ dr — 0
2N RN (9%’1 2N RN &EN
(9.119)
In view of (9.118) and (9.119), it follows that
dl/ go% acpdw—k---—kdzv/ go% Op dz = 0.
RN 0z RN Oxn
(9.120)

Moreover, we know that fRN go%da: = 0 for the season that ¢ is even in x; while % is odd. Thus, from
(9.119) and (9.120), we get that (9.117) holds. Following (9.109) and (9.117), we have

)

5 s = N 890
= /RN(_A)“P(_A)Z (d0W+d0(w'V‘P)+;dia—% dx

ol

o(—A) 2 foda

— _A)5 |2 ] “AVTO(—A)T (2 -
do /RN |(—A)zp|*dz + dj /]RN( A)2p(—A)2(z - Vy)dz.
9.121)

Taking advantage of Lemma 9.6, we deduce from (9.4) that



[ i) Vedo =25 [ I(-8)TpPda
RN

RN
N —4s 8+ N 851N
-Vop)d -Vop)d
+—% RN@(w p)de + — T (z-Ve)dz
s N —4s 8s+ N 85+2N
=2 —A)7p|%d -Vo2d _— -V d
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Also, we get from (9.4) and (9.120) that
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Hence, we derive from Lemma 9.6, (9.116), (9.121), (9.122) and (9.123) that
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= Tdo‘:" - Wdo(*A) ¢ + 2sdo(—A)°p,

which implies that



This completes the proof of Lemma 9.8. o

From [68], we have the following elementary estimate.

Lemma 9.9 & Let p > 0 > 0 be two constants. Suppose (y — z)* +12 > p?, t >0 and a > N. Then,
when B > N, it holds that
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where C' > 0 is a constant independent of 6. Moreover, as ¢ — 0, we have
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From the above results, we obtain the following property about the parameter d;, s = 1,2,..., N.
Lemma 9.10 J Assume that d; are defined in (9.109), where i = 1,2,..., N, it holds
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where ¢ = 1,2. For writing convenience, we give the following definitions
Bs(&,"Z1) :={z € RN : |z — &,z <0} C RV,
B (5,7 zu) = {X = (z,t) : | X — (£, 21k, 0)| < §,¢t > 0} C RYH
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where 6 > 0 small is given by (9.98) and 7 < 0 is given by (9.94). Multiplying (9.124) by %f;“f , where

J
i=12andj=1,2,..., N, and integrating over Bs(&, "Z11), we see that
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Notice that
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Using this relation together with (9.125), we deduce that
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Applying (9.74), (9.92) and Lemma 9.5, we can obtain that
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(9.128)

Following (9.10), (9.11), (9.128) and Lemma 9.9, we derive that for |z — &, " Z1| +t* = 6% and ¢t > 0, it
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Moreover, from (9.10), (9.11), (9.128), Lemma 9.5 and Lemma 9.9, we also obtain for
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(9.130)
Under the same assumptions, we can also get
~ cst-IV-1)
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ov (1+ & — &, 21| ) V28
(9.131)

Clearly we have
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We then deduce from (9.129)—(9.131) that for |z — &, "z1;| +t*> = 6> and t > 0
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Following (9.127), we have
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where
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Let us estimate each of term the above one by one. By the fact Z;;, — 0 as k — oo, it follows from Lemma
9.5 and (9.98) that
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(N—4s)b
2N

Using the fact piké,;‘“ — as k — oo, we deduce from Lemma 9.5 and (9.98) that



o=

%
|B2| < C / i1y, + Qx| dS / ﬁZdS + C/ |tor|*dS
635(5;7'21]9) BBJ(EIZTEUC) 535(5,:7-2119)

1 1

> 2
< C(/ |ﬁ1k(m + 5,;7-5%) + ﬁQk(x + 5,;751k)‘2d5) / f]idS
635(0) 835(51;721]4)
+C g (x + &, 211)| *dS
0B5(0)
(1-7)N %
< Cg,° (/ a1k (8] ta) + azk(ég—lx)PdS) +C |Gor (87 'z)|?dS
BBJ(O) 335(0)
(1-7)N .
< Cg,° TIN5k 0.
(9.135)
Similarly, we also have
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Noticing that || @y, || gsryy< C as k — oo for i = 1,2, it then follows from (9.130)~(9.132) that
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Applying the Holder's inequality, we derive from (9.130)—(9.132) that
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as k — oo. For simplicity, we define
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where j =1,2,...,Nand 2, = (2},,2%,...,28) € RV. Applying (9.94) and the fact that L <s<i,
we can get that (1—7)(2s+2N—2)— L > (1-7)N+4s+2>4s+(1—7)N+7+1>0. We

thus obtain from (9.140), Lemma 9.7 and Lemma 9.8 that
N
0
¢:|d33: —dj/ o'dr j=1,2,...,N,
RN

d0<p+Jo(:z: . V(p) + Zdi £

i=1

022/ z;p
RN



which shows thatd; = 0 for j =1,2,...,N. O

Lemma 9.11 <& Assume that dy and dy are defined in (9.109), then dy = dy = 0.

Proof. Multiplying (9.124) by [X — (£,7Z1x,0)] - V'EL;C, where i = 1,2, and integrating over Bs(&, " Z1x),

other assumptions are same as before, then we have
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By direct computation, we have
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Integrating by parts, we see that
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Moreover, we deduce from (9.112) that
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from which and (9.147), we conclude that
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By the fact €, " Z1;, — 0 as k — oo, we conclude from (9.140) that
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—4s

D4: SEy, / ‘g_k$’2 (ﬂlk(
Bs(&, " Z1k)
Zue |?, N
T+ a (ulk + U2k)77kd33

_4s+2+(1-7)N
= E‘k
Ba';*lé(o)
_4s+2+(1-7)N 2
€ / |z|“pijode.
RN

25(1 + o(1))

Using (9.4) and Lemma 9.7, we conclude that

(9.153)
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— 2 < /f ) EkN 4s)(t—1)+2(1—-7)(N— 2)/ (|(_A)2ulk|2+‘(—A)2U2k|2)d$
RN

< [ (A o+ ) (-8) P

(Gurg, + Gigp) (—A) T ipda

= 2bs(1+o(1))el"” T)N/ (—A)Fp(—A)*fydz

RN
(9.154)
and
bs [ (ot mA
> - (“1k + iy, )[Aulk—i—(l—A)uzk] rdx
bs . _AsN _AsiN _
= ?gl(cl )N/ (ulkN +u2kN >[A’U,1k—|-(1—A)U,2k] kd.’E
RN
= bs(1+o(1))§](clT)N/ 0" foda.
RN
(9.155)
Following (9.121)—(9.123) and (9.149)—(9.155), we have
26"\ ¥ N. (28" \*
2b8(1+0(1))6_§€1_7-)N [(T) d0+(3_ 7)( b ) JO
aon [ N+ds/28°\ % N[28\"-
—bs(1+ o(1))&! 5 ( ; ) d0—5< ) o
—7)(2s —2)- & T s =
_ O(&_’S )(2s+2N—-2) 2) —|—2(1—|—8)(1—|— (1)) ;cl )N+4 +2/N‘w‘290n0dw'
(9.156)

By (9.94), we know that (1 —7)(2s+2N —2) — & > (1 —7)N +4s+2 > 0. We thus derive from
Lemma 9.8 and (9.156) that
[ lePomds =0
RN

from which and Lemma 9.7 and Lemma 9.10, we obtain that

N _ - d,
0 = [ laPo [7d0<ﬂ+do($'¢)]d$=70 [ Nz + a7z - Tda
RN RN

——%/IM%%%
RN



which shows that dy = 0, thus, dy = 0. O

Proof of Theorem 9.3: Let g; be a point satisfying |7jx(qx)| = 7k [|o= 1, we know that |gx| < C
uniformly in k. Then Lemma 9.7 implies that 7o # 0 on RY. From Lemma 9.7, Lemma 9.10 and Lemma
9.11, we know that 7jp = 0. Thus, our assumption that wui; Z usg is false. This completes the proof of

Theorem 9.3. O

9.5 Historical comments

The first feature of the problem studied in this chapter is the appearance of the fractional Laplace operator.
Such type of operators, which has special properties and the connection with the Fourier transform, arise in
a quite natural way in many different applications, such as optimization, finance, phase transitions,
stratified materials, anomalous diffusion, crystal dislocation, soft thin films, semipermeable membranes,
flame propagation, conservation laws and water waves.

When s = 1, the classical Kirchhoff type equation is analogous to the stationary case of equations that

arise in the study of string or membrane vibrations, namely,
uy — M </ Vu|2da:> Au = h(z,u) inRY,
RN

where u denotes the displacement, and h(z,u) the external force, such equations were proposed by
Kirchhoff [88] in 1883 to describe the transversal oscillations of a stretched string, furthermore, taking into
account the subsequent change in string length caused by oscillations. The most typical feature of such an
equation is the appearance of the term ( [z |Vu|2dac) Aw, which makes Kirchhoff's model a nonlocal one
and more challenging to deal with.

The solvability of the Kirchhoff equation (9.1) has been well-studied in general dimensions by various

authors and its main feature is the normalization condition
[ Jut@)de = u =1,
RN

the solution of such an equation under which is commonly called normalized solution accordingly. From a
physical point of view, the normalization condition can also be regarded as a mass conservation, which
makes such problems more practical and physically significant, for example, it can represent the total
number of atoms or the power source in nonlinear optics. Therefore, the research of the correlation
properties about the normalized solution has become an important topic in the research of nonlinear
equations.

Among the investigations of the above problems, due to the appearance of normalization condition and
Lagrange multiplier x, the common idea is to use the constraint minimization method on a constrained set,
more specially on some submanifolds. For the classical case, the energy functional of the following form

contains a lot of classical models



Buppalw) = [ (@Vul* + V(@)uldo

b 9 2 2p 42
+—= |Vu|*dz )] — —— |ul9dz
2 RN q —+ 2 RN
(9.157)

and its constraint minimization problem

é(aa b,pa q, C):: { ﬁglf 2 Ea,vay‘I(u)
ul|3=c

(9.158)

has been studied in many different contexts. For instance, as N = 2, a = 1, b = 0 and ¢ = 2, the functional
(9.5) turns to the Gross-Pitaevskii energy, which describes Bose-Einstein condensates of a dilute gas with
attractive interactions, we refer to Guo, Zeng and Zhou [67]. For the classical Laplacian, the L%-critical
exponent 2 + 4/ N plays an important role in the Schrédinger equation, whenb =0and 2 < ¢ < 2+ 4/N,
the energy functional E,, , is bounded below on the constrained set.

Back to the classical Kirchhoff equation, that is a, and b are arbitrary but fixed, and its corresponding L>-
critical exponent becomes 2+ 8/N. Ye [157] first demonstrated the existence and non-existence of
normalized solutions to a kind of Kirchhoff equation when s = 1, then a series of subsequent study has
been done on the existence of normalized solutions to the nonlinear Kirchhoff equation, for L>-critical
problem with s = 1. Luo and Wang [112] obtained the multiplicity existence of normalized solutions to a
kind of Kirchoff equation when N = 3. Zeng, Zhang, Zhang and Zhong [160] used a global branch
approach for handling the nonlinearities in a unified way, and obtained the existence of normalized
solutions to the Kirchhoff equation with general nonlinearities.

IfN=2,a=1,b=0and g = 2 in the energy functional defined in (9.157), Guo, Zeng and Zhou [67]
explored the limiting behavior of minimizers for the Gross-Pitaevskii energy functional (9.158) by some
techniques consisting of blow-up estimate and elliptic regularity theory, then they also proved the local
uniqueness of constraint minimizer by establishing Pohozaev identities and by contradiction. When b # 0
and N = 2, the energy functional (9.157) becomes a classical Kirchhoff type energy functional. Guo and
Zhou [66] considered the limiting behavior of constraint minimizers as b — 07, in particular, they first
illustrated the existence and nonexistence of constraint minimizers for different parameters p, and then they
considered concentration behaviors of the minimizers of (9.158) as b — 071 and also the uniqueness of the
minimizers of problem (9.158) for b sufficiently close to 0 were shown. For the concentration phenomenon
and local uniqueness of constraint minimizers of (9.158) as a \, 0, recently, Hu and Tang [73] overcame
the difficulties in estimates and blow-up analysis caused by the nonlocal term in the process of establishing
decay estimate and setting Pohozaev identities, they improved the concentration phenomenon in the sense
of that they provided the accurate estimating exponent instead of o(1), and then they finally established the
corresponding results. Motivated by [73], Guo, Liu and Zhao [64] studied the normalized solutions for a

class of Kirchhoff equations on a suitable weighted Sobolev space, and they investigated the limit behaviors



of the normalized solutions for this equation as (a,b) — (07,0%), furthermore, they also discussed the
uniqueness of the normalized solution when a, b close to 0.
As for nonlinear equations involving fractional Laplacian, Cingolani, Gallo and Tanaka [36] studied the

following fractional problem

(—A)u+ pu = g(u) inRN,
f]RN |u|2dw =m,
u € H}(RY),

where N >2, s€ (0,1), m >0, p is an unknown Lagrange multiplier and g € C(R,R) satisfies
Berestycki-Lions type conditions. Using a Lagrangian formulation of the above problem, they proved the
existence of a weak solution with prescribed mass when g has L?-subcritical growth. Luo and Zhang [111]
proved some existence and nonexistence results about the normalized solutions of the fractional nonlinear

Schrodinger equations with combined nonlinearities

{(—A)Su = u+ plu|9 % u + |u|P2u  inRY,

Jn |u|?dz = m,

where 0 < s <1, N>2, peRand2<qg<p<2; = 1\{2—]\;5 Next, Zhen and Zhang [163] considered
the case of p = 2. We also refer to He and Zou [Z1] for important contributions to the analysis of
concentration properties of solutions to the fractional critical Schrodinger equation.

Back to our concerned fractional Kirchhoff equation, there are a few literature studies on this issue.
Huang and Zhang [74] provided a thorough classification for the existence of solutions to the fractional
Kirchhoff functional on the L?-normalized manifold when f'is pure power nonlinearity, taking into account
p- Chen and Huang [35] considered the existence and nonexistence of solutions to the fractional Kirchhoff
equation with an external potential V" and doubly critical exponents: critical Sobolev exponent and the
fractional Gagliardo—Nirenberg—Sobolev critical exponent. By decomposing the Pohozaev set and
constructing a fiber map, Liu, Chen and Yang [102] established the existence and properties of normalized
ground states to fractional Kirchhoff equation with combined nonlinearities. Kong and Chen [89] studied
the existence of normalized ground states for nonlinear fractional Kirchhoff equations with Sobolev critical
exponent and mixed nonlinearities in R®, and analyzed the asymptotic behavior of the obtained normalized

solutions.

9.6 Final remarks, perspectives, and open problems

This chapter investigates normalized solutions for a class of fractional Kirchhoff equations with a mass-
critical exponent. The novel perspective in this analysis lies in tackling the double nonlocal effect that
combines the fractional Laplace operator (—A)*u with the nonlocal Kirchhoff term gy [(—A) T ul?dz.

The analysis carried out in this chapter has a threefold purpose, as described below.



(1) Existence and non-existence: the main results establish conditions for the existence of constraint

minimizers, particularly in the degenerate case a = 0.

(i) Concentration behavior: it is obtained that the maximizer of these solutions concentrates at the

bottom point of the homogeneous potential |z|2.

(iii) Local uniqueness: the analysis reveals the local uniqueness of these minimizers under the double
nonlocal effect.

The content of this chapter is based on the results established in [104], while concentration properties for
Kirchhoff equations with exponential growth were subsequently obtained by Sun, Fu and Liang [143]. We
also refer to Jin, Tang and Hu [86] for the case of nonautonomous critical Kirchhoff equations with
convolution nonlinearity.

Some open problems and future research directions inspired by the analysis developed in this chapter are
described in what follows.

Open Problem 1. <& Theorem 9.2 establishes concentration at the potential's bottom point. An open
problem is to determine the exact blow-up rate and the limit profile of the concentrated solutions, which

is expected to be related to the ground state of a limiting equation.

The analysis in this chapter focuses on the homogeneous potential |z|2. A major extension would be to

consider more general external potentials. We propose the following interesting open problem.

Open Problem 2. Study problem (9.1) for more general potentials affecting the linear term and
establish how their geometry (for instance, number and shape of minima) affects the concentration and

multiplicity of minimizers.

This chapter deals with stationary solutions. The following research direction is concerned with the

associated evolution problem.

Open Problem 3. 4
Study the dynamical stability of the normalized solutions under the time-dependent flow of the
fractional Kirchhoff equation.

The next open problem proposes to extend this analysis to higher dimensions and other exponents. This

is a challenging research direction.

Open Problem 4. The analysis carried out in this chapter is set for dimensions N = 2,3. Extend
Theorems 9.1, 9.2 and 9.3 on concentration and uniqueness to higher dimensions or to problems with

different combinations of critical exponents.



9.7 Glossary

Constraint Minimization: It is a fundamental method in the calculus of variations used to find points
(called minimizers) where a given functional attains its smallest value, but only among functions that

satisfy an additional condition, or constraint.

Localization Method: This is a powerful mathematical tool used to transform a problem involving a

nonlocal operator (like the fractional Laplacian) into a local one in a higher-dimensional space, making
it much easier to analyze.
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Fractional Sobolev spaces
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Let Q be an open set in RY and p € [1,+00). For any s > 0 we define the
fractional Sobolev space W*P(Q2).
If s > 1 is a positive integer we denote by W*P () the classical Sobolev

space equipped with the standard norm

| u ”WS’P(Q) = Z | D% HLP(Q)a

0<|a|<s

for every u € W*P(Q), where | - |/ denotes the usual norm in the
Lebesgue space LP(2) and D* stands for the a-distributional derivative. This
section is devoted to the definition of fractional Sobolev spaces, that is, we are
interested in the case where s is not a positive integer.

For a fixed s € (0,1), we recall that the Sobolev space W*P(Q) is defined

as follows

WWGD:{u€U“D:M@_u@)EL%QXM}.

@ — vyt

This space is endowed with the natural norm

)P, )
U || wseq) := u:cpd:c—l—/ dx d :
oy i=( [ @ de+ [ [ B do dy
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where

u(z) — u(y)” /e
8,p = d d
[u] o) (_/Q e g z dy

is the Gagliardo seminorm of u.
When s >1 and s ¢ N we can write s =m + o, where m € N and
o € (0,1). We can define W*P(Q) as follows

W3HP(Q) := {u c W™P(Q) : D% € WP (Q)for any a s.t. |a| = m}.

In this case, W*P(Q) is endowed with the norm

1/p
H u ||WS7P(Q) = H u Hgvm,p(g) + Z H D%u H];Vmp(n) )
la|=m
for every u € W*P(Q).
The fractional Sobolev space W *?(Q2) is well defined and is a Banach space
for every s > 0.
As in the classical case (if s is a positive integer), any function in the
fractional Sobolev space W*P(R¥) can be approximated by a sequence of

smooth functions with compact support. Indeed, for any s > 0
—— s
CSO(RN)| HW ®N) _ Ws,p(RN),

that is, the function space C$°(RY) is dense in W*P(RY).

In general, if Q C RY, the space C{°(R) is not dense in W*P(£2). Hence,
we denote by W;*(2) the closure of C{°(2) with respect to the norm
| - [[ws» (@), that is,

7o lHlwso@

Wy () := C5e ()



With this definition, we can construct W#P((2) also when s < 0. Indeed, for

s < 0andp € (1,+00), we can define
Wer(@) = (W, *1(0))',

hence W*P(Q) is the dual space of W, *4(Q2), where 1/p + 1/¢q = 1.

An important case corresponds to p = 2. Denote
H*(Q) := W*(Q)

forany s € (0,1).
In this case, the corresponding fractional Sobolev space turns out to be a
Hilbert space. Indeed, the inner product on H *(2) defined by

<’U,, ’U>HS(Q) :/Q’U,(LU)’U(J?)dZL' _|_/Q-/Q (U(CB) _ u(y))(v(w) _ U(y)) dr dy,

‘ZE _ y‘N+2s

for any u,v € H*(Q).
We remark that for every s € (0,1) we have

H*(RY) :=W*?*RY) = {u € L*(R") : [u]yee@yy < +00}.

The space H®(R"™) can be defined in an alternative way via the Fourier

transform, namely
B @)= {ue PEY): [ 0+ EFuP do < 4o,
for any s > 0 and
BEY={uc s [ Q4 Fur do < too),

for every s < 0.



Sobolev Embeddings

We now recall some basic embedding properties of fractional Sobolev spaces

into Lebesgue spaces.

Theorem A.1 Let p € [1,+00) and let Q be an open set in RYN. Then the
following properties hold true:

(i) if0<s<s' <1, then the embedding
WEP(Q) — WP(Q)
is continuous. Hence, there exists a constant C1(N, s,p) > 1 such that
I sy < Cr (N, ,0) | lygeney

for any u € WP(Q) ;

(i) if0 < s < 1andQ is of class C%' and with bounded boundary 0 , then
the embedding

WP (Q) — W(Q)
is continuous. Hence, there exists a constant Co(N, s,p) > 1 such that
| u llwes(@)< Ca(N, 8,p) || u [wre(e),
for any u € W12(Q) ;
(iii) if ' > s > 1 and Q is of class C%' |, then the embedding
W*P(Q) — WP (Q)
LS continuous.

Theorem A.2 Let s € (0,1) and p € [1,+00) such that sp < N.
Then, there exists a positive constant C:= C(N,p,s) such that for any
u € WHP(RY)



p u(z) — u(y)|?
[T IR{n<0/ /RN P dz dy,

where the constant

pN
N — sp

D, =

is the fractional critical exponent. Consequently, the space W*P(RY) is
continuously embedded in LI(RYN) for any q € [p,pi]. Moreover, the
embedding WP (RN) — L1

loc

(RN is compact for every q € [p, p%).

Theorem A.3 Let s € (0,1) and p € [1,400) such that sp = N.

Then, there exists a positive constant C := C(N,p,s) such that for any
u € WeP(RY)

[u || zo@m < C | [[wes(m),

for any q € [p,+00), that is, the space W *P(R¥) is continuously embedded in
LYRN) for any q € [p, +00).

Theorem A4 Let s € (0,1), p € [1,+00) such that sp > N and Q be a C%?
domain of RYN. Then there exists a positive constant C := C(N,p, s, Q) such
that for any u € W*P(Q)

lulleoa@ < C [l w [lwer

with o := (sp — N)/p, that is, the space W*P(Q) is continuously embedded in
C%(Q).

Corollary A.1 Let s € (0,1),p € [1,+00) such that sp > N and Q be a C%1
bounded domain of RY . Then the embedding

W*P(Q) — C*(Q)

is compact for every B < a, with a:= (sp — N) /p.



The Fractional Laplace Operator

Let s € (0,1) and define the operator (—A)* : ¥ — L*(RY) by

s u(z) — u(y) N
(—A)*u(z) := C(N, s) 611>I(I)l+ e\ By Jo — g1 dy, z=e€R",

(A.1)

where . is the Schwartz space of rapidly decaying C'*°(RY) functions and

C(N, s) is the following normalization constant

1 — -1
C(N,S)Z: </I%N%_’S_gfl)dc> ’

(A.2)

with ¢ = (¢1,¢), ¢’ € RN L,
The operator defined in (A.1) is called the fractional Laplacian. We can also

write
(—~A)*u(z) = C(N, s)P. V. /R i ’T;fw_) - ) gy, s eRY,
(A.3)
where
A [

The singular integral given in (A.3) can be written as a weighted second

order differential quotient as follows:

Proposition A.1 & Let s € (0,1). Then, for any u € &



(—A)*u(z) = —%C(N, 5) /R ) uz +y) +|Z’(Jf+;y) — 2@ 4z e RY.

The constant C'(N, s) defined in (A.2) can be written as

s(l—s
C(N,s) = A(]gf,s)B)(s)’
where
1 if N=1,
A(N,s):= {fR ] (Ml?)%ﬁ dn' if N >2,
and
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Basic inequalities and theorems
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In Chapter 6, there are used the following elementary inequalities, see Simon

[139]: there exist positive constants ¢, and C, depending only on p such that for
all ¢,n e RY,

€= nl" < cp(|E7E— " *n) - (€—m) forp>2,
— — ¥ 2p
€ —nlP < Cpl(|€P72€ — [nP~2n) - (€ —m)]2 (|€[P + [n") = forl<p<2.
(B.1)
The Gagliardo—Nirenberg inequality is a fundamental estimate in the theory of
Sobolev spaces that interpolates between different norms of a function and its
derivatives. For more details, we refer to the pioneering papers Gagliardo [60]
and Nirenberg [124], as well as to Weinstein [151]. The Gagliardo—Nirenberg
inequality has important applications to various fields, such as:
(1) regularity theory: interpolate between norms in bootstrap arguments;
(1)) PDE existence proofs: control nonlinear terms in energy estimates;
(111) decay estimates: for instance, in diffusive PDEs via Nash inequality;

(1v) fluid mechanics: Ladyzhenskaya's inequality bounds in Navier—Stokes

equations.
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In Chapter 3, it is used the following version of the Gagliardo—Nirenberg

inequality.
Lemma B.1 & Let p€ (2,6]. Then there exists a sharp constant

1
C:( p_)psuchthat
P 2|0, |52

p 1- p
Tullp< Cp | Vu [l ully ™, Vue HY (R,

where v, :=3 [+ — L) and U, is the unique positive solution of
Tp 2 P p quep

2
—AU + (i — 1>U= —|U\p_2U, c R3.
Tp DPYp

The following basic inequality established by Trudinger [148] and Moser
[120] plays a key role in the treatment of partial differential equations with
critical exponential growth in the two-dimensional case. The following result is

known as the Trudinger-Moser inequality.

Lemma B.2 The following inequalities hold true.

(i) Ifa > 0andu € H'(R?), then

/R? (eo‘“2 — 1)d:c < 00.

(i) If u € H'(R?),|| Vu |5 1, || u ||2< M < 0o, and a < 4w , then
there exists a constant € (M, ) , which depends only on M and a, such
that

/R2 <e°‘“2 — 1>dw <E(M,a).

Fatou's lemma is a fundamental result used several times in this volume. It
describes the relationship between the integral of a limit of functions and the

limit of the integrals. In simple terms, it provides a condition under which we



can say that the integral of the limit is less than or equal to the limit of the

integrals. The rigorous statement of the Fatou lemma is given in what follows.

Lemma B.3 Let Q C RY be an open set and let {f,}n>1 be a sequence of
functions in L1(Q) that satisfy

(a) foralln, f, > 0a.e.,
(b) sup / frndx < oo.
n JQ

For almost all z € Q, we set f(x) = linl)inffn(x) < +oo. Then f € L*(Q) and

/Qf(:c)da: Sli%g(i)glffgfn(w)d:c.

The Fatou lemma is usually one step in proving stronger results that allow to
swap the limit and the integral under certain conditions. One of these basic

results is the dominated convergence theorem, which we state in what follows.

Theorem B.1 Let Q C RY be an open set and let {f,}n>1 be a sequence of
functions in L*(Q) that satisfy

(@) fn(z) — f(x) a.e inQ;
(b) there is a function g € LY(Q) such that for all n, |f.(z)| < g(z) a.e.
in Q.

Then f € LY(Q) and || fn — f || 11— 0.

A more general result than the Fatou lemma is the following Brezis—Lieb
lemma, which establishes a more precise evaluation of the gap between the
integral of a sequence of functions and the integral of its pointwise limit, see
Brezis and Lieb [14] for details.

Lemma B.4 Let Q C RY be an open set and let 1 < p < co. Assume that
{fn}n>1 is a bounded sequence of functions in LP(2), convergent to [ almost

everywhere. Then



LIfn(x)\pdx—L|fn(x) —f(a:)|pdx—/9\f(:c)|pd:c — 0asn — oo.

Ekeland's variational principle [48] was established in 1974 and is the
nonlinear version of the Bishop—Phelps theorem, with its main feature of how to
use the norm completeness and a partial ordering to obtain a point where a linear
functional achieves its supremum on a closed bounded convex set. A major
consequence of Ekeland's variational principle is that even if it is not always
possible to minimize a nonnegative C' functional ® on a Banach space;
however, there is always a minimizing sequence {u,, },>1 such that ®'(u,) — 0

as n — o0o. We now state the original version of Ekeland's variational principle.

Theorem B.2 Let (M,d) be a complete metric space and assume that
®: M — (—o0,00|, & £ o0, is a lower semicontinuous functional that is
bounded from below.

Then, for every € > 0 and for any zog € M, there exists z € M such that

(i) ®(z) < ®(20) —ed(z,20);
(ii) ®(x) > ®(2) —ed(z,2), forany x € M.

The following consequence of Ekeland's variational principle establishes the
existence of almost critical points for bounded from below C'-functionals
defined on Banach spaces. In order words, Ekeland's variational principle can be
viewed as a generalization of the Fermat theorem, which asserts that interior

extrema points of a smooth functional are, necessarily, critical points of this

functional.

Corollary B.1 Let E be a Banach space and let ® : E — R be a C functional
that is bounded from below. Then, for any € > 0, there exists z € E such that

d(z) gigf ®+e  and | '(2) |g-<e.



The mountain pass theorem was established by Ambrosetti and Rabinowitz in
[1]. Their original proof relies on some deep deformation techniques developed
by Palais and Smale [125], [126], who put the main ideas of the Morse theory
into the framework of differential topology on infinite dimensional manifolds. In
this way, Palais and Smale replaced the finite dimensionality assumption with an

appropriate compactness hypothesis, which is stated in the following.

Let E be a real Banach space. A functional J : E — R of class C! satisfies
the Palais—Smale condition if any sequence {u,},>1 in E is relatively

compact, provided that

sup |J(u,)| < oo and lim || J'(u,) ||z+= 0.

The mountain pass theorem is a powerful tool for proving the existence of
critical points of energy functionals, hence of weak solutions to wide classes of

nonlinear problems. The precise statement of this result is the following.

Theorem B.3 < Let E be a real Banach space and assume that J : E — R is a
C! functional that satisfies the following conditions: There exist positive

constants o. and R such that
(i) J(0)=0and J(v) > aforallv e Ewith || v |= R,
(ii) J(vg) <0, for some vy € E with || vy ||> R.
Set
I':={p e C([0,1]; E) : p(0) = 0 and p(1) = vo}
and

c:= infmax J (p(2))-



Then there exists a sequence {unp}tn>1 in E such that J(u,) — ¢ and
J'(uy) = 0 as n — 0o. Moreover, if J satisfies the Palais—Smale condition,

then c is a nontrivial critical value of J, that is, there exists u € E such that
J(u) =cand J'(u) = 0.

The elementary meaning of the mountain pass theorem is the following. The
set I' denotes the family of all continuous paths that join the “villages” 0 and v,.
Hypotheses (i) and (ii) imply ¢ > a >max {J(0), J(vo)}. In fact, in the proof
of the mountain pass theorem, it is used only the basic assumption
¢ >max {J(0), J(vo)}. We also observe that the geometric conditions of the
mountain pass theorem imply the existence of two valleys around these villages,
but also of a mountain range represented by the sphere centered at the origin and

of radius R. Under these hypotheses, Theorem B.3 states that there exists a

lowest mountain pass at the level c.
The following version of the mountain pass theorem, in the abstract setting of

locally Lipschitz functionals, was established by Ridulescu [134].

Theorem B.4 Let E be a real Banach space and assume that I : E — R is a
locally Lipschitz functional with 1(0) = 0 and satisfying:

(i) there exist > 0 and p > 0 such that I(u) > pfor || u ||=7r,u € E;
(ii) there exists e € E '\ B,.(0) with I(e) < 0.
Set

:= inf I > 0,
¢:= infmax (7(s))

where
I':={y€ C([0,1], E) 7(0) =0,I(v(1)) <0}.

Then ¢ > p and there is a sequence {u,} C E verifying I(u,) — ¢ and
I'(u,) > 0in E'.
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